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1. Introduction and Summary of results

Let X be a smooth complex algebraic K3 surface. Denote by NS(X ) the Néron-
Severi lattice of X . This is known to be an even lattice of signature (1, pX − 1),
where pX being the Picard rank of X , with 1 ≤ pX ≤ 20. A lattice polarization
[8, 17–20] on X is, by definition, a primitive lattice embedding i∶L ↪ NS(X ), with
i(L) containing a pseudo-ample class. Here, L is a choice of even indefinite lattice
of signature (1, ρL − 1), with 1 ≤ ρL ≤ 20. Two L-polarized K3 surfaces (X , i)
and (X ′, i′) are said to be isomorphic1, if there exists an analytic isomorphism
α∶X → X ′ and a lattice isometry β ∈ O(L), such that α∗ ○ i′ = i ○ β, where α∗ is
the induced morphism at cohomology level. In general, L-polarized K3 surfaces
are classified, up to isomorphism, by a coarse moduli space ML, which is known
[9] to be a quasi-projective variety of dimension 20− ρL. A general L-polarized K3
surface (X , i) satisfies i(L) = NS(X ).

The present paper focuses on a special class of such objects – K3 surfaces polar-
ized by the rank sixteen lattice:

(1.1) L = H ⊕E7(−1)⊕E7(−1) .

Here H stands for the unimodular hyperbolic lattice of rank two, and E7(−1) is
the negative definite even lattice associated with the analogous root system. This
notation will be used throughout this article. The following is known about a
general L-polarized K3 surface X : Nikulin [22] and Kondo [15] proved that i) the
automorphism group Aut(X ) is finite, or more precisely, Klein’s group of order 4,
and ii) the number of (−2)-curves on X is 19 and their configuration forms a certain
dual graph that we will recall in (3.3).

Our interest in this class of K3 surfaces is multi-fold. First, as observed in earlier
work [2] by the authors, K3 surfaces of this type are explicitly constructible. In
fact, they fit into a six-parameter family of quartic normal forms:

Theorem 1.1 ([2]). Let (α,β, γ, δ, ε, ζ) ∈ C6. Consider the projective quartic sur-
face in P3(X,Y,Z,W) defined by the homogeneous equation:

(1.2) Y2ZW − 4X3Z + 3αXZW2 + βZW3 + γXZ2W − 1

2
(δZ2W2 + ζW4) + εXW3 = 0 .

Assume that (γ, δ, ε, ζ) ≠ 0. Then, the surface X (α,β, γ, δ, ε, ζ) obtained as the min-
imal resolution of (1.2) is a K3 surface endowed with a canonical L-polarization.
Conversely, a general L-polarized K3 surface X has a birational projective model (1.2).

Equation (1.2) is a generalization of the Inose quartic, a 2-parameter family first
introduced by Inose in [12] that provides a birational model for K3 surfaces with
Picard lattice H ⊕E8(−1)⊕E8(−1).

As we will show, all L-polarized K3 surfaces, up to isomorphism, are in fact
realized in this way. Moreover, one can tell precisely when two members of the
above family are isomorphic. Let G be the subgroup of Aut(C6) generated by the
set of transformations given below:

(α,β, γ, δ, ε, ζ) Ð→ (t2α, t3β, t5γ, t6δ, t−1ε, ζ), with t ∈ C∗

(1.3) (α,β, γ, δ, ε, ζ) Ð→ (α,β, ε, ζ, γ, δ) .

1Our definition of isomorphic lattice polarizations coincides with the one used by Vinberg

[29–31]. It is slightly more general than the one used in [9, Sec. 1].
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It follows then that two K3 surfaces in the above family are isomorphic if and only
if their six-parameter coefficient sets belong to the same orbit of C6 under G . This
fact leads one to define the following set of invariants associated to the K3 surfaces
in the family:

(1.4) J2 = α, J3 = β, J4 = γ ⋅ ε, J5 = γ ⋅ ζ + δ ⋅ ε, J6 = δ ⋅ ζ

The results above fit very well with the Hodge theory (periods) classification of these
K3 objects. Hodge-theoretically, lattice polarized K3 surfaces are well understood,
by classical work of Dolgachev [9] or L-polarized K3 surfaces, appropriate Torelli
type arguments give a Hodge-theoretic coarse moduli space given by the modular
four-fold Γ+T /H2, where the period domain H2 is a four-dimensional open domain
of type I2,2 ≅ IV4 and Γ+T is a discrete arithmetic group acting on H2; see work
by Matsumoto [16]. In [2], the five invariants of (1.4) were computed in terms
of theta functions on H2. Invariants of this type were independently obtained by
Vinberg [29]. These results then allows one to prove:

Theorem 1.2 ([2]). The four-dimensional open analytic space

(1.5) ML = { [ J2, J3, J4, J5, J6 ] ∈WP(2,3,4,5,6) ∣ (J3, J4, J5) ≠ (0,0,0) }

forms a coarse moduli space for L-polarized K3 surfaces.

