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ABSTRACT. In this paper, we obtain the general solution and the generalized
Hyers-Ulam stability for the following functional equation

ZT:I T

m
T —x;
_ —) = f(x;).
)+ () = fa
i# ]
This is applied to investigate derivations and their stability in proper Lie CQ*-

algebras.

1. INTRODUCTION AND PRELIMINARIES

Ulam [42] gave a talk before the Mathematics Club of the University of Wisconsin
in which he discussed a number of unsolved problems. Among these problems was

the following question concerning the stability of homomorphisms.
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Let (Gy, %) be a group and let (G2,9,d) be a metric group with the metric d(-,-).
Given ¢ > 0, does there exist a §(¢) > 0 such that if a mapping f : G1 — Gs

satisfies the inequality

d(f(z=xy), f(x)o f(y) <o

for all x,y € Gy, then there is a homomorphism T : G1 — Go with

d(f(2), T(x)) < e

for all x € G17
If the answer is affirmative, we say that the equation of homomorphism T'(zy) =
T(xz)T(y) is stable. The concept of stability for a functional equation arises when
we replace the functional equation by an inequality which acts as a perturbation
of the equation. Thus the stability question of functional equations is that how do
the solutions of the inequality differ from those of the given functional equation?
Hyers [18] considered the case of approximately additive mappings f : E — E’,

where E and E’ are Banach spaces and f satisfies Hyers inequality
[f(z+y) = flz) - fyll <€
for all z,y € E. It was shown that the limit

L(z) = lim f(2"z)

n—o00 on

exists for all z € E and that L : E — E’ is the unique additive mapping satisfying

If(z) = L(z)| <e.

Hyers’ theorem was generalized by Aoki [3] for additive mappings and inde-
pendently by Th.M. Rassias [36] for linear mappings by considering an unbounded
Cauchy difference. In 1994, a generalization of Th.M. Rassias’ theorem was ob-
tained by Gavruta [15]. J.M. Rassias [31]-[34] generalized Hyers result. During the
last two decades, a number of papers and research monographs have been published
on various generalizations and applications of the generalized Hyers-Ulam stability
to a number of functional equations and mappings (see [11]-[13], [20], [24]-[28],[30],
[37]-[39]). We also refer the readers to the books [1], [10], [19], [21] and [37].

We recall some basic facts concerning quasi *-algebras.

Definition 1.1. Let A be a linear space and Aj be a x-algebra contained in A as

a subspace. We say that A is a quasi x-algebra over Ay if

(i) the right and left multiplications of an element of A and an element of Ay
are always defined and linear;

1) r1(rq2a) = (T1x2)a, \AT1 )Ty = a(T1X2) and ril\arz) = (X1a)Ty IOr a

1 d for all

x1,29 € Ap and all a € A;
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(#i7) an involution *, which extends the involution of Ay, is defined in A with

the property (ab)* = b*a*, whenever the multiplication is defined.

Quasi *-algebras [22, 23] arise in natural way as completions of locally convex
x-algebras whose multiplication is not jointly continuous; in this case one has to
deal with topological quasi *-algebras.

A quasi x-algebra (A, Ay) is called topological if a locally convex topology 7 on
A is given such that:

() the involution a — a* is continuous for each a € A,
(74) the mappings a — ab and a — ba are continuous for each a € A and b € Ay,
(#i1) Ap is dense in A[7].
Throughout this paper, we suppose that a locally convex quasi x-algebra (A4, Ag)
is complete. For an overview on partial x-algebra and related topics we refer to [2].
In a series of papers [4], [5], [6], [7] many authors have considered a special
class of quasi x-algebras, called proper CQ*-algebras, which arise as completions of

C*-algebras. They can be introduced in the following way:

Definition 1.2. Let A be a Banach module over the C” -algebra Ay with involution
« and C*-norm ||.||p such that Ay C A. We say that (4, Ao) is a proper CQ*-algebra
if

(i) Ap is dense in A with respect to its norm ||.||;

(i4) (ab)* = b*a* whenever the multiplication is defined;

(i11) |lyllo = max{sup,ea jajj<1 layll;suPaca o<1 vall } for all y € Ao.

A proper CQ*-algebra (A, Ap) is said to have a unit e if there exists an element
e € Ag such that ae = ea = a for all @ € A. In this paper we will always assume

that the proper CQ*-algebra under consideration have an identity.

