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ABSTRACT. We derive closed formula for the heat kernel Kp j associated to
the Maass-Laplacian operator Dj for any real weight £ and prove that the
heat kernel Ky is strictly monotone decreasing function of the hyperbolic
distance. We derive small time and large time asymptotic formulae for the
heat kernel Ky ; and describe its behavior as a function of the real weight k.
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1. INTRODUCTION

Let ' € PSL (2,R) be a discontinuous subgroup of the group of all real Mobius
transformations acting on the upper half-plane H, and by I' denote the group
covering I' under the projection SL (2,R) — PSL (2,R). We assume that —I € I,
where I denotes the identity element.

We assume that the fundamental domain of I' has finite hyperbolic area, in which
case the Riemann surface Xr identified with H/T" has a finite volume.
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The spectral theory of the Laplace operator and Laplace-like operators (Maass
Laplacians) on Riemann surfaces is an important object of study with vast ap-
plications in theory of automorphic forms, string theory, scattering theory and
differential geometry, to name a few.

The study of the determinant of the Laplacian acting on the space of twice
continuously differentiable complex functions on a Riemann surface (actually, the
study of its self-adjoint extension) is crucial in the Polyakov’s string theory [19].
Spectral theory of the hyperbolic Laplacian

02 0?
DQ = —y2 (8.%2 + 8y2>

and the related Selberg zeta function is a crucial ingredient in the construction of
the determinant of the Lax-Phillips scattering operator, introduced in [17] (see [9]
and the references therein).

The analytic and Reidemeister torsion on Riemannian manifolds is related to
the spectral theory of the associated Laplacian, see [20], so the spectral theory of
the Laplacian can be viewed as a tool to deduce geometric invariants.

When the manifold is compact, the study of the determinant of the Laplacian and
the study of the analytic torsion and related invariants from the abovementioned
references rely on the study of the spectral zeta function, defined as the Mellin
transform of the corresponding heat kernel.

More recently, the fact that for any integral or half-integral k, the kernel of the
operator Dy — k(1 — k) is isomorphic to the space of weight 2k cusp forms for T’
(when both spaces are viewed as C—vector spaces) was used in [7] and [8] to deduce
effective sup-norm bounds on average for such cusp forms. Here D, denotes the
weighted Maass-Laplacian, defined by

2 2
(1.1) Dy == —y? (;IQ + 52,2) + 2iky%.
The asymptotic behavior of the heat kernel of the Maass-Laplacian Dy, on the upper
half-plane, evaluated for k € %Z in a closed form by [18] played a crucial role in the
results of [7] and [8].

The operator Dy, acts on twice continuously differentiable functions f : H — C
satisfying transformation behavior (2.1) with respect to a certain multiplier system
of weight k. Multiplier systems and weighted Maass-Laplacians can be defined
for arbitrary real weights, not just for integral and half-integral weights, see the
construction on pp. 335-337 of [12]. Moreover, there are examples of important
multiplier systems with weight k ¢ %Z, constructed from generalized Dedekind
sums associated to Fuchsian groups (see e.g. [2, 14, 3]). Therefore, it is of interest
to deduce a closed formula for the heat kernel associated to the weighted Maass-
Laplacian Dy, on H for any real k& and establish its asymptotic behavior.

In this paper we derive a closed formula for the heat kernel associated to Dy, for
an arbitrary weight k # 0 (the case when k = 0 is well-known) and prove that it is
strictly monotone decreasing when viewed as a function of the hyperbolic distance
between the points in H. We further investigate asymptotic behavior of the heat
kernel as ¢t | 0 and ¢ — oo. We prove that the heat kernel decays exponentially
as t | 0 and that the rescaled kernel is integrable in ¢ on [1,00). This result
is important in various applications, e.g. one may use results of [13] and obtain
a closed formula for a branched meromorphic continuation of the Poisson kernel
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associated to Dg. Also, one may follow the pattern described in [16] to deduce
meromorphic continuation of the spectral zeta function. We also investigate the
behavior of the heat kernel as a function of a real weight k£ and prove that the heat
kernel viewed as a function of £ is strictly monotone decreasing when k£ < 0 and
strictly monotone increasing when &k > 0.