In this article, we will determine the Jacobian elliptic fibrations on a general L-
polarized K3 surface X and show that their lattice theoretic multiplicities equal one.
We then prove that there are exactly four inequivalent Jacobian elliptic fibrations
on X . The uniqueness of one fibration, called the alternate fibration, implies that a
general L-polarized K3 surface X has a birational projective model (1.2), which is
unique up to the action of the automorphism group. In Theorem 3.6, we show that
every Jacobian elliptic fibration on X is attained on the associated quartic projective
surface in Equation (1.2) as a pencil. Equations for three types of elliptic fibrations
are shown to be induced by pencils of lines. Equations of the fourth type of elliptic
fibration is given by a pencil of quadric surfaces.

The article is structured as follows: First we note that Jacobian elliptic fibra-
tions on X are related to primitive lattice embeddings H ↪ L. In Section 2, a
lattice theoretic analysis of this problem reveals that there are exactly four such
(non-isomorphic) primitive lattice embeddings. An L-polarized K3 surface carries
therefore, up to automorphisms, four special (non-isomorphic) Jacobian elliptic fi-
brations, the only ones existing in the general case. In the remaining part of the
article we then explicitly identify the four fibrations and their corresponding pencils
in the context of the normal forms (1.2).

2. Lattice theoretic considerations for the K3 surfaces

Let X be a general L-polarized K3 surface with L = H ⊕E7(−1)⊕E7(−1). We
start with a brief lattice-theoretic investigation regarding the possible Jacobian
elliptic fibration structures appearing on the surface X . Recall that a Jacobian
elliptic fibration on X is a pair (π,σ) consisting of a proper map of analytic spaces
π ∶ X → P1, whose general fiber is a smooth curve of genus one, and a section
σ ∶ P1 → X in the elliptic fibration π. If σ′ is another section of the Jacobian fibration
(π,σ), then there exists an automorphism of X preserving π and mapping σ to σ′.
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This automorphism can be constructed using the group law of the elliptic fiber. One
can then realize an identification between the set of sections of π and the group
of automorphisms of X preserving π. This is the Mordell-Weil group MW(π,σ)
of the Jacobian fibration. More precisely, this identification is unique up to finite
index. In fact, if the j-invariant is non-constant then the Mordell-Weil group has
index 2 in the group of automorphisms fixing π since fiberwise multiplication by −1
is an automorphism preserving both π and σ. If the j-invariant is constant then
this index might be 2, 4 or 6. However, all Jacobian elliptic fibrations considered
in this article are not isotrivial. We have the following:

Lemma 2.1. Let X be a general L-polarized K3 surface and (π,σ) a Jacobian
elliptic fibration on X . Then, the Mordell-Weil group has finite order. In particular,
we have

(2.1) rank MW(π,σ) = 0 .

Proof. For NS(X ) = L, it follows, via work of Nikulin [19, 22, 24] and Kondo [14],
that the group of automorphisms of X is finite. In fact, Aut(X ) ≃ Z2 × Z2. In
particular, any Jacobian elliptic fibration on X must have a Mordell-Weil group of
finite order and cannot admit any infinite-order section. �

Given a Jacobian elliptic fibration (π,σ) on X , the classes of fiber and section
span a rank-two primitive sub-lattice of NS(X ) which is isomorphic to the standard
rank-two hyperbolic lattice H. The converse also holds: given a primitive lattice
embedding j∶H ↪ NS(X ), whose image j(H) contains a pseudo-ample class, it
is known (see [5, Thm. 2.3]) that there exists a Jacobian elliptic fibration on the
surface X , whose fiber and section classes span j(H). Moreover, one has a one-
to-one correspondence between classes of Jacobian elliptic fibrations on X , up to
automorphisms of X , and classes of primitive lattice embeddings H ↪ NS(X ), up
to the action of isometries of H2(X ,Z) preserving the Hodge decomposition (see
[4, Lemma 3.8]).

Assume j∶H ↪ L is a primitive embedding. Denote by K the orthogonal com-
plement of j(H) in L. It follows that L = j(H) ⊕K. Moreover, the lattice K is
negative-definite of rank fourteen and its discriminant group must be of the form

(2.2) (D(K), qK) ≃ (D(L), qL) ≃ (Z2 ⊕ Z2, (3/2)⊕ (3/2)) .

Denote by Kroot the sub-lattice spanned by the roots of K, i.e., the lattice elements
of self-intersection −2 in K. Let Σ ⊂ P1 be the set of points on the base of the elliptic
fibration π that correspond to singular fibers. For each singular point p ∈ Σ, we
denote by Tp the sub-lattice spanned by the classes of the irreducible components of
the singular fiber over p that are disjoint from the section σ of the elliptic fibration.
Standard K3 geometry arguments tell us that Kroot is of ADE-type, meaning for
each p ∈ Σ the lattice Tp is a negative definite lattice of type Am, Dm and El, and
we have

(2.3) Kroot =⊕
p∈Σ

Tp .