Definition 1.3. A proper CQ*-algebra (A4, Ay), endowed with a bilinear multipli-
cation [,] : (A x Ag) U(Ap x A) — A, called the bracket, which satisfies two simple

properties:
(1) [®1,22] = —[x2,21] for all (z1,22) € (A x Ag) U (A x A);
(i) |z1, [x2, x3]] = [[21, 2], 3] + [21, [X2, 23]] for all x1, 20,23 € Ag

is called a proper Lie CQ*-algebra.

Definition 1.4. Let (A4, Ap) be a proper Lie CQ*-algebras. A C-linear mapping
0 : Ag — A is called a Lie derivation if

o([z,2]) = [6(2), 2] + [z, 6(2)]
for all x,z € Ay (see [28]).
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Throughout this paper, we assume that m and j are fixed positive integers with
m > 2.
In this paper, we obtain the general solution and the generalized Ulam-Hyers

stability for the following functional equation

Z”in:1 ZT; m Ti— XTs
J AN ,
(1.1) f(T) +;f(T) = f(z;)
i#£]
where m is a fixed positive integer with m > 2. This is applied to investigate

derivations and their stability on proper Lie C'Q*-algebras.

2. SOLUTION OF FUNCTIONAL EQUATION (1.1)

Throughout this section, let both X and Y be real vector spaces. We here present
the general solution of (1.1).

Theorem 2.1. A mapping f : X — Y satisfies (1.1) if and only if the mapping
f: X =Y is additive.

We first assume that the mapping f : X — Y satisfies (1.1). Setting z; = = and
xz;=0forall 1 <i<mandi#jin (1.1), we get

T

(2.1) f (*) = %f(w)

m
for all € X. Setting x; = «, ;41 =y and ; = 0 for ¢ # 4,7+ 1 in (1.1) and
using (2.1), we get

(22) P52+ (5) = 2w

m

for all 2,y € X. Replacing « and y by ma and my in (2.2), we get

(2.3) fle+y) + fl@—y) =2f(z)

for all z,y € X. Setting y = x in (2.3), we get

(2.4) f(22) = 2§ (x)

for all z € X. Replacing = by % and y by “5¥ in (2.3), and using (2.4) we get

flx+y) = flx)+ f(y)

for all z,y € X. So the mapping f : X — Y is additive.
Conversely, let the mapping f : X — Y be additive. By a simple computation,

one can show that the mapping f satisfies the functional equation (1.1).
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3. STABILITY OF DERIVATION ON PROPER LIE CQ*-ALGEBRAS

Throughout this section, assume that (A, Ag) is a proper Lie CQ*-algebra with
C*-norm ||.|| 4, and norm ||.|| 4. For convenience, we use the following abbreviation

for a given mapping f: Ag X Ag X ... x Ag — A

m—times
2 s i T
D#f(.’ﬂl, ,Im) = f <m> + Zf ('uxjrn'ux) — 'u,f(ibj)

i
for all z1,- -+ , 2, € Ag, where p € T! := {u e C: |u| = 1}.

We will use the following lemma:

Lemma 3.1. [29] Let f : Ag — A be an additive mapping such that f(pz) = pf(x)
for all x € Ay and all u € T'. Then the mapping f is C-linear.

Theorem 3.2. Let p : Ay x Ag X ... Xx Ag — [0,00) and ¢ : Ag X Ag — [0,00) be

m—times
mappings such that
(3.1) nhHH;O ch(m X1y ey Ty) =0,
. 1
(3.2) lim —¢(m"zy,m"x2) =0,

n—oo M2N"

N — 1 ;
(3.3) p,(x) = z; Wap(o, wym’z,...0) < oo
i= jth

forall x,zq, -+ x, € Ag. Suppose that f: Ay — A is a mapping such that

(34) ||Duf(551,...,1'm)HA S‘P(xl,---,zm),

(3.5) | £ ([z1, ) = [f (1), w2] — [, f(22)]]| , < P(21,22)

for all xy,--+ 2z, € Ag and all € T'. Then there exists a unique Lie derivation
0 : Ay — A such that

(3.6) [f(z) = d(x)][a < @j(x)

for all x € Ag.

