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ABSTRACT. We define a reflective numerical semigroup of genus g as a numer-
ical semigroup that has a certain reflective symmetry when viewed within Z
as an array with g columns. Equivalently, a reflective numerical semigroup
has one gap in each residue class modulo g. In this paper, we give an explicit
description for all reflective numerical semigroups. With this, we can describe
the reflective members of well-known families of numerical semigroups as well
as obtain formulas for the number of reflective numerical semigroups of a given
genus or given Frobenius number.
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1. INTRODUCTION

Let Ny denote the set of non-negative integers, a monoid under addition, and let N
denote the set of positive integers. A numerical semigroup S is a submonoid of Ny
with finite complement. We denote the complement by H(S) = Ny \ S. Elements of
H(S) are called gaps of S. The genus of S, denoted g(.5), is the number of gaps of S.
When the genus is positive, the Frobenius number of S, denoted F(.S), is the largest
gap of S. It happens that every numerical semigroup S can be written as the set

of all finite Ng-linear combinations of finitely many natural numbers a1, as, ..., ag
with ged(aq, as,...,ar) = 1. When this occurs, we write
S ={ay,as,...,ar) = {n1a; + ngas + - -+ ngag : Ny, N2, ..., nk € No}.
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FIGURE 1. Visualization of S; = (3,11), a numerical semigroup of
genus g(S1) = 10, within [0, 19]. Elements of Sy are shaded.

N

FIGURE 2. Visualization of S; = (3,11), a numerical semigroup
of genus g(S7) = 10, within [0, 19] along with its image under p, a
180° rotation.

In this paper, we are interested in visualizing symmetry in numerical semigroups.
It will be helpful to think of a numerical semigroup as a subset of Z. Given a
numerical semigroup S, we can represent Z with a 2-dimensional array of boxes
and then mark elements of S within it.

As an example, let S; = (3,11), a numerical semigroup with genus g(S;) = 10
and Frobenius number F(S3) = 19. All integers greater than 19 are in S7, and all
integers below 0 are not in S;. To visualize S, it suffices to view the portion of Sy
that lies in the interval [0,19]. See Figure 1.

In general, all of the gaps of a numerical semigroup S of genus g = g(S) > 1 lie
in the interval of integers [0,2g — 1]. (See Proposition 2.1.) As a result, we need
only think about numerical semigroup elements in the interval [0,2g — 1] for our
visualizations. We will do so as we have in Figure 1, using boxes in 2 rows and g
columns, with boxes for 0 through g — 1 from left to right in the bottom row, and
boxes for g through 2¢g — 1 from left to right in the top row.

A numerical semigroup S is called symmetric when the following occurs: for all
z € Z, exactly one of z and F(S) — z is in S. Symmetric numerical semigroups have
been studied extensively. (See, e.g., [9] and [14, Chapter 3] for connections with
one-dimensional local rings.) Our interest here is to visualize their symmetry. For
S1 = (3,11), one can verify that S; is symmetric. For any S, let p denote a 180°
rotation about the center of the visualization of S. Applying p to S, we see shaded
boxes go to unshaded boxes and vice versa. We visualize 57 and its image under p
in Figure 2. For So = (3,13), one can verify that S is symmetric and that p has the
same effect, sending shaded boxes to unshaded boxes and vice versa. We visualize
S and its image under p in Figure 3. In general, with the way we are visualizing a
numerical semigroup S, p amounts to swapping the boxes of z and F(S) — z for all
z € 10,29 — 1]. Note that if we drew all of Z instead of just [0,2¢g — 1], this rotation
would swap boxes above 2g — 1, which are in S, with boxes below 0, which are not

inS.

The visualization of S7 has a further symmetry that is not present for Ss: reflection
across the horizontal line that separates the two rows, which we denote by Rpy.
When a numerical semigroup has this symmetry, we say the numerical semigroup is
reflective. Thus, S is reflective and Sy is not reflective. In Figure 4 and Figure 5, we
visualize the numerical semigroups S3 = (3,10,17) and Sy = (4,9, 10, 15) and their
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FIGURE 3. Visualization of Sy = (3,13), a numerical semigroup
of genus g(S3) = 12, within [0, 23] along with its image under p, a
180° rotation.

images under Ry. Both S3 and S, are reflective. Neither S3 nor Sy is symmetric,
though S3 is pseudo-symmetric (a condition which is defined in Section 4).

As we will see (Prop. 2.11), a numerical semigroup S is reflective precisely when it
has one gap in each residue class modulo g(5). In the language of [17], we say such
a numerical semigroup is equidistributed modulo g(5).

The purpose of this paper is to describe all reflective numerical semigroups. We will
give an explicit description (Proposition 3.4) of any reflective numerical semigroup
in terms of its genus and multiplicity. (The multiplicity of a numerical semigroup is
defined in Section 2.) Among numerical semigroups of positive genus, there is one
reflective numerical semigroup for each combination of genus g > 1 and multiplicity
a with 2 <a<g+1and atg, and there are no others. We will identify the par-
ticular members of a few frequently-studied families of numerical semigroups (such
as those with embedding dimension 2, those generated by generalized arithmetic
sequences, and free numerical semigroups) that have this reflective property.

Finally, we will describe all, and count the number of, reflective numerical semi-
groups of a particular genus or Frobenius number. Let 7(n) (resp., 7.(n)) denote
the number of positive divisors (resp., positive even divisors) of a positive integer n.
Then the number of reflective numerical semigroups of genus g is g + 1 — 7(g) (by
Prop. 5.2), and the number of reflective numerical semigroups of Frobenius number
Fis

1 —7(F)+ Z(—1)k H;J = (1—1log2)F + O(VF)
k=2

(by Cor. 5.10 and Prop. 5.12). We also compute the number of numerical semi-
groups of genus g that are both reflective and symmetric (Prop. 5.3).

FIGURE 4. Visualization of S5 = (3,10, 17), a numerical semigroup
of genus g(S3) = 8, within [0, 15] along with its image under Ry,
a horizontal reflection.

L,

FIGURE 5. Visualization of Sy = (4,9, 10, 15), a numerical semi-
group of genus g(S4) = 7, within [0, 13] along with its image under
Ry, a horizontal reflection.
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1.1. Organization. Our work is organized as follows. In Section 2, we provide the
necessary background needed for this paper. In Section 3, we find an explicit de-
scription for a reflective numerical semigroup of genus g and multiplicity a. We then
compute some important properties, such as the Frobenius number, the embedding
dimension, the minimal generating set, and an Apéry set of such a numerical semi-
group. In Section 4, we describe a few well-known families of numerical semigroups
and identify the members of those families that are reflective. We conclude this
section by showing that Wilf’s conjecture holds for reflective numerical semigroups.
In Section 5, we count the number of reflective numerical semigroups of a partic-
ular genus or Frobenius number, concluding with the asymptotic result mentioned
above.

2. PRELIMINARIES

In this paper, we will work with intervals of integers. For a,b € Z with a < b,
we will therefore let [a,b] denote the interval of integers from a to b. (That is,
[a,b] = {n € Z : a < n < b}.) The cardinality of a finite set A is denoted #A. For
any real number x, we have the floor of z and the ceiling of x defined, respectively,
in the usual way by |z] = max{z € Z: z < z} and [z] = min{z € Z: z > z}. For
a,b € Z, we write a | b to mean b = ak for some k € Z, and similarly a { b to mean
there is no such k£ € Z such that b = ak.

2.1. Numerical semigroups. In the introduction, we defined a numerical semi-
group S along with its set of gaps H(S), its genus g(5), and its Frobenius number
F(S). In this section, we will give more preliminary information about numerical
semigroups. For an in-depth treatment — including motivation, use, and proofs —
see [14].

We begin with relations between the genus and Frobenius number of S. Since gaps
are positive integers and F(.9) is the largest gap, we have H(S) C [1,F(S)]. Thus,
g(S) < F(S), a lower bound for F(.5).

For an upper bound, note that if the sum of two non-negative integers is equal to
F(S), then at least one of the two integers must be a gap. (Otherwise, F(S) is a

sum of elements of S, implying F(S) € S, a contradiction.) Hence, at least half of
the integers in [0, F(S)] are gaps. This means g(S) > (F(S) +1)/2.

Combining the results of the two previous paragraphs, we obtain the following.

Proposition 2.1. For any numerical semigroup S,
g(5) < F(S5) <2g(5) -1
and H(S) C [1,2g(S) —1].

We now describe generating sets of numerical semigroups. For any set A C Ny, let
(A) denote the set of all finite Ny-linear combinations of elements of A. That is, let

k
(4) = {Zniai:kGNo,m € Ny, a; 614}7

i=1
the Ng-module generated by A. It is a standard result that (A) is a numerical
semigroup if and only if ged(A4) = 1. When this occurs, we say A is a generating set
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for (A). As was mentioned in the introduction, every numerical semigroup S has a
generating set. If S = (A), then the smallest positive element of S is the smallest
positive element of A, and we call this number the multiplicity of S, denoted m(S).

