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ABsTrRACT. We develop a computational framework for classifying Galois groups
of irreducible degree-7 polynomials over QQ, combining explicit resolvent meth-
ods with machine learning techniques. A database of over one million nor-
malized projective septics is constructed, each annotated with algebraic in-
variants Jy,...,Js derived from binary transvections. For each polynomial,
we compute resolvent factorizations to determine its Galois group among the
seven transitive subgroups of S7 identified by Foulkes. Using this dataset,
we train a neurosymbolic classifier that integrates invariant-theoretic features
with supervised learning, yielding improved accuracy in detecting rare solv-
able groups compared to coefficient-based models. The resulting database
provides a reproducible resource for constructive Galois theory and supports
empirical investigations into group distribution under height constraints. The
methodology extends to higher-degree cases and illustrates the utility of hybrid
symbolic-numeric techniques in computational algebra.

1. INTRODUCTION

Galois theory provides a foundational framework for understanding the solvabil-
ity of polynomial equations in terms of field extensions and their automorphism
groups. Originating in the early 19th century, the theory explains why radical
solutions exist for quadratic, cubic, and quartic equations, but not in general for
quintics or higher degrees, due to the non-solvability of the symmetric group S,, for
n > 5.

Subsequent developments by Lagrange, Jordan, Klein, and others introduced
computational tools such as resolvent polynomials to study the structure of Galois
groups. These tools have become central to both theoretical investigations and
practical applications in number theory and algebraic geometry. A longstanding
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open problem in the area, the Inverse Galois Problem, asks whether every finite
group arises as the Galois group of a field extension over Q. While the problem
remains unresolved in general, progress has been made for several classes, including
abelian and many solvable groups. The problem is closely related to Hilbert’s 12th
problem, which seeks explicit descriptions of abelian extensions via transcendental
methods. Although certain abelian cases have been addressed through class field
theory and complex multiplication, non-abelian generalizations are still not well
understood.

This work investigates the Galois groups of irreducible septic polynomials over
Q, integrating classical algebraic techniques with modern computational tools. In
particular, we construct a large-scale database of over 1.18 million irreducible sep-
tics (filtered by height h < 4), enriched with algebraic invariants derived from
transvections of binary forms. Each polynomial is analyzed through explicit resol-
vent constructions to identify its Galois group among the seven transitive subgroups
of 572 57, 1477 PSL(3,2), C7 X CG, 07 X 03, D7, and C7.

Our method combines symbolic invariant computations [10] with supervised
learning via neurosymbolic networks [12], trained to classify Galois groups using
both raw coefficients and invariant-based features. The use of projective normaliza-
tion and height bounds follows the approach of [11], enabling scalable enumeration
while ensuring algebraic diversity. Inspired by connections to monodromy groups
of superelliptic curves and their Igusa invariants [13], we explore how invariant-
theoretic features correspond to root symmetries and impact classification accuracy.

Experimental results indicate that symbolic invariants enhance the identification
of rare Galois groups (e.g., solvable groups such as C7; x Cg), particularly when
applied to datasets where the dominant class S7 is removed. The inclusion of
invariants significantly improves classification performance in imbalanced settings.
These findings support the viability of hybrid symbolic-ML pipelines for automating
group identification in computational Galois theory.

This study builds on and extends previous work in invariant-based arithmetic sta-
tistics [10], hybrid symbolic/ML models [12], and moduli space enumeration [11].
By explicitly constructing resolvent polynomials tailored for distinguishing sub-
groups of Sy, following techniques from [13], we enable large-scale validation of
classical methods and uncover empirical patterns in Galois group distributions.

Recent research has demonstrated the potential of machine learning in number-
theoretic contexts, including graded neural architectures [14], rational function clas-
sification [1], and cryptographic moduli spaces [11]. Our contribution fits within
this broader direction, applying computational techniques to the explicit realization
of Galois groups and the analysis of their statistical properties.

The structure of the paper is as follows. Section 2 introduces background on
Galois extensions and invariants. Section 3 reviews resolvent polynomials and their
factorization for septics. Section 5 describes the construction and augmentation of
the septic polynomial database. Section 7 presents machine learning classification
results. Section 6 discusses the realization of cyclic and solvable groups through
constructive methods. Finally, Section 9 outlines conclusions and future directions.

The overarching aim is to facilitate scalable and interpretable approaches to
classifying Galois groups, with potential applications in arithmetic statistics, inverse
Galois realizations, and computational algebra.
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2. PRELIMINARIES ON (GALOIS THEORY AND SEPTICS POLYNOMIALS

Let F be a perfect field with characteristic char(F) = 0. Consider a polynomial
f(x) € Flz]. We say that f(z) is érreducible over F if it cannot be expressed as the
product of two non-constant polynomials with coefficients in F; that is, if there do
not exist non-constant polynomials g(x), h(x) € F[x] such that f(x) = g(x)h(z).
For any polynomial f(x) € F[z], there exists an extension field K of F containing at
least one root a of f(x), and the smallest such extension E; in which f(z) factors
completely into linear factors is called its splitting field over F.

2.1. Galois groups of irreducible polynomials. A polynomial f(z) € Flz| of
degree n is separable if it has n distinct roots in its splitting field, or equivalently,
if it factors as f(z) = (x — a1) - (x — ) with distinct o; in Ef. An extension
FE of F is a separable extension if every element of E is a root of some separable
polynomial in Flz]. Given a finite field extension K/F, we say that K is Galois
over F, or that K/F is a Galois extension, if

|Aut(K/F)| = [K : F],

where Aut(K/F) denotes the group of automorphisms of K fixing F, and [K : F] is
the degree of the extension. In this case, Aut(K/F) is called the Galois group of
K/F, denoted Gal(K/F).

A field extension E/F is called normal if every irreducible polynomial in F'[z] with
a root in E splits completely over F. A finite extension E/F is called a Galois
extension if it is both normal and separable.

Theorem 2.1 (Fundamental Theorem of Galois Theory). Let E/F be a finite
Galois extension with Galois group G = Gal(E/F). Then:
(1) There is a bijection between the set of intermediate fields F C K C E and
the set of subgroups H < G, given by K + Gal(E/K) and H — E*.
(2) For any intermediate field K, we have

[E: K] =]|Gal(E/K)|, [K : F] =[G : Gal(E/K)].
(3) The extension K/F is normal if and only if Gal(E/K) is a normal subgroup
of G. In this case,
Gal(K/F) =2 G/ Gal(E/K).

Proof. The proof follows from the properties of fixed fields and the fact that for a
Galois extension, the Galois group acts faithfully. The bijection is anti-inclusion:
larger subgroups fix smaller fields. The degree relations come from Lagrange’s
theorem in the group. Normality of the subgroup corresponds to normality of the
extension via the quotient group isomorphism. For a full proof, see [13, Chapter
1]. O

Let L/F be a finite field extension. For 6 € L, the norm and trace of 6 over F'
are defined as

Nyr@) =[] o), Tur@)= > o),

oc€Gal(L/F) oc€Gal(L/F)

when L/F is Galois. A Galois extension L/F is called cyclic if its Galois group
Gal(L/F) is a cyclic group.
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Theorem 2.2. Let F' be a field containing a primitive n-th root of unity. Assume
char(F) = p with (n,p) = 1. Then the following are equivalent:

(1) L/F is a cyclic extension of degree d | n.

(2) L = F(0) where 0 satisfies ¢ =a € F.

(3) L is the splitting field of @ — a over F, for some a € F.

Proof. The equivalence is from Kummer theory: the cyclic extension is generated
by a d-th root, and the splitting field of the Kummer equation ¢ —a = 0 has Galois
group cyclic of order d when the base field contains the d-th roots of unity. For
details, see [13, Chapter 1]. O

Let n € Z~o. The n-th cyclotomic extension of F' is the splitting field of 2™ — 1
over F', denoted F((,), where (, is a primitive n-th root of unity. Now, consider
an irreducible and separable polynomial f(x) € Flz] of degree n, factoring in its
splitting field £y as

f@)=(@—a1) - (z—an),

where o, ..., q, are distinct roots. Since Ey is both normal (as it is a splitting
field) and separable over F, it is a Galois extension. The Galois group of the
polynomial, Galg(f) = Gal(Ey/F), consists of automorphisms permuting the roots
aq,...,0,. For any distinct roots «; and «j, there exists o € Galp(f) such that
o(a;) = o, implying that Galg(f) acts transitively on the roots. Thus, Galr(f)
embeds naturally into the symmetric group 5,, the group of all permutations on
{1,2,...,n}, with this embedding defined uniquely up to conjugacy due to the
arbitrary ordering of the roots.

2.2. Septic polynomials. Let f(x) € Q[x] be a monic irreducible septic polyno-
mial given by
(2.1) F(x) = 27 + aga® + -+ ag

with roots ag,...,cr in its splitting field Ey over Q. The Galois group G =
Gal(Ef/Q) is a transitive subgroup of S7 (up to conjugacy). Using GAP, we can
compute all transitive subgroups of S, for a given n.

For our case degree 7, these are seven transitive subgroups of S7:

TABLE 1. Transitive Subgroups of S7 and Their Orders

Subgroup | Order

1 Cy 7
2 D 14
3 C7 X 03 21
4 07 X 06 42
50 L(3,2) 168
6 Aq 2520
7 Sy 5040

The relationships among these transitive subgroups form the following lattice
(Figure 1), with key inclusion chains as follows:

Cr C D7y CCr xChs
C7CC7>403CL(3,2)CA7,
C7xC3 CC7yxCy
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FiGURE 1. The lattice of subgroups of S;

2.3. Invariants of septics. The action of Galg(f) on the roots suggests a natural
connection to invariant theory, where we seek polynomials in the roots that remain
unchanged under this group action. Finding the generators of the ring of invariants
Ry is a classical problem tackled by many XIX-century mathematicians. Such
invariants are generated in terms of transvections or root differences. For binary
forms f,g € Vg, the r-th transvection (f,g), is defined as a differential operator
applied to the forms as detailed in [3].