Another item relevant to our discussion is the factor group:

(2.4) W =K/Kroot .
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Shioda [26] proved that there is a canonical group isomorphism W ≃ MW(π,σ),
identifying W with the Mordell-Weil group of the corresponding Jacobian elliptic
fibration (π,σ).

As a first step in our classification of Jacobian elliptic fibrations on X , we have:

Lemma 2.2. In the above context, one has ∣W ∣ ⩽ 2 and the possible choices for
Kroot are as follows:

(a) If W = {I}, then Kroot is isomorphic to either

E7(−1)⊕E7(−1), E8(−1)⊕D6(−1), or D14(−1)

(b) If W = Z2, then Kroot =D12(−1)⊕A1(−1)⊕A1(−1)

Proof. A classification of elliptic fibrations on K3 surfaces with 2-elementary Néron-
Severi lattice was given in [7, 11]. Based on Nikulin’s classification [23] and Shi-
mada’s result [25], a purely lattice theoretic classification of Jacobian elliptic fi-
brations with finite automorphism group was given in [3]. Restricting to Picard
number 16, the result follows. �

Let us also investigate the possible distinct primitive lattice embeddings H ↪ L.
We shall employ the point of view of [10]. Assume that NS(X ) = L and j′∶H ↪ L is
a second primitive embedding, such that the orthogonal complement of the image
j′(H), denoted K ′, is isomorphic to the lattice K above. We would like to see under
what conditions j and j′ correspond to Jacobian elliptic fibrations isomorphic under
Aut(X ). By standard lattice-theoretic arguments (see [20, Prop. 1.15.1]), there will
exist an isometry γ ∈ O(L) such that j′ = γ ○ j. The isometry γ has a counterpart
γ∗ ∈ O(D(K)) obtained as image of γ under the group homomorphism

(2.5) O(L) → O(D(L)) ≃ O(D(K)) .

The isomorphism in (2.5) is due to the decomposition L = j(H)⊕K and, as such,
it depends on the lattice embedding j.

Denote the group O(D(K)) by A. There are two subgroups of A that are
relevant to our discussion. The first subgroup B ⩽ A is given as the image of the
following group homomorphism:

(2.6) O(K) ≃ {ϕ ∈ O(L) ∣ ϕ ○ j(H) = j(H)} ↪ O(L) → O(D(L)) ≃ O(D(K)) .
The second subgroup C ⩽ A is obtained as the image of following group homomor-
phism:

(2.7) Oh(TX ) ↪ O(TX ) → O(D(TX )) ≃ O(D(L)) ≃ O(D(K)) .

Here TX denotes the transcendental lattice of the K3 surface X andOh(TX ) is given
by the isometries of TX that preserve the Hodge decomposition. Furthermore, one
has D(L) ≃ D(TX ) with qL = −qTX , as NS(X ) = L and TX is the orthogonal
complement of NS(X ) with respect to an unimodular lattice.

Consider then the correspondence

(2.8) H
j↪ L ↝ Cγ∗B ,

that associates to a lattice embedding H ↪ L a double-coset in C/A/B. As proved
in [10, Thm 2.8], the map (2.8) establishes a one-to-one correspondence between
Jacobian elliptic fibrations on X with j(H)⊥ ≃K, up to the action of the automor-
phism group Aut(X ) and the elements of the double-coset set C/A/B. The number
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of elements in C/A/B is referred by Festi and Veniani as the multiplicity of the
lattice K. Following up on Lemma 2.2, one then obtains:

Proposition 2.3.

(a) Up to a lattice isomorphism, there are exactly four rank-fourteen negative-
definite lattices K, satisfying condition (2.2). We list those as Ki, 1 ≤ i ≤ 4,
where:

K1 = E7(−1)⊕E7(−1) , K2 = E8(−1)⊕D6(−1) , K3 =D14(−1) ,

while K4 is an over-lattice of D12(−1)⊕A1(−1)⊕A1(−1), of index two.
(b) For each of the four possible choices in (a), the multiplicity of Ki is 1.

Proof. The statement is proven by a computation using the Sage class QuadraticForm.
For a given lattice K, the discriminant group is computed using the command D =
K.discriminant_group(). The automorphism groups are computed using

O=K.orthogonal_group() and C=D.orthogonal_group().

Images of the generators are computed as A=D.orthogonal_group(O.gens()).
For W = Z/2Z the lattice K4 is the overlattice spanned by Kroot and one addi-

tional lattice vector v⃗max. The vector v⃗max is in the orthogonal complement of the
sublattice spanned by the section and the smooth fiber class. The lattice vector
v⃗max can be computed using the properties of the elliptic fibration alone. Using the
same notation for the bases of root lattices as in [25, Sec. 6] and ordering the bases
by ADE-type and from lowest to highest rank, one obtains

v⃗max =
1

2
⟨1,1 ∣1,0,1,0,1,0,1,0,1,0,1,0⟩ .

The overlattice is computed using the command overlattice. The corresponding
Gram matrix is then computed using the command gram_matrix.