Letting p =1, z; = ma and z; = 0 for all 1 <i <m with i # j in (3.4) , we get

(3.7 lf(mz) — mf(z)]|a < (0,..., mz,..0)
jth
for all x € Ay. Replacing x by m™z in (3.7) and dividing both sides of (3.7) by
1 we get
1
H mntl

m

f(m +1$) — Wf(m f,C)HA S WQ@((L ey M +1./,C, ,0)
jth

(3.8)
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for all x € Ag and all non-negative integers n. Hence

1 1 - 1 . 1 .
n+1 k 41 %
| 1) = Sttt < 2 S pom ) = mia
(39) n+1 1
< -
Z —#(0, ...z, ..., 0)
i=k+1 jth

for all x € Ay and all non-negative integers n and k with n > k. Therefore, we

conclude from (3.3) and (3.9) that the sequence {1+ f(m"z)}, is a Cauchy sequence
1

in A for all x € Ay. Since A is complete, the sequence {— f(m"x)}, converges in

m"

A for all z € Ag. So one can define the mapping 6 : A9 — A by

. 1 n
(3.10) o(z) := nll)n;o Wf(m x)
for all z € Ap. Letting k = 0 and passing the limit n — oo in (3.9), we get (3.6).
Now, we show that § is a C-linear mapping. It follows from (3.1), (3.4) and (3.10)
that

1
1D10(x1, oy T ) || 4 = nh—>Holo WHle(m"xl, ...,m"l‘m)HA

1
< lim —@(m"zy,...m"z,) =0

n—o00 M

for all 1, , 2, € Ap. So the mapping J satisfies (1.1). By Theorem 2.1, the
mapping J is additive.
Letting ; = ma and ; = 0 for all 1 < ¢ < m with ¢ # j in (3.4), we get
(3.11) [mf(pz) = pf(mz)lla < ¢(0, ... mz,....0)
jth
for all x € Ag. Replacing by m™z in (3.11) and dividing both sides of (3.11) by

m™tl we get

mn+1

1 n K n+1 H
| = f(um"a) (m™+ia)| |
1

(3.12) .
S WQ@((L eI +1x, ceey 0)

jth
for all z € Ap and all non-negative integers n. Passing the limit n — oo in (3.12)
and using (3.1) and (3.10), we get

6(pz) = pé(x)
for all u € T! and for all x € Ag. So by Lemma 3.1, we infer that the mapping

0 : Ay — A is C-linear. To prove the uniqueness of ¢, let ¢’ : Ay — A be another
additive mapping satisfying (3.6). It follows from (3.6) and (3.10) that

18(2) - 8(@) |4 = lim — || f(m"z) — & (m"a)||,

n—oo M

< lim —3;(m"z) =
_nli)n;omngoj(m x)=0
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forall z € Ag. So 6 =¢'.
It follows from (3.2), (3.5) and (3.10) that

|6([z1, z2]) = [6(21), 23] — w1, 6(x2)]|| ,

= Jim | o, a) = ") "] = [, (")

< lim —vY(m"z1,m"zy) =0
= m2n ( 1, 2)

for all x1,z9 € Ag. So
6([z1,22]) = [0(1), 2] + [71,6(2)]

for all x1,x2 € Ag. Hence the mapping § : Ag — A is a unique Lie derivation

satisfying (3.6).

Corollary 3.3. Let 0, a1, az, 81,82, {0;}%, and {r;}, be non-negative real num-
bers such that 0 < s1,82 < 2, and 0 < r; < 1 for all 1 < i < m. Suppose that
f: Ay — A is a mapping such that

IDuf @1 enm)lla <5+ 0ullal,
=1
£ (v, w)) — [f(@1), 2] — [or, f@o)llla < 8+ anllaall%, + azllas]l%,,

for all 1, -+ , &, € Ag and all u € T'. Then there exists a unique Lie derivation
6: Ao — A such that

() = d(x)lla < +7(x)

m—1
for all x € Ay, where

Gim”

A(2) = min { el }-

1<i<m -~ m — mTi

Corollary 3.4. Let §,a1, a9, as,51,82 and {r;}, be non-negative real numbers
such that s1 + s3 < 2 and 0 < >7" 71 < 1 for all 1 < i < m. Suppose that
f:Ag — A is a mapping such that

1D f (@1, o) <5+ |l Ao
i=1

m
o + T T il
i=1

1f ([, 22])=[f (@1), wo]=[z1, f(22)]lla < S+an [z [, +oallzall 7, +asle 3, 2217,

for all z1,--- ,x,, € Ag and all uw € T'. Then there exists a unique Lie derivation

6 : Ay — A such that

17@) ~@lla <~ +7(a)
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for all x € Ay, where

T4

H'/I; TAio }'

Note that the mixed ”product-sum” function was introduced by J. M. Rassias
in 2008-09 ([8, 9, 16, 17, 40, 41]).

