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EXPONENTIAL SUMS FOR NONLINEAR RECURRING

SEQUENCES IN RESIDUE RINGS

EDWIN EL-MAHASSNI

Abstract. We prove some new bounds on exponential sums for nonlinear re-

curring sequences over residue rings. In addition, we also show similar novel
results when the modulus is almost squarefree, thereby improving the results

in El-Mahassni, Shparlinski, and Winterhof [11] and El-Mahassni and Winter-

hof [13] This is done by using a technique employed by Niederreiter and Win-
terhof [26] and through the generalisation of a Lemma found in [11] and [13].

Lastly, applications to the distribution of nonlinear congruential pseudoran-

dom numbers are also given.

1. Introduction

For an integer M ≥ 2, we let f(X) ∈ ZZM [X] be a polynomial of degree d ≥ 2 over
the residue ring ZZM modulo M , defined by a recurrence relation of the form

(1) un+1 ≡ f (un) (mod M), 0 ≤ un ≤M − 1, n = 0, 1, . . .

with some initial value u0 = v. It is obvious that the sequence (1) eventually
becomes periodic with some period t ≤M .

We define the sequence of polynomials fk(X), by the recurrence relation

(2) fk(X) = f (fk−1(X)) , k = 1, 2, . . . ,

where f0(X) = X. It is clear that if deg f = d ≥ 2 then deg fk ≤ dk and that
un+k ≡ fk (un) (mod M).

Throughout this paper we assume that this sequence is purely periodic, that is,
un = un+t beginning with n = 0, otherwise we consider a shift of the original
sequence.

We define eM (x) = exp(2πix/M) and consider the incomplete exponential sums

Sa(M,N) =

N−1∑
n=0

eM

s−1∑
j=0

ajun+j

 , 1 ≤ N ≤ t, s ≥ 1,

where a = (a0, . . . , as−1) 6≡ 0 (mod M). Now, throughout the rest of the paper we
assume that f is of degree at least 2 modulo every prime divisor of M .

Key words and phrases. Pseudorandom numbers; nonlinear congruential method; discrepancy;
exponential sums.
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4 EDWIN EL-MAHASSNI

We now go on to recall some previous bounds which we will improve upon. First, we
assume that G = gcd(a0, . . . , as−1,M) < M/2. We start by noting that from [13],
for an arbitrary modulus M , the bound

max
gcd(a0,...,as−1,M)=G

Sa(M,N) = O

(
N1/2 M1/2

(log log(M/G))1/2

)
(3)

holds, where the implied constant depends only on d and s.

Then, in [11], an improvement on this bound was proven when the modulus is
almost squarefree. This was defined to be when

ω(M) ≤ 2 log logM and ρ(M) ≥ M

(log logM)2
,(4)

where ω(M) denotes the number of distinct prime divisors of M and ρ(M) is the
largest squarefree divisor of M . In those cases, for any ε ≥ 0, the bound

max
gcd(a0,...,as−1,M)≤M1−ε

Sa(M,N) = O

(
N1/2M1/2 (log logM)1/2

(logM)1/2

)
(5)

holds, where the implied constant depends on d, s and ε.

Further, in [11], it has also been proven that if the constraints of (4) are satisfied,
for every sufficiently large integer Q, the bound given by (5) holds for all positive
integers M ≤ Q except o(Q) of them.

The rest of the paper is structured as follows. In Section 2, we list some previously
established results which we use to prove our main bound. In Section 3, using a
similar technique to that in [26], we modify the methods in [11] and [13] to provide
new bounds for Sa(M,N). We will show that we can obtain improvements for the
bounds in (3) and (5) when N ≥M/ logM and by placing some restrictions on the
size of p1, the smallest prime divisor of M . In Section 4, we apply the exponential
sum bound to analyse the distribution of nonlinear congruential pseudorandom
numbers un/M, n ≥ 0, in the unit interval in terms of a discrepancy bound. We
refer to [22, Chapter 8], [24] and [1] for further background on nonlinear congruential
pseudorandom numbers.

2. Preliminaries

We now recall some results which will aid us in proving our main results. For a
sequence of N points

(6) Γ = (γ1,n, . . . , γs,n)
N
n=1

of the half-open interval [0, 1)s, denote by ∆Γ its discrepancy , that is,

∆Γ = sup
B⊆[0,1)s

∣∣∣∣TΓ(B)

N
− |B|

∣∣∣∣ ,
where TΓ(B) is the number of points of the sequence Γ which hit the box

B = [α1, β1)× . . .× [αs, βs) ⊆ [0, 1)s
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and the supremum is taken over all such boxes. For an integer vector
a = (a0, . . . , as−1) ∈ ZZs we put

(7) |a| = max
i=0,...,s−1

|ai| and r(a) =

s−1∏
i=0

max{|ai|, 1}.