A generating set A is minimal if (A\ {a}) # (A) for all a € A. Equivalently,
this occurs if no element of A is a Ny-linear combination of the other elements of
A. For any numerical semigroup S, there is a unique minimal (with respect to set
inclusion) generating set A for which S = (A4). Such a minimal generating set is
necessarily finite. The embedding dimension of S, denoted e(S), is the cardinality
of this minimal generating set.

An important tool for use with numerical semigroups is the Apéry set of a numerical
semigroup relative to a nonzero element.

Definition 2.2 ([1]). For S a numerical semigroup and 0 # t € S, the Apéry set
of S relative to t is
Ap(S;t)={se S:s—t¢S}.

The set Ap(.S;t) consists of smallest element of S in each congruence class modulo
t. It follows that # Ap(S;t) = t. Viewing Ap(S;t) in this way, we see that F(5),
which is the largest gap of S, is simply the largest element of Ap(S;¢) minus ¢. One
can compute g(.5) by counting the number of gaps in each congruence class modulo
t and simplifying the sum. We state these results in the following.

Proposition 2.3 ([14, Proposition 2.12]). For any nonzerot € S,

1-— 1
F(S) = —t + max (Ap(S;t)) and g(S) = Tt + = Z w.
weAD(S;t)

Furthermore, if two numerical semigroups have the same Apéry set relative to a
particular element, then the two semigroups are necessarily equal.

Proposition 2.4 ([17, Lemma 5.4]). Let S, T be numerical semigroups. For nonzero
t € SNT, we have Ap(S;t) = Ap(T;t) if and only if S =T.

2.2. Reflective numerical semigroups and equidistributed sets. In the in-
troduction, we defined a reflective numerical semigroup S in terms of a certain visual
symmetry. For g = g(5), the gaps of S are contained in the interval [0,2¢g — 1].
To visualize S, we can focus on elements of S in the interval [0,2g — 1]. We make
a rectangle out of boxes in two rows: the bottom row [0,¢g — 1] and the top row
[g9,29 — 1]. We shade elements of S. A numerical semigroup is reflective if, when
we reflect across the horizontal line separating the rows, semigroup elements go to
semigroup gaps and vice versa. This reflection is denoted Ry.

Definition 2.5 (Reflective numerical semigroup). A numerical semigroup S of
genus g = g(9) is reflective if, for all z € [0, g — 1], exactly one of z and z + g is in
S.
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FIGURE 6. Another visualization of Sy = (4,9, 10, 15), a numerical
semigroup of genus g(.Sy) = 7, this time within [—14,27]. Elements
of Sy are shaded. The symmetry Ry reflects across the (dashed)
horizontal line between the rows [0, 6] and [7,13].

Remark 2.6. If g(S) = 0, then S = Ny and by the above definition, S is vacuously
reflective. For the rest of this paper, we will suppose g > 1.

The standard definition of a symmetric numerical semigroup (which we stated in
the introduction) holds for all z € Z. It would be nice to have something similar for
a reflective numerical semigroup. In Figure 6, we have visualized Sy = (4,9, 10, 15)
again, this time within a larger subinterval of Z. Thinking about our visualization
within Z, all boxes above the rectangle are shaded, and all boxes below are un-
shaded. Consider the column containing 2 and 9. When we apply our reflection
Ry, the following pairs of boxes in this column are mapped to each other: 2 and
9; —5 and 16; —12 and 23; etc. Note that the sum of each reflected pair in this
column is 11, a constant. If we start with another column and add reflected pairs
together, we get a different constant.

For any integer z, we can divide z by g to get integers ¢ and r such that z = qg+7r
with 0 < r < g. In a reflective numerical semigroup, for each r with 0 < r < g,
exactly one of r and g + 7 is in S. Their sum is g + 2r. Extending upward and
downward by k rows in our picture, we see that exactly one of —kg+r and (k+1)g+r
is in S for any k € Z. When this occurs, z and its reflection sum to g + 2r. Thus,
the reflection of z is g 4+ 2r — z. We can now extend our definition to all z € Z,
keeping in mind that r =z — g9 = 2z — |2/g] g.

Definition 2.7 (Reflective numerical semigroup, extended version). Let S be a
numerical semigroup of genus g = g(S) > 1. We say S is reflective if, for all z € Z,

exactly one of z and z + (1 -2 VJ) gisin S.
g

We will conclude this section with alternative characterization of reflective numer-
ical semigroups. Let A C Z be a finite set, and let m € N. We take the definition
of equidistribution modulo m and two preliminary results about it from [17].

Definition 2.8. For r € Z, let A,,,, = {a € A: a =1 (mod m)}. We define
Nym (A) = #Ar,ma
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the number of elements of A that are congruent to r modulo m. The set A is
equidistributed modulo m if 0., m(A) = 0., m(A) for all r1,re € [1,m].

Put another way, A is equidistributed modulo m if A contains the same number
of elements in each congruence class modulo m. We now state a few results about
sets which are equidistributed modulo m.

Lemma 2.9 ([17, Lemma 2.8]). Suppose A is equidistributed modulo m. Then
m | #A, and #A =m -1, (A) for allr € [1,m].

In other words, A can only possibly be equidistributed modulo divisors of #A.
We'll say a set A is maximally equidistributed if A is equidistributed modulo all
positive divisors of #A.

Lemma 2.10 ([17, Proposition 2.10]). If A is equidistributed modulo m then A is
equidistributed modulo d for each positive divisor d of m.

It follows that a set A is maximally equidistributed if and only if A is equidistributed
modulo #A. We may now characterize reflective numerical semigroups as those
which have a set of gaps that is equidistributed modulo m for as many m as possible.

Proposition 2.11. A numerical semigroup S is reflective if and only if its set
of gaps H(S) is mazimally equidistributed, which occurs if and only if H(S) is
equidistributed modulo g(.S).

Proof. By Definition 2.5, S is reflective if and only if H(S) has one gap in each
congruence class modulo g(S). Hence, S is reflective if and only if H(S) is equidis-
tributed modulo g(S), which occurs if and only if H(S) is equidistributed modulo
all divisors of g(5). O

3. GENERATING ELEMENTS OF REFLECTIVE NUMERICAL SEMIGROUPS

The material in this section is split into two parts. In Section 3.1, we will explicitly
describe all reflective numerical semigroups. In Section 3.2, we will determine the
Frobenius number, the embedding dimension, and the Apéry set relative to the
smallest generating element of any reflective numerical semigroup.

3.1. General form of reflective numerical semigroups. We will now work
toward an explicit description of each reflective numerical semigroup S. We start
with a lemma.

Lemma 3.1. Suppose the set of gaps of a numerical semigroup S is equidistributed
modulo m for some m € N. Then m € S if and only if g(S) = 0.

Proof. Let m € N and suppose the set of gaps of S is equidistributed modulo m. If
m € S, then all integral multiples of m are in S. Therefore there are no gaps that
are 0 modulo m. Since S is equidistributed modulo m, there can be no gaps in any
other congruence class modulo m. Thus, g(S) = 0.
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For the converse, if g(S) = 0, then S = Ng. Thus, m € S. O

Remark 3.2. If S is reflective, then g(S) € S if and only if g(S) = 0. Our main
takeaway is that, if g(.S) > 0, then since m(S) € S and S is closed under addition,
we must have m(S5) 1 g(.5).

We are almost ready to describe a generating set for any reflective numerical semi-
group (Proposition 3.4). The following lemma will be useful for the proof of our
main result, allowing us to assume that elements of a certain numerical semigroup
can be written in a particular form.

Lemma 3.3. For g € N and a € [2,9+ 1] with a g, consider the set
A={a}U[g+1,9+4 (a —1)].

If z€ (A) and g < z < 29+ 1, then z = la + (g + i) for some l € Ny and some
i€[l,a—1].

Proof. Suppose z € (A) and g < z <2g + 1. Then
a—1
z :laJchi(ngi)
i=1
for somel, ¢y, ...,cqa—1 € Ng. If Y ¢; > 2, then z > 2(g+1) = 2g+2, a contradiction.
Hence, > ¢; is 0 or 1. If the sum is 1, then we are done.

If the sum is 0, then z = da for some d € Ny. By the division algorithm in Z, there
are ¢, € Z with ¢ = ga+r and 0 < r < m. Since a {1 g, we have r # 0. Then
the smallest multiple of a that is greater than g = qa+ris g+ (a —r) = (¢ + 1)a.
Therefore, since a | z and z > g, 2 > (¢ + 1)a and hence d > ¢+ 1. Tt follows that

z=da=(d—(q+1))a+(q¢+1)a,
soz=la+ (g+i)forl=d—(¢g+1)>0andi=a—r € [l,a —1], as desired. O

‘We now present a generating set for any reflective numerical semigroup. Recall that
the multiplicity of a numerical semigroup S, denoted m(S), is the minimal nonzero
element of S.