The multiplicity associated with each (Kroot,W ) is then shown to equal one by
checking that the images of the generators for O(K) also generate O(D(K)). �

Proposition 2.3 implies the following corollaries:

Corollary 2.4. A general L-polarized K3 surface X admits exactly four inequiv-
alent Jacobian elliptic fibrations (π,σ), which are unique up to the action of the
automorphism group Aut(X ).

Corollary 2.5. One has four isometric manifestations of L:

(2.9) H ⊕E7(−1)⊕E7(−1) ≅ H ⊕E8(−1)⊕D6(−1) ≅ H ⊕D14(−1) ≅ H ⊕K4 .

3. Generalized Inose quartic and its elliptic fibrations

In [4,27] it was proved that a complex algebraic K3 surface X with Picard lattice
H ⊕E8(−1)⊕E8(−1) admits a birational model isomorphic to the quartic surface
in P3 = P(X,Y,Z,W) with equation

0 = Y2ZW − 4X3Z + 3αXZW2 + βZW3 − 1

2
(Z2W2 +W4).

The 2-parameter family was first introduced by Inose in [12] and is called Inose
quartic. Other examples of equations relating the elliptic fibrations of K3 surfaces
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with 2-elementary Néron-Severi lattice and quartic hypersurfaces in P3 were pro-
vided in [1, 11]. We will consider a multi-parameter generalizations of the Inose
quartic.

Let (α,β, γ, δ, ε, ζ) ∈ C6 be a set of parameters. We consider the projective
quartic surface Q(α,β, γ, δ, ε, ζ) in P3 defined by the homogeneous equation

(3.1) Y2ZW − 4X3Z + 3αXZW2 + βZW3 + γXZ2W − 1

2
(δZ2W2 + ζW4) + εXW3 = 0.

The family (3.1) was first introduced by the first author and Doran in [6]. We denote
by X (α,β, γ, δ, ε, ζ) the smooth complex surface obtained as the minimal resolution
of Q(α,β, γ, δ, ε, ζ). The quartic Q(α,β, γ, δ, ε, ζ) has two special singularities at
the following points:

(3.2) P1 = [0,1,0,0], P2 = [0,0,1,0] .

One verifies that the singularity at P1 is a rational double point of type A9 if ε ≠ 0,
and of type A11 if ε = 0. The singularity at P2 is of type A5 if γ ≠ 0, and of type
E6 if γ = 0. One easily checks that for (γ, δ, ε, ζ) ≠ 0, the points P1 and P2 are the
only singularities of Equation (3.1) and are rational double points. The two sets
a1, a2, . . . , a9 and b1, b2, . . . , b5 will denote the curves appearing from resolving the
rational double point singularities at P1 and P2, respectively.

In this section we assume that γε /= 0. The specializations γ = 0 and ε = 0 were
already considered in [2]. We introduce the following three special lines, denoted
by L1, L2, L3 and given by

X =W = 0 , Z =W = 0 , 2εX − ζW = Z = 0 .

Note that L1, L2, L3 lie on the quartic in Equation (3.1). Because of γε ≠ 0, the
lines L1, L2, L3 are distinct and concurrent, meeting at P1. Moreover, we consider
the following complete intersections:

2εX − ζW = (3αε2ζ + 2βε3 − ζ3)W2 − ε2 (δε − γζ)ZW + 2ε3Y2 = 0 ,

2γX − δW = (3αγ2δ + 2βγ3 − δ3)ZW2 − γ2 (γζ − δε)W3 + 2γ3Y2Z = 0 .

Assuming appropriate generic conditions, the above equations determine two pro-
jective curves R1, R2, of degrees two and three, respectively. The conic R1 is
a (generically smooth) rational curve tangent to L1 at P2. The cubic R2 has a
double point at P2, passes through P1 and is generically irreducible. When resolv-
ing the quartic surface (3.1), these two curves lift to smooth rational curves on
X (α,β, γ, δ, ε, ζ), which by a slight abuse of notation we shall denote by the same
symbol.

We define the dual graph of smooth rational curves to be the simplicial complex
whose set of vertices is the set of smooth rational curves on a K3 surface such that
the vertices Σ,Σ′ are joint by an m-fold edge if and only if their intersection product
is Σ ⋅Σ′ =m. For Picard rank bigger than or equal to 15, the possible dual graphs
of all smooth rational curves on K3 surfaces with finite automorphism groups were
determined in [21]. Here, we use the dual graph for H⊕E8(−1)⊕D6(−1)-polarized
surfaces in [21, Sec. 4] and the fact that, due to Corollary 2.5, it is identical with
the graph for an H ⊕E7(−1)⊕E7(−1)-polarization. The dual diagram of rational
curves is given by the following graph:
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(3.3)
L3● R1●

a1● a2● a3● a4● a5● a6● a7● a8● a9● L1● b2● b3● b4●

L2● b1●

R2● b5●
We proved the following theorem in [2]:

Theorem 3.1. Assume that (γ, δ) ≠ (0,0) and (ε, ζ) ≠ (0,0). Then, the surface
X (α,β, γ, δ, ε, ζ) obtained as the minimal resolution of Q(α,β, γ, δ, ε, ζ) is a K3
surface endowed with a canonical L-polarization.