We also need the Erdös–Turán–Koksma inequality (see [5, Theorem 1.21]) for the
discrepancy of a sequence of points of the s-dimensional unit cube, which we present
in the following form.

Lemma 1. There exists a constant Cs > 0 depending only on the dimension s
such that, for any integer L ≥ 1, for the discrepancy of a sequence of points (6) the
bound

∆Γ < Cs

 1

L
+

1

N

∑
0<|a|≤L

1

r(a)

∣∣∣∣∣∣
N∑

n=1

exp

2πi

s−1∑
j=0

ajγj,n

∣∣∣∣∣∣


holds, where |a| and r(a) are defined by (7) and the sum is taken over all integer
vectors

a = (a0, . . . , as−1) ∈ ZZs

with 0 < |a| ≤ L.

The currently best value of Cs is given in [3].

We also make use of the Hua Loo Keng bound in a form which is a relaxation of
the main result of [27] (see also Section 3 of [2]).

Lemma 2. For any polynomial F (X) = BDX
D + . . . + B1X + B0 ∈ ZZM [X] of

degree D ≥ 1, there is a constant c0 > 0 so that the bound∣∣∣∣∣
M∑
x=1

eM (F (x))

∣∣∣∣∣ < ec0DM1−1/DG1/D

holds, where G = gcd(BD, . . . , B1,M).

Note that the currently best known constant is c0 = 1.74 see [4].

We now list the following lemmas. The first is listed in a slightly weaker form
than found in [11, Lemma 4], whilst the second is an extension of [13, Lemma 3]
respectively.

Lemma 3. Let F (X) =
∑D

i=0BiX
i ∈ ZZM [X] be of degree D. Then∣∣∣∣∣

M−1∑
x=0

eM (F (x))

∣∣∣∣∣ ≤ (D − 1)ω(M)M∆1/2ρ(M)−1/2,

where ∆ = gcd(B1, ..., BD,M).

Lemma 4. Let f(X) ∈ ZZM [X] be a polynomial of degree at least 2 modulo every
prime divisor of M , with p1 being the least prime divisor of M , and let

s−1∑
j=0

aj
(
(fk1+j (X) + . . .+ fkr+j(X))−

(
fkr+1+j (X) + . . . fk2r+j (X)

))
= BDX

D + . . .+B1X +B0.
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Then, if {k1, . . . , kr} 6= {kr+1, . . . , k2r} as multisets, for any p1 > r ≥ 1, we have

gcd(BD, . . . , B1,M) = gcd(a0, . . . , as−1,M).

Proof. We put Aj = aj/G, j = 0, . . . , s− 1 and m = M/G, where
G = gcd(a0, . . . , as−1,M). In particular,

gcd(A0, . . . , As−1,m) = 1.(8)

It is enough to show that the polynomial

H(X) =
s−1∑
j=0

Aj

(
(fk1+j (X) + . . .+ fkr+j (X))−

(
fkr+1+j (X) + . . .+ fk2r+j(X)

))
is not a constant polynomial modulo p for any prime p|m.

We take f (p) to be the reduction of f modulo p. By our assumption, deg f (p) =

dp ≥ 2. Denoting by f
(p)
k the kth iteration of f (p) defined similarly to (2) and by

H(p)(X) as H(X) mod p. Thus,

H(p)(X) =

r∑
t=1

s−1∑
j=0

Aj

(
f

(p)
kt+j(X)− f (p)

kr+t+j(X)
)

(mod p).

Let h be the largest j = 1, . . . , s with gcd(Aj , p) = 1 (we see from (8) that such
h exists). Then for {k1, . . . , kr} 6= {kr+1, . . . , k2r} as multisets, where r < p1, the
polynomial H(X) is of degree exactly dk+h

p ≥ 1 modulo p, where k is the largest ki
which appears in one of the two sets more often than in the other one, such that
ki 6= ki+r, for some 1 ≤ i ≤ t, which finishes the proof. ut

The following statement proceeds immediately from the classical result of Hardy-
Ramanujan on the typical order of ω(M), see [18, Theorem 431], [28, Section 3.4,
Theorem 4], and used also in [11, Lemma 6].

