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ABSTRACT. In this present work, we give an characterization of quasi-symmetric Laguerre-
Hahn orthogonal polynomial sequences of class one through the study of the differential
functional equation fulfilled by its corresponding regular linear form.

1. INTRODUCTION

The study of the Laguerre-Hahn polynomial sequences is one of the interesting popular
problems in the area of orthogonal polynomials. Since the system corresponding to the
problem of determining all the Laguerre-Hahn linear forms of class s > 1 becomes non-
linear, the problem was only solved when s = 1 and for the symmetric case [3]. Thus,
several authors use different processes in order to obtain Laguerre-Hahn linear forms of
class s > 1. For instance, we can mention the adjunction of either a Dirac mass or its
derivative to Laguerre-Hahn linear forms [2], [9], [10], the product and the division of a
linear form by a polynomial [8], [15]. So, some examples of Laguerre-Hahn linear forms
are given in terms of classical ones. But, they are just few examples. The aim of this work
is to study a family of quasi-symmetric Laguerre-Hahn orthogonal polynomial sequences
{Wh}n>0 of class s,, = 1 verifying the following three-term recurrence relation:

Wita(z) = (z — (=1)" ") Wpi(2) = 1 Wa(z), n>0,
Wi(z)=2-1, Wo(z) =1,

through the study of the Pearson differential functional equation satisfied by its correspond-
ing regular linear form w and using the framework of the quadratic decomposition.

In section 2, the preliminaries results as well as the notations in use throughout the text
are given. One of the properties of the linear form w indicates that there is a relation-
ship between w and a symmetric regular linear form 1J. In section 3, we deal with the
Laguerre-Hahn character of the symmetric linear form 1J, which allows us to characterize
the structure of the polynomial elements of the differential functional equation satisfied
by the linear form w. As an exploitation of these results, we treat in detail all Laguerre-
Hahn polynomial sequences of class s,, = 1 satisfying (1). The obtained linear forms are
in connection of modified linear forms of the Laguerre-Hahn linear forms of class zero
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analogous to the classical Jacobi’s one. The regularity conditions and the recurrence coef-
ficients v,,+1, n > 0 are given.

2. PRELIMINARIES

Let P be the vector space of polynomials with complex coefficients and let P’ be its
dual. The elements of P’ will be called either linear form or linear functional. We denote
by (v, f) the action of v € P’ on f € P. Forn > 0, (v), = (v, z™) are the moments of v.
In particular a linear form is called symmetric if all of its moments of odd order are zero
[7].

We define in the space P’ the derivative v of the form v by (v/, f) := — (v, f'), the
left multiplication by a polynomial hv by (hv, f) := (v, hf), the shifted form h,v, 75v by
(hav, ) == (v, ha f) = (v, f(ax)), (1o, f) := (v, 7_p f) = (v, f(x + b)), the Dirac form
at origin dg by (dg, f) := f(0) and the inverse multiplication by a polynomial of degree
one (z — ¢)~1v, through

((x =)o, f) := (v,0cf) with (6.f)(z) =

We also denote (f(£))(z) = f(x) for the dummy variable &.
It is straightforward to prove that for v € P’ and f € P, we have [13]

flx) = f(e)

r—cC

, feP.

7 av) = v — (v)odo ,

) B
z(xTv)=wv,
(3) fa™l) =27 (fv) + (v, 00 f)do -
We also define the right-multiplication of a form v by a polynomial i with
[, =h(z) = En(E)

Next, it is possible to define the product of two forms through
(uwv, f) == (u,vf), w,veP, feP.
For f € P and v € P’ we have the following result [ 1]

) Fv? = (fv)” + 22f (2) (w00 f) ()0 .
Let us define the operator o : P — P by (o f)(z) := f(2?) forall f € P. By transposi-
tion we define ov from the following:

(o0, f) = (v, 0 f).

Thus we have the well-known formulas [2], [5], [12],

ov = 2(0(951))) )

ov? = (ov)?* + 27! (O’({L‘U))2 ,

(6)

o(z7?) = 227 (ov)o(zv) .

Let us recall that a form w is said to be regular (quasi-definite) if there exists a sequence
{W., }n>0 of polynomials with deg W,, = n, n > 0, such that

(w, W W) =7m00nm , ™ #0, n>0.
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We can always assume that each W, is monic, i.e. W, (z) = 2"+ lower degree terms.
Then the sequence {W,, },,>0 is said to be orthogonal with respect to w (monic orthogonal
polynomial sequence (MOPS) in short). It is a very well-known fact that the sequence
{W, }n>o satisfies a three-term recurrence relation (see, for instance, the monograph by
Chihara [7]

Wi (z) = (2 = Bt 1) Wai1 (@) = Vi Wa(z) , n =0,

(7) Wl(l‘):x*ﬁo, Wo(l'):l

with (8n,7m+1) € C x C\{0}, n > 0. By convention we set 79 = (w)o. The form
w is said to be normalized if (w)o = 1. In this paper, we suppose that any form will be
normalized.