For degree 7, a generating set of R7 is given by & = [£o, &1, &2, €3, £4] with weights
w = (4,8,12,12,20. We define them as follows. Let

c1=(f,fle, co=(f,fla, ca=(f,c1)2, ¢c5=_(c2,¢2)s, 7= (ca,ca)s

and
& = (c1,c1)2, & = (cr c1)2, &= ((c5,¢5)2,¢5)4,

& = ((casca)2, D)o, €4 = ([(cas5)a)?, (€55 ¢5)2)a

These invariants form a basis for R7, capturing the SLo(Q)-invariant properties of
binary septic forms. They are used as features in our neurosymbolic network to
classify Galois groups.

A fundamental invariant for a monic septic polynomial f(z) € Q[z] with roots

o1, ...,a7 in its splitting field Ey is the discriminant, defined as
Af = H (Oéi — Oéj)2.
1<i<j<7

Equivalently, it can be computed via the resultant:

Ap = (=1)*'Res(f, ') = —Res(f, f'),

where f’(z) is the formal derivative of f. The resultant is the determinant of the
13 x 13 Sylvester matrix constructed from the coefficients of f and f’, making
Ay symbolically computable for degree 7. Moreover, Ay # 0 if and only if f has
distinct roots, and Ay > 0 if and only if the Galois group is contained in A7
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3. RESOLVENTS

To aid in computing Gal(f), we introduce the resolvent polynomial for a degree
n polynomial and then apply the results for n = 7.

Given a function F(x1,...,2,) € K|x1,...,2,], often a polynomial symmetric
under some subgroup of S,,, we define the resolvent polynomial associated with a
polynomial f, a subgroup G C S,,, and F' as follows:

Definition 3.1. The resolvent polynomial Res¢ (f, F)(z) is given by

ResG(f,F)(x) = H (x—6,),

oceG/H

where 0, = F(r5(1),-.,7(n)), the roots rq,...,r, (sometimes denoted ar,. .., ay)
are those of f(x) in its splitting field, and

H:{TGG | F(TT(l),...,TT(n)) :F(rl,...,rn)}

is the stabilizer of F' under the action of G. The product is taken over coset
representatives of G/H, ensuring each distinct value 6, appears exactly once, and
the degree of the resolvent is k = |G|/|H|, the index of H in G.

The roots 6, form the orbit of 8. = F(r1,...,r,) under G, with their distinctness
depending on the symmetry of F. For example, if F' = z; and G = S, then
H = S, (fixing the first index), k¥ = n, and Resg, (f,xl) = f(x); if F is fully
symmetric, H = G and k = 1. To compute Resg ( LF ) () symbolically, we express
it as

Resg (f, F)(z) = 2" — 12" + eaa™ 2 — -+ (—1)Fes,
where e; are the elementary symmetric polynomials in the & distinct ,. Since the
roots r; are typically not known explicitly, we rely on the elementary symmetric
sums of f(z) = 2" + ap_12" 1 + -+ a1z + ap:

s t=r1+- -+ rn=—0p_1,
So = E Tirj = An—2,
i<j

Sp=r1-1Tn = (—=1)"ap

and compute the power sums p,,, = Zo_eG/H 0" in terms of the s;, using Newton’s
identities to derive the e;. Newton’s identities are recursive relations that allow
computation of the elementary symmetric polynomials from power sums or vice
versa. Specifically, the identities are given by

Pk — e1pr—1 + eapr—a — -+ (1) ep_ipr + (—1)"kep, = 0
for K = 1,...,n, solving for e, sequentially. This construction, rooted in compu-
tational algebraic number theory (e.g., [2]), facilitates tasks such as determining
Galois groups or factoring polynomials over extensions. Once the transitive sub-

groups of S,, are classified, identifying which corresponds to Gal(f) becomes the
next step, detailed in the following sections.

Theorem 3.2. Letm = [G : H] = deg (Rg(F, f)). Then, if Rg(F, ) is squarefree,
its Galois group (as a subgroup of Sy, ) is equal to ¢(Gal(f)), where ¢ is the natural
group homomorphism from G to S,, given by the natural left action of G on G/H.

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35
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In particular, the list of degrees of the irreducible factors of R (F, f) in Z[z] is the
same as the list of the lengths of the orbits of the action of ¢(Gal(f)) on {1,...,m}.
For example, Rg(F, f) has a root in Z if and only if Gal(f) is conjugate under G
to a subgroup of H. For the proof, see [Sol].

Consider a generic irreducible polynomial

n

(3.1) f(z) :H(x—xi) =2" +an_ 12"+ -+ ag € Q[a]
i=1

where its roots x1,...,x, are considered variables. Then S,, acts on Q[z1,...,z,
by permuting the variables.

Sn X Qx1, ..., xn] = Qz1, ..., 2y]
(3:2) .
(r,F(x1,...,2,)) = F(r(21),...,7(xy) = F
For any G C S, a polynomial F(z1,...,x,) is called symmetric under G if F = F"
for all 7 € G. Let H denote the stabilizer of F' in G

H={reG|F=F"}

The resolvent polynomial of f(x) with respect to F', denoted by Resg (f, F),
is defined as

Resq(f, F) = ] (@—F(x1,...,20)).

ceG/H

The product is over coset representatives of G/H, and the degree of the resolvent
is k = |G|/|H|. The resolvent’s factorization over Q reveals information about the
Galois group Gal(f), as its irreducible factors correspond to the orbits of Gal(f)
acting on G/H.

Theorem 3.3. The factorization of Resg (f, F) over Q into irreducible factors has
degrees equal to the orbit lengths under the left action of Gal(f) on the right cosets
G/H. The number of factors is the number of double cosets Gal(f)\G/H.

Let us now go through the steps of how one would compute the resolvent when
given G, F' and a generic irreducible polynomial f(z) given in Let H be the stabi-
lizer of F'. Then < G. Denote by k = |G|/|H| the index of H in G.

3.0.1. Express Roots Symbolically. : The roots 0, = F(T(1),...,Te(n)) are func-
tions of the roots x;. Use Vieta’s formulas for the elementary symmetric sums of

f(@):

S1=T1+ - +Tp=—0p_1,
S92 = E Tilj = An—2,
i<j

Sp =21 Tp = (=1)"ap.

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35
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3.0.2. Compute Power Sums. : Define the power sums

pm= Y 05 =) [Fweq) - Tom)]™

c€G/H o
Expand F(2,(1), ..., Ts(n))™, sum over coset representatives, and express the result
in terms of s, ..., s, using symmetric polynomial identities. For example, if F' is a

linear form, p,, can be expressed using binomial expansions and symmetric sums;
for higher-degree F', use multivariate generating functions or character-theoretic
projections to compute the sums efficiently.

3.0.3. Apply Newton’s Identities. : Relate p,, to e; via Newton’s identities:

€1 =P1,

1
ey = 5(612?1 —p2),

1
e3 = 3 (e2p1 — e1p2 +p3) ,

j—1
1 (% - i
v (Z(—l)l tej_ipi + (=1) 1pj> '
i=1
Solve recursively to obtain ey, ..., e;. This recursion is stable for symbolic compu-
tation, allowing exact rational coefficients when starting from rational a;.

3.0.4. Construct the Resolvent. : Form the polynomial using the computed e;.
With eq, eq, ..., e, computed, the resolvent is

Resq (f,F) = F — e ah Tt g2 — o (=)

This polynomial has degree k, and its coefficients are fully symbolic in the coef-
ficients of f(x). Symbolic computation is exact but computationally intensive for
high-degree resolvents, especially for septic polynomials with large k. For instance,
the 120-ic resolvent for septics has coefficients of enormous degree in the a;, requir-
ing computer algebra systems like Sage or Magma for practical evaluation.

4. RESOLVENTS OF SEPTICS

Consider the irreducible polynomial f € Q[z] in (2.1). Let its roots a1, as, ..., a7
lie in its splitting field. The goal in Galois theory is to determine the Galois group
Gal(f) C Sy, as this group provides information about the solvability of the poly-
nomial and the structure of its splitting field. To achieve this characterization,
we rely on the construction and factorization of resolvent polynomials, which are
specialized polynomials whose roots are certain algebraic expressions involving the
original roots «;.

Resolvent polynomials are formed by considering subgroups H C S7 and func-
tions F(ayq, ..., ar) invariant under the subgroup H. The resolvent associated with
H is then constructed by taking the product of conjugates of this invariant under
the cosets of H in S7:

Ru(@)= ][ @-F),

oc€S7/H

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35
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where F'° denotes the action of permutation o on F. The degree of Ry (x) is given
by the index [S7 : H], which guides us towards a deeper understanding of the Galois
group structure by analyzing its factorization pattern over the rational field.

The simplest resolvent polynomial for septic equations, known as the quadratic
resolvent, employs the discriminant A = [[, (e — a;)?. This invariant reflects
whether permutations in the Galois group are even or odd. The quadratic resolvent
is then expressed as:

Ri(z) = 2% — A,
Its factorization pattern directly tests the inclusion of Gal(f) within the alternating
group A7. Explicitly, if the quadratic resolvent splits into linear factors over Q, the
Galois group must be a subgroup of A;. Conversely, irreducibility of Ry (z) indicates
the presence of odd permutations, confirming that Gal(f) is exactly S7.

To distinguish more intricate subgroups, we examine the 30-ic resolvent con-
structed from an invariant associated with the subgroup PSL(3,2) = L(3,2). This
invariant is explicitly given by the polynomial expression:

Fy = azajoy + agopos + asagogs + asagar + arason + agjoagon + aaoras,

which remains fixed under the action of PSL(3,2). The 30-ic resolvent polynomial
is then:
Ro(z) = I @-r.
o€S7/ PSL(3,2)

This resolvent discriminates the simple subgroup L(3,2) by factorization: complete
irreducibility corresponds to the full symmetric group, whereas certain prescribed
factorizations such as degrees 1,7,8, 14 uniquely signal Gal(f) C L(3,2).