Proposition 3.4. Suppose S is a numerical semigroup with g(S) = g > 1 and
m(S) = a. Let ¢ = |g/a] and r = g — aq. Then S is reflective if and only if
S = (A) for

A={a,2g+a—-r}Ulg+ 1,9+ (a —1)],
with a € 2,9+ 1] and atg.

Proof. First, note that in defining ¢ and r as above, we can equivalently define them
as integers resulting from the division algorithm on g and a, for which g = aq + r
and 0 <7 < a. Next, since g > 1, 1 € S, so we must have a > 2.

( = ) Suppose S is reflective. If r = 0, then a | g. Since a € S, we have g € S.
By Remark 3.2, this implies g = 0, contradicting our assumption that g > 1.
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For the remainder of this proof, we can assume r # 0 (or, equivalently that a { g).
Let I = (0,9 — 1] and Iy = [g,2g — 1]. Since S is reflective, for each z € I; we have
that exactly one of z and z + ¢ is in S. Similarly, for each z € I5, exactly one of z
and z — g isin S.

We have m(S) = a. Thus, 1,2,...,a — 1 ¢ S, implying [1,a — 1] C H(S). There
are at least a — 1 gaps, which implies g > a — 1 and thus a € [2,g + 1]. We also
have {0,a,2a,...,qa} € S because a € S and S is closed under addition. Since
[1,a—1]U{0,a,2a,...,qa} C I, we add g to each and find that [g+1,g+(a—1)] C S
and {g,9 +a,9 + 2a,...,9+ qa} C H(S). Since a € S, we can add a repeatedly
to elements of [¢ + 1,9 + (a — 1)] to conclude that all elements of I which are
not congruent to g modulo a are therefore in S. Thus H(S) NI, = {g9,9 + a,9 +
2a,...,9+qa}, from which it follows that SNI; = {0, a,2a,...,qa}. Note that the
largest gap is g + qa = 2g — 7.

We can therefore generate S with the union of three sets: {a}, [¢+ 1,9+ (a — 1)],
and {29 +a —r}. The set {a} generates all elements of S N I;. The sets {a} and
[94+ 1,9+ (a—1)] together generate all elements of SN I;. Since all integers greater
than 2¢g — 1 are in S, and all of the gaps in I5 are congruent to g modulo a, we add
a to the largest gap to get g + ga + a = 29 + a — r, our final generating element.
This ensures that all integers greater than 2g — 1 are in S. Thus, we have S = (A)
for
A={a}Ug+1,9+ (a—1)]U{2¢g+a—r1}.
As mentioned above, a € [2,¢9+ 1] and a { g, as desired.

(<= ) Now, suppose a € [2,g+ 1], at g, and S = (A) for
A={a29+a—-r}U[g+ 1,9+ (a—1)]

We wish to show that g(S) = g and that H(S) is equidistributed modulo g. We
begin by showing that all of the gaps lie in the interval [0,2g — 1].

Let z > 2g9. We wish to show that z € S. First, suppose z Z ¢ (mod a), so
z = g+i (mod a) for some i € [1,a—1] C [1,g]. Since z > 29 > g+i, z = (g+1)+la
for some | € Z with [ > 0. Thus z € S. Next, suppose z = ¢ (mod a), so
z=2g+a—r(moda). Thus z =29+ a — r + la for some | € Z. Solving for I, we
find that

l=(z—-29g—a+r)/a>29g—29g—a+7)/a=(r—a)/a>—1.
Since [ € Z, I > 0 and therefore z € S.

Now that we know H(S) C [0,2g — 1], we again split this interval into I; = [0, g —1]
and Iy = [g,2g — 1]. We will show that for each i € I, exactly one of ¢ and i + g is
in S.

We first look at [;. Since ga < g+ for alli € [1,a — 1] and qa < 2g + a — r, the
only generating element of S in I; is a. Thus, SNI; = {0,a,...,qa}, from which
it follows that H(S)NI; ={0<z2<g—1:2%#0(mod a)}.

Now we look at I;. We have [g+ 1,9+ (a —1)] C IoNS. Let z € Ir. If z =
g + i (mod a) for some ¢ € [1,a — 1], then since z > g+, z = (g + 1) + la
for some [ € Ny, which implies z € S. This covers all congruence classes for z
except for g modulo a. If z = g (mod a), for the sake of contradiction assume that
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P €g+a—> 29+a -1 29+2a| - 29+qa| --- 3g—1
g9 @ +a—1|g+ta g+2a g+qa 29—1
0 1 a—1 @ 2 qa g—1

FIGURE 7.For ¢ € N, a € [2,9g + 1] with a { g,
and integers g¢,r for which g=g¢ga+r with r € [l,a —
1], visualization of the reflective numerical semigroup S =
{a,2g+a—-r}U{g+1,9+2,...,9+ (a—1)}). Elements of S
are shaded. Generating elements of S are circled. (We visualize S
within [0, 3¢ — 1] so that we can see 2g +a — r.)

z € Iy S. By Lemma 3.3, z = la + (g + i) for some [ € Ny and i € [1,a — 1].
However, z =la+ (¢ + i) = g + i # g (mod a), which is a contradiction. Thus, if
z = g (mod a), then z &€ I, NS. We have therefore found that SN = {g < 2z <
2g—1:2#g(mod a)} and H(S)NIs = {g,9+ a,9+ 2a,...,9 + qa}.

Combining the previous two paragraphs, we see that exactly one of i, i + g is in
S for all ¢ € I;. Since there are 2g numbers in I; U I3, we conclude that S has
2g/2 = g gaps. Thus, S is reflective. O

See Figure 7 for a visualization of a general reflective numerical semigroup of genus
g and multiplicity a as described in Proposition 3.4.

Example 3.5. Suppose we want to describe all of the reflective numerical semi-
groups of genus g = 6. By Proposition 3.4, if S is such a numerical semigroup with
g(S) = 6, then m(S) € [2,7] with m(S) { 6. Thus, m(S) = a for a € {4,5,7}. In
what follows, recall that r = g (mod a).

If a = 4, then » = 6 = 2 (mod 4). We have the numerical semigroup S = ({4,14} U
[7,9]). Then H(S) = {1,2,3,5,6,10}, which is equidistributed modulo 6. In this
case, S = (A) is reflective for the minimal generating set A = {4,7,9}. Thus,
e(S) = 3.

If a =5, then r = 6 = 1 (mod 5). We have the numerical semigroup S = ({5,16} U
[7,10]). Then H(S) = {1,2,3,4,6,11}, which is equidistributed modulo 6. In this
case, S = (A) is reflective for the minimal generating set A = {5,7,8,9}. Thus,
e(9) =4.

If a = 7, then r = 6 (mod 7). We have the numerical semigroup S = ({7,13} U
[7,12]). Then H(S) = {1,2,3,4,5,6}, which is equidistributed modulo 6. In this
case that S = (A) is reflective for the minimal generating set A = {7, 8,9, 10, 11,12, 13}.
Thus, e(S) = 7.

These are the three reflective numerical semigroups of genus 6. In Section 5, we
will look more closely at the problem of counting the number of reflective numerical
semigroups of a given genus or of a given Frobenius number.
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3.2. Properties of reflective numerical semigroups. For the remainder of this
paper, we will assume g > 1 and a € [2, g+1] with a t g. We therefore have ¢,r € Ny
such that g = ga+r with 0 < r < a. In particular, r is the unique integer in [1, a—1]
for which g = r (mod a).

In the proof of Proposition 3.4, we obtained a formula for the Frobenius number of
a reflective numerical semigroup. We record it here.

Corollary 3.6. If S is a reflective numerical semigroup with g(S) = g > 1 and
m(S) = a, then F(S) =29 —r.

The set A given in Proposition 3.4 is, in general, not minimal because g+ (a—r) € A
and a | (g + (a —r)). The form for the minimal generating set of S depends on the
congruence class of g modulo a.

Proposition 3.7. Let S be a reflective numerical semigroup of genus g(S) =g > 1
and multiplicity m(S) = a. Then S = (A) for the minimal generating set A given
by
L [{@ Ul g D\ g+ (@ =)} if g # 1 (mod o),
W {a29+ 13U g+ 2,9+ (a—1)] if 9= ~1 (mod a).

Proof. By Proposition 3.4, if S is reflective, then S = (B) for the generating set
B:{a,2g+a—r}u[g+1,g—|—(a—1)].

To obtain the minimal generating set A for S, we need to eliminate elements of
B which are non-negative integer combinations of smaller elements of B. Once we
have eliminated all such elements, we will have a minimal generating set A. In
what follows, recall that ¢ = r (mod a).

To start, we first observe that the minimal element of B cannot be written as a
non-negative linear combination of other elements of B. Thus, a = m(.S) must be
in A.

Next, we consider 2g + a —r € B. We have two cases for r: either r € [1,a — 2]; or
r=a—1.