Since the heat kernel is a fundamental object in various mathematical disciplines,
we are certain that a closed formula derived in this paper for all real weights k,
together with description of its behavior as a function of the hyperbolic distance,
as a function of time ¢, and as a function of the real weight k will have many
applications.

2. PRELIMINARIES

Let H = {z2| 2 = « + iy,y > 0} be the upper half-plane with Poincare metric

dz = 192l and areal measure du(z) = dzﬁy expressed in the rectangular coordinates.

By r(z,w) we denote the hyperbolic distance between points z,w € H.

For U = < LCLU ZU ) € SL(2,R) and z € H let j(U, z) := cyz + dy. Then, for
U au

any two matrices U, T € SL(2,R), there exist a unique number w(U,T) € {—1,0, 1},

the phase factor such that

2w (U, T) = —log j(UT, z) + log j(U,Tz) + log (T, z),
where logarithmic function on the right hand side is the principal branch normalized
so that the argument takes values in (—, 7], see e.g. [14, Section 2.2].
A (scalar-valued) multiplier system vy of a real weight k on I’ is a function
vg : I' — S1, where S is a unit circle in C with the properties:
i) vg(—I) = exp(—2mik),
ii) v (UT) = o9 (U, T)vp(U)vi(T), for U, T €T,
where 09, (U, T) := exp(dmikw(U,T)) is the factor system of weight 2k, see [6,
Definition 1.3.1].
We denote by §j the space of all functions f : H — C, which transform as

cz+d\"
2.1 =
(2.) rw=nw) (E59) 1.
for all U = ( CCL 2 e I, where v, is the multiplier system of weight k on T

We denote by £ the Hilbert space of all functions f € F, that are square-
integrable on the fundamental domain of I', with respect to the hyperbolic measure
du(z).

The weighted Maass-Laplacian Dy, defined by (1.1) preserves the transformation
behavior (2.1) for all twice continuously differentiable functions from §; and acts
on a dense subspace of ;. It is proved in [21] that Dy extends to a self-adjoint
operator on .

Let us note here that weighted Maass-Laplacian Dy, is a specialization of the
operator

0? 02 0 0
Bos =1 (50 + 3 ) + (0= Bhivge — (a+ By
at a + 8 =0, first studied by Maass in [15].
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The heat kernel of the Maass-Laplacian Dy, on the upper half-plane, denoted by
Ky . (t; 2, w), where t > 0 is real and z,w € H is a unique fundamental solution to
the differential operator Dy, + 0y, satisfying a Dirac condition as ¢ | 0:

f(z) =1lim Ky i, (t; 2, w)dp(w),
0 Jm
for any bounded and continuous function f on H, where the convergence is uniform
on compact subsets of H (see [13]).

3. CLOSED FORMULA FOR THE HEAT KERNEL ASSOCIATED TO
MAASS-LAPLACIAN OPERATOR Dy,

In his seminal paper [5], Fay initiated the study of the heat kernel of Dy on
H, however, D’Hocker and Phong [4] established that this formula is not com-
pletely correct. In case when k € %Z, the correct expression for the heat kernel
Ky , (t; 2z, w) of the Maass-Laplacian Dy, on the upper half-plane was deduced by
Oshima in [18].

It is well known fact that the heat kernel is a radial function, i.e. it depends only
upon the hyperbolic distance r = r(z, w) between points z and w in H. Therefore, to
ease the notation, we will denote the heat kernel Ky j (¢; 2, w) simply by K x (¢, 7).

In this section we extend Oshima’s result to all real values of k and prove the
following theorem.