Here, we will be considering a MOPS {W,, },,>o with respect to the form w satisfying
a three-term recurrence relation (7) with

3 Bn=(-1D",n>0.
In this case, we have:

Lemma 1. [6], [12] Let {W,,},,>0 be a MOPS with respect to the form w. The following
statements are equivalents:

(a) {Wy, }n>o satisfies (7)-(8).
(b) (W)2n+1 = (W)2n, n >0,
(c) The sequence {W,,},,>0 has the following quadratic decomposition

Won(z) = Pn(a:z) , Waopgi(z) = (x — I)Rn(xQ) ,n>0,

where the sequences { P, }n>0 and { R, },>0 are respectively orthogonal with respect to
u = o(w) andv = v; *(x—1)o(w). Moreover, their recurrence elements are respectively,
given by (for alln > 0)

5(1)3171+17 66?:714»’724»17
(9) 57};+1 = Y2n+2 + Y2n+3 +1 5 ﬂ§+1 = Y2n+3 + Yon+4 +1 5
%ILJH = V2n+172n+2 %ﬁl = Y2n+272n+3 -

For more details about the quadratic decomposition of MOPS, see [12]. According to
the statement (b) of Lemma 1, the form (z — 1)w is antisymmetric, that is to say ((z —
1w)a, = 0, n > 0. Equivalently,

(10) o(zw) = o(w) .

Let now A be a non-zero complex number and ¥} be the linear form such that
(11) Azt = (z — Dw .

Equivalently, from (2)

(12) 9= l(w—x_lw)—i-(l—%)éo.

Applying the operator o in (11) and taking into account of (10), we get o(x}) = 0. Hence

9 is a symmetric form. Then, ¢ is regular if and only if (%) and zo () are regular [12].
Now, multiplying (11) by = and applying the operator o, we get Azo () = yyv. That is
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Azo (1) is regular since A # 0 and y;v = (¢ — 1)o(w) is regular, see [12]. So, according
to [14], the form ) is regular if and only if A # A, where A\, , n > 0 is defined by
R, (0)
>\n = -y — ) >0 B
71 N 0) n =z
with [8]

Rypt1(z) — Rnta1(y)
T —y
Proposition 1. [17] There exists a non-zero constant \ such that the form ¢ given by (11)

is regular.

RY(@) = (v, ) n=0, R @) =0.

Now, let us recall some features about the Laguerre-Hahn character [2], [ 1, [4].

Definition 1. A linear form w is said to be Laguerre-Hahn when it is regular and there exist
three polynomials ®, a monic polynomial, ¥ and B, deg(®) =t > 0, deg(¥) =p > 1,
deg(B) = r > 0, such that

(13) (<I>w)/+\llw+B(x_1w2) =0.
The corresponding MOPS {W,, },,>¢ is said to be Laguerre-Hahn.
Remark 1. When B = 0, the form w is semiclassical.

Proposition 2. The Laguerre-Hahn linear form w satisfying (13) is said to be of class
Sw = max(t — 2,r — 2,p — 1) if and only if the following condition is satisfied

a4 T (190 + w(e)| + |B)] + l(w, 620 + 0,9 + whod. B)|) #0,
cEZp

where Zg is the set of zeros of P.

The Laguerre-Hahn character of a linear form is kept by shifting. Indeed, the shifted
form @ = (hy-1 07_p)w, a # 0, b € Cis also Laguerre-Hahn having the same class as
that w and fulfilling the equation

where
d(z) =a"'®(ax +b) , ¥(z) = a'"'W(ax +b), B(z) = a 'Blax +b) .

The sequence {W,, }n>0, where W, (z) = a="W,(az + b), n > 0 is orthogonal with
respect to w. The recurrence coefficients are given by

3 Bn—b ~ Tn+1
Bn == y Yn+l = n;r s
a a

n>0.

The next result [3] characterizes the elements of the functional equation satisfied by any
symmetric Laguerre-Hahn linear form.

Proposition 3. Let w be a symmetric Laguerre-Hahn linear form of class s,, satisfying
(13). The following statements hold.
(i) When s, is odd then ® and B are odd and V is even.

(ii) When s, is even then ® and B are even and WV is odd.
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3. MAIN CHARACTERIZATION PROPERTIES

Let w be a Laguerre-Hahn linear form of class s,, = 1 satisfying (13) which its corre-
sponding MOPS {W,, },,>¢ fulfills (8).

Our aim is to characterize the structure of the polynomial elements of the functional
equation (13) satisfied by the linear form w. This is possible through the study of the
Laguerre-Hahn character of the form .