Ifre[l,a—2], then 2g+a—r=(9+1)+(g+a—r—1) withg+1,9+a—r—1€ B.
Since 2g + a — r is a non-negative linear combination of other elements of B, we
have 2g +a—r & A.

Ifr=a—1, then g+ (¢+1)a = 2g+ 1. By Lemma 3.3, if 2g + 1 is a non-negative
linear combination of other elements of B, then 2g+1 = la+ (g+1) for some [ € Nj
and ¢ € [1,a—1]. However, 2g+1 = —1 (mod a) and la+ (g+4) =i—1 (mod a) for
some i € [1,a—1]. Thus ¢ =0 (mod a) and i € [1,a—1], a contradiction. Therefore,
when r =a—1, 294+ a—r = 29 + 1 is not a non-negative linear combination of
other elements of B. In this case, we have 29 +a —r =29+ 1 € A.

Finally, consider g + j € B for some j € [1,a — 1]. If g+ j is a non-negative linear
combination of other elements of B, then, again by Lemma 3.3, we may assume that
that combination contains at most one element of the form g + ¢ for ¢ € [1,a — 1].
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We therefore have one of the following: g+ j = la for l € Ng; or g+ j = la+ (g +1)
forl € Ng and i € [1,a — 1].

The first case occurs precisely when a | g + j, which occurs when j = a — r. Thus,
g+ (a—r) & A

For the second case, if we consider the equation g + j = la + (g + %) modulo a we
see that ¢ = j (mod a). This means ¢ = j and thus [ = 0. We can therefore only
write g + j in terms of itself. From our analysis of the first case, we see that the
second case occurs precisely when j # a — r. When this occurs, we cannot write
g + j as a non-negative linear combination of other elements of B. We conclude
that g+je€ Aforall je[l,a—1]\{a—1}.

Putting everything together, starting with the generating set B from Proposition
3.4 for a reflective numerical semigroup S, we eliminate g + (a — 7). In the case
where ¢ £ —1 (mod a), we also eliminate 2g + a — r. The result is a minimal
generating set A which generates the same reflective numerical semigroup S. [

From Proposition 3.7, we have the minimal generating set for a reflective numerical
semigroup. We record the embedding dimension of such a numerical semigroup in
the corollary below.

Corollary 3.8. Let S be a reflective numerical semigroup of genus g(S) =g > 1
and multiplicity m(S) = a. Then the embedding dimension of S is given by

a—1 ifg# —1(mod a),
e(S) = {a if g=—1(mod a).

We are almost ready to explicitly compute an Apéry set of a reflective numerical
semigroup. To do so, we first need a lemma.

Lemma 3.9. Suppose S = (A) with A = {a1, ..., ax} minimal. Ifa; # a; (mod aq)
for alli,j € [2,k] with i # j, then

{0,a2,...,ar} C Ap(S;ay).
Furthermore, if #A = a1, then {0,as,...,ar} = Ap(S;a1).

Proof. Clearly, 0 € Ap(S;ay).

Mimicking the argument given in [14, Page 20, second paragraph], since a; is in
the minimal generating set for S, a; —x ¢ S for all z € S\ {0,a;}. In particular,
a; —ay ¢ S for all i > 2. Since a; € S, this means a; € Ap(S;aq).

Therefore, {0, az,...,ar} € Ap(S;a1). And since # Ap(S;a1) = ay, if K = a; then
we have equality. ]

Corollary 3.10. Let S be a reflective numerical semigroup with g(S) =g > 1 and
m(S) = a. Then the Apéry set of S relative to a is

Ap(S;a) ={0,29+a—r}Ulg+ 1,9+ (a— D]\ {g+ (a —r)}.
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When g = —1 (mod a), we can write this more compactly as
Ap(S;a) ={0,29+ 1} U[g+ 2,9+ (a —1)].

Proof. Suppose g = —1 (mod a). By Proposition 3.7, S is minimally generated by
A={a,2g+1}U[g+2,9+ (a—1)].
Since a | (g +1), g+i = (i — 1) (mod a) for each i € [2,a — 1], and 2g + 1 =
—1 (mod a). Thus A contains one element in each congruence class modulo a. By
Lemma 3.9,
Ap(S;a) ={0,2g+1} U[g+ 2,9+ (a — 1)].

To write this in terms of r, note that ¢ = —1 (mod a) implies r = a — 1. We can
therefore write the Apéry set as

Ap(Sia) ={0,29+a—-r}Ulg+ 1,9+ (e =D\ {g+ (a —n)}.

Now suppose g Z —1 (mod a). By Proposition 3.7, S is minimally generated by

A={a}Ulg+ 1,9+ (@—-D\{g+ (a—-n)}
The a — 2 elements of A\ {a} are all distinct modulo a. By Lemma 3.9, ({0} U A\
{a}) C Ap(S;a). We therefore have elements in Ap(S;a) from every congruence
class except for ¢ modulo a. To identify the final element, since F(S) = g (mod a)
and F(S) = max (H(S)), the smallest element of S that is congruent to g modulo
a is F(S) +a =29 — r + a. Therefore, 2g — r + a € Ap(S;a) as well. O

If we have the Apéry set of a numerical semigroup S relative to its multiplicity,
then we have a simple criterion to determine if S is reflective or not. This follows
immediately from Corollary 3.10 and Proposition 2.4.

Corollary 3.11. Suppose S is a numerical semigroup with g(S) > 1, m(S) €
[2,e(S) + 1], and m(S) 1 g(S). For r € [1,m(S)] with r = g(5) (mod m(S)), we
have that S is reflective if and only if

Ap (S;m(S)) = {0,2g(S)+m(S) —r}Ulg(5)+1,2(5) +m(S) -1\ {g(5) +m(5) —r}.

4. CHARACTERIZATIONS OF REFLECTIVE NUMERICAL SEMIGROUPS

In this section, we’ll describe a few commonly-studied families of numerical semi-
groups and determine which members of those families are reflective.

4.1. Symmetric, pseudo-symmetric, and irreducible numerical semigroups.
We begin with symmetric, pseudo-symmetric, and irreducible numerical semigroups.
For a thorough treatment, see [14, Chapter 3].

As mentioned in the introduction, a numerical semigroup S is symmetric if exactly
one of z and F(S) — z is in S for all z € Z. A numerical semigroup S is pseudo-
symmetric if F(S) is even and exactly one of z and F(S) — z is in S for all z €
Z\{F(S)/2}. A numerical semigroup S is irreducible if S is not the intersection of
two numerical semigroups which properly contain S.

Proposition 4.1 ([14, Corollary 4.5]). A numerical semigroup S is symmetric if
and only if F(S) =2g(S) — 1.
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Proposition 4.2 ([6, Lemma 2.2]). A numerical semigroup S is pseudo-symmetric
if and only if F(S) = 2g(S) — 2.

Proposition 4.3 ([13, Proposition 2]). A numerical semigroup S is irreducible if
and only if S is either symmetric or pseudo-symmetric.

The set of pseudo-Frobenius numbers of S is
PE(S)={he€H(S):h+se Sforall0#se S}

This is the set of gaps for which adding any nonzero semigroup element results in
a semigroup element. Since F(S) is the largest gap, we clearly have F(S) € PF(S).
The type of S is t(S) = #PF(S) > 1, the number of pseudo-Frobenius numbers
of S. Since every element of S can be written as a finite sum of elements from a
generating set of .S, we obtain the following characterization of PF(.5).

Lemma 4.4. Suppose S = (A) for A= {a1,aq,...,ar} CN. Then
PF(S)={h e H(S):h+a; €S foralliec[1,k]}.

Proof. Let Y = {h € H(S) : h+s € Sforall0 # s € S} and Z = {h € H(S) :
h+a; € S forall i € [1,k]}. We wish to show Y = Z. We will do so by showing
YCZand ZCY.

Since 0 # a; € S for all i, we immediately see Y C Z.

We now wish to show Z C Y. Suppose h € Z. Then h € H(S) with h+a; € S for all
i € [1,k]. For any nonzero s € S, since S = (a1, as, ..., a;), there are non-negative
integers by, bo, . .., bx such that

s =cia1 + coag + - -+ + crag.
Since s # 0, there is some [ € [1,k] for which b; > 0. We obtain non-negative
integers ¢y, ca, . .., ¢ for which
s=a;+ (c1a1 + caas + - - - + cpag)
by letting ¢; = b — 1 and, for j # [, ¢; = b;. In particular, c1,c,...,cp > 0. We
then have
h+s=(h+a)+ (cra1 + coas + - + agcy) .

By assumption, h + a; € S. Hence we have h + s written as a sum of two elements
of S. We therefore have h + s € S. Since s is an arbitrary nonzero element of .S,
we must have h € Y. Thus, Z C Y. O

Proposition 4.5 ([14, Corollary 4.11 & Corollary 4.16]). A numerical semigroup S
is symmetric if and only if t(S) = 1. A numerical semigroup S is pseudo-symmetric
if and only if PF(S) = {F(S)/2,F(S)}.