Lemma 5. For every sufficiently large Q, the bound ω(M) ≤ 2 log logM holds for
all positive integers M ≤ Q except o(Q) of them.

Lastly, we also use the next result which was proved in [11, Lemma 7].

Lemma 6. For any integer Y ≥ 1 the bound ρ(M) > M/Y holds for all positive
integers M ≤ Q except O(Q/Y 1/2).

3. Bounds of Exponential Sums

In this section, through the use of the Hölder inequality as employed in [26], we
improve bounds (3) and (5) respectively, by refining the method of bounding expo-
nential sums that were applied in [11] and [13].

Theorem 7. Let the sequence (un), given by (1) with a polynomial f(X) ∈ ZZM [X],
of total degree d, be purely periodic modulo M with period t. Assume that for every
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prime divisor p of M , we have p ≥ 2 log log logM and also f of degree at least 2
modulo every prime p|M . If t ≥ N ≥M/ log logM , then the bound

max
gcd(a0,...,as−1,M)=G

|Sa(M,N)| = O

(
N

(
log(2M/N)

log log(M/G)

)1/2
)

holds, where the implied constant depends only on d and s.

Proof. We first prove that, for any integer 2 log log logM > r ≥ 1, and
gcd(a0, . . . , as−1,M) = G, we have

Sa(M,N) = O

(
Nr1/2(M/N)1/(2r)

×
(

min
{
blog log(M/G)/3 log dc ,

⌊
rc1e

(log(M/G))1/3/r
⌋})−1/2

)
for T ≥ N ≥ M/ log logM and some positive constant c1. It is obvious that for
any integer k ≥ 0 we have∣∣∣∣∣∣Sa(M,N)−

N−1∑
n=0

eM

s−1∑
j=0

ajun+k+j

∣∣∣∣∣∣ ≤ 2k.

Therefore, for any integer K ≥ 1,

K|Sa(M,N)| ≤W +K(K − 1),(9)

where

W =

N−1∑
n=0

∣∣∣∣∣∣
K−1∑
k=0

eM

s−1∑
j=0

ajun+k+j

∣∣∣∣∣∣ .
By the Hölder inequality, and using

Fk(X) =

s−1∑
j=0

ajfk+j(X),

we obtain

W 2r ≤ N2r−1
N−1∑
n=0

∣∣∣∣∣
K−1∑
k=0

eM (Fk(un))

∣∣∣∣∣
2r

≤ N2r−1
∑

x∈ZZM

∣∣∣∣∣
K−1∑
k=0

eM (Fk(x))

∣∣∣∣∣
2r

≤ N2r−1
K−1∑

k1,...,k2r=0

∣∣∣∣∣ ∑
x∈ZZM

eM (Fk1,...,k2r
(x))

∣∣∣∣∣ ,
where Fk1,...,k2r (X) = Fk1(X) + . . .+ Fkr (X)− Fkr+1(X)− . . .− Fk2r (X).

If {k1, . . . , kr} = {kr+1, . . . , k2r} as multisets, then Fk1,...,k2r (X) is constant and
the inner sum is trivially equal to M . There are at most r!Kr ≤ rrKr such sums.
Otherwise, we can apply Lemma 2 together with Lemma 4, to get the upper bound

ec0d
K+s−2

M1−1/dK+s−2

G1/dK+s−2

for at most K2r. Hence,

W 2r ≤ rrKrN2r−1M + ec0d
K+s−2

M1−1/dK+s−2

G1/dK+s−2

K2rN2r−1(10)
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Choose

K = min

{⌊
log log(M/G)

3 log d

⌋
,
⌊
rc1e

(log(M/G))1/3/r
⌋}

,

for some positive constant c1. Note that we get
⌊

log log(M/G)
3 log d

⌋
, when r = 1 and

using this value for ec0d
K+s−2

we then obtain
⌊
rc1e

(log(M/G))1/3/r
⌋

for arbitrary r.

Then it is easy to see that the first term in the right-hand side of (10) dominates the
second one in terms of the order of magnitude in M , and we get the first equation
of the proof from (9) and (10) after simple calculations.

Finally, we choose

r = dlog(2M/N)e .
Note that 1 ≤ r < 2 log log logM , since N ≥ M/ log logM . Thus, for all suitable
large M , we have

c1re
(log(M/G))1/3/r ≥ log log(M/G).

To see this is true, we note that this is equivalent to proving

log r + log c1 +
(log(M/G))1/3

r
≥ log log log(M/G).