1<i<m ~m — m"i

Theorem 3.5. Let & : Ay x Ag X ... Xx Ag — [0,00) and ¥ : Ay x Ag — [0,00) be

m—times

mappings such that
lim m"® ( 7 - x—m) =0,

n—o00 mn’ mmn
(3.13) lim m?" ¥ (ﬂﬂ) =0,
n—00 mn mn
Gl T
) Zm (0,0 — .50 < 00
i=0 —
jth
forall x,xy,- -+ @,y € Ag. Suppose that f : Ag — A is a mapping such that

IDpf(x1,. s @m)|la < (21, .oy T),
£ ([1, 22]) = [f (21), 22) = [w1, f(@2)]]| , < (@1, 22)

for all x1,--+ , &, € Ag and all i € T'. Then there exists a unique Lie derivation
0: Ay — A such that
(3.14) [f(z) = d(x)]|la < ©;(x)

for all x € Ag.

Similarly to the proof of Theorem 3.2, we have
(3.15) If(mz) —mf(x)||a < ®(0,..., mx,...0)
jth
for all x € Ag. Replacing x by —& in (3.15) and multiplying both sides of (3.15)
to m", we get

Hmmrlf (me) —m"f (%) HA < m"<I>(O, ceny %, ...0)

~—
jth

for all x € Ay and all non-negative integers n. Hence

o () 1) | = o s () = )
< Zm ‘I>

’A
(3.16)
ﬂ ..0)
mt

~—

jth

for all x € Ay and all non-negative integers n and k with n > k. Therefore the

sequence {m" f( )} is a Cauchy sequence in A for all x € Ag. Since A is complete,

mm
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the sequence {m" f(-%:)} converges in A for all # € Ag. So one can define the
mapping 0 : Ag — A by
i npe(t
o(z) = nl;rréom f(m")

for all z € Ay. Letting k = 0 and passing the limit n — oo in (3.16), we get (3.14).
The rest of the proof is similar to the proof of Theorem 3.2.

Corollary 3.6. Let oy, as, s1, S2,{0:}7%1 and {r;}, be non-negative real numbers
such that s1,s5 > 2 and r; > 1 for all 1 < i < m. Suppose that f : Ag — A is a
mapping such that

”Dlif(l'lv“'vxm)HA < Zalnml ,T4io7
i=1
[ f([z1,22]) — [f(z1), 22] — [21, f(22)][|4 < anlla %) + call22]%, .
for all z1,--- 2, € Ag and all p € T'. Then there exists a unique Lie derivation
6 :Ag — A such that
1f(x) = d(z)[[a < T(x)
for all x € Ay, where
0;m"i
1<i<m ~mTi — 1

||.'L' TAiO }'

Corollary 3.7. Let ay, a2, a3, 51, 52 and {r; }.; be non-negative real numbers such

that s1,80 > 2 and r; > 1 for all 1 <i < m. Suppose that f : Ag — A is a mapping

such that
m
o T el
i=1

IDpf @1, ooy )l <Dl Ao’
i=1
1 ([w1, z2]) = [f(@1), w2] = [w1, f@2)lla < call@all +elloall%) + aslle 15 (|22l
forall xq,--+ ,xym € Ag and all p € T!. Then there exists a unique Lie derivation
6 : Ag — A such that
[f(2) = 6(x)]la < Al)

for all x € Ay, where

A(z) := min {

1<i<m ~ m"i —m

|l

Ti
o I+
4. SUBADDITIVE MAPPING AND STABILITY OF EqQ. (1.1)

Next, using some idea of [35], we are going to establish other theorems about
the stability of Eq. (1.1)
We call that a subadditive mapping is a mapping ¢ : A — B, having a domain
A and a codomain (B, <) that are both closed under addition, with the following
property:
ez +y) <) +ey)
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for all z,y € X. Now we say that a mapping ¢ : X — Y is contractively subadditive
if there exists a constant L with 0 < L < 1 such that

oz +y) < Lip(z) + o(y)]

for all 2,y € X. Therefore ¢ satisfies the following properties p(mz) < mLo(x)
and so o(m"z) < (mL)"p(z), for all z € X and all positive integer m > 2.
Similarly, we say that a mapping ¢ : A — B is expansively superadditive if there
exists a constant L with 0 < L < 1 such that
1
plz+y) 2 o) + oY)

for all z,y € X. Therefor ¢ satisfies the following properties ¢(z) < £ ¢(mz) and

T
n

so p(-%) < (£)"p(z), for all z € X and all positive integer m > 2.

Theorem 4.1. Let ¢ : Ay x Ag X ... X Ag — [0,00) be a contractively subadditive

m—times

with the constant L and v : Ag X Ag — [0,00) be a mapping such that

: 1 n n
(4.1) nl;rr;om (m"z1,m"x2) =0,

for all x1,20 € Ag. Suppose that f: Ag — A is a mapping such that

(42) ||Duf(:c17~-~71'm)HA S‘ﬁ(xla"'azm)a
(4.3) £ ([z1, 22]) = [f (1), w2] — [21, fr(@2)]|| , < (1, 22)
for all x1,--- , &, € Ag and all i € T'. Then there exists a unique Lie derivation
6: Ao — A such that

L
4.4 — < ——
(14) 17) ~8@)lla € 12700, . 2. 0)

jth

for all z € X.