For deeper subgroup identification, particularly for the metacyclic group Fyo =
Cr » Cg, the 120-ic resolvent plays an essential role. Defined through a carefully
chosen invariant polynomial:

F3 =azaq(ag + a7) + asas(ag + a3) + asag(as + az)
+ auag(ar + az) + asoq (a7 + o) + aras(as + as) + asar(as + ag),

the resulting 120-ic resolvent is constructed as:

Ry(w)= [ («—Ff).

0€S7/Fy2

The explicit factorization patterns of this polynomial over Q, such as degrees
1,7,14, 21,42, conclusively determine whether Gal(f) C Fy5. Membership in this
subgroup is particularly significant, as it implies solvability by radicals, connecting
resolvent computations directly to classical algebraic solvability criteria.

Additionally, resolvent polynomials formed by summation over distinct subsets
of roots provide another effective method of subgroup detection. For instance, the
35-ic resolvent polynomial defined by summation of triplets of roots:

R@)= [ @—(ai+a;+a)),
1<i<j<k<T7
with stabilizer subgroup S3 x Sy, offers precise patterns of factorization that dis-
tinctly correspond to subgroups such as the dihedral group D7, the Frobenius group
F51, and others, greatly enriching the classification framework.
Resolvent polynomials provide a systematic way to determine G by studying the
factorization patterns over QQ of auxiliary polynomials constructed from the roots

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35
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a;. These methods trace back to Lagrange and Jordan and were refined for septic
polynomials by Foulkes. For a subgroup H < S7 and a polynomial F(z1,...,27) €

Q[z1, ..., x7] with stabilizer Stabg, (F) = H, the associated resolvent is
TEH\S7

a monic polynomial of degree [S7 : H| = 5040/|H|. The irreducible factor degrees
of Rr(f)(y) correspond to orbit lengths under the left action of G on the right
cosets H\S7, and the number of irreducible factors equals the number of double
cosets G\S7/H [13].

(i) If G = S7, then Rp(f)(y) is irreducible.
(ii) If G < H? for some conjugate H? of H, then Rp(f)(y) splits completely
into linear factors over Q.
(iii) For a maximal proper subgroup H < G’ < S7 with G < G, if Rp(f)(y)
has a rational root, then G < H; otherwise G = G'.

Foulkes constructed three key resolvents for septics: a quadratic resolvent for
A7, a degree-30 resolvent for PSL(3,2), and a degree-120 resolvent for Fys. Their
factorizations distinguish all transitive subgroups of S7.

4.1. The Quadratic Resolvent. This resolvent detects whether G C A7:
(i) Let H = Az, and let A = ][, _;(c; — ;)% be the discriminant of f.
(ii) Define F; = v/A, which changes sign under odd permutations.

The corresponding resolvent is
Ri(z) = (z — VA)(z + VA) = 2% - A,

of degree [S7 : A7] = 2. Thus:

(i) If G C Az, then VA € Q and R;(x) splits into linear factors.
(ii) If G = S7, then R;(x) is irreducible.

The discriminant A is computed as Res(f, f) [13].

4.2. The 30-ic Resolvent for PSL(3,2). This resolvent tests for inclusion in
PSL(3,2), a maximal subgroup of S7:

(i) Let H = PSL(3,2), and define
Iy = azagoy + auopas + asagos + agagar + arasag + ajagas + aaaras,

which is invariant under H.
Then
Br(@)= ][ @-F),
o€S7/ PSL(3,2)
of degree [S7 : PSL(3,2)] = 30. Its factorization encodes:
(i) G = S7: Ra(x) irreducible;
(ii) G = A7: Ry(x) factors as 15,15;
(iii) G = PSL(3,2): factors 1,7,8, 14.

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35
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4.3. The 120-ic Resolvent for C'; x Cg. This resolvent targets the metacyclic
group C7 x Cg:
(i) Let H = Fy5, and define
F3 = azoq(oy + a7) + avas(as + a3) + asag(as + ar)
+ agap(ar + as) + asar (a7 + ag) + aras(as + aq) + asar(as + ag),

which is invariant under H.

R3(x) = H
0€S7/C7xCg
of degree [S; : C7 x Cg] = 120. If G C C7 x Cg, then f is solvable by radicals, and
the factor degrees include 1,7, 14,21, 21, 42.
Berwick’s invariant cubic 22 — ¢'22 + Az — A = 0 (where ¢ involves square-root
differences) refines this classification under field extensions [12].

The resolvent is
(xz — FY),

TABLE 2. Degrees of Irreducible Factors of Resolvents for Septic
Galois Groups

Galois Group | R;(x) (Quadratic) | Ra(z) (30-ic) R3(x) (120-ic)

S~ 2 30 120
Az 1,1 15,15 120

PSL(3,2) 1,1 1,7.8,14 8,56,56

Cq % Cs p 2,14,14 1,7,14,21,21,42

Cv 3t Cy 1,1 17,777 | 1,7,7,7,7,21,21,21,21
D, 2 2,14,14 1,7x7,5x 14
Cy 1,1 1,7,7,7,7 1,177

4.4. Numerical Computation. For high-degree resolvents or complex G, numer-
ical methods are more practical, as described by Cohen [2]. This approach approx-
imates the roots of f(x), computes 6,, and constructs the resolvent by rounding
coefficients to integers, leveraging that Resq (f, F') € Z[z] when f(z) € Z[z] and F
has integer coefficients. The algorithm is:

4.4.1. Approzimate Roots. : Compute the roots z1,...,z, € C of f(z) to high
precision (e.g., 50-100 decimal places) using a root-finding algorithm like Newton-
Raphson or Laguerre’s method. Newton-Raphson iterates

Tpy1 =k — f(@e)/f (2r),

converging quadratically for simple roots, while Laguerre’s method is more robust
for polynomials, using cubic convergence via

Trr = o — nf (@) (f (@) £ /(0= D27 (@n)? — nln— 1) f @) /7 ().
4.4.2. Evaluate Resolvent Roots. : For each o € G/H, compute
9(, = F(xa(l), ces

; xa(n))

The set {6,} has k distinct values, assuming no accidental coincidences in the
approximations.
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4.4.3. Compute Coefficients. : Form the resolvent

Resq (f, F) = H (x—0,) =aF —ez" 1 -+ (=1)Fey.
oceG/H

Calculate e; using power sums p,, = »__ 67" and Newton’s identities, as in the sym-
bolic method. Power sums are computed by summing the high-precision complex
numbers, and Newton’s recursion is applied numerically.

4.4.4. Round Coefficients. : Round each e; to the nearest integer, ensuring accu-
racy with high-precision root approximations. To avoid errors, use interval arith-
metic or increased precision (e.g., 200 digits) to confirm the integer values lie within
error bounds less than 0.5.

4.4.5. Verify. : Check the polynomial by evaluating at points (e.g., z = 0,1) or
recomputing its roots, comparing to the 6, or factoring the rounded polynomial
symbolically and checking consistency with group-theoretic expectations.

Numerical methods are efficient but require careful precision management to
avoid rounding errors [2|. For example, in septic cases, approximating roots to 100
digits ensures resolvent coefficients are correctly rounded for degrees up to 120, as
the condition number of the companion matrix is bounded for polynomials with
bounded heights [11].

The Galois group Gal(f) is determined uniquely by the factorization patterns of
the resolvents T'(z) = 22 — A, ¥(z) = Ra(x), and ®(z) = R3(z).

Theorem 4.1. The Galois group Gal(f) is uniquely determined by the degrees of
the irreducible factors of T(x), ¥(x), and ®(x) as listed in Table 2. Specifically:

(1) S7 if T(x) and ¥(x) are both irreducible.

(2) A7 if T(x) factors as 1,1 and ¥(x) as 15,15.

(3) PSL(3,2) if T(x) has 1,1 and ¥(z) has 1,7,8,14.

(4) CrxCsif T(x) is irreducible, ¥(x) has 2,14, 14, and ®(z) has 1,7,14,21,21,42.

(5) C7rxCs if T(x) has 1,1, U(x) has 1,7,7,7,7, and ®(zx) has 1,7,7,7,7,21,21,21,21.

(6) C7 if T(x) has 1,1, U(x) has 1,7,7,7,7, and ®(x) has 1,17 x 7.

(7) D7 if T(x) is irreducible, ¥(x) has 2,14,14, and ®(z) has 1,7 x 7,5 x 14.
Proof. The roots of each resolvent form orbits under G C S7 acting on cosets S7/H.
The stabilizers (A7, PSL(3,2), C7 x Cs) ensure distinct factorization patterns, as

shown in [10,11]. A linear factor indicates G lies in a conjugate of the stabilizer
subgroup. O

These factorization patterns are later used as features in the machine learning
classification of septic Galois groups.

4.5. A 35-ic Resolvent via Triplet Sums. Soicher and McKay [15] constructed
a linear resolvent using 3-set sums of roots. Fix F' = a1 4+ as + «ag; its stabilizer is
H = S3 x Sy (|H| = 144), giving

R(z) = H (z = (ai + aj + o)),

1<i<j<k<7

of degree [S7 : H|] = 35 = (Z) A Tschirnhausen transformation ensures distinct
roots if needed.
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To compute R(z), use power sums p,, = Zi<j<k(ai + o + o)™ in terms of

elementary symmetric polynomials s, = (—1)"ay_, (s1 = —ag, etc.) via Newton
identities:
k
e1=p1, kep =Y (=1)"teripi, R(x)=2% —era® + - 4 (=1)%ess.
i=1
Explicitly,

p1 = 1551 = —15ag,
p2 = 15(s7 — 2s9) + 1052 = 15aZ — 20as,
p3 = —15aj + 89ay,

p3s = —3bag + -,
where higher p,, follow from symbolic symmetric expansions. These can be com-
puted symbolically or numerically for factorization.