Theorem 3.1. The heat kernel for the Maass-Laplacian Dy, for every k € R, is
given by

t o0 u?
e 1 ue~ at cosh ¥
3.1 Ky, (t,r) = P 2 ) du,
(3:1) e (&7) (471-75)% / V2coshu — 2coshr  2F (COSh g)

where

Tk (z) = (x+\/ﬁ>2k+ (:c— a:2—1>2k.

Proof. Our starting point is [18, formula (2.14)]

(3.2) g(r) = f% / h(s) <5 — ;) Qs (coshr)ds,
Res=a>|k|
where h(s) is a test function satisfying certain conditions and
+oo
Qs.k (coshr) = —% / e (s=3)u

r

I (u,m)

du
V2 coshu — 2coshr

is given by [5, formula (21)] with n = 0. Here

Iy (u,r) = (coshr — 1)7k . [e%@ (\/isinhg — Vcoshu — cosh r)

2k

(3.3) w 2k
+ ¢ 2k© (\/isinh 5 + v coshu — cosh r) } ,
where O satisfies the relation

(3.4) e© sinhr = e — coshr 4 e%v/2coshu — 2coshr,

see [5, p. 157].

Albanian J. Math. 14 (2020), no. 1, 25-35


http://albanian-j-math.com/vol-14.html

SABANAC, SCETA 29

Formula (3.2) is derived from the spectral decomposition theorem ([5, Theorem
1.5]) and holds true for any k € R. It is known that the heat kernel Ky (¢,7) is
deduced by taking h (s) = e**~D* in (3.2) and integrating along the vertical line
Res = a, for any « > |k|. Therefore, application of Fubini-Tonelli theorem in (3.2)
yields

—+oo

(3.5) Kip (t,7) = ﬁ / H(u,?)

T

I (u, )
V2 coshu — 2coshr

where
1
H(u,t) = / e (5=t (s=3)u (s — 2) ds,
Res=a>|k|

is actually independent of k. Moving the line of integration in the above integral to
the line Res = 1/2, which is justified due to holomorphicity of the function under
the integral sign and setting s = 1/2 + iy we get

—+oo
H(u,t) = e / efty27iuyydy-

— 00

Applying [10, formula 3.462.6.] with p =¢ > 0 and ¢ = —iu/2 we deduce that

Inserting this into (3.5) we get

_t 00 _u?
e 1 ue™ I (u, 1) i
u.

3.6 K (t,1) =
(36) a (67) (47rt)% » V/2coshu —2coshr

To complete the proof of the theorem it remains to prove that Iy (u,r) = Tak (COSh 2 ) .

cosh &
Using (3.3), (3.4) and formula sinh? 7 = (coshr — 1) (coshr 4 1) we get

(3.7)
1

(coshr —1)** (coshr + 1)*
w 2k
[(e“ — coshr + e2v/2coshu — 2 cosh 7") (\/isinh g — +/coshu — cosh r)

Iy (u,r) =

2k

2k

u 2k u
+ (e“ —coshr —e2v/2coshu — 2coshr) (\@sinh 5 + vcoshu — coshr) } .

Elementary transformations based on the properties of functions sinh and cosh yield
that the first summand in the square bracket (3.7) is
(3.8)

2k
[(e“ —coshr + e2v/2coshu — 2coshr) . (\/isinh g —V/coshu — coshr)}
2k
= (coshr — 1)** (\@coshg + Vcoshu — cosh r) .
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Analogously, the second summand in the square bracket of (3.7) is
(3.9

u E . u 2k
[(e —coshr —e2 \/2coshu—2coshr) . (\/ismhi +\/coshu—coshr)}

2%k
= (coshr — 1)*" (\@cosh% — Vcoshu — coshr) .

Inserting (3.8) and (3.9) into (3.7), we get
1

2k
I (u,r) = ———— - {(ﬂcosh Y 4 Veoshu — coshr)
(coshr +1) 2

2%k
+ (\@coshg —+v/coshu — coshr) ] .