We can now compute the pseudo-Frobenius numbers of a reflective numerical semi-
group.
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Proposition 4.6. Let S be a reflective numerical semigroup with g(S) =g > 1
and m(S) =a. Let g = |g/a] and r = g — qa. Then

PF(S)=[g—(r—1),g —1U{29 —1}.

In particular, £(S) = r.

Proof. Since PF(S) C H(S), we first partition H(S) into three disjoint sets
H(S) = H; U Hy U Hs,

where H; = {h € H(S) : h < qa}, Hy, = {h € H(S) : ga < h < g}, H3 = {h €
H(S) : g < h}.

Let h € Hy. Since H; C H(S) and a € S, we have a t h. Thus, ga — h = la + ¢ for
some [ € Ny and ¢ € [1,a — 1]. Since la € S and g+ ¢ € S, their sum la + (g + %)
is a positive element of S. Then h + (la + (g9 +14)) = 29 —r = F(S) € S, and thus
h & PF(S).

Let h € Hy. Applying Lemma 4.4 and Proposition 3.4, we will show h+ « € S for
ala € A={a,2g+a—-r}Ulg+ 1,9+ (a—1)]. First, let & = a. Since g = ga +r,
we have h = ga+ j for some j € [1,r—1]. Theng < h+a<g+a,soh+a=g+i
for some i € [1,a—1]. Thush+a=h+a=g+i€S. Next, let « =2g+a—r.
We have h+a=h+ (29+a—r) > F(S), so h+ « € S. Finally, let « = g + ¢ for
some i € [l,a—1]. Then h+a=h+(g+i) =2g9—r+(i+j) > F(S),soh+a € S.
Since h + « € S for all h € Hy and all o € A, Hy C PF(95).

Let h € H3. Then h = g+ ja for some j € [0, q]. Clearly h+a ¢ S for j € [0,q—1].
When j =¢, h=g+qa=2g—r=F(5) € PF(S). Thus, H3 NPF(S) = {29 — r}.

To conclude, PF(S) = HoU{29g —r} =[g— (r—1),9g —1]U{2¢g — 7}, a set of r
integers. (]

Now that we have t(S5), we can determine conditions on m(S) and g(5) for which
a reflective numerical semigroup S is symmetric or pseudo-symmetric.

Corollary 4.7. Let S be a reflective numerical semigroup with g(S) = g and
m(S) =a. Then

e S is symmetric if and only if g =1 (mod a);
e S is pseudo-symmetric if and only if g = 2 (mod a); and

e S is irreducible if and only if g = 1,2 (mod a).

Proof. We use Proposition 4.5 and Proposition 4.6. If g = 1 (mod a), then t(S) =1,
which implies that S is symmetric. If ¢ = 2 (mod a), then PF(S) = {g— 1,29 — 2}.
By Corollary 3.6, F(S) = 2¢g — 2. Hence PF(S) = {F(S5)/2,F(S)}, which implies
that S is pseudo-symmetric. If g # 1,2 (mod a), then t(S) > 2, so S is neither
symmetric nor pseudo-symmetric. Finally, by Proposition 4.3, S is irreducible if
and only if S is symmetric or pseudo-symmetric. O
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Remark 4.8. From Corollary 4.7 we see that a reflective numerical semigroup S
with m(S) = 2 is necessarily symmetric. (As we will see in the next subsection, for
any numerical semigroup S, if m(S) = 2, then e(S) = 2, and this alone implies that
S is symmetric.) If m(S) > 2 (and hence g = 1 (mod a) implies g #Z —1 (mod a)),
we use Proposition 3.7 to see that a reflective numerical semigroup S is symmetric
if and only if ¢ = ka 4+ 1 for some k € N. In this case, S is generated by a set of
the form

A={a}Ufg+ 1,9+ (a—2)] ={a}Ulka+2,ka+a—1].

4.2. Numerical semigroups generated by generalized arithmetic sequences.
We now focus on numerical semigroups generated by generalized arithmetic se-
quences (defined below). Once we have determined the reflective members of this
family, we can specialize to find all reflective numerical semigroups that are gener-
ated by an arithmetic sequence. This includes a description of all reflective numer-
ical semigroups with embedding dimension 2 (i.e., S = {(a, b}).

For a,h,d,k € N, a generalized arithmetic sequence is a sequence of length k of the
form

(a,ha+d,ha +2d,ha +3d,...,ha+ (k —1)d).

Numerous properties of numerical semigroups that are generated by generalized
arithmetic sequences have been determined. See, e.g., [10], [15], [12], and [11]. For
reflective numerical semigroups generated by generalized arithmetic sequences in
the case where k = a, see [17, Corollary 5.6].

We will now describe the reflective numerical semigroups that are generated by gen-
eralized arithmetic sequences. Once we have this result, we will obtain results for
numerical semigroups generated by arithmetic sequences and for numerical semi-
groups with embedding dimension 2.

Proposition 4.9. Suppose S = (a,ha+d,ha+2d, ..., ha+ (k—1)d) is a reflective
numerical semigroup with g(S) = g. Then S belongs to one of the five following
families.

(1) S=(1) =Ny. In this case, g=0,a =1, k=1, and h and d are arbitrary.

(2) S = (2,2g+ 1) for g = 1(mod 2). In this case, a = 2, k = 2, and
2h +d =29+ 1.

(3) S=(3,9+1) for g=1(mod 3). In this case, a =3, k =2, and 3h +d =
g+ 1.

(4) S =3,9+2,29g+ 1) for g = 2(mod 3). In this case, a = 3, k = 3, and
=g—1=1(mod 3).

ISH

(5) S={g+1,2g+1]) for any g > 0. In this case, a =g+ 1, k =g+ 1, and
1

au
Il

Proof. Suppose S is reflective and g(S) = g. By Prop. 3.7, we have the explicit
form of a generating set of S. We consider cases based on m(.5).
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If m(S) = 1, then S = (1) = Ny, a numerical semigroup of genus g(5) = 0. The
sequence (1) is a generalized arithmetic sequence where a = 1, k =1, and h and d
are arbitrary.

If m(S) = 2, then by Prop. 3.7, S = (2,2¢g 4+ 1) for odd g. The sequence (2,2¢g + 1)
is a generalized arithmetic sequence where a = 2, k = 2, and 2h+d =29+ 1 =
1 (mod 2).

If m(S) = 3, then by Prop. 3.7, we have either S = (3,9 + 1) for g = 1 (mod 3), or
S=(3,9g+2,29g+ 1) for g =2 (mod 3). For the first case, the sequence (3,9 + 1)
is a generalized arithmetic sequence where a = 3, k =2, and 3h +d = g + 1. For
the second case, the sequence (3, g+ 2,2g + 1) is a generalized arithmetic sequence
where a =3, k=3,d=g—1,and h=1.

If m(S) > 4, we consider three cases: m(S) =4 and g = 2 (mod 4); m(S) > 4 and
g Z —1 (mod 4), except for the combination of m(S) = 4 and g = 2 (mod 4); and
m(S) >4 and g = —1 (mod 4).

For the first case, by Prop. 3.7, we have S = (4,9 + 1,9+ 3). Then d = (g + 3) —
(9+1)=2and g+1=4h+d=4h+2. This implies g = 1 (mod 4). However, we
assumed that g = 2 (mod 4) so this is not possible.

For the second case, by Prop. 3.7, for a = m(S) > 4, the set [g+ 1,9 + (a — 1)] \
{g + (a — r)} contains at least two consecutive integers. (This is why we have
specifically excluded the combination of a — 1 = 3 and r = 2 here.) Thus, d = 1.
Since 7 # a — 1, g + 1 is one of the generating elements. Thus, ha +d = g + 1.
However, since d = 1, this implies a | g, a contradiction. This is not possible.

For the third case, by Prop. 3.7, for a = m(S) > 4 we have S = (A) for A =
{a,29 +1}U[g+ 2,9+ (a — 1)]. A contains consecutive integers g + 2 and g + 3.
Therefore, d = 1. The two largest elements of this generating set are g + (a — 1)
and 2g+ 1. Since their difference is d, which is 1, we must have g = a — 1. It follows
that A =[g+ 1,29 + 1].

In the previous paragraph, we assumed that a > 4 and hence g = a — 1 > 3.
However, we note that S = ([g+ 1,29+ 1]) is reflective for g = 0,1, 2 as well. These
numerical semigroups are special cases of the numerical semigroups described in
cases (1), (2), and (4) in the statement of the proposition. O

We immediately obtain two corollaries for reflective numerical semigroups — those
that are generated by arithmetic sequences, and those with embedding dimension
2.

An arithmetic sequence is a generalized arithmetic sequence with h = 1. With that
in mind, we have the following.