TABLE 3. Orbit-Length Partitions of 3-Sets under Transitive Sub-
groups of S7

G Orbit Lengths
Cr 7
D, 73,14
07 X Cg 72, 21
07 X 06 21
PSL(3,2) 7,28
Ay 35
S 35

The 35-ic resolvent R(x) can determine G via factorization degrees, with auxil-
iary discriminant tests for ambiguous cases [11]. For coefficients of the degree 35
resolvent see Appendix A. As far as we are aware, this is the first time that this
resolvent has been computed.

Theorem 4.2. Let f € Q[z] be monic, irreducible, and of degree 7. Then the
degrees of the irreducible factors of the 35-ic resolvent R(x) determine Gal(f) as
follows:
(1) 7.7,7,7,7: G = Cr.
(2) 7,7,7,14: G = Dy.
(3) 7,7,212 G= 07 X 03.
(4) Single factor of degree 21:
() If ga(x) (degree 42, with roots by 4+ v/d, where d = disc(f)/0) is re-
ducible, then G = PSL(3,2);
(ii) Otherwise G = Fys.
(5) Irreducible (35): if disc(f) is a square, G = Az; otherwise G = S7.

Proof. The factor degrees correspond to orbit sizes of 3-sets under G [12]. The
partitions 75, 73 - 14, and 72 - 21 uniquely identify C7, D7, and Fy;, respectively.
For partition 21, reducibility of gq(z) distinguishes PSL(3, 2) (stabilizer in A7) from

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35


http://albanian-j-math.com/vol-19.html

FroM POLYNOMIALS TO DATABASES 16

Fyo. For 35, the discriminant criterion distinguishes A; from S7. Tschirnhausen
transformations preserve G. (]

This single-resolvent method is computationally lighter than the triple-resolvent
approach and complements it in probabilistic classification studies [11].

5. DATABASE OF THE IRREDUCIBLE SEPTICS

In this section, our objective is to build a database of irreducible polynomials
f € Q[z] of degree deg f = n. The data is organized in a Python dictionary.
Each polynomial f(z) = Z?:o a;x" is represented by its corresponding binary form
f(z,y) =31 ya;z'y" " In this way, each polynomial is identified with a point in
the projective space P™, represented by the integer coordinates

p=lan: - :ap] €P",

where ged(ag, ..., a,) = 1.

Since f(x) is irreducible over Q and has degree n, we must have a,, # 0 and
ap 7# 0. Moreover, its discriminant A is nonzero.

Next, we generate a dataset of these polynomials with a bounded height h. Let
denote by P;’ the set of points corresponding to these polynomials, i.e.,

Pr={p=lan: a0l € P"|apa, #0,Ar #0}.
To guarantee that each entry in the database is unique, we index the Python dic-
tionary by the tuple (ao,...,a,). This approach ensures that polynomials are not

recorded more than once in the Python dictionary.
For fixed h and n, the cardinality of P;’ is bounded by

|Pr| < 4h?(2h + 1)" 2,

To make the bound precise, we record the following counting formula for primitive
projective points of exact height h.

Lemma 5.1 (Rational Points in Projective Space). Letn > 1 and h > 1 be integers.

Let P,(h) denote the number of primitive integer points x = (xg,x1,...,T,) €
7" modulo sign, with max; |z;| = h and ged(zo, 1, ...,7,) = 1. Then
(2h + 1)"+L — (2R — 1) HL h
P,(h) = - P, (=
(h) 5 DA
dlh
d>2

where the sum runs over all integers d > 2 dividing h.

For the case of degree d > 7 and a given height h, one can construct these sets
using SageMath as illustrated below:
PP = ProjectiveSpace(d, QQ)
rational_points = PP.rational_points(h)

After generating the points, the data is normalized by clearing denominators so
that all coordinates become integers. We then retain only those polynomials that
are irreducible over Q. For each point p € P", we compute the following:

(a07 cee ,an) : [H(f)7 [507 cee aE'mAf]? Sig7 GalQ(f)]

Here, H(f) denotes the height of f(z), [£o,...,&s] are the generators of the ring of
invariants for binary forms of degree n, the discriminant Ay, sig is the signature,
and Galg(f) indicates the GAP identifier of the Galois group.
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TABLE 4. Counts by height: rational vs. irreducible

Height h | Rational | Irreducible
1 3,280 916
2 94,376 46,552
3 863,144 538,170
4 4,420,040 | 3,103,800

TABLE 5. Number of points in P7(Q) by height

Height h | Points with height < h | Points with exact height h
1 3,280 3,280
2 192,032 188,752
3 2,875,840 2,683,808
4 21,324,768 18,448,928
5 106,977,568 85,652,800
6 404,787,648 297,810,080
7 1,278,364,320 873,576,672
8 3,466,156,768 2,187,792,448
9 8,467,372,480 5,001,215,712
10 18,801,175,808 10,333,803,328

5.1. Irreducible Septics. We create a database of all rational points p € P7 with
projective height h < 4 such that

f(z) = arz” + agx® + asz® + agz® + azx® + agx? + a12 + ag

is irreducible over Q. After normalizing the leading coefficient to 1, this polynomial
has the form (2.1). The Galois group of an irreducible septic is one of the seven
transitive subgroups of S7, as classified by Foulkes [4]: S7, A7, PSL(3,2), C7 x Cs,
C7 x C3, D7, or C7;. Table 6 shows the counts of polynomials with each Galois
group for height h < 4.

TABLE 6. Counts for Groups with Height < 4

Galois Group | Count
S~ 584,324
Az 138
PSL(3,2) 136
D 18
07 A CG 4
07 X 03 0
Cr 0

The absence of C7 x C5 and C7 polynomials at height < 4 may be due to their
rarity at low heights, as suggested by Foulkes [4]. For instance, C7 polynomials often
arise from cyclotomic fields, as shown in Table 7, and typically appear at higher
heights. To validate our database, we can apply Foulkes’ resolvent method [4] to
compute the factorization of the 30-ic and 120-ic resolvents for sampled polynomials,
confirming their Galois groups against our computed GAP identifiers.
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5.2. Cyclic septic C7 polynomials. Height-bounded scans show that the cyclic
case (7 is rare at small height. In our search by projective height, the first poly-
nomial with Gal(f) = C7 appears at height h = 28:

fla) =27+ 2% — 1225 — 72* + 282 + 142> — 92 + 1.

This matches the observed scarcity of C7 at low height (see Table 4 and the discus-
sion there). Cyclotomic constructions of cyclic septic fields using Gaussian periods
usually produce polynomials with larger coefficients than typical low-height exam-
ples.

6. CONSTRUCTIVE GALOIS THEORY

We investigate the realization of finite groups as Galois groups of extensions of
Q, employing geometric and arithmetic techniques involving branched coverings of
the projective line and Hurwitz spaces. This section builds on foundational results
from Serre [9] and Vélklein [17], with a focus on the inverse Galois problem.

6.1. Coverings of P!. A covering ¢ : X — P! is a finite morphism of degree n
from a smooth projective curve X, defined over a field K (typically K = C or
Q), to the projective line P1. If the cover is Galois, there exists a finite group G
such that X is a G-torsor over P!, with P! =2 X/G. Here, G acts as the group
of deck transformations, permuting the n preimages of a generic point t € P}(K).
The cover is ramified at a finite set S = {p1,...,p,} C P!, and for each p;, the
inertia group at a ramification point above p; is cyclic, generated by an element
gi € G whose order equals the ramification index. Serre [9, Chapter 4] establishes
that such a Galois cover corresponds to a finite Galois extension L/K(t), where
L = K(X) is the function field of X and Gal(L/K(t)) = G.

6.2. Monodromy and Braid Action. The monodromy of a Galois cover ¢ :
X — P! with branch points {p1,...,p,} is encoded by a tuple (g1,...,9,) € G",
where g; generates the inertia group above p;. This tuple satisfies:

(1) g1 g =1,

(2) {g1,---,9,) =G,

Such a tuple is a Nielsen tuple, and the set of all tuples with ¢g; € C; (for

conjugacy classes C = (C4,...,C,)) forms the Nielsen class Ni(G, C), defined by
Volklein [17, Chapter 2, Section 2.2] as:

Nl(Gv(C) = {(gla~"7gr) € CVl X X CT | g1 gr = ]-7 <glv~"7gr> = G}/IHH(G),
where Inn(G) denotes conjugation by elements of G.
The braid group B,., with generators o1,...,0,_1 and relations:
(i) 0i0i410; = 0541040441 for 1 <i <r —2,
(ii) o405 = oj0; for |i — j| > 2,

acts on Ni(G, C). The action of o; on a tuple (g1,...,g,) is:

;- (gla s 797”) = (gly' .. 7gi—1vgigi+1gi_17giygi+27' .. 7g'f')'

This operation, corresponding to a simple transposition of branch points p; and
pit1 in the fundamental group mi (P! \ {p1,...,pr}), preserves G and C. Serre
[9, Chapter 5, Section 5.1] leverages this action to classify covers with identical
Galois groups under deformation of branch points.
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6.3. Hurwitz Spaces of Covers with Fixed Ramification Structure. The
Hurwitz space H(G,C) is a moduli space parametrizing isomorphism classes of
degree-n Galois covers ¢ : X — P! over K with Galois group G and ramification
type C. Vélklein [17, Chapter 3, Section 3.1] constructs H (G, C) as a complex vari-
ety, with points in bijective correspondence with Ni(G, C). Its dimension is 7 — 3 for
r > 3, accounting for the choice of r branch points modulo the action of PGLs(K),
which has dimension 3. A key result is the irreducibility theorem: H(G,C) is irre-
ducible if the braid group B, acts transitively on Ni(G, C) [17, Theorem 3.2|. Serre
[9, Chapter 6, Section 6.2] shows that H(G,C) admits a model over Q, enabling
arithmetic investigations of Galois realizations.