Using that coshr 41 = 2 cosh2(r /2) we easily deduce the equality

hi
Ik (u,r) :7—2k; (COS 3) .

cosh 5

The proof is complete. O

Remark 1. When k € 17, the function T3;(z) equals twice, the 2kth Chebyshev
polynomial hence our result indeed generalizes the main result of [18].

Remark 2. The similar formula was derived by Alili, Matsumoto and Shiraishi [1]
by considering Schrodinger operator with constant magnetic field and using Gruet’s
[11] calculation for Laplacian heat kernel.

4. PROPERTIES OF THE HEAT KERNEL

In this section we investigate properties of the heat kernel as a function of the
hyperbolic distance 7, as a function of the time ¢ > 0 and as a function of the weight

k.

4.1. Behavior of Ky (t,7) as a function of r. Monotonicity of the heat kernel
for the Maass-Laplacian, as a function of the hyperbolic distance r is proven by
Friedman at al. in [7, Proposition 3.2], assuming that k € £Z. The following
proposition generalizes that result to the case of all real weights k.

Proposition 4.1. For anyt > 0, the heat kernel Ky, (t,7) on H associated to Dy,
k € R, is strictly monotone decreasing as a function of r > 0.

Proof. The proof follows the lines of the proof of [7, Proposition 3.2], so we will
focus on parts that use the function 73 instead of the Chebyshev polynomial Th.
We start with by writing the heat kernel Ky  (¢,7) as

t
—a > sinh u

e
V2 (47775)% r Vcoshu — coshr

2
ue i cosh %
Fk(t,?”,u): . Bk( 3)

sinh u cosh 5

Ku (t,r) = Fy (t,r,u) du,

where

Integration by parts yields:

54
Ky (t,7) \([e :/ —Fk (t,r,u) vcoshu — cosh rdu.
4rt)2 Jr
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In order to prove monotonicity of Kk (t,7) we need to prove that & Ky (t,7) < 0
for all » > 0. Proceeding analogously as in [7], we get:

t

0 e 1 o0 0 0
—Knypt,r)=—— / (sinh u—Fy, (t,r,u) + sinhr—Fj, (¢, 7, u))
(41) or V2 (4rt)2 Jr ar du

du
Vcoshu — coshr

Therefore, to prove the proposition it suffices to prove the inequality

0
(4.2) sinh ung (t,r,u) + sinhraqu (t,r,u) <0, forallr>0.
It is trivial to deduce that
(4.3)

0 0 1 sh
sinhuaFk (t,r,u) + sinhr%Fk (t,r,u) = sinhr ( _u  cos u) Fy (tru)

where

(4.4) 7'2’k(:r):%((m-k\/m?—l)?k_(w_ $2_1)2k>

_ cosh &
and z = z.
For u > 0 it holds tanh u < u, hence zfj}}::: = cothu > % Therefore,
1 u  coshu < U <0
w 2t sinhu — 2t '
It is easy to check that 73, (z) > 0 for all z = Zzz?é > 1, where T3, () denotes the

derivative with respect to x. Namely, when k£ > 0 both factors on the right-hand
side of (4.4) are positive, while, for k& < 0 both factors are negative.

Trivially, cosh? 5 — cosh? 5 < 0 for u > r > 0, since cosh? z is increasing function
for z > 0. This proves that each term in the sum on the right-hand side of (4.3) is
negative, hence (4.2) holds true.

The proof is complete. U

4.2. Behavior of Ky, (t,7) as a function of {. The small-time and large-time as-
ymptotic behavior of the heat kernel is essential for its applications in physics, since
the meromorphic continuation of the spectral zeta function associated to eigenval-
ues of the Maass-Laplacian relies on this information, see e.g. [16].

The following proposition describes the asymptotic behavior of Ky j (t,7) ast | 0
and t — oo.

Proposition 4.2. The heat kernel Ky, (t,r) on H associated to Dy, k € R, for
all v > 0 satisfies the following two relations:

2
(4.5) Ky (t,r)=0 (t_%e_ﬂ> , astl]O,
where the implied constant is independent of t, and

(4.6) Kuy (t,7) =0 (e*it*%) , ast— oo,
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where the implied constant is independent of t.