3.1. Class and functional equation of the form . The form ¢ define by (13) when it
is regular, is also Laguerre-Hahn of class sy such that sy < s,, + 2 and satisfying the
functional equation [16]

(15) (BY) + FO+ Gz 9% =0,

with

E(x)=z(x—1)®(z), G(z)= X ?B(z),

F(z) = x((:c —1)W(z) +2(1 — \)B(z) — 2@(1;)) .

Denoting by A_; and A_» the solutions of the equation

B(O)A? + (@ + ¥ — 2B)(0)A + B(0) — @ (0) — ¥(0) — (w, 62® + 6o + wh2B) = 0

2 2
if B(0)#0and A\_y = A_o = <”"’g§(+0‘;ff’;(g“)"03> + 1 otherwise.

(16)

Theorem 1. Let A be a complex number such that X # \,, n > —2. Then, the linear
Sform ¥ is Laguerre-Hahn of class sy satisfying

(BY) + F9+Gz~'9%) =0.
Moreover,
(a) I (B(1), B(1)) # (0,0), then
E(x)=E(x), F(z)=F(), G(z)=G(x),
and sy = 3.
(b) If (B(1), B(1)) = (0,0) and (¥(1), B'(1)) # (0,0), then
E(z) = 2®(z), G(z)=\z%(61B)(x),
F(z) = o( +2(1 = 2)(0:B) - (0:®) ) ()
and sy = 2.
(¢) If (®(1), B(1)) = (0,0) and (¥(1), B (1)) = (0,0), then
E(x) = 2(6:®)(x) , G(x) = Xa?(67B)(2)
(2) = o((0:9) +2(1 = N) (62 B) ) =) ,
and sy = 1.
For the proof, we need the following lemma.
Lemma 2. (i) For all root c of ®, we have
(9,02E + 6.F + 9600.G) = 1 (c — 1)*(w, 02® + 6, ¥ + wby0,.B)
(”) H1= D (=@ +W)(0) + (1 NB(E)

/

(18) E(¢c)+F(c)=clc—1)(® +¥)(c), G(c)=A32B(c).
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(ii) For any \ # X\,,, n > —2, the class of the linear form 9 depends only the zero x = 1.

Proof. (i) Let c be a root of ®. Then we can write
(19) E@x)=z(xz—1)(z—c)P(z), P (z)=(0.P)(x).

Using the definition of the operator 6., it is easy to prove that, for f , g € P, we have

20) (4:(19) @) = (6.5 @)g(2) + £(c) (beg) )
So, from (12) and (19), we have

(0,02) = (w0 (€6~ 1)@ ) (1)) — w6 (€~ 1)@ ) @)+ (1= e (e)
Taking f(x) = z(x — 1) and g(x) = ®.(x) in (20), we obtain

(1.0 (£(6 ~ 1)2.) (@) = {w. (& + ¢~ ) (2)) + el — 1) w,028)
Replacing f(z) =  — 1 and g(z) = ®.(x) in (20), we deduce

(w, 6. (€ = @) (@)) = (w, D) + (¢ = 1)(w, 620)
Therefore,

1
Sle=1)%(w,020) +

/

Q1) (9,62E) w,(m+c—2)¢c(x)>+(1—%)(c—l)@ (0) .

1
3¢
Proceeding as in (21), we can easily prove that

(9,0.F) = (e — 12w, 0.9) + L {w, (x 4+ — 2)T) +2(% —
(22) +2(5 = D(c = 1)(w, 0:.B) — 3 (w, (x — 1)®,)

+(1 = )((e=D¥(e) +2(1 - NB()) -
On the other hand, from (12), we obtain
(92,000.G) = 3z (w? + 27 2w? — 257 w?, 0p0.G) + 2 (1 — ) (w — 7 w, 040,.G)
+ (1= 3)?B(c).

By applying the same process as we did to obtain (21), we get after some straightforward
calculations

(02,000.G) = L(c — 12(w?,000.B) + L (w?, 0 ((€ + ¢ — 2)B))
(e 1)(1— ){w,0B) 1201~ L)(w, B) + A1~ 1)?B(e)
Adding (21), (22) and (23), we obtain
(0,02 + 0.F + 19009 Q) = 3(e— 1w, 02@ + 0.9 + whob.B)
<(<I>w) Vw + Bz tw?),z + ¢ — 2)
+1=H((e= 1@ +w)(e) + (1= NB()) .
This yields (17), since ((Pw) + $w + B(z~w?),z + ¢ — 2) = 0, from (13). Next, it is

easy to find (18) from (16).
(ii) Let ¢ be a root of E such that ¢ # 1. According to (16) we get ¢c®(c) = 0.