6.4. Realizing Covers with Galois Group over C(t). The Riemann Existence
Theorem provides a cornerstone for constructing covers over C(t). As stated by
Serre [9, Chapter 4, Section 4.2], for any finite group G, ramification type C, and
tuple (g1, ...,9,) € Ni(G,C), there exists a Galois cover ¢ : X — P! over C with:

(i) Branch points {pi,...,p.} C P(C),
(ii) Monodromy tuple (g1,...,9gr),
(iii) Galois group G.

The extension C(X)/C(t) is Galois with Gal(C(X)/C(t)) = G, and the cover’s
structure is uniquely determined by the monodromy up to isomorphism and braid
group action. This theorem, rooted in the topological classification of covers via
T (P*\ {p1,...,pr}) = G, ensures that every finite group is realizable over C(t).

6.5. Rational Points on Hurwitz Spaces and Realizing Covers over Q(¢).
A rational point on H(G,C), when defined over Q, corresponds to a Galois cover
¢ : X — P! over Q(¢) with Galois group G and ramification type C. Such a cover
arises from an irreducible polynomial f(x,t) € Q(¢)[x] of degree n, with branch
points in P1(Q), satisfying Gal(Q(X)/Q(¢)) = G. Vélklein [17, Chapter 4, Section
4.1] identifies the existence of such points as critical to the inverse Galois problem
over Q(t). However, the arithmetic geometry of H(G,C) imposes constraints: the
action of Gal(Q/Q) on its components may obstruct rationality. Serre [9, Chap-
ter 6, Section 6.3] analyzes these obstructions, noting that descent to Q requires
compatibility with the Galois action on Ni(G, C).

6.6. Hilbert’s Irreducibility Theorem and Realizing Covers over Q. Hilbert’s
Irreducibility Theorem bridges covers over Q(¢) to number fields. For an irre-
ducible polynomial f(x,t) € Q(¢)[x] defining a Galois extension Q(X)/Q(t) with
Gal(Q(X)/Q(t)) = G, the theorem asserts that for most ¢y € Q, the specialized
polynomial f(x,%y) € Q[x] remains irreducible with Gal(f(z,t)/Q) = G. Formally,
Serre [9, Chapter 3, Section 3.1] states:
(1) Let f(z,t) € Q[t][x] be irreducible over Q(¢) with Galois group G.
(ii) The set {to € Q | f(z,to) is reducible or Gal(f(z,t9)/Q) # G} is a thin
set in Q, i.e., contained in the image of a finite union of proper subvarieties
under rational maps.

This result, applied by Vélklein [17, Chapter 5, Section 5.2], enables the con-
struction of number fields with prescribed Galois groups by specializing rational
points on P1(Q).

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35


http://albanian-j-math.com/vol-19.html

FroM POLYNOMIALS TO DATABASES 20

6.7. Constructing Polynomials with Galois Group C7. We now turn to the
problem of realizing the cyclic group C7 of order 7 as a Galois group over Q,
constructing explicit septic polynomials via the framework of constructive Galois
theory. Our approach marries geometric insights from branched coverings and
Hurwitz spaces with an algebraic construction using cyclotomic fields, culminating
in the polynomials listed in Table 7.

6.7.1. Geometric Construction via Branched Coverings. Consider a degree-7 Galois
cover ¢ : X — P! with Galois group C7. We define its ramification structure by
selecting a type C = (C1, Cs, Cs, Cy), where each C; is a conjugacy class in C7. Let
o be a generator of C7, represented as a 7-cycle. The non-trivial conjugacy classes
of C; are {o*} for k = 1,2,3,4,5,6, each with cycle type (7), plus the trivial
class {1}. We choose C = ({0), (¢%), (o), (¢®)), corresponding to cycle types (7),
(7), (7), and (3,3,1), respectively—the last indicating ramification indices 3 at two
points and 1 at a third.

To determine the genus g of the curve X, we apply the Riemann-Hurwitz formula:

29—2=n-(-2)+ ) (e —1),
where n = 7 is the degree, and e; are the ramification indices over the branch
points. For our ramification type:
(i) Three points with e; = e = e3 = 7, contributing 3- (7 — 1) = 18,
(ii) One point with cycle type (3,3,1), contributing (3—1)+(3—1)+(1—1) = 4.
Thus:
20—2=T7-(-2)+(64+6+6+4)=-14+22=8 = ¢g=>5.

Hence, X is a genus-5 curve.

The Riemann Existence Theorem guarantees the existence of such a cover over
C. Define a monodromy tuple (o,02,0%,03) € Ni(C7,C), where Ni(C7, C) denotes
the Nielsen class of tuples generating C7 with classes in C. Compute the product:

o020t g% = gITEHEE _ 10 _ 3
since 07 = 1. To satisfy the condition that the product equals the identity, we
adjust via the braid group action, e.g., to (0,02, 0%, 077), yielding:

o020t o T = T 0

while still generating C';.

The Hurwitz space H(C7,C) parametrizes these covers up to isomorphism. A
rational point on H(C7,C), defined over Q, corresponds to a cover ¢ : X — P!
over Q(t) with Galois group C7, represented by an irreducible septic polynomial

f(z,t) € Qt)[x].

6.7.2. Algebraic Construction via Cyclotomic Fields. To construct explicit exam-
ples, we turn to cyclotomic fields, which naturally produce polynomials with cyclic
Galois groups. The method proceeds as follows:

(1) Select a prime p =1 (mod 7): This ensures 7 divides p — 1. Examples
include p = 29,43, 71.

(2) Form the cyclotomic field: Q(¢,), where ¢, is a primitive p-th root of
unity, has degree p—1 over Q, with Galois group Gal(Q((,)/Q) = (Z/pZ)*,
cyclic of order p — 1.
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(3) Identify the degree-7 subfield: Since 7 divides p — 1, there exists a
unique subfield L C Q({,) of degree 7, fixed by the subgroup of order
(b - 1)/7.

(4) Compute the minimal polynomial: The minimal polynomial of a prim-
itive element of L is an irreducible septic polynomial over Q with Galois
group C7.

This algebraic construction aligns with the geometric framework: the field exten-
sion L/Q corresponds to a cover ¢ : X — P! with ramification type C, represented
by a rational point on H(C+7,C).

Example 6.1 (p = 29). Take p = 29, where p — 1 = 28 and 28/7 = 4. The field
Q(¢29) has degree 28, with a cyclic Galois group of order 28. The subgroup of order
4 fixes a subfield L of degree 7. The minimal polynomial of a primitive element of
L is:
fx) = 2" 4+ 2% — 1225 — 72 + 2823 + 142% — 92 4 1,

with height 28, listed in Table 7. Its Galois group is C7, verified by Foulkes’ resolvent
method (Table 2), showing factorizations T'(x) — (1,1), ¥(¢) — (1,7,7,7,7), and
D(p) = (1,17 x 7).

6.7.3. Specialization and Hilbert’s Irreducibility. Specializing the cover ¢ : X — P!
over Q(t) at a rational point ¢ty € Q yields a polynomial f(x,ty) € Q[z]. Hilbert’s
Irreducibility Theorem ensures that, for most tg, f(z,ty) remains irreducible with
Galois group C'7. The polynomial for p = 29 above is such a specialization, as are
the others in Table 7, which catalog septic polynomials derived from cyclotomic
subfields for various p.

This synthesis of geometric and algebraic methods not only realizes C7 over
Q but also exemplifies the power of constructive Galois theory, bridging abstract
covers to tangible polynomials.

6.8. Septic extensions with Galois group C7 x C3. We construct infinite fam-
ilies of monic septics over Q whose Galois group is C7 x Cs. A search by projective
height found the smallest example at height A = 16:

fomin(x) = 27 — 82° — 22* + 1623 + 62% — 62 — 2.

The pattern visible here suggests a systematic approach using Chebyshev polyno-
mials of the first kind, defined by the recurrence

To(z) =1, Ty (z) =z, Tni1(x) = 22T, (z) — Th—1(z).

Explicit computation gives

Let S = u? 4 7v2. The scaled polynomial
ST2 To(x/V'S) = 6427 — 11252° + 565%2* — 7S%x
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TABLE 7. Irreducible degree-7 polynomials with Galois group C7.

Coefficients Height | p | Galois
(1,1,-12,-7,28,14,-9,1) 28 29 Cr
(, ,—18,—-35,38,104, 7, —49) 104 43 Cr
(1 —30, 3,254, —246, —245,137) 254 71 Cr
(1,1,-48,37,312,-12,—49, —1) 312 113 Cr
(1,1, 54 —31,558, —32, —1713,1121) 1713 127 Cr
(1,1,—84,—217,1348,3988, —1433, —1163) 3988 197 Cr
(1,1,-90,69, 1306, 124, —5249, —4663) 5249 | 211 Cr
(1, ,—102, —195, 1850, 978, —8933, 5183) 8933 | 239 Cr
(1,1,—-120,—711,—784,1956, 2863, —343) 2863 | 281 Cr
(1,1,—144,399, 2416, —10808, 10831, —1237) 10831 | 337 Cr
(1,1 162 —201,7822,12322, —107717, —193369) 193369 | 379 Cr
(, ,—180,—103, 6180, 11596, —25209, —49213) 49213 | 421 Cr
(1,1,-192,275,3952,4136, —81, —863) 4136 | 449 Cr
(1,1,—198,—-907, 4302, 20582, —18973, —56911) 56911 | 463 Cr
(1,1,-210,1423, —1410, —8538, 9203, 19427) 19427 | 491 Cr
(1,1,—234,335,13254, —42874, —55309, 71879) 71879 | 547 Cr
(1,1, —-264,—151, 13288, 18556, —69425, 34621) 69425 | 617 Cr
(1,1,-270,116, 19848, —31904, —375552, 720896) 720896 | 631 Cr
(1,1, —-282,1345,5370, —30042, —14893, 115169) 115169 | 659 Cy
(1,1, —288,316, 23504, —53056, —541952, 1722368) 1722368 | 673 Cr
(1,1,-300,1631,5140, —23794, —59049, —18773) 59049 | 701 Cr
(1,1,-318,—1031, 26070, 125148, —420841, —2302639) | 2302639 | 743 Cr
(1,1,—324,—1483,20876, 129744, 36999, —54027) 129744 | 757 Cr
(1,1, -354,979, 30030, —111552, — 715705, 2921075) | 2921075 | 827 Cr
(1,1,-378,—-973,13106, —9624, —64665, 91125) 91125 | 883 Cr
(1,1, -390, —223, 18058, 30856, —116657, —225929) 225929 | 911 Cr
(1,1, —408,992, 48064, 204560,—1603520,8290816) 8290816 | 953 Cr
(1,1,—414,—4381,—10434, 32702, 167651, 182573) 182573 | 967 Cr

has integer coefficients in S because the exponents of S are (7—j)/2 for j = 1,3,5,7,
all nonnegative integers. Adding a constant term —u.S® produces the two-parameter
family

Gr(z;u,v) = 64z — 1128z° + 565%2% — (78% + uS?), S = u? 4 Tv?.
For (u,v) = (1,1) we obtain S = 8 and
Gr(z;1,1) = 6427 — 896x° + 3584z — 3584x — 512.