Proof. We start by writing the heat kernel as

2

t T oo uzf'rQ
e 1e W ue~ "~ 4 cosh 2
Ky (t,r) = - T 2 ) du.
e (67) (47rt)% J V2coshu — 2coshr (coshg

The integral on the right-hand side of the above inequality can be written as the
sum of two integrals Ji (¢,7), where the integration is along the interval (r,r + 1),
and J2(t,r), where the integration is taken along the interval (r + 1, 00). First, we
will show that the integral Ji (¢, ) is finite and bounded by a constant independent

u w22
of t. Namely, after substitution z = Z‘;Zﬁg, applying the inequality e 7 = < 1,
2
we get
a
arcosh(z cosh 1) dx
Jl(t,'f‘) S /m2—127d2k(m)

2 2r _
! 1/ x? cosh 5—1

where a = cosh (r%l) cosh™! % Since x > 1 it obviously holds

arcosh(z cosh %)

1 a
Jl(t,T’)S / 2
,/2((;os,h2%71)1 ve—1

Taking into account that %\/MT%(%) =0 ((x — 1)71/2) as z N\, 1 and

(x — 1)71/2 is integrable on (1,a), we see that the integral on the right hand-side
is finite. Hence, we have proved that Ji(¢,r) is bounded.

Next, we estimate Jo(¢,7). When u > 7 + 1, there exists an absolute constant C,
depending upon 7, such that (coshu—coshr)~1/2 < Ce™%/2. Since Tox () increases
for > 1, from cosh(r/2) > 1, we immediately deduce that

h
Ton (coS 2) < ok (cosh g) < 2kl +2 lklu

Tor(x)dx.

cosh 5
Therefore,
(oo}
w2 —r2 1
(47) Jg(t,’r')<< /ue_ 1t e(lkl_é)udu7
r+1

where the implied constant is independent of t. When |k| — 1/2 < 0, the above
integral is obviously bounded by a constant which is independent of ¢, so it is left
to estimate it in the case |k| —1/2 > 0.
Until this point, we did not use any restrictions on t. Now, we will distinguish the
cases t | 0 and t — oo.

First, assume that ¢ | 0, then, we may assume 0 < t < (4(|k| —1/2) +4)",

hence
oo

Jo(t,r) < / we~ (W= (IF=3) (" +5—(u=3)") gy,
r+1
where the implied constant is independent of t. The integral on the right-hand side
is obviously finite. Therefore, for 0 < ¢ < (4(|k| — 1/2) +4) ™" it yields that Ja (¢, 7),
and, hence, Jp(t,7) + J2(t,r) is bounded uniformly in ¢, which proves (4.5).
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Next, we assume that ¢ is large. Since the function under the integral sign on
the right hand-side of (4.7) is non-negative, for ¢t > 1 we have
o0
r2 u? 1
Jo(t,r) < e /UG7H+(‘k‘7f)“du.
0

The above integral can be explicitly computed as a function of ¢, |k| and r using
[10, formula 3.462.1.] with 8 =1/(4¢) >0, v = —(|k| — 1/2) and v =2 > 0 to get

(4.8) To(t,r) < efates(M-3)"p_, (—\/ﬂ <k| - ;)) ,

where D_,(z) denotes the parabolic cylinder function (see, e.g. [10, p. 1037] for
a definition). Using the asymptotic expansion of the parabolic cylinder function
D_o(—V2t(|k| — 1/2)), with |z| = v2t(]k| — 1/2) large ([10, formula 9.246.1.]), we
deduce that

1 1 : 1
D,Q —\/2>t |]€‘ — = = 76_%(“‘7‘_5)2 (1 + O(t_l)) .
2 2t (|k| — 1)
(1= 3)
Inserting this into (4.8), we immediately deduce that for large enough ¢ the integral

2
Ja(t,r) is bounded by a product of e and a function which is uniformly bounded
in ¢t. Since

_t
e 4

K (hr) = (4rt)

(J1(t,r) + Jo(t,7)),

[N

this proves (4.6).
The proof is complete. O

Remark 3. The asymptotic behavior (4.5) and (4.6) is important for various ap-
plications of the heat kernel. Namely, the upper half-plane is the universal cover for
the Riemann surface H/T', where I is a co-finite Fuchsian group of the first kind.