A simple computation shows:

Lemma 3.2. The degree-four polarization determined on X (α,β, γ, δ, ε, ζ), assum-
ing the case γε ≠ 0, is given by the following polarizing divisor

(3.4) H = L2 + (a1 + 2a2 + 3a3 + 3a4 + 3a5 + ⋅ ⋅ ⋅ + 3a9) + 3L1 + (2b1 + 4b2 + 3b3 + 2b4 + b5) .

The following lemma was proved in [2]:

Lemma 3.3. Let (α,β, γ, δ, ε, ζ) ∈ C6 with (γ, δ) ≠ (0,0) and (ε, ζ) ≠ (0,0). Then,
one has the following isomorphisms of L-polarized K3 surfaces:

(a) X (α,β, γ, δ, ε, ζ) ≃ X (t2α, t3β, t5γ, t6δ, t−1ε, ζ), for any t ∈ C∗,
(b) X (α,β, γ, δ, ε, ζ) ≃ X (α,β, ε, ζ, γ, δ)

We also ave the following:

Proposition 3.4. Let (α,β, γ, δ, ε, ζ) ∈ C6 as before. A Nikulin involution on the
L-polarized K3 surfaces X (α,β, γ, δ, ε, ζ) is induced by the map

Ψ ∶ P3 Ð→ P3,

[X ∶Y ∶ Z ∶W] ↦ [ (2γX − δW)XZ ∶ −(2γX − δW)YZ ∶

(2εX − ζW)W2 ∶ (2γX − δW)Z2 ] .
(3.5)

Proof. One checks that Ψ constitutes an involution of the projective quartic surface
Q(α,β, γ, δ, ε, ζ) ⊂ P3(X,Y,Z,W). If we use the affine chart W = 1 then the unique
holomorphic 2-form is given by dX∧ dY/FZ(X,Y,Z) where F (X,Y,Z) is the left
hand side of Equation (3.1). One then checks that Equation (3.5) constitutes a
symplectic involution after using F (X,Y,Z) = 0. �

Remark 3.5. For the K3 surfaces X (α,β, γ, δ, ε, ζ), quotienting by the involution
and blowing up recovers a double sextic surface, i.e., the double cover of the projec-
tive plane branched along the union of six lines. The corresponding family of double
sextic surfaces was described in [2, 13].
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We now state a major result of this article:

Theorem 3.6. The minimal resolution of the quartic surface (3.1) is a K3 surface
X endowed with a canonical L-polarization. Conversely, a general L-polarized K3
surface X has a birational projective model (3.1). In particular, every Jacobian
elliptic fibration on X is attained as a pencil of lines or conics as follows:

name singular fibers MW(π,σ) pencil Eqn.

standard 2III∗ + 6I1 trivial
residual surface intersection
of L2(u, v) = 0 and Q(α,β, γ, δ, ε, ζ)

(3.9)

alternate I∗8 + 2I2 + 6I1 Z/2Z residual surface intersection
of L1(u, v) = 0 and Q(α,β, γ, δ, ε, ζ)

(3.19)

base-fiber dual II∗ + I∗2 + 6I1 trivial
residual surface intersection
of L3(u, v) = 0 and Q(α,β, γ, δ, ε, ζ)

(3.26)

maximal I∗10 + 8I1 trivial
residual surface intersection
of C3(u, v) = 0 and Q(α,β, γ, δ, ε, ζ)

(3.39)

Proof. We construct the Weierstrass models for these four Jacobian elliptic fibra-
tions explicitly in the Sections 3.1-3.4. The fact that these Jacobian elliptic fi-
brations are the only possible fibrations was already proven in Proposition 2.3.
Conversely, Proposition 2.3 and Lemma 2.2 prove that every general L-polarized
K3 surface admits a unique fibration with the singular fibers 6I1 + 2I2 + I

∗
8 and a

Mordell-Weil group Z/2Z that can be brought into the form of Equation (3.19). It
follows from Equations (3.18) that from such a fibration a quartic surface can be
constructed if we write the polynomials A and B according to Equation (3.21). �

3.1. The standard fibration. There are exactly two ways of embedding two dis-
joint reducible fibers, each given by an extended Dynkin diagram Ẽ7, into the
diagram (3.3). These two ways are depicted in Figure 1, where the green and the
blue nodes indicate the two reducible fibers. In the case of Figure 1a, we have

Ẽ7 = ⟨L3, a1, a2, a3, L2, a4, a5;a6⟩ , Ẽ7 = ⟨b5, b4, b3, b2, b1, L1, a9;a8⟩ .(3.6)