Lemma 6.2 (Integral scaling). For any indeterminate S (or nonzero element of
a characteristic-zero field), S7/*Ty(x/\/S) belongs to Q[S][x] and has degree 7 with
leading coefficient 64.

Proof. Only odd powers appear in T7(z). Each term c;z7 contributes ch(7’j)/2xj;
the exponent (7 — j)/2 is a nonnegative integer, and c; = 64. O

Theorem 6.3. Define
Gr(z;u,0) = (v + 7v2)7/2T7(:c/\/ u? + 7v2) — u (u® + T0?)3.
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(1) Over Q(u,v) the Galois group of Gy is Cr x Cs.
(2) For coprime integers (r,s) with 71 rs, all but a thin set of specialisations
Gr(x;r,s) € Q[z] are irreducible with the same Galois group C7 x Cs.
Hence there are infinitely many non-isomorphic degree-7 fields over Q whose Galois
closures have group C7 x Cs.

Proof. Lemma 6.2 confirms that G7 is a genuine septic over the function field. The
generic Galois group C7 x Csis the p = 7 instance of the Chebyshev construction in
Bruen—-Jensen—Yui polyciteBruenJensenYui86. Their effective Hilbert irreducibil-
ity theorem guarantees that integer specialisations with 7 1 rs, outside a thin set,
preserve irreducibility and the Galois group. Distinct discriminants arising from
infinitely many such (r, s) yield non-isomorphic fields. O

Our computation pipeline discovered 24,374 septics with Galois group C7 x Cj.
Together with the 84 septics that we have, the collection now contains 24,458 poly-
nomials with Galois group C7 x Cs .

7. MACHINE LEARNING APPROACHES FOR CLASSIFYING GALOIS GROUPS OF
IRREDUCIBLE DEGREE-7 POLYNOMIALS

In this section, we describe the machine learning strategy we used to classify the
Galois groups of irreducible degree-7 polynomials over Q. Our method spans the
full pipeline, from assembling the dataset to setting up baseline classifiers and then
improving them by incorporating algebraic invariants. We begin with an overview
of how we constructed the dataset, followed by details on our initial models, one
that tackles all groups at once and another that sets aside the dominant S; cases
and conclude with a refined version that draws on key features rooted in Galois
theory.

To carry out these experiments, we required a large set of irreducible monic
degree-7 polynomials over QQ, each tagged with its corresponding Galois group.
We put this together by combining entries from the LMFDB [5] with some extra
polynomials that we generated ourselves. Pulling data from the LMFDB for all
degree-7 number fields gave us 1,163,875 entries in total, where each one provides
the minimal polynomial, discriminant, Galois group in transitive notation, and class
group. The breakdown of groups in this LMFDB pull is summarized in Table 8.

TABLE 8. Galois groups in the LMFDB degree-7 data.

Group Count
S 1,062,232
Ay 56,887
PSL(3,2) 40,861
07 X Cﬁ 1,547
Dy 2,135
07 Dell 03 84
Cr 129

Integrating the locally computed polynomials as detailed in §5, §6.7,§6.8 in-
creased the total to 1,686,353 unique entries. The updated distribution for this
combined dataset appears in Table 9.
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TABLE 9. Galois groups in the full dataset.

Group Count
S7 1,559,957
Ay 56,997
PSL(3,2) 40,977
07 X 03 24,457
Dy 2,163
C7 X CG 1,550
Cr 252

This final dataset, named AIMS-7, is available at [6]. It includes representa-
tives from every transitive subgroup of S7 and serves as the foundation for all our
training, validation, and testing.

7.1. All-Groups Baseline Model. To establish a baseline for classifying Galois
groups based solely on polynomial coefficients, we first trained a model on the
full AIMS-7 dataset. This allowed us to assess the information contained in the
raw coefficients regarding the seven transitive subgroups listed in Table 9: S7, Az,
PSL(?),Q)7 C7 X 03, l)77 C7 X Cﬁ, and 07.

We employed a histogram-based gradient boosting classifier, chosen for its effi-
ciency with large datasets and numerical features. The hyper parameters included
a learning rate of 0.08, a maximum of 500 iterations with early stopping after 20
unchanged iterations, and L2 regularization of 10~%. To address the severe class
imbalance, where S; accounts for more than 92% of the entries, we assigned sample
weights proportional to (median count/class count(c))%?, thereby emphasizing the
underrepresented groups without excessive bias.

The features consisted only of the coeflicients, expanded into columns ag through
a7, with no additional preprocessing. We performed a stratified 60/40 train-test
split, resulting in 1,011,811 polynomials for training and 674,542 for testing, while
maintaining the original class proportions. On the training set, 5-fold stratified
cross-validation yielded balanced accuracies ranging from 0.7357 to 0.7625, with a
mean of 0.7526+£0.0095. These outcomes indicate that the coefficients alone convey
substantial details about the Galois groups.

After retraining on the full training set, evaluation on the test set gave a bal-
anced accuracy of 0.7726 and an overall accuracy of 0.9479. As expected given the
imbalance, performance was strong for S7 with precision 0.9934 and recall 0.9653.
And for C7 x C3 the precision is 0.9982 and the recall is 0.9952. Here, precision
measures the proportion of correct positive predictions among all positive predic-
tions for a class, like how accurate the model is when it predicts that group, while
recall indicates the proportion of actual instances of that class that were correctly
identified so how well the model finds all true cases. However, distinguishing A~ and
PSL(3,2) proved challenging: A7 achieved precision 0.5314 and recall 0.8270, while
PSL(3,2) had precision 0.4344 and recall 0.4552, with frequent misclassifications
between them and toward S;. For the smaller groups, the weighting improved recall
at the cost of precision for instance, C7 reached recall 0.8911 with precision 0.6250,
C7 % Cg recall 0.6306 with precision 0.2787, and D7 recall 0.6439 with precision
0.1307.
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In summary, this coeflicients-only baseline demonstrates that basic polynomial
data provides meaningful classification power. Yet the predominance of S7 en-
courages over prediction of that group, limiting accuracy for the rarer cases. To
improve on this, we subsequently restricted attention to the non-S; polynomials
and incorporated algebraic invariants.

7.2. Non-57 Model with Algebraic Features. For a better separate the rarer
Galois groups, we limited our work to the 126,396 polynomials from the AIMS-
7 dataset without S;7 as the Galois group. This subset includes A7, PSL(3,2),
C7 x Cs3, D7, C7 x Cg, and C7. It directly handles the big S; imbalance shown in
Table 9—over 92% of the full set. Now we can focus on the fine algebraic details
that help tell these groups apart. Class sizes still differ in this subset. We kept
using sample weights: w(c) oc (median count/class count)?5. This helps highlight
small groups like C7.

We used the same histogram-based gradient boosting classifier as before. Set-
tings stayed the same: learning rate 0.08, up to 500 iterations, early stop after 20
unchanged ones, and L2 regularization of 10~%. It suits large, uneven datasets and
simple number inputs well.

Features included the coefficients ay through a7y. We added more: the discrim-
inant’s sign and its stabilized log of the absolute value. Plus, five j-invariants jg
through js. We applied a signed log;,(1 + |z|) to each extra feature. This controls
large or small values but keeps signs.

We split the data 60/40, stratified by class. That gave 75,837 training samples
and 50,559 for testing. This size works for reliable checks, even on small classes.

On the training data, 5-fold stratified cross-validation averaged a balanced ac-
curacy of 0.8410 4+ 0.0132. Balanced accuracy means the average recall over all
classes. It gives a fair score with uneven groups. This beats the baseline and shows
the algebraic features add real value.

We retrained on the full training set. The test set got a balanced accuracy of
0.8525. See Table 10 for details per group. Here the precision is the share of correct
predictions for a group, how accurate when it picks that one. Recall is the share of
true cases it finds how many real ones it catches. Fl-score balances them as their
harmonic mean. Scores are top-notch for C7 x C3. They’re solid for cyclic and
dihedral groups. But A7 and PSL(3,2) still overlap some.

TABLE 10. Classification Report for the Non-S7 Model on the Test Set

Galois Group Precision Recall F1-Score

Az 0.7729 0.8850 0.8252
PSL(3,2) 0.7969 0.6374 0.7083
C7r x Cs 0.9995 0.9970 0.9983
Dy 0.8274 0.8925 0.8587
Cr x Cs 0.8802 0.7823 0.8284
Cr 0.9394 0.9208 0.9300
Macro Avg 0.8694 0.8525 0.8581

Weighted Avg 0.8271 0.8254 0.8216
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Table 11 is the confusion matrix. It counts true labels against predicted ones.
It shows main problems: 2,616 true A7 called PSL(3,2), and 5,923 the other way.
Outside this pair, errors are rare. This points to the model’s skill at splitting off
cyclic and dihedral groups. Those have tighter structures.