For example, (4.5) and (4.6) plus an additional consideration related to the small
t asymptotics suffices to apply e.g. [13, Theorem 5.1] to Ky (¢,7).

In the case when the surface is compact and the multiplier system is well chosen
(see e.g. [12, discussion on pp. 335-337]), the spectral expansion of the heat kernel,
together with (4.5) and (4.6) are sufficient to deduce the meromorphic continuation
of the spectral zeta function, following the approach described in [22].

We leave those applications to a subsequent paper.

4.3. Behavior of Ky (¢,7) as a function of k. Finally, Theorem 3.1 allows us
to investigate monotonicity of the heat kernel for the Maass-Laplacian as a function
of the weight k.

Proposition 4.3. For anyt > 0 andr > 0, the heat kernel Ky 1, (t,7), as a function
of k, is strictly monotone decreasing for k < 0 and strictly monotone increasing for
k> 0.

Proof. First let us show that Ky (¢,7) is differentiable as a function of a real
parameter k. The function under the integral sign in (3.1) is differentiable as a
function of k and its derivative with respect to k equals

2ue tog (i + /o7 1) {(H\/ﬁ)%— (x—M)zk],

V2 coshu — 2coshr
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cosh &
cosh 5 *
prove that, uniformly in k, for k£ in some interval, say k € (—M, M), M > 0, this
function is bounded by an integrable function on (r, o).

First, it is obvious that, for a fixed (large) R > 0, the function

w2
ue” i d cosh %
A 2)) (),
V2coshu —2coshr dk < 2k<coshg X(r,R) (1)
where X, r)(u) denotes the characteristic function of the interval (r, R), is bounded

by an integrable function, uniformly in & € (—M, M). For large enough R, for all
u > R and k € (—M, M) one has

d cosh 5 1
_ 2 )|« (M+3)u
‘dk;T% <coshr>‘_Au6 ’

2
where A is a positive constant independent of k. The last inequality yields that

where z = Therefore, to prove differentiability of Ku (t,7) it is left to

2
we~ i d cosh ¥ _u? (ML)
|\/2 coshu — 2coshr dk 2k (Coshz) X[R,oo)(u) < Aue™ # ( :) :

By [10, formula 3.462.1.] with =1/(4t) >0, vy=—-(M +1/2) and v =2>0

we see that the function we™ 4t+(M+ Ju s integrable on (0,00) and hence, by

positivity, it is integrable on [R,00). Therefore, we can conclude that for k €
(=M, M), M > 0, the derivative

e[V )]

V2 coshu — 2coshr

is bounded by an integrable function on (r,c0), uniformly in k € (—M, M). Since
M > 0 is arbitrary, by the theorem on differentiation under the integral sign it
follows that K (¢,7) is a differentiable as a function of a real parameter k and

d K x (1, / = d (T (COSh 5 )) p
T ’I“ —_— U.
k- & v2coshu — 2coshr “dk \"?* \ cosh 5

By writing 73x () = 2cosh (2klog (x + V22 — 1)), one immediately gets d%Tgk (x) <
0 for all k < 0 and T (z) > 0 for all k > 0 . Namely,

%%k (z) = 4log (1: + \/ﬁ) sinh (2klog (a: + \/;1327—1»

cosh &

b 2 > 1 and the function sinh is an odd

function Therefore, we conclude that for arbitrary, but fixed ¢ > 0 and r > 0 we
have KHk(tr)<0f0rk<0and JrKw g (t,r) >0 for k> 0.
The proof is complete. ([

which is of the same sign as k since x =
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