1){w, B)

(23)

Two cases occur to discuss:
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o If ¢ # 0, then ®(c) = 0. We suppose | E' (¢) + F(¢)| + |G(c)| = 0. According to (17)
and (18), we obtain

(9,02F + 0.F + 9000.G) = ~(c — 1)*(w, 02® + 0.V + why.B) # 0,

> =

since |®'(c) + ¥(c)| + |B(c)| = 0.
e If ¢ = 0, then |E' (0) + F(0)| + |G(0)| = ®(0). We suppose that ®(0) = 0.
When |®(0) + ¥(0)| 4 |B(0)| = 0, we get

—_

(9,05F + 0o F + 903G) = 1w, 03® + 0oV + w3 B) # 0,
from (17) and (18).
When |®'(0) + ¥(0)| 4 |B(0)| # 0, the assumption A & {\_1, \_o} gives (9, 03E +
0o F + 903G) # 0. Therefore, equation (15) is not simplified by z — ¢ for ¢ # 1.
O

Proof. (of Theorem 1) We may write E' (1) + F(1) = 2(1 — \)B(1) — ®(1) and G(1) =
AB(1).

(a) If (®(1), B(1)) # (0,0), then |E'(1)+ F(1)|+|G(1)| # 0. Thus, equation (15) cannot
be simplified and so the form + is of class

sy = max (deg(E)—2,deg(F)—1,deg(G)—2) = max ( deg(®),deg(¥)+1,deg(B)) .
Hence, sy = 3.
(b) If (®(1), B(1)) = (0,0), then
|E'(1) + F(1)| +|G(1)| = 0 and (9, 02F + 6, F + 9006, G) = 0,
according to (17) and (18). So, equation (15) can be simplified by the polynomial z — 1
and becomes
(24) (BY) + F9+Gz9*) =0,
where
E(z) =z®(x), G(z)=\e2(6,B)(z),
F(z) =z(V+2(1 = \)(01B) — (6:®)) () -

It is easy to see that (24) is not simplified, since

(25)

~/

(E'(1) + F(1),G(1)) = (¥(1) + 2(1 — \)B (1), AB (1)) # (0,0).
Therefore sy = 2.
(c) If (®(1), B(1)) = (0,0) and (¥ (1), B'(1)) = (0,0), then

~ 7

(E'(1)+ F(1),G(1)) = (¥(1) + 2(1 — \)B (1), AB (1)) = (0,0).

A simple calculation gives (9, 03E + 01 F + 9000, G) = + (w, ¥) + L (w?,6,B) = 0. So,
(24)-(25) is simplified by the polynomial x — 1 and it becomes

(26) (B9) + F9+Gx'9*) =0,

where

27 P?(SC) =2(6:®)(x), Glx) = a*(67B)(x)
F(z) =z((0:1%) +2(1 = N\)(63B)) () .
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If 1 is a root of #;®, then ® (1) + ¥ (1) = B(1) = 0. Assuming that |E' (1) 4+ F'(1)| +
|G(1)] = 0. A simple calculations gives

1
(9,02F 4 6, F + 9006, G) = 3w, 030 + 0, + whyb, B) # 0,

since w is a Laguerre-Hahn and it satisfies (14). Hence, equation (26)-(27) is not simplified
and so sy = 1. O

3.2. Structure of the polynomials ¢, ¥ and B. We can decompose the polynomials ®,
U, B, 0:®, 0,9, 0;B and G%B into their odd and even parts. Set

O(z) = @°(2%) + 2®°(2?) , (619)(z) = ®§(2?) + 2P(2?) ,

U(z) = ¥°(2?) + 29°(2?) , (0:9)(x) = ¥i(2?) + 2¥9(2?)

B(xz) = B(a?) + 2B°(2?) , (01B)(x) = Bf(a?) + 2B} (a?) ,

(01B)(x) = Bs(a?) + xB3(a?) .

Proposition 4. Let w be a Laguerre-Hahn linear form of class s,, = 1 satisfying (13) and

{Wh}tn>o be its corresponding MOPS, such that 3,, = (—1)", n > 0. The following
statements hold:

(a) If (2(1), B(1)) # (0,0), then @¢(z) = ®°(z) = 5 (z¥°(x) — ¥°(z)) and B* = 0.
(b) If (®(1), B(1)) = (0,0) and (¥(1), B'(1)) # (0,0), then ¢ = B = 0 and ¥°(z) =
() If (2(1), B(1)) = (0,0) and (¥(1), B'(1 ) ( 0), then ®¢(x) + ®°(x) = ¥(x) +
2W°(z) = 0and (x + 1)B°(z) + 22B°(x) =
Proof. Writing
(29) E(x) = E°(x) + 2E°(x), F(x) = F(z) + 2F°(z), G(z) = G*(x) + 2G°(z) .
(a) (©(1), B(1)) # (0,0). According to (28), (29) and from the expression of polynomials
E, Fand G given in Theorem 1, we get

E¢(z) = z(®° — ®°)(z), E°(zx)=zd°(z) — ®°(z) ,

Fe(z) = 2(0° — 0° — 28° + 2(1 — \)B°)(z) ,

Fo(z) = 20°(z) + (2(1 — \) B¢ — ¥ — 20°)(z) ,

Ge(x) = \xB¢(z), G°(z) = \zB°(z).