TABLE 11. Confusion Matrix for the Non-S7 Model on the Test
Set (Rows: True, Columns: Predicted)

A7 PSL(3,2) C7 X 03 D7 07 X C@ 07

A; 20,178 2,616 0 5 0 0
PSL(3,2) 5,923 10,447 1 19 1 0
Cy % O 3 21 9754 3 0 2
D, 2 20 2 772 65 4
Cy x Cg 2 2 0 131 485 0
Cy 0 3 2 3 0 93

For completeness, we also repeated the same pipeline with alternative train—test
splits of 50/50 and 80/20. In classical machine learning practice, an 80/20 split is
often the default choice, since it gives the model as much training data as possible
while still keeping a separate test set. In our case, all three splits produced very
similar test balanced accuracies, in a narrow range around 0.85-0.87, with a slight
gain when more data was allocated to training. We chose to report detailed results
for the 60,40 split, which still follows this intuition that most of the data is used for
learning, but it leaves a particularly large and stratified test set. The full training
and evaluation pipeline is available in our public repository [7].

8. SYMBOLIC NEURAL NETWORKS FOR GALOIS GROUP CLASSIFICATION

Our machine learning experiments pointed to a small set of features, the polyno-
mial coefficients, aspects of the discriminant, and certain algebraic invariants, that
prove especially useful in identifying Galois groups. Building on that observation,
we now explore the idea of a symbolic neural network, which brings these features
front and center in the model’s design. Traditional neural networks deliver good
results, yet they can feel opaque when it comes to how they incorporate mathemat-
ical knowledge. A symbolic network, on the other hand, pairs learning from data
with explicit symbolic computations, offering greater clarity while drawing directly
on what we know from the field.

These kinds of networks, often termed neuro-symbolic systems, aim to merge
statistical patterns with logical structures. In disciplines like algebra and number
theory, where symmetries and invariants are key, this combination makes a lot of
sense. Classifying Galois groups isn’t just a matter of crunching numbers; it involves
recognizing the underlying symmetries in the roots. By hardwiring calculations for
things like discriminants and resolvents, the network creates representations that
tie back to core theory.

Focusing on our irreducible monic septics over the rationals, the boosting model
outcomes highlight the discriminant’s sign, which is vital for even-permutation
groups when square, its scaled logarithm, and modified jy to j4 invariants as essen-
tial for sorting out confusions, like those between A7 and PSL(3,2), or among cyclic
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and dihedral types. This shaped how we structured things: begin with pulling in-
variants algebraically from the coefficients, such as handling the discriminant and
its features, then apply scaling via signed logs to keep numbers manageable. From
there, layers mix in the raw data, perhaps using attention to pick out what’s most
relevant for group differences.

Putting it together, the input comes as the coefficient vector (ag, ..., aq, 1) for
the monic form, including that leading one for an even eight entries. The network
flows like this:

1. Symbolic Preprocessing Layer: Extracts core invariants through fixed
formulas, the discriminant and jo to js4 as septic-specific resolvents. Out
comes a vector of these untreated values, grounding the model in quantities
unchanged by root reordering.

2. Feature Transformation Layer: To cope with vast value ranges, each x
gets mapped to sgn(x) -log;(1 + |z|), keeping signs for important qualities
like square discriminants and taming sizes for reliable training.

3. Concatenation Layer: Blends the initial coefficients with these adjusted
invariants into a 15-entry vector (eight coefficients, two discriminant parts,
five tuned j;). This setup allows balancing straightforward polynomial
traits against theory-derived ones.

4. Dense Neural Layers: Two connected layers with 128 nodes, then 64,
with ReLU each time, tease out complex nonlinear links, leaning on the
symbolic base to spot what sets groups apart.

5. Attention Layer: A self-attention setup dynamically emphasizes features,
say lifting the discriminant for parity tests or specific j; for subgroup clues,
honing in on the essentials.

6. Output Layer: Softmax across six nodes yields probabilities for non-S7
groups: Ay, PSL(3,2), C7 x Cs, D7, C7 x Cg, and C7. We train with
weighted cross-entropy to level the playing field for scarcer groups, in line
with past methods.

Training sticks to our earlier approach of stratified splits and balancing, but
the symbolic elements open doors for insight perhaps tracing attention flows to see
which invariants sway decisions in tricky spots like A7 against PSL(3,2).

In essence, this framework extends our boosting work while boosting readability,
applied to the AIMS-7 data, it could offer rough symbolic shortcuts for classifica-
tions, possibly prompting fresh ideas in theory. It’s still in early stages, but layering
on features like Frobenius cycles modulo primes might make it a go-to helper for
algebraic studies. Further out, the approach could reach into higher degrees, using
symbolic anchors to navigate denser Galois landscapes.

9. EXTENDING TO HIGHER-DEGREE POLYNOMIALS

The work presented here centers on irreducible monic polynomials of degree 7
over Q, a range where the transitive subgroups of S; are fully cataloged, Galois
groups can be computed reliably, and invariants such as jo, ..., j4 are available in
explicit form. This setting allows us to build and test the symbolic neural network
in Section 8 with some confidence, using computer algebra to check every label and
every invariant.

Pushing to higher degrees reveals clear limits on both the Galois and the invariant
side. For Galois computations, methods [2] have no theoretical degree cap and are
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implemented in systems such as PARI/GP, and SageMath [16]. However, PARI/GP
and SageMath which uses PARI/GP by default, that support this computation for
polynomials up to degree 11 . It will require the galdata package for degrees 8-11,
which is included in SageMath. For degrees higher than 11, SageMath does not
have a built-in open-source method to reliably identify the transitive group without
external software like Magma. Attempts here may fail due to computational limits,
such as memory or time constraints when trying to compute the Galois closure
explicitly. In practice, the running time and memory usage increase rapidly with
the degree and with the size of the discriminant. Computing Gal(f/Q) for large
random polynomials of degree n > 10 is already costly, and scaling up to build
datasets on the scale of AIMS-7 in degrees 12 or 15 would require substantial
resources. Beyond that, routine checks on large families of random polynomials
become impractical.

Invariant theory faces similar issues. For binary forms, explicit minimal generat-
ing sets for the invariant rings are known in degrees up to 10; see Curri [3] and the
references therein for a unified account of the cases 3 < d < 10. For larger d one
still has Hilbert’s finiteness theorem, but no comparably concrete list of generators
is available. In that regime the clean flow

coefficients — explicit invariants — symbolic network

breaks down.

These constraints, however, suggest a direction rather than an endpoint. De-
gree 7 serves as a controlled proving ground, guiding extensions to degrees 8 through
10, where invariants are still accessible and Galois algorithms remain viable. One
can imagine training tailored networks on carefully chosen families in these de-
grees and tracking which combinations of coefficients and low-degree invariants are
actually used in the classification.

For higher degrees, where labelled data are sparse and full invariant rings are
not known explicitly, the role of the network changes from classifier to exploratory
tool. By examining the weights on coefficient patterns or on approximate invari-
ants, one may be able to pick out expressions that consistently separate groups in
examples and therefore deserve a theoretical explanation. The aim is not to replace
Galois group algorithms, but to supplement them with heuristic guidance. With
combinations of coefficients that behave like resolvents for certain subgroups and
that might eventually be understood in purely algebraic terms.

In short, septics are not the end of the story, they are a launchpad. Degree 7
is one of the last places where both the Galois side and the invariant side are still
explicit enough that one can attach a clear algebraic meaning to each layer of a
symbolic network. Extending even modestly beyond this range could help connect
heavy computational tools with broader classification results, and turn the present
limitations into questions for future work.

9.1. Statistical analysis of the non-S; database. In this subsection we keep
the same non-S7; database and notation as above. All plots are functions of the
logarithmic height h(f) = log,o(H(f) + 1) and log;, |A(f)]-

9.1.1. Distribution of Galois groups. The overall class frequencies are shown in

Figure 2. One immediately sees that the simple groups A; and PSL(3,2) occupy
most of the disk, while the smaller groups C, C; x C3, C7 x Cg and D7 contribute
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Distribution of Galois Groups
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PSL(3,2)

FIGURE 2. Relative frequencies of the six non-S; Galois groups.

only thin slices. Thus, even after removing the S;-part, the dataset is strongly
biased toward the two “generic” simple groups.

9.1.2. Log-height distributions by group. The empirical distributions of h(f) for
each Galois group are given in Figure 3. The six coloured histograms show that
the groups live on very different horizontal ranges. The distributions for A7 and
PSL(3,2) are narrow and concentrated between roughly h ~ 1 and h &~ 3, whereas
the distributions for C7 and C7 x C5 are shifted far to the right and have long tails
extending beyond h =~ 10.

The same phenomenon is visible in the boxplots of Figure 4. Here the vertical
displacement of the boxes encodes the differences between groups: the median log-
height for C7 x C3 lies high above that of A7, and the interquartile ranges do not
overlap. In particular, the order of the medians is

CrxCs5 > C; > Dir=CrxCs > PSL(372)2A7

Figure 5 summarises this information in a single bar plot: the mean log-height
E[h(f) | G] decreases steadily as we move from C7 x C5 and C7 to As.