Thus, the smooth fiber class is given by

(3.7) F
(a)
std = L3 + 2a1 + 3a2 + 4a3 + 2L2 + 3a4 + 2a5 + a6 ,

and the class of a section is a7. Making the substitutions

(3.8) X = uvx , Y = y , Z = 4u4v2z , W = 4u3v3z ,

in Equation (3.1), is compatible with L2(u, v) = 0. Here, L2(u, v) = uW−vZ = 0 for
[u ∶ v] ∈ P1 is the pencil of planes containing the line L2. One obtains the Jacobian
elliptic fibration πstd ∶ X → P1 with fiber X[u∶v], given by the Weierstrass equation

(3.9) X[u∶v] ∶ y2z = x3 + f(u, v)xz2 + g(u, v) z3 ,

admitting the section σstd ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0], and with the discriminant

(3.10) ∆(u, v) = 4f3 + 27g2 = 64u9v9p(u, v) ,
where

(3.11) f(u, v) = −4u3v3(γu2 + 3αuv + εv2) , g(u, v) = 8u5v5(δu2 − 2βuv + ζv2) ,

and p(u, v) = 4γ3u6+⋅ ⋅ ⋅+4ε3v6 is an irreducible homogeneous polynomial of degree
six. We have the following:
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Figure 1. The standard fibrations with 2 fibers of type Ẽ7

Lemma 3.7. Equation (3.9) defines a Jacobian elliptic fibration with the singular
fibers 6I1 + 2III∗ and a trivial Mordell-Weil group MW(πstd, σstd) = {I}.

Proof. The proof easily follows by checking the Kodaira type of the singular fibers
at p(u, v) = 0 and u = 0 and v = 0. �

Applying the Nikulin involution in Proposition 3.4, we obtain the fiber configu-
ration in Figure 1b with

Ẽ7 = ⟨R2, a1, a2, a3, L2, a4, a5;a6⟩ , Ẽ7 = ⟨R1, b4, b3, b2, b1, L1, a9;a8⟩ .(3.12)

The smooth fiber class is given by

(3.13) F
(b)
std = R2 + 2a1 + 3a2 + 4a3 + 2L2 + 3a4 + 2a5 + a6 ,

and the class of the section is a7. Using the polarizing divisor H in Equation (3.4),
one checks that

(3.14) 2H−F
(b)
std −L1 −L2 −L3 ≡ 2a1 + 3a2 + 4a3 + ⋅ ⋅ ⋅ + 4a7 + 3a8 + 2a9 + b1 + 2b2 + ⋅ ⋅ ⋅ + 2b5 ,

which shows that the fibration is also induced by intersecting the quartic with the
pencil of quadratic surfaces, denoted by C1(u, v) = 0 with [u ∶ v] ∈ P1, containing
the lines L1, L2, L3. A computation yields

(3.15) C1(u, v) = vW(2εX − ζW) − uZ(2γX − δW) = 0 .

3.2. The alternate fibration. There is exactly one way of embedding a reducible
fiber given by the extended Dynkin diagram D̃12 and two reducible fibers of type
Ã1 into the diagram (3.3). The configuration is invariant when applying the Nikulin
involution in Proposition 3.4 and shown in Figure 2. We have

Ã1 = ⟨L3;R1⟩ , Ã1 = ⟨R2; b5⟩ , D̃12 = ⟨a2, L2, . . . , L1, b1; b3⟩ ,(3.16)
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Figure 2. The alternate fibration with a fiber of type D̃12

Thus, the smooth fiber class is given by

(3.17) Falt = a2 + 2a3 +L2 + 2a4 + ⋅ ⋅ ⋅ + 2a9 + 2L1 + b1 + 2b2 + b3 ,
and the classes of a section and 2-torsion section are a1, b4. Making the substitu-
tions

(3.18) X = 2uvx , Y = y , Z = 4v5(−2εu + ζv)z , W = 2v2x ,

into Equation (3.1), is compatible with L1(u, v) = 0. Here, L1(u, v) = uW − vX = 0
for [u ∶ v] ∈ P1 is the pencil of planes containing the line L1. We obtain the Jacobian
elliptic fibration πalt ∶ X → P1 with fiber X[u∶v], given by the equation

(3.19) X[u∶v] ∶ y2z = x(x2 +A(u, v)xz +B(u, v) z2) ,

admitting the section σalt ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0] and the 2-torsion section [x ∶ y ∶
z] = [0 ∶ 0 ∶ 1], and with the discriminant

(3.20) ∆(u, v) = B(u, v)2 (A(u, v)2 − 4B(u, v)) ,

where

A(u, v) = 4v(4u3 − 3αuv2 − βv3) , B(u, v) = 4v6(2γu − δv)(2εu − ζv) .(3.21)

We have the following:

Lemma 3.8. Equation (3.19) defines a Jacobian elliptic fibration with singular
fibers 6I1 + 2I2 + I

∗
8 and a Mordell-Weil group MW(πalt, σalt) = Z/2Z. The Nikulin

involution in Proposition 3.4 acts on the Jacobian elliptic fibration (3.19) as a
van Geemen-Sarti involution [28].