(28)

Then, E¢e=F° =G = 0, from Proposition 3, since sy = 3. This gives (a).

’

(b) (®(1), B(1)) = (0,0) and (¥(1), B (1)) # (0,0). Similar as above,

Ef(x) = 2®°(z), E°(z) = ¢°(a),
Fe(z) = (\1:0 +2(1 = N)BY — ®9)(z) ,
Fo(x) = ¥°(2) + 2(1 = \)Bf () — ®{(z) ,
ée(w) = \zB§(x), G°(z)=\zB(zx).

If sy = 2, then E° = = G° = 0. This leads to result (b).
(© (<I>(1) B(1)) = (0 0) and (¥(1), B'(1)) = (0,0). In this case, we have
Ef(x) = 2®%(z), E°(z) = ¥{(a)
Fe(z) = 2(99 +2(1 = NB3)(z) , F°(x) = ¥i(x) +2(1 - \)Bs(2) ,
)

Ge(x) = \xBS(x), G°(z) = \eBS(x) .
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Since 9 is of odd class, E¢ = F° = G¢ = 0. Therefore ®¢ = BS = 0 and ¥§ = 0.
Moreover we can write ®(z) = (z — 1)(0:®)(z) = (z — 1)®$(2?), B(z) = (z —

1)2(0?B)(z) = (x — 1)?2Bg(2?) and ¥(z) = (z — 1)2¥9(2?). So ®¢(x) = —P¢(x),
(x) = @i(z), B(x) = —2¢B3(x), B°(x) = (z + 1)B3(z), ¥°(z) = z¥{(x),
Pe(x) = —W9(x). This gives the desired result. O

Theorem 2. Let w be a Laguerre-Hahn linear form of class one satisfying (13) and
{Wy >0 be its corresponding MOPS fulfilling (8). The solutions of the functional equa-
tion (13) are given by

30) @@)==x@*-1), V(z)=a?+z+c, Bx)=(x—1)(dz*+f),
with

an la+2d|+|d+ fI#0, Ja+d+2|+|f]+]c—1#0,
la+c+3|+la+d+2]#0, |la+tc+1|+|d+ f|#0.

For the proof, we use the following lemma.

Lemma 3. We have the following formulas:

(w)l =1 )
(w)a = (w)3 =7 +1,
(32) )
(w)a = (w)s =1 +7)"+m72,
(w)s =712 +m1+1)°+ (n +1)* + 117203 + 1),
(w2)1 =2 3
(U}2)2 = 271 + 3 )
(w?)s =4(n +1),
(33)

(w?)s =31 +1)*>+2(1 +1) + 2172,
(w?)s = 6(y1 +1)* + 47172
(wW?)e =2m(v2+71+1)°+ Cn+7)(n + 1> + 27170y + 71 +3) .

Proof. We have (w)a, = (u),, n > 0. Then we can easily prove that (w)2 = A7,

(w)y = (55)2 +~F and (w)g = (55’)3 + (2@%3 + Bf)*yf. Hence, from (9) and the

statement (b) of Lemma 1, we can deduce the desired result (32).

Finally, from (4) we have (w?),, = Z(w)n_k(w)k , n > 0. Thus leads to results (33)
k=0
from (32). ([

Proof. (of Theorem 2) When deg(®) < 2, deg(B) < 3 and deg(¥) < 2, we consider
(a,b,c,d,e, f,g) € C such that ¥(z) = az® + bz + cand B(z) = dx® + ex? + fo + g
with (a, d) # (0, 0). From Proposition 4, we have the following:

(i) If (®(1), B(1)) # (0,0), then ®*(z) = ®°(z) = 3 (2¥°(z) — V*(z)) and B® =
0. So, from (28), ®(z) = (z + 1)®°(x?) and B(z) = xB°(2?). Since ® is a monic
polynomial of degree at most two, then necessarily ®¢(z) = 1. In addition, we have
xW°(x) — U¢(x) = 2. This implies that @ = b and ¢ = —2. Then ®(x) = = + 1,
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B(z) = dz® + fx and ¥(z) = az® + ax — 2 with (a,d) # (0,0). According to equation
(13), we have

34 (Pw)’ + Vw4 Bz 'w?),2") =0, n=0,1,2.
Then, from (30) we deduce
(w,ax?® + ar — 2) + (w?,dz? + f) =0,
(w, az3 + ax? — 3z — 1) + (w?,dx® + fz) =0,
(w,az* + ax® — 42% — 2z) + (w2, dz* + f2?) = 0.