9.1.3. Log-height versus group complezity. To place the six groups on a single hor-
izontal scale we use the complexity index ¢(G) € {1,...,6} defined earlier, ordered
from C7 up to A;. Figure 6 shows the point cloud

(e(G (1)), h(f))

for all polynomials in the database. Each vertical column corresponds to one group.
The tallest columns occur at ¢(G) = 1 and 2 (for C7 and C7 x Cs3), and the columns
get visibly shorter as one moves towards ¢(G) = 5 and 6 (for PSL(3,2) and A7).
The mean behaviour is extracted in Figure 7, where we plot the average log-
height at each complexity level. The curve starts high at ¢ = 1,2, drops sharply
at ¢ = 3, and then decreases slowly up to ¢ = 6. Thus, in our data, greater group
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Log Height Distributions by Galois Group
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FIGURE 3. Empirical distributions of the log-height h(f) for each
non-S; Galois group.
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FIGURE 4. Boxplots of h(f) by Galois group. Each group occupies
its own characteristic height range.

complexity is associated with smaller defining height, which is the opposite of the
naive expectation that “more complicated groups should require more complicated
polynomials.”

9.1.4. Discriminant statistics and correlation with height. The histogram in Fig-
ure 8 shows the distribution of log;, |A(f)| for the non-S7 database. Most mass lies
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Mean Log Height by Galois Group
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FIGURE 5. Mean log-height E[h(f) | G] for each non-S7 Galois group.

Log Height vs Group Complexity
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FIGURE 6. Scatter plot of h(f) versus the complexity index ¢(G).
Each vertical strip corresponds to one Galois group.

between 10 and 20, with a visible tail of polynomials whose discriminant magnitude
is several orders of magnitude larger.
Finally, Figure 9 plots the pairs

(h(f), log; |A(f)|)

and colours each point by its Galois group. The cloud has a clear diagonal shape:
large heights tend to come with large discriminants. The colour structure matches
what we observed before: the C7; and C7; x C5 points populate the region with
both large height and large discriminant, whereas the A; and PSL(3,2) points are
concentrated near the lower-left corner.

All statistical plots and clustering analyses in this section were produced with
our public implementation [8].
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Mean Log Height vs Group Complexity
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FIGURE 7. Mean log-height as a function of ¢(G). The decreasing
curve shows that higher group complexity is realised by smaller
heights in this database.
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FIGURE 8. Histogram of log;, |A(f)| for the non-S7 database.

10. CONCLUDING REMARKS

This work introduces a scalable computational framework for the classification
of Galois groups associated to irreducible degree-7 polynomials over Q. By com-
bining classical tools such as resolvent factorizations and invariant theory with
modern data-driven methods, we construct a reproducible dataset of over one mil-
lion septics and demonstrate that algebraic invariants derived from transvections
can significantly improve classification performance, particularly for rare solvable
groups.

The resulting neurosymbolic model illustrates the effectiveness of hybrid ap-
proaches that integrate symbolic algebraic features with supervised learning, of-
fering improved interpretability over purely black-box classifiers. The empirical
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Log Height vs Discriminant by Galois Group
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FIGURE 9. Joint plot of h(f) versus log;, |A(f)], coloured by Ga-
lois group. Larger heights tend to be accompanied by larger dis-
criminants.

analysis highlights both the utility and limitations of current methods, especially
under class imbalance induced by the natural distribution of Galois groups under
height constraints.

Several avenues for further research emerge from this study. First, the meth-
ods developed here can be extended to polynomials of higher degrees, where the
classification problem becomes substantially more complex and current resolvent
constructions may require further refinement or approximation. Second, the struc-
ture and distribution of Galois groups in families defined by different height or shape
conditions remains an open area of empirical investigation. Third, the combination
of this framework with arithmetic geometry particularly the study of moduli spaces
and Hurwitz covers may enable more systematic realizations of specific groups as
Galois groups over Q.

From a computational perspective, future work may explore the integration of
unsupervised learning techniques, the generation of synthetic rare group exam-
ples, and the refinement of invariant-based feature engineering. The database con-
structed in this paper provides a foundation for such extensions and may also serve
as a benchmark for future work on the Inverse Galois Problem in both theoretical
and experimental contexts.
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APPENDIX A. COEFFICIENTS OF THE DEGREE 35 RESOLVENT

e; = —1b5ag,

ez = 105a2 + 10as,
3 89
ez == —455ag5 + 150agas + ?a4,

4 2 80 o 596 56
eq = 1365ag — 980agas — gas — Ta6a4 + ?ag,
2972 356

e5 = —4095a3 + 3675a5a5 + 200azay — 900agas — 56asay — agag + —_—az,

e6 = 1228508 — 14175a5a5 — 910a5ay + 5775a2a? + 672agasas + 80as + 1660azas
1068

— 672a5a3 — 252aga2 + ay,

e7 == —36855a] + 49665a5a5 + 3185aaa4 — 28350a5a: — 1820aZasay — 700agay
— 6146a5a3 + 2352apasas + T56a2ay + 756a2as — 1512a5as — 504aga; + 252a0,
es = 11056505 — 171990aSas — 11102a3a4 + 127575agaz + 6370agasas + 4550azal
+ 22386aga3 — 8190aZasaz — 2520agazay — 336aZaz — 2646a5as + 6048agasas
+ 672a5a4a3 + 1008(12(11 — 2016asa1 — 672agag + 336a4,
eg = —331695a9 + 589680agas + 38857alas — 552825a3a2 — 22295aaasaq — 22750a5ad
— 83265a5a3 + 28665a5asa3 + 8820azazay + 1176agay + 926lagas — 21168agasas
— 2352aaZag — 2352aZas — 3528aia; + 7056agasa; + 2352a2ag — 1176asag — 1176agas,
e10 = 995085050 — 1986210a8as — 136059agay + 2284590a3a? + T7945a3asas + 1087450505
+299691agas — 100275agaza3 — 30870agazas — 4116agasas — 32487ajas + 74172ajasas
+ 8232a2aZag + 8232agasas + 12348aga; — 24696a2asa; — 8232a5a0 + 4116agasag + 4116agaz,
e11 = —2985255a3" + 6552150a9as + 476721abay — 9088350agaz — 272657aSasay
— 503685a3a3 — 1049565a%as + 351232a3asas + 108045agaZas + 14406ajasay
+ 113695a3as — 259602agasas — 28824agazas — 28824agasas — 43236aga;
+ 86472a3asa; + 28824agag — 14412a2asag — 14412a4ay,
e12 = 8955765032 — 21290850as’as — 1670523aga,4 + 34959450a5a2 + 954799agasas
+ 22777350543 + 367345508 a3 — 1228292a%asa3 — 378162a3azas — 50421agadas
— 398432agag + 909107agasas + 100884agaZaz + 100884a5asas + 151326a3a;
— 302652agasa; — 100884a5ag + 50442a5asag + 50442a4a0,
e13 = —26867295a3> + 68068350a5" a5 + 5851833ag ay — 131135850agas — 3345797abasay
— 10110195a%a3 — 1285702505 a3 + 4299992a5asa3 + 1323567aSazay + 176475a5a5 ay
+ 1394512a8as — 3183877alasas — 353094alaZas — 353094agasas — 529641a%a;
+1059282a3asa; + 353094a8ag — 17654Tagasag — 176547azag,
e14 = 80601885ag* — 214693950ag2 a5 — 20481423ag" ay + 485099250ag’a? + 11709787agasay
+ 4424422508 a3 + 449995750 a3 — 1504997208 asas — 4632782a%aay — 617703a3asay
— 4880792a0az + 11143567ajasas + 1235829a3aZas + 1235829a3atas + 1853743a5a;
— 3707486a5a5a; — 1235829a%a0 + 617914a5asag + 617914azaq
e15 = —241805655a5° + 671458650a8> a5 + 71694981ag?ay — 1771058250ag" a? — 40984277aglasay
— 1906725750903 — 15749851245  az + 52674932a3asas + 16204837agaZay + 2160636a%a5ay
+ 1708277203 as — 39002537aSasas — 4325406a%a2as — 4325406a3aas — 6488109a)a;
+ 12976218a5asay + 4325406a5ag — 2162703a3asag — 2162703a; ag,

e16 = 725416965a5° — 2076145350a3 a5 — 25088292308 ay + 6393959250as%a + 143394719a3 asay

+ 81461467505 a5 + 550745292a4° a3 — 184062332ag" asas — 56716807agazas — 7562241a5a3ay
— 59789752a3  as + 136508867agasas + 15138921abaZagz + 15138921agasas + 22708381ag’ay

— 45416762a5asa; — 15138921agag 4 7569459a%asag + 756945942,

Albanian J. Math. Vol. 19 (2025), no. 1, 3-35


http://albanian-j-math.com/vol-19.html

	1. Introduction
	2. Preliminaries on Galois theory and septics polynomials
	2.1. Galois groups of irreducible polynomials
	2.2. Septic polynomials
	2.3. Invariants of septics

	3. Resolvents
	4. Resolvents of septics
	4.1. The Quadratic Resolvent
	4.2. The 30-ic Resolvent for `3́9`42`"̇613A``45`47`"603APSL(3,2)
	4.3. The 120-ic Resolvent for C7 C6
	4.4. Numerical Computation
	4.5. A 35-ic Resolvent via Triplet Sums

	5. Database of the irreducible septics
	5.1. Irreducible Septics
	5.2. Cyclic septic C7 polynomials

	6. Constructive Galois Theory
	6.1. Coverings of  P1 
	6.2. Monodromy and Braid Action
	6.3. Hurwitz Spaces of Covers with Fixed Ramification Structure
	6.4. Realizing Covers with Galois Group over  C(t) 
	6.5. Rational Points on Hurwitz Spaces and Realizing Covers over  Q(t) 
	6.6. Hilbert’s Irreducibility Theorem and Realizing Covers over  Q
	6.7. Constructing Polynomials with Galois Group  C7 
	6.8. Septic extensions with Galois group C7 C3

	7. Machine Learning Approaches for Classifying Galois Groups of Irreducible Degree-7 Polynomials
	7.1. All-Groups Baseline Model
	7.2. Non-S7 Model with Algebraic Features

	8. Symbolic Neural Networks for Galois Group Classification
	9. Extending to Higher-Degree Polynomials
	9.1. Statistical analysis of the non-S7 database

	10. Concluding Remarks
	References
	Appendix A. Coefficients of the degree 35 resolvent