Letting p =1, z; = ma and z; = 0 for all 1 <4 <m with i # j in (4.2) , we get
(4.5) 1f(ma) —mf(z)]a < (0, ..., mz,...0)
jth
for all z € Ap.
Replacing 2 by m"z in (4.5) and dividing both sides of (4.5) by m"*!, we get

Hanrl f(m +1J)) - Wf(m x)HA < W‘p(oa e I +1ny, 30)
jth
(mL)n—i-l
jth
< LMoo, x ,...,0)
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for all x € Ag and all non-negative integers n. Hence

1 1 i 1 ‘ 1 ,
+1 k i+1 i
| 1) = 2 o m’Hﬁ;Hmmﬂm o) =t m'a)],
(47) n+1
< > L0, x_,...,0)
i=k+1 jth

for all x € Ay and all non-negative integers n and k with n > k. Therefore, we

conclude from and (4.7) that the sequence {# f(m™zx)} is a Cauchy sequence in A
1

mn

for all x € Ap. Since A is complete, the sequence {— f(m"z)} converges in A for

all z € Apy. So one can define the mapping § : Ag — A by

(4.8) 0(z) ;== lim Lf(m"gc)

n—oo M"
for all x € Ap. Letting k = 0 and passing the limit n — oo in (4.7), we get (4.4).
Now, we show that § is a C-linear mapping. It follows from (4.8) that

. 1
D1 (z1, ooy @m)|la = nh_}rroloW”le(m"xl,...,m"wm)HA

1
< lim —p(m"xy,...,m" )
n—oo MM

< lim L"p(21,...;@pm) =0
n— oo

for all zq, -+ ,x, € Agp. So the mapping 0 satisfies (1.1). By Lemma 2.1, the
mapping J is additive.
Letting ; = mz and z; = 0 for all 1 < ¢ < m with ¢ # j in (4.2), we get

(4.9) lmf ) = () < 90, . ., 0)
jth

for all € Ap. Replacing = by m”x in (4.9) and dividing both sides of (4.9) by

m" ! we get

1 n I .
Hﬁf(um ) = — g f(m +1JU)HA
(4.10) )
= W@(O, om0 0)

jth

for all z € Ay and all non-negative integers n. Passing the limit n — oo in (4.10)

and using (4.8), we get
6(pw) = pd(w)

for all 4 € T! and for all z € Ay. So by Lemma 3.1, we infer that the mapping
6 : Ag — A is C-linear. To prove the uniqueness of J, let ¢’ : Ag — A be another
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additive mapping satisfying (4.4). It follows from (4.8) that

I6(e) = &' (@)la = Jim | fm™) ~ 5 "),

Ln+1
< li U)=
7n11_>H;01_L<p(O, , x ,..00=0
jth

for all x € Ag. So § =¢'.
The rest of the proof is similar to the proof of Theorem 3.2.

Corollary 4.2. Let 0 be non-negative real number and f : Ag — A be a mapping
for which

HDMf(xlﬂ "'7xm)”A <0
[ £ ([, w2]) = [f (1), w2] — [21, fr(@a)]]| , < O

for all x1,...,x., € Ag. Then there exists a unique Lie derivation § : Ay — A such
that

(4.11) 1f(x) —d(z)a <0
for all x € Ag.

The proof follows from Theorem 4.1 by taking

Lp(xlv 7‘rm) =0

for all z4,...,x,, € Ag.
Replacing contractively subadditive by expansively superadditive in Theorem

4.1, one can obtain the following theorem:

Theorem 4.3. Let ¢ : Ag X Ag X ... Xx Ag — [0,00) be a expansively superadditive

m—times

with the constant L and v : Ag X Ag — [0,00) be a mapping such that
(4.12) lim m2™p ( l ﬂ) —0,

n—o00 mn mn
for all 1,29 € Ag. Suppose that f: Ag — A is a mapping such that
(4.13) IDuf(xi, s zm)lla < @(x1, .0, @m),
(4.14) £ ([w1, wa]) = [f (1), w2] = [21, fr(@2)]|| , < (1, 22)
for all xy,--+ 2z, € Ag and all € T'. Then there exists a unique Lie derivation

6 : Ay — A such that

(4.15) 1£@) ~ 6(z)lla < =00,

forallx € X.
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