Taking into account the Lemma 3, it is equivalent to

(35) (m+1)@+2d)+at+d+f-2=0,
(36) (m+Da+2d)+f-2=0,
37 m+D((n+Dd+f—2)+(a+2d)y172=0.
Subtracting identities (35) and (36), we obtain

a+d=0,
(33)

dy+1)+f-2=0.
Hence, relation (37) becomes
dy1y2 =0.
Then, from the above relation, (38) and taking into account the regularity of w, we obtain
a = d = 0, that is a contradiction with (a, d) # (0,0).
(ii) If (®(1), B(1)) = (0,0) and (¥(1), B (1)) # (0,0), then ®¢ = 0. So, ®(z) = =,
since ® is monic polynomial and deg(®) < 2. This contradicts ®(1) = 0.

’

(iii) If (®(1), B(1)) = (0,0) and (¥(1), B'(1)) = (0,0), hence

(39 dz)=r—-1, VY(z)=ax(x—1), Bz)=dz(zx—1)>.
Using (34) and (39), we deduce
(a+2d)y1 =0,

(a+2d)(y2+7+ 1)+ (dn —2)11=0.
From the above equation and taking into account the regularity of w, we obtain
(40) a+2d=0, dy—-2=0.
Now, using (13) and (39), we get
alw, 2% — 2°) — 4w, 2* — ) + d(w?, 2% — 22° + 2*) = 0.
Hence, from the above equation and taking into account (40) and Lemma 3, we obtain
7271 = 0. It is a contradiction by virtue of the orthogonality of the sequence {W,, },,>0.

When deg(®) = 3, we obtain from (28) deg(®¢) < 1 and deg(®P°) = 1. According to
Proposition 4, we have the following:

() If (®(1), B(1)) # (0,0), then ®°(z) = ®°(x), V() = 2¥°(x) — 20°(x) and
B¢ = 0. We get ®(x) = (z + 1)®°(2?), ¥(z) = x(x + 1)¥°(2?) — 28¢(2?) and
B(z) = 2B°(x?). Therefore W° is constant polynomial, deg(B°) < 1 and ®° is a monic
polynomial of degree one since deg(¥) < 2, deg(B) < 3 and deg(®) = 3. Hence, if
denoting ®°(x) = = + h, we get

@) @(2)=(x+1)(@2*+h), V(z)=(b-2)2>+bxr—2h, B(x)=dz*+ fr.
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From (34) and (41), we obtain
(w, (b—2)x? +bx — 2h) + (w? da* + f) =0,
(w, (b —2)2® + br? — 2hx) — (w, (x + 1) (2 + h)) + (w? d2® + fz) =0,
42) (w, (b —2)z* + bx — 2hx?) — 2(w, (2® + 2)(z* + h)) + (w?, d2z* + f2?) =0,
what implies
b+2d—2)(1+1)+b+d+f—2n=0,

“43) (b+2d—2)(y1+1)+f—-2r=0,

(44) (b4+3d—4) (11 +1)* 4+ (b+2d—4)y1y2+ (b+2d+2f —4h) (71 +1)+f—2h =0,
Using (43), we get
(45) b+d=0, (d-2)(m+1)+f-2rh=0.

Now, from (13), we get (w, 23V (z) — 322®(x)) + (w?, 2 B(x)) = 0. Taking into account
Lemma 3 and the second identity in (45), we obtain

46)  (b+3d—4)(m +1)* + (b+2d — 4)miye + (2f —4h) (71 +1) = 0.

Then, from (44), (46) and taking into account the first identity in (45), we have
dyi+1)+f—2n=0.

Thus, by virtue of (45), we get

47) v+1=0, f—2h=0.
Hence, from (46), we can deduce
(43) (d=2)y2=0.

Now, from (42), we can write
2(w, W3) = (w, (b— 2)x* + bx® — 2ha?) — 2(w, z(z* + hax + h)) + (w?, dz* + fa?)

since Wa(x) = 2. Thus, from (45), (47), (48) and taking into account Lemma 3, we have
(w,W3) = 0, that is a contradiction of regularity of the form w.
(i) If (®(1), B(1)) = (0,0) and (\Il(l),B,(l)) = (0,0), then ¥¢ = —P°, ¥¢(x) =
—zW°(x) and 22 B°(x) = —(z + 1) B®(z). Therefore
(49) O(z) = (x—1)(z>+h), ¥(z)=ax(z—1), B(z)=dx(z—1)*,
with a # 0 since 1 < deg(¥) < 2. Thus, from (34) and (49), we can deduce
(a+2d)y1 =0, (a+2d—2)(y2+m+1)+dy—2h=0.

By virtue of the above equations and taking into account the regularity of the form w, we
obtain

(50) a+2d=0, 2(y+m+h+1)—dy=0.
Now, using (13) and (49), we get
4w, 23 (x —1)(2® + h)) — a(w, 2’ (x — 1)) — d{w? 2*(x —1)*) =0 .

Hence, from the above equation and taking into account (50) and Lemma 3, we obtain
v2v3 = 0. It is a contradiction by virtue of the regularity of w.