Corollary 4.10. Suppose S = (a,a +d,a+2d,...,a + (k — 1)d) for a,d,k € N
with k < a, a numerical semigroup generated by an arithmetic sequence of length
k. Then S is reflective if and only if one of the following cases occurs.

(1) S =(1). In this case, g =0, a =1, k =1, and d is arbitrary.
(2) S=1(2,29+1) forg =1 (mod 2). In this case, a =2, k =2, and d = 2g—1.

Special issue in memory of Emma Previato, Albanian J. Math. Vol. 17 (2023),
no. 1, 41-68


http://albanian-j-math.com/vol-17.html
http://albanian-j-math.com/vol-17.html

REFLECTIVE NUMERICAL SEMIGROUPS 58

(3) S=(3,9+1) forg=1(mod 3). In this case, a =3, k=2, and d = g — 2.
(4) S =(3,9+2,29g+ 1) for g = 2(mod 3). In this case, a = 3, k = 3, and

d=g-1.
(5) S={g+1,2g+1]) for any g > 0. In this case, a =g+ 1, k =g+ 1, and
d=1.

Next, a numerical semigroup with embedding dimension 2 is a numerical semigroup
of the form S = {(a,b) with 1 < a < b and ged(a,b) = 1. We can view this as a
numerical semigroup generated by a generalized arithmetic sequence of length 2.
We use cases (2) and (3) from Prop. 4.9.

Corollary 4.11. Suppose S is a numerical semigroup with e(S) = 2. Then S is
reflective if and only if for some n € Ny, S = (A) for A = {2,4n + 3} (in which
case g=2n+1) or A =1{3,3n+ 2} (in which case g =3n+1).

4.3. Free numerical semigroups. We now briefly describe free numerical semi-
groups, which were named in [3].

Definition 4.12. Given a sequence A = (aq,...,ax) of non-negative integers, for

€ [1,k], let A; = (aq,...,a;), d; = ged(4;), and S; = (A;). Let c(A) = (ca, ..., k)
where ¢; = d;_1/d; for j € [2,k]. If we have cja; € Sj_; for all j € [2, k], then we
say A = (a1,...,ax) is a telescopic sequence (or a smooth sequence).

Definition 4.13. If A is a set which can be ordered to form a telescopic sequence,
then we say A is a telescopic set. If S is a numerical semigroup which is generated
by a telescopic set A (which necessarily has ged(A) = 1), then we say S is a free
numerical semigroup.

For a free numerical semigroup S, we can construct an Apéry set and compute the
genus and Frobenius number of S.

Proposition 4.14. Let S be a free numerical semigroup, so S = (A) for some

telescopic sequence A = (ay,...,ax) with c(A) = (ca,...,ck). Then
k
Ap(S;a1) = anaj :0<n;<g¢jp,
j=2

k
1
g¥)=5(1-a +Y eilgi -1 |,
j=2

and F(S) =2g(S) — 1. In particular, S is a symmetric numerical semigroup.

Note that each element of the Apéry set described in Prop. 4.14 is the (k — 1)-fold
sum of terms from arithmetic sequences that each start at 0. If S is a numeri-
cal semigroup of embedding dimension 2, then S = (a,b) with gecd(a,b) = 1, and
Ap(S;a) = {0,b,20,...,(a — 1)b}, an arithmetic sequence. As a result, we can
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see that a numerical semigroup of embedding dimension 2 is necessarily free. The
similar structure of the Apéry sets means that free numerical semigroups are some-
thing of a natural generalization of numerical semigroups of embedding dimension
2. (In particular, one can compute invariants of free numerical semigroups in a
similar manner as we do for numerical semigroups of embedding dimension 2. See
[7, Theorem 2.3, Corollary 2.6].)

A numerical semigroup is free if it is generated by a telescopic sequence. However,
the corresponding telescopic set need not be minimal. Fortunately, the elements in
the minimal generating set for the numerical semigroup can be ordered to form a
telescopic sequence as was shown in [16].

Proposition 4.15 ([16, Theorem 52]). Suppose S is a free numerical semigroup
and S = (A) for a minimal set A. Then A is a telescopic set.

Now we can characterize the reflective numerical semigroups which are free. For
this characterization, we first need a few lemmas about free numerical semigroups.

Lemma 4.16. Suppose A = (a1,...,ax) is a minimal telescopic sequence. If
ged(a;, a5) =1 for some i < j, then j = k.

Proof. For A a minimal telescopic sequence with ged(a;,a;) = 1 for some ¢ < j,
suppose j # k. Since ¢ < j, d; = ged(ar,a2,...,a;) = 1 and therefore d;j 1 =
ged(ar, ..., aj41) = 1 as well. Then ¢j41 = dj/djy1 = 1/1 = 1. Since A is
telescopic, ¢jy1a4+1 € (a1,...,a;). Thus a;41 € (a1,...,a;). But this means aj+q
can be written as a non-negative linear combination of other elements of A, which
contradicts the minimality of A. Hence j = k, as desired. O

Lemma 4.17. Suppose A = (aq,...,ax) is a minimal telescopic sequence. Then for
all distinct x,y, z € [1, k], either ged(ag, ay) > 1 or ged(ag, a,) > 1 or ged(ay,a,) >
1.

Proof. Suppose A is a minimal telescopic sequence and let z,y, z be distinct ele-
ments of [1,k]. We have ged(az,ay) > 1, ged(ag,a.) > 1, and ged(ay, a.) > 1.
If ged(az,ay) > 1 or ged(ag,a.) > 1, then we are done. If ged(as,ay) = 1 and
ged(ay,a,) = 1, we apply Lemma 4.16. Since ged(ay, a,) = 1, one of x and y is
equal to k. Since ged(ag,a,) = 1, one of x and z is equal to k. We have that
x,y,z are distinct. Therefore we must have x = k, y # k, and z # k. By the
contrapositive to Lemma 4.16, we have ged(ay,a.) # 1, from which we conclude
that ged(ay,a.) > 1, as desired. O

Lemma 4.18. Suppose A = (aq,...,ax) is a minimal telescopic sequence. Then,
for all distinct x,y, z,w in [1,k], either ged(az,ay) > 1 or ged(as, a,) > 1.

Proof. Suppose A is a minimal telescopic sequence and let z,y, z, w be distinct el-
ements of [1,k]. We have ged(ag,ay) > 1 and ged(az, a,) > 1. If ged(az, ay) > 1,
then we are done. If ged(ag,a,) = 1, then by Lemma 4.16, either z = k or
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y = k. Since z,y, z,w are distinct, we have z # k and w # k. By the contrapos-
itive of Lemma 4.16, we therefore have ged(a.,a,) # 1, from which we conclude
ged(ayg, ay) > 1, as desired. O

The main takeaway of Lemma 4.17 and Lemma 4.18 is that if a minimal set contains
three elements which are pairwise relatively prime, or contains two distinct pairs of
relatively prime integers, then the set is not a telescopic set.

We can now characterize all free numerical semigroups which are reflective. Recall
that a free numerical semigroup is one which is generated by a telescopic set, and
we may assume that such a telescopic set is minimal. (See Prop. 4.15.)

Proposition 4.19. Suppose S is a free numerical semigroup that is reflective. Then
S = (A) for a minimal telescopic set A given by one of the following.

(1) A= {1} (and thus g(S) =0).

(2) A={2,4n+ 3} for n € Ny (and thus g(S) =2n+1).

(8) A={3,3n+2} forn € Ny (and thus g(S) =3n+1).

(4) A={4,4n+2,4n + 3} for n € Ny (and thus g(S) =4n+1).

Proof. To begin, we assume that S is reflective. Then S = (A) for a minimal set
A as is given in Prop. 3.7. We want to determine when A is a telescopic set, which
means S is a free numerical semigroup. We will consider cases based on m(S).
Since S is reflective, if g > 1, then m(S) t g.

If m(S) =1, then S = (A4) for A = {1}, a telescopic set. Thus S = Ny is free and
g(s) = 0.

If m(S) = 2, then S = (2,b) for some odd b > 3. Note that (2,b) is a telescopic
sequence for any odd b. Since e(S) = 2, we use Corollary 4.11 to conclude that S
is reflective precisely when b = 4n + 3 for n € Ny. In this case, g(S) = 2n + 1.

If m(S) = 3, then g = 1,2 (mod 3). We will consider these cases separately.

Suppose m(S) = 3 and g = 1 (mod 3). Then g = 3n + 1 for some n € Ny, and
S = (3,9g+1) = (3,3n+ 2). Note that (3,3n + 2) is a telescopic sequence, so
S = (3,3n 4+ 2) is a free numerical semigroup.

Suppose m(S) = 3 and g = 2 (mod 3). Then g = 3n + 2 for some n € Ny, and
S=(3,9g+2,2g+1) =(3,3n+4,6n+5). Since 3, 3n+4, and 6n + 5 are pairwise
relatively prime, we apply Lemma 4.17 to conclude that S is not a free numerical
semigroup.