Proof. The proof easily follows by checking the Kodaira type of the singular fibers
at B(u, v) = 0 and A(u, v)2 − 4B(u, v) = 0. Applying the Nikulin involution in
Proposition 3.4, we obtain the same configuration of singular fibers, only with
the roles of the section and the 2-torsion section interchanged. This means that
the involution in Equation (3.5) acts on the Jacobian elliptic fibration (3.19) by
fiberwise translation by 2-torsion, i.e., by mapping

(3.22) [x ∶ y ∶ z]↦ [B(u, v)xz ∶ −B(u, v) yz ∶ x2]

for [x ∶ y ∶ z] /= [0 ∶ 1 ∶ 0], [0 ∶ 0 ∶ 1], and swapping [0 ∶ 1 ∶ 0]↔ [0 ∶ 0 ∶ 1]. �
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Figure 3. The base-fiber dual fibrations with fibers of type Ẽ8 and D̃6

3.3. The base-fiber dual fibration. The K3 surfaces given by Equation (3.19)
are double covers of the Hirzebruch surface F0 = P1 × P1 branched along a curve of
type (4,4), i.e., along a section in the line bundle OF0(4,4). Every such cover has
two natural elliptic fibrations corresponding to the two rulings of the quadric F0

coming from the two projections πi ∶ F0 → P1 for i = 1,2. The fibration π1 is the
alternate fibration from Section 3.2. The second elliptic fibration arises from the
projection π2 and has the reducible fibers of type Ẽ8 and D̃6.

There are exactly two ways of embedding the disjoint reducible fibers of type Ẽ8

and D̃6 into the diagram (3.3). These two ways are depicted in Figure 3. In the
case of Figure 3a, we have

Ẽ8 = ⟨a1, a2, a3, L2, a4, a5, a6, a7;a8⟩ , D̃6 = ⟨R1, b5, b4, b3, b2, b1;L1⟩ .(3.23)

Thus, the smooth fiber class is given by

(3.24) F
(a)
bfd = L1 + b1 + 2b2 + 2b3 + 2b4 + b5 +R1 ,

and the class of a section is a9. Making the substitutions

X = 3uv(x + 6γεuv3z) , Y = y ,

Z = 6v2(εx − 6γε2uv3z − 18ζu2v2z) , W = 108u3v3z ,
(3.25)

into Equation (3.1), is compatible with L3(u, v) = 0. Here, L3(u, v) = uZ− v(2εX−

ζW) = 0 for [u ∶ v] ∈ P1 is the pencil of planes containing the line L3. We obtain a
Jacobian elliptic fibration πbfd ∶ X → P1 with fiber X[u∶v], given by the equation

(3.26) X[u∶v] ∶ y2z = x3 + F (u, v)xz2 +G(u, v) z3 ,
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admitting the section σbfd ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0], and with the discriminant

(3.27) ∆(u, v) = 4F 3 + 27G2 = −26312u8v10P (u, v) ,
where

F (u, v) = − 108u2v4(9αu2 − 3(γζ + δε)uv + γ2ε2v2) ,

G(u, v) = − 216u3v5(27u4 + 54βu3v + 27(αγε + δζ)u2v2

− 9γε(γζ + δε)uv3 + 2γ3ε3v4) ,

(3.28)

and P (u, v) = γ2ε2(γζ − δε)2v6 +O(u) is an irreducible homogeneous polynomial of
degree six. We have the following:

Lemma 3.9. Equation (3.26) defines a Jacobian elliptic fibration with the singular
fibers 6I1 + I

∗
2 + II

∗ and a Mordell-Weil group MW(πbfd, σbfd) = {I}.

Proof. The proof easily follows by checking the Kodaira type of the singular fibers
at P (u, v) = 0, u = 0, and v = 0. This is done by checking the vanishing degrees
of (F,G,∆) at these points. These vanishing degrees are (0,0,1) for an I1-fiber,
(2,3,8) for an I∗2 -fiber, and (4,5,10) for an II∗-fiber. �

Applying the Nikulin involution in Proposition 3.4, we obtain the fiber configu-
ration in Figure 3b with

D̃6 = ⟨L3,R2, a1, a2, a3, L2;a4⟩ , Ẽ8 = ⟨b4, b3, b1, b2, L1, a9, a8, a7;a6⟩ .(3.29)

The smooth fiber class is given by

(3.30) F
(b)
bfd = R2 +L2 +L3 + 2a1 + 2a2 + 2a3 + a4 ,

and the class of the section is a5. Using the polarizing divisor H in Equation (3.4),
one checks that

2H − F
(b)
bfd −L1 − 2L2

≡ 2a1 + 4a2 + 6a3 + 6a4 + 6a5 + 5a6 + 4a7 + 3a8 + 2a9 + b1 + 2b2 + ⋅ ⋅ ⋅ + 2b5 ,
(3.31)

which shows that the base-fiber dual fibration is also induced by intersecting the
quartic with the pencil of quadratic surfaces, denoted by C2(u, v) = 0 with [u ∶ v] ∈
P1, containing the lines L1, L2 and also being tangent to L2. A computation yields

(3.32) C2(u, v) = vZ(2γX − δW) − uW2 = 0 .