(i) TF (B(1), B(1)) = (0,0) and (W(1), B' (1)) # (0,0), then & = 0, W°(z) — B9 (x)
and Bf = 0. So ®(z) = z(2% — 1), ¥(z) = az® + 2 + cand B(z) = (z — 1)(dz? + f).

If (a+2d,d+ f) = (0,0), thena+c+1=0and d = — f since (w, ¥) + (w?, 6y B) = 0.
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Thus ¥(z) = (2 — 1)(ax + a + 1) and B(z) = d(z + 1)(x — 1)? which contradiction

(¥(1),B (1)) # (0,0). Necessarily (a 4+ 2d,d + f) # (0,0). Moreover the form w is of
class one, we shall have the condition (14) with Zg = {—1,0, 1}, which leads to relation
@(31). O

Remark 2. Ifd = f = 0, then we obtain the result given in [6], [11], [17]. Indeed the
form w = k is semiclassical and satisfies the functional equation

(31 ($($2—1)K)l+(a$2+$+c)1‘i=0,
with
(52) ala+c+1)#0, Ja+2/+|c—1#0, |a+c+3|+]a+2]#0.

3.3. The Computation of ,, . 1. We will study the form w given in Theorem 2. The form
w fulfills the following equation

(53) (z(z® — Dw) + (az® + 2+ )w+ (z — 1)(d2® + f)(z'w?) = 0.
On the other hand, while applying the operator o in (53) and using relations (6) and (10),
the form u = o(w) is Laguerre-Hahn satisfying

’

54 (z(z — u) + %(am +e+1u+ %(x —D(dz+ f)z™'u?) =0.

Multiplying (54) by (z — 1)2, then the form v = ~; * (z — 1)u fulfills
(55)

(x(x—lQ)v)l—I—%(x—1)((2d—|—a—4)x+2f—l—c+1)v+72

according to (2), (3) and (5).
Two cases arise:

(M) If a + d + 2 # 0, then we distinguish two subcases.
(i) Taking
(56)

(z=1)(dz+f)(a7"v*) =0,

2(1— %)(oz—kﬁ—&-?r)—%,
(2 -D(a+B+2r+1)+ ol ;fg;?i;*ﬁ*“) ,
2(: —)(a+B+27+1),

)
_ 2 (T+1)(t+B+1) | 4(r+1)(7+B+1)+8%—o?
- (1 ;)(0[ + B +27 + ]') 2 a+p+27+1 + a+[+27+2 +1.

Moreover, the form v is of class one fulfilling (55), (56) and

(57) u = hfémllﬁl(o%ﬁapa T, Vl) )
with
b 1 (2 (T+)(r+8+1) =4 )7
YT a+ Bt 2m+2) a+Bf+2r+1  a+f+2r ’

where J1(a, B, p, T, v) is the non-singular Laguerre-Hahn form of class zero analogous to
the classical Jacobi, this last form satisfies [4]

(¢131(a757P7T7V)) +¢131(a7ﬁ7p777y) +@1($_13§(0¢7B7P77’>V)) = Oa
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when
¢1($):$2 1,
2_ 2
(@) = (1= 2)(a+B+2r) = 2z + 2(a+ B+27+ 1) — 35ro7s »
(x):(% )(a+ﬂ+27+1x +{(a+5+27)(1—7)—2(%—1))§
052— (e} T aQ—
+@+/3+2T+2}$+ +,3+2 +1§2 a+ﬁ+257_+2§+(a+6+27-+3)w,
with
_ a® — 3
Tt Br2)(atBrart2 Y

do(r+)(r+a+)(r+p+1)(T+a+p+1)
@2+ a+ B+ D)2 +a+B+2)22r+a+B+3)
J1(a, B, p,7,v) is regular if and only if p # 0, 7 # —(n+ 1), 7+ a # —(n + 1),
T+B8# —-(n+1),7+a+ 8 # —(n+1),n > 0. Moreover, the coefficients of its

corresponding MOPS {Zfla’ﬁ o’ ’T’V)}nzo are given by (for n > 0)
(53)
(a,B,p,7,v) __ (o, B,p,7v) a?—p?
ﬂO - BnJrl - (2n+2t+a+B+2)(2n+2t+a+p+4)°
(e, 8,p,7,v) __ (a,8,p,7v) _ A(n+7+2)(n+7+a+2)(n+7+6+42) (n+7+a+B+2)
"N =T, Yng2 = Cni2rtatpfi3)(@ni2rtatfid)2(2nt2rtatfis) *

Proposition 5. Let w be a form of class one satisfying (53)-(56). The form w is regular for
p#0,7# —(n+1), 7+a# —(n+1), 7+ # —(n+1), 7+a+5# —(n+1),n >0.
The recurrence coefficient coefficients of its MOPS {W, },,>¢ are given by (forn > 1)

— (r+B+1)(r+1)
s N = =P arprar+)(atftr2rt2)
(59) (224 (a-Ha-(-1)M) ((n+2r 42842+ (a—2)(1—(— 1)"))
Tnt+l = 73 (ni2rtat B (ni2r+atBi2)

Proof. Taking into account (9), we obtain

R

Yon4+3 _ Tnt1
- P

Y2n+1 Tn+1

n>0.