If m(S) =4, then g =1,2,3 (mod 4). We will consider these cases separately.

Suppose m(S) = 4 and g = 1 (mod 4). Then g = 4n + 1 for some n € Ny, and
S={4,9+1,9+2) =(4,4n+2,4n+ 3). Then cs = ¢5 = 2, and one confirms that
(4,4n + 2,4n + 3) is a telescopic sequence. Hence, S = (4,4n + 2,4n + 3) is a free
numerical semigroup.
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Suppose m(S) = 4 and g = 2 (mod 4). Then g = 4n + 2 for some n € Ny, and
S={(4,9+1,9g+3)={4,4n+ 3,4n + 5). Since 4, 4n + 3, and 4n + 5 are pairwise
relatively prime, we apply Lemma 4.17 to conclude that S is not a free numerical
semigroup.

Suppose m(S) = 4 and g = 3 (mod 4). Then g = 4n + 3 for some n € Ny, and
S={4,9+2,9+3,29g+1) ={4,4n+5,4n+ 6,8n + 7). However, gcd(4,8n+7) =
ged(4n 4+ 5,4n 4+ 6) = 1. We apply Lemma 4.18 to conclude that S is not a free
numerical semigroup.

If m(S) = 5, then ¢ = 1,2,3,4 (mod 5). In each case A, the minimal generating
set for S, contains three of the four integers in [g 4+ 1, g + 4]. Thus, A contains two
consecutive integers g+ and g+i+1 for some i € [1,3]. Note that 5t g+i,g+i+1.
We also have 5 € A. Then ged(5, g+1) = ged(5,9+i+1) = ged(g+4,9+i+1) =1,
and so by Lemma 4.17, we conclude that S is not a free numerical semigroup.

If m(S) = 6, then g = 1,2,3,4,5 (mod 6). If g = 3 (mod 6), for A the minimal
generating set of S, we have g + 1,9+ 2,9+ 4,9+ 5 € A. Then ged(g + 1,9 +
2) = ged(g + 4,9 +5) = 1, and so by Lemma 4.18, we conclude that S is not
a free numerical semigroup. If g # 3 (mod 6), then A contains three consecutive
integers which are congruent to either 1,2,3 or —3, -2, —1 (mod 6). In either case,
these three integers are pairwise relatively prime. By Lemma 4.17, S is not a free
numerical semigroup.

If m(S) > 7, let a = m(S). We have ¢ = 1,2,...,a — 1 (mod a). If g #
+1,42 (mod a), for A the minimal generating set of S, we have g + 1,9 + 2,9 +
(a—2),9+ (a—1) € A. Since ged(g+ 1,9 +2) = ged(g+ (a—2),9+ (a—1)) =1,
by Lemma 4.18, we conclude that S is not a free numerical semigroup. If g is 1 or
2 modulo a, then g+ (a —4),9+ (a —3),9g+ (a —2),g+(a—1) € A. If gis —1
or —2 modulo a, then g+ 1,9+ 2,9+ 3,9 +4 € A. Thus, if g = +1, 42 (mod a),
A contains a subsequence of three consecutive integers which begins with an odd
integer. Hence the greatest common divisor of each pair of these three integers is
1. By Lemma 4.17, S is not a free numerical semigroup. (]

4.4. Wilf’s Conjecture. We will show that reflective numerical semigroups satisfy
Wilf’s conjecture, as stated in [19].

Corollary 4.20. Suppose S is a reflective numerical semigroup with g(S) = g and

_ F(S)+1
m(S) = a. Then e(S) > o) +1—25)"

Proof. Suppose S is reflective with g(S) = ¢g and m(S) = a. Then a t g. As
usual, let ¢, € Z be such that ¢ = aq + r with r € [1,a — 1]. By Corollary 3.6,
F(S) = 2g — r. We have
F(S)+1 29— 7r+1 2qa+2r—r+1  2qa+r+1
F(S)+1—-¢g(S) 29—r+1-g qat+r—r+1  qa+1

The value of e(S) depends on r. If r = a — 1, then e(S) = a, and we have

2 1 2 -2 -2
ga+r+1 qa+a:2+a <2+a

= = = S.
qa + 1 qa + 1 qa+1 — 1 a=e(S)
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If r € [1,a — 2], then ¢(S) = a — 1, and we have

2qa +1r+1 r—1 r—1

—_— =2 <24 —— = 1<a—-1=¢(9).

qa+1 +qa+1_ + 1 rtisa e(S)
F(S) +1

Thus, if S is reflective, then < e(9). O

F(S)+1—-g(S) ~

5. COUNTING REFLECTIVE NUMERICAL SEMIGROUPS BY GENUS AND FROBENIUS
NUMBER

Finally, we consider the problem of computing the number of reflective numerical
semigroups that have a given genus or a given Frobenius number. Our motivation
comes from the problem of computing the number of numerical semigroups of a
given genus g or of a given Frobenius number F'. For recent results on these counts
and related problems which remain open, see [4] as well as [8] and the references
cited within.

As was mentioned in the introduction, we will make use of the multiplicative func-
tion 7(n), which, for n € N, is equal to the number of positive divisors of n.

The material in this section relies on the following corollary, which itself follows
directly from Proposition 3.4.

Corollary 5.1. Let g,a € N. Ifa € [2,g+ 1] and a1 g, then there is one reflective
numerical semigroup S with g(S) =g and m(S) =a. Ifa € [2,g+ 1] ora|g, then
there are no reflective numerical semigroups S with g(S) = g and m(S) = a.

5.1. Counting by genus. For g € N, let ng(g) equal the number of reflective nu-
merical semigroups with genus g, and let ng,(g) equal the number of such numerical
semigroups which are also symmetric.

In Example 3.5, we found that there are three reflective numerical semigroups of
genus 6. We can take the same approach to count the number of reflective numerical
semigroups of genus g.

Proposition 5.2. Let g > 1. Then ng(g) =g+ 1—7(g).

Proof. Fix g > 1. By Corollary 5.1, ng(g) = #{a € [2,g+ 1] : a t g}. Since 1
is a divisor of g + 1, We can replace the interval [2,g + 1] with [1, g + 1] without
changing the result. Thus,

ng(g) =#{a €[2,9+1]:atg}
=#{a€[l,g+1]:afg}
=#[L,g+1\{d>1:d]|g}
=(g+1)—1(9),
as desired. O

We now count the number of symmetric reflective numerical semigroups of genus
qg.
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[ g [ng(9) ][ 9 [nele) [[ g [nel@) ][ 9 [nslg) [ g [nsly) ]
T 1 [[11] 10 [[21] 18 [[3L] 30 [[41] 40
2 1 |[12| 7 [[22] 19 [[32] 27 [[42] 35
3 2 13| 12 [[23] 22 /33| 30 | 43| 42
4 2 |[14| 11 |[2a| 17 || 3a| 31 | aa| 39
51 4 |15 12 [[25] 23 [[35| 32 [[ 45| 40
61 3 |[16] 12 |[26] 23 /36| 28 | 46| 43
71 6 ||17| 16 || 27| 24 |[37| 36 | 47| 46
81 5 18| 13 |[28| 23 /38| 35 | 48| 39
9 7 [[19] 18 |29 28 |39 36 || 49| 47
10| 7 |20 15 [|30] 23 [/ 40| 33 | 50| 45

FI1GURE 8. The number of reflective numerical semigroups of genus
g for g € [1,50]

Proposition 5.3. Let g > 1. Then

DL ifg=1,
:(9) =\ rg—1) =1 ifg>1.

Proof. By Corollary 5.1, for each combination of g,a € Nwith a € [2,g+1] and a t g,
there is one reflective numerical semigroup S for which g(S) = g and m(S) = a.
There are no other reflective numerical semigroups. By Corollary 4.7, a reflective
numerical semigroup is symmetric if and only if g = 1 (mod a).

Thus, for a given genus g, counting the number of reflective numerical semigroups
which are symmetric amounts to counting the number of integers a for which a €
[2vg+ 1]7 afg7 and a | (g - 1)

If g = 1, then we must have a = 2. Thus, ng (1) = 1. If g > 1, then the positive
divisors of g — 1 are all contained in [1, g + 1]. The only divisor of g — 1 which also
divides g is 1, so the number of suitable values of a is ng,(9) = 7(¢g — 1) — 1. (]

One such reflective and symmetric numerical semigroup is S = (3, 11), visualized
in Figure 2. Note that m(S) = 3, ¢ = g(5) = (3 - 1)(11 — 1)/2 = 10, and
10 =1 (mod 3).

In particular, when g — 1 is prime, there is a unique symmetric reflective numerical
semigroup of genus g. We describe each such semigroup below.

Corollary 5.4. For p prime, there is exactly one symmetric reflective numerical
semigroup with g(S) = p+ 1. This semigroup is S = (A) for
{2,7} ifp=2; and
C{pyUlp+2,2p—1] ifpis odd.