3.4. The maximal fibration. There are exactly two ways of embedding one re-
ducible ADE-type fiber of the biggest possible rank, namely a fiber of type D̃14,
into the diagram (3.3). These two ways are depicted in Figure 4. In the case of
Figure 4a, we have

D̃14 = ⟨R2, L3, a1, . . . , a9, L1, b2, b1; b3⟩ .(3.33)

Thus, the smooth fiber class is given by

(3.34) F(a)
max = R2 +L3 + 2a1 + ⋅ ⋅ ⋅ + 2a9 + 2L1 + 2b2 + b1 + b3 ,

and the class of a section is b4. Using the polarizing divisor H in Equation (3.4),
one checks that

(3.35) 2H − F(a)
max −R1 ≡ b1 + 2b2 + 3b3 + 4b4 + 3b5 .
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Figure 4. The maximal fibrations with a fiber of type D̃14

This shows that the elliptic fibration with section is induced by intersecting the
quartic surface Q(α,β, γ, δ, ε, ζ) with a special pencil of quadric surfaces containing
the curve R1, denoted by C3(u, v) = 0 with [u ∶ v] ∈ P1. Because of the identity

(3.36) 3H − F(a)
max −R1 −R2 −L1 ≡ a1 + ⋅ ⋅ ⋅ + a9 + 2b1 + 4b2 + 5b3 + 6b4 + 5b5 ,

the quadric surfaces must also define a pencil of reducible cubic surfaces containing
the curves L1, R1, and R2. This pencil turns out to be (2γX − δW)C3(u, v) = 0
with

C3(u, v) = v(2γ2δεζXZ + (6αγδεζ + 4βγδε2 + 4βγ2εζ + 2δ2ζ2)XW − γδ2εζZW

+2γδεζY2 − (8βγ2ε2 + 4δ2εζ + 4γδζ2)X2) + u(2γX − δW)(2εX − ζW) = 0 .
(3.37)

Making the substitutions

X = δζv((2βγεv − u)x − 2γδ5εζ5v5z) , Y = y , W = 2δ2ζ2v2x ,(3.38)

and Z = Z(x, y, z, u, v), obtained by solving Equation (3.37) for Z, determines a
Jacobian elliptic fibration πmax ∶ X → P1 with fiber X[u∶v], given by the equation

(3.39) X[u∶v] ∶ y2z = x3 + a(u, v)x2z + b(u, v)xz2 + c(u, v) z3 ,

admitting the section σmax ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0], and with the discriminant

∆(u, v) = b2(a2 − 4b) − 2ac(2a2 − 9b) − 27c2 = 64δ16ζ16v16d(u, v) ,(3.40)
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where

a(u, v) = −2δζv(u3 − 6βγεu2v + 3(4β2γ2ε2 − αδ2ζ2)uv2

− 2β(4β2γ3ε3 − 3αγδ2εζ2 − δ3ζ3)v3) ,

b(u, v) = −4δ6ζ6v6(2γεu2 − (8βγ2ε2 + γδζ2 + δ2εζ)uv

+ (8β2γ3ε3 − 3αγδ2εζ2 + 2βγ2δεζ2 + 2βγδ2ε2ζ − δ3ζ3)v2) ,

c(u, v) = −8γδ11εζ11v11(γεu − (2βγ2ε2 + γδζ2 + δ2εζ)v) ,

(3.41)

and d(u, v) = (γζ−δε)2u8+O(v) is an irreducible homogeneous polynomial of degree
eight. We have the following:

Lemma 3.10. Equation (3.39) defines a Jacobian elliptic fibration with the singular
fibers 8I1 + I

∗
10 and a Mordell-Weil group MW(πmax, σmax) = {I}.

Proof. The proof easily follows by checking the Kodaira type of the singular fibers
at d(u, v) = 0 and v = 0. �

Applying the Nikulin involution in Proposition 3.4, we obtain the fiber configu-
ration in Figure 4b with

D̃14 = ⟨b5,R1, b4, b3, b2, L1, a9, . . . , a3, L2;a2⟩ .(3.42)

The smooth fiber class is given by

(3.43) F(b)
max = R1 +L2 + 2L1 + a2 + 2a3 + ⋅ ⋅ ⋅ + 2a9 + 2b2 + 2b3 + 2b4 + b5 ,

and the class of the section is a1. Using the polarizing divisor H in Equation (3.4),
one checks that the elliptic fibration is also induced by intersecting the quartic
surface Q(α,β, γ, δ, ε, ζ) with a special pencil of cubic surfaces containing the curves
L2, L3, R2, denoted by T (u, v) = 0 with [u ∶ v] ∈ P1. This pencil of cubic surfaces
is

(3.44) T (u, v) = C3(u, v)Z − γδεζ(C2(u, v)Z −L3(u, v)W2) .
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