) -

Hence, from the following relation: [8]

n_ PuaDP(1) p
mT TRy

it is to see that
Yont3 _ Pnio(1)Py(1)

= , n Z 0 .
Yon+1 Pra(1)
Then, we obtain by induction
P,iq(1
(60) R & SS1CO
(1)
Therefore, from (9) we can deduce
Py (1)
61 iz =y = >0,
(61) Y2n+2 Yn+1 Pn-i—l(l)
On the other hand, from (57) we have
(62) P (1) = (=2) " 120377 (1), n 2 0.
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Thus, from (7) and (58), we obtain forn > 0

Frer+a+B+D)In+7+2)I'(n+7+6+2)
Fr+1I'(r+8+1DI'2n+2r+a+5+3)

By virtue of (60), (61), (63) and from a simple calculation we can deduce (59). ([l

(63) Poa(l) =p

(i1) Putting

a=2(1-2)(a+p+21)~ 2,
2 2
c=(4-1)(a+p+2r+1)+ ATt O ratiel))
(64) d:2(%71)(a+ﬂ+27'+1),
f=(1-2)(a+p+2r+1) - 2prrathirratiy
Artatl)(r+atpt+1)+6%—a®
+ - a+612‘r+2 —+1.

Moreover, the form v is of class one fulfilling (55)-(64) and

(65) u = h_%OT—lsl(aaﬁvpv T, VQ) )

with
B 1 (2 (T+a+(r+a+B+1)  o*-p? )_
T a4 B8+2r+2 a+f+27+1 a+f+27

By applying the same process as we did to obtain (63) and using (65), we get after some
straightforward calculation

_ I@r+atp+ DI (ntr++a+2)0(nt74+a+542)
Popa(1)=p T Fat DT (rfat BTtz tatsts) > 20

Hence, by virtue of the previous equation, (60) and (61) we get
(t4+a+p+1)(t+a+1)

- N = TP aHBF2r 1) (afB+2r+2)
(€0 _ 1 ((era1 (@ D+ (DY) (420428414 (a4 ) (A+(-D™)
Tnt+l = 73 (ni2rtat B (ni2r+atBi2) :

consequently, The form w is regular for p # 0, 7 # —(n+ 1), 7+ a # —(n + 1),
T+p#—-(n+1),7+a+8#—-(n+1),n>0.

Remark 3. Ifwe take T = 0 and p = 1 in (59) and (66), we obtain w = k where k is the
form satisfying (51)-(52).

2)Ifa+ d+ 2 =0, choosing

(67) a=2a—-2),c=—a—p+1,d=2(1-a), f=2p—
o —

Moreover, v is of class one fulfilling (55)-(67) and

(68) U= h7%071152(04,,017 AT

with
(L—a)(p+2v+2—a—av)
(a+1)(a—2) ’
where is the singular Laguerre-Hahn form of class zero analogous to the classical Jacobi,
this last form satisfies [4]

p1 =

(¢232(0‘7P, v, M)) + ¢232(047P» v, M) + @2(:5_13%(0‘7[)? v, M)) =0 ’
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when
¢a(x) =
Pa(x) = (04*2) T+
2(z) = (1 — a)z? + (av — 2u2=L )x———k/ﬂ/—kp(a—kl)—l

Ja(a, p,v, ) is regular if and only if p # 0, o # 2, « ;é -n, oz;é +u—2n,n > 1.

Moreover, the coefficients of its corresponding MOPS {Q ) }n>0 are given by (for
n > 0)
(a) Yy )_ (a, sV )_ o]
5opu—2%+l/75n+f1) M——m;
(69)
(a,pvp) _ (eupvop) _ (n41)(ntat+l)(@nta—p+2)(2ntatut2)
M1 =P, Tni2 - 2nFa+1)(2n+a+2)2(2n+a+3) :

Proposition 6. Let w be a the form of class one satisfying (53)-(67). The form w is regular
for(a=2)v—1)4+p#0, a#2 a#—n a#tu—2n,n> —1. The recurrence
coefficients of its MOPS {W, },,>¢ are given by

_ p+24+2v—a—av
"= 22—a) R

(=D a- (1) (nratpt (2 (S=1)
Yn+1 = —1 (n+a)(nta-1)

Proof. From (68), we have
Porr(1) = (=2) QU (<1)  n 2 0.
Hence, by virtue (7), (68) and (69), we get forn > 0

(n+2+42v—a—av)T'(a+ 1DI(n+ 1)0(n+ 1+ 2E2)
22— a)I(1+ NI 2n+a+1) ’
Hence, by virtue of the last equation, (60) and (61) we can deduce (70). ([l

(70)

,m>0.

Pn+1(1) =
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