Proof. Let ¢ = p+ 1. By Proposition 5.3, since 7(g — 1) =1 = 7(p) = 1 =
there is one reflective symmetric numerical semigroup S with g(S) =g = p +
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Let @ = m(S). Since a | (9 —1) = p and a > 1, we must have a = p. We use
Proposition 3.7 to find a minimal generating set for S.

For a = p =2, we have g = 3 = —1 (mod a). Then S is minimally generated by
A={a,29+1} ={2,7}.

In this case, the gaps of S = (A) are {1,3,5} = {1,9,2g — 1}, which is equidis-

tributed modulo g = 3.

For a = p > 2, we have g = p+ 1 =1 (mod a) and g # —1 (mod a). Then S is
minimally generated by
A={a}Ulg+ 1,9+ (a-1D]={ptUlp+22p—1].

In this case, the gaps of S = (A) are [1,p—1]U{p+1,2p+1} = [1,9—2]U{g,2g—1},
which is equidistributed modulo g. O

5.2. Counting by Frobenius number. For F' € N, let nF(F') denote the number
of reflective numerical semigroups with Frobenius number F. In this subsection,
we will find exact and asymptotic formulas for nF(F).

Lemma 5.5. Given F,a € N, there is at most one reflective numerical semigroup
S with F(S) = F and m(S) = a.

Proof. By Corollary 5.1, for any combination of g,a € N, we know there is at
most one reflective numerical semigroup S for which g(S) = g and m(S) = a. It
will therefore suffice to show that, for any combination of a, FF € N, a reflective
numerical semigroup S with F(S) = F and m(S) = a, there is a unique g € N for
which g(5) = g.

By Corollary 3.6, if S is reflective then F(S) = 2g(S) — r, where r is the unique
integer in [1,m(S) — 1] for which g(5) = r (mod m(S)). Observe that

F(S)=2g(S)—r=2r —r =r (mod m(9))

as well. Thus, if we have F(S) = F and m(S) = a, then we can compute r € [1,a—1]
such that F' = r (mod a). It follows that g(S) = (F + r)/2. Since this is the only
possible value for g(5), we are done. O

Proposition 5.6. For F,a € N, there is a reflective numerical semigroup S with
F(S) = F and m(S) = a if and only if the following three conditions hold:

(1) a€[2,F+1];

(2) atF; and

(3) | F/a] =0 (mod 2).
Proof. As usual, we apply the division algorithm to g and a to obtain integers ¢
and r for which g = ga +r and r € [1,a — 1]. (Recall that by Remark 3.2, a{g.)

(==). Suppose S is reflective with F(S) = F' > 1, m(S) = a, and g(5) = ¢. Since
F > 1, we must have a > 2. Since F+1 € S, we have a < F+ 1. Next, since a € S
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and F' ¢ S, F cannot be a multiple of a. This means a 1 F. We have shown the
first two conditions.

Next, by Corollary 3.6, F = 2g — r. Then F' = 2qa + r. Dividing both sides by a
and taking the floor of each side, we see that |F/a| = |2¢+ r/a| = 2q, an even
integer.

(<= ). Let a,F € N be such that a € [2,F + 1], a { F, and |F/a| = 2k for
some integer k. We will split up the first condition into three cases: a = F + 1;
F/2<a< F;or2<a< F/2. We'll consider these cases separately.

If a = F+1, consider the numerical semigroup S = ([a, 2a—1]), which has m(S) = a,
H(S) =[1,a—1], g(S) =a—1, and F(S) = a — 1. Note that H(S) has one gap in
each congruence class modulo g(S), which means S is reflective. Further, F(S) =
a—1 = F. Thus, there is a reflective numerical semigroup S with m(S) =a = F+1
and F(S) = F.

If F/2 < a < F, then |F/a] = 1. This violates the second condition on a, so we
will not consider such a value of a.

If a € [2,F/2], then a < F/2. Since |F/a| is even and a t F, F = 2ka + r for
some integers k,r with r € [1,a — 1]. Let ¢ = (FF 4+ 1)/2. Then g = ka + r, an
integer, and we have a < F/2 = g — r/2 < g. Therefore a € [2,g]. And since
g =ka+r withr € [1,a—1], atg. By Corollary 5.1, since a € [2,g] C [2,9+1] and
a1 g, there is a reflective numerical semigroup of genus g(S) = g and multiplicity
m(S) = a. By Corollary 3.6, this reflective numerical semigroup has Frobenius
number F(S) =2g(S)—r=29g—r=F. O

We are now able to count the number of reflective numerical semigroups with
Frobenius number F' by counting the number of integers @ in [2, F' + 1] that do
not divide F' and for which |F/a] is even. We note two things. First, there is
always a reflective numerical semigroup with ¢ = F + 1, so we can count that as
1 in our formula for nF(F) and just check values of a in [2, F]. Second, since 1
divides F' and we only consider a for which a 1 F', we change nothing by considering
a € [1, F] instead of [2, F].

Corollary 5.7. For F € N, the number of reflective numerical semigroups S with
F(S) = F is given by

nF(F)=14+#{a€[l,F]:atF, |F/a] =0 (mod 2)}.
Next, for n € N, let E(n) = {a € [1,n] : |n/a] = 0(mod 2)}. Additionally,

following from the definition of 7(n) as the number of positive divisors of n, we let
Te(n) denote the number of even positive divisors of n.

Lemma 5.8. For F € N, nF(F) = 1+ #E(F) — 7.(F).

Proof. By Corollary 5.7
nF(F)=1+#{a€[l,F]:atF, |F/a] =0 (mod 2)}.
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| F[oF(F) || F [nF(F) [ F [oF(F) || F [nF(F) || F [ nF(F) |
1 1 1] 3 21 6 31 9 41] 14
2 1 12| 2 2] 5 320 9 2] 11
3 1 13] 5 23] 6 33] 11 [[43] 14
4 1 4] 4 24 5 34 10 [[44] 13
5 2 5] 3 25| 9 3] 9 45 | 12
6 1 16| 3 26| 8 36| 7 46 | 11
7 2 17] 6 21| 7 37| 12 4] 12
8 2 18] 4 28] 6 38 11 48] 11
9 3 9] 6 290 9 39 10 JJ49] 17
10 2 200 5 30| 6 0] 9 50| 15

FIGURE 9. The number of reflective numerical semigroups with
Frobenius number F for F' € [1,50]

To evaluate this, we can count each integer a € [1, F] for which |F/a| is even and
then remove each such a for which a | F. The number of integers a for which
|F/a| is even is #E(F). The number of such integers a for which a | F and
F/a is even is exactly the number of even divisors of F. Therefore, nF(F) =
1+ #E(F) — 7o (F). O

To evaluate #E(F'), we need to count the number of even terms in the sequence

(1) LF/1), LF/2] ..., [F/F].
In [5], a formula and an asymptotic formula are given for the number of odd terms

in Sequence (1). The asymptotic formula, which follows from Dirichlet’s solution to
the Dirichlet divisor problem, is given using big O notation. (See, e.g., [2, Chapter

3.)
Proposition 5.9 ([5, Proposition 2.2, Proposition 2.6]). Forn € N,

#{k:1<k<mn,|n/k] =1 (mod 2)} = zn:(—l)’“r1 [n/k] =nlog2+ O (vn),
k=1

where log denotes a logarithm using base e.

This gives the number of odd terms in Sequence (1). If we subtract the above
quantity from n, then we have the number of even terms in Sequence (1). Combining
Lemma 5.8 and Prop. 5.9, we get a formula for nF(F).

F
Corollary 5.10. For F € N, nF(F) =1 —7.(F) + Y. (-1)* |[F/k].

Values of nF(F), for 1 < F < 50, can be found in Figure 9. Plots of nF(F), for
1 < F <50 and for 1 < F < 3000, which were created with Sage [18], appear in
Figure 10.

Finally, we can obtain an asymptotic formula for nF(F). All we need is an asymp-
totic formula for 7. (F).
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F
10 20 30 40 50 500 1000 1500 2000 2500 3000

FIGURE 10. Plots of nF(F'), the number of reflective numerical
semigroups S with F(S) = F, for F' € [1,50] and for F € [1,3000].

Lemma 5.11. Forn € N, 7.(n) = O (v/n).

Proof. Let n € N. If n = be for b,c € N with b < ¢, then 1 < b < /n and
vn < ¢ < n. There are at most \/n such divisors b. Hence 7(n) < 2y/n. Since
0 < 7e(n) < 7(n), we have 7.(n) < 2y/n, implying 7.(F) = O (1/n). O

We conclude with an asymptotic formula for nF(F').

Proposition 5.12. For F € N, nF(F) = (1 —log2)F + O(V/F) and, therefore,

F
lim n? — 1 —log2 ~ 0.306853.

F—o0

Thus, for large F, nF(F) ~ (1 —log2)F. We can see this roughly linear behavior
in Figure 10.
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