If log r ≥ log log log(M/G) then we are done, else we have r < log log(M/G). In
this case, we simply need to show that for all large enough M

(log(M/G))1/3

(log log(M/G))
≥ log log(M/G).

But, taking logarithms from both sides we can then indeed see that

log log(M/G) ≥ 4 log log log(M/G)).

If we then note that r1/2(M/N)1/2r < log(2M/N), the theorem then follows from
the first equation of the proof. ut

This next bound is an improvement for the exponential sum of nonlinear congru-
ential generators with an “almost squarefree” modulus.

Theorem 8. Let an integer M ≥ 1 be such that

ω(M) ≤ 2 log logM and ρ(M) ≥ M

(log logM)2
,

where ω(M) denotes the number of distinct prime divisors of M and ρ(M) is the
largest squarefree divisor of M .

Let the sequence (un), given by (1) with a polynomial f(X) ∈ ZZM [X], of total
degree d, be purely periodic modulo M with period t. Assume that for every prime
divisor p of M , we have p ≥ 2 log log logM and also f of degree at least 2 modulo
every prime p|M . If t ≥ N ≥M/ log logM , then, for any ε > 0, the bound

max
gcd(a0,...,as−1,M)≤M1−ε

|Sa(M,N)| = O

(
N

(
(log(2M/N) log logM)

logM

)1/2
)

holds, where the implied constant depends on d, s and ε.
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Proof. Put w = ω(M) and R = ρ(M). We first prove that, for any integer
2 log log logM > r ≥ 1, and gcd(a0, . . . , as−1,M) ≤M1−ε, we have

Sa(M,N) =

O

(
Nr1/2(M/N)1/(2r)

(
min

{
bε logM/(5 log d log logM)c ,⌊
r
(
Mε/10/ (log logM)

)1/r⌋})−1/2
)
,

for M/ log logM ≤ t ≤M . It is obvious that for any integer k ≥ 0 we have∣∣∣∣∣∣Sa(M,N)−
N−1∑
n=0

eM

s−1∑
j=0

ajun+k+j

∣∣∣∣∣∣ ≤ 2k.

Therefore, for any integer K ≥ 1,

K|Sa(M,N)| ≤W +K(K − 1),(11)

where

W =

N−1∑
n=0

∣∣∣∣∣∣
K−1∑
k=0

eM

s−1∑
j=0

ajun+k+j

∣∣∣∣∣∣ .
By the Hölder inequality, and using

Fk(X) =

s−1∑
j=0

ajfk+j(X),

we obtain

W 2r ≤ N2r−1
N−1∑
n=0

∣∣∣∣∣
K−1∑
k=0

eM (Fk(un))

∣∣∣∣∣
2r

≤ N2r−1
∑

x∈ZZM

∣∣∣∣∣
K−1∑
k=0

eM (Fk(x))

∣∣∣∣∣
2r

≤ N2r−1
K−1∑

k1,...,k2r=0

∣∣∣∣∣ ∑
x∈ZZM

eM (Fk1,...,k2r
(x))

∣∣∣∣∣ ,
where Fk1,...,k2r

(X) = Fk1
(X) + . . .+ Fkr

(X)− Fkr+1
(X)− . . .− Fk2r

(X)

If {k1, . . . , kr} = {kr+1, . . . , k2r} as multisets, then Fk1,...,k2r
(X) is constant and

the inner sum is trivially equal to M . There are at most r!Kr ≤ rrKr such sums.
Otherwise, we can apply Lemma 3, together with Lemma 4 to the inner sum, to
get the upper bound d(K+s−2)wM (3−ε)/2R−1/2 for at most K2r. Hence,

(12)

W 2r ≤ rrKrN2r−1M + d2(K+s−2) log log MK2rN2r−1M1−ε/2 log logM

Choose

K = min

{⌊
ε logM

5 log d log logM

⌋
,

⌊
r
(
Mε/10/ log logM

)1/r
⌋}

.
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Note that we get
⌊

ε log M
5 log d log log M

⌋
when r = 1 and using this value for

d2(K+s−2) log log M we then obtain
⌊
r
(
Mε/10/ log logM

)1/r⌋
for arbitrary r.

Then it is easy to see that the first term in the right-hand side of (12) dominates the
second one in terms of the order of magnitude in M , and we get the first equation
of the proof from (11) and (12) after simple calculations.

Finally, we choose

r = dlog(2M/N)e.
Note that r < 2 log log logM since N ≥M/ log logM . Clearly, for our choice of r
and all large enough M , we have

r
(
Mε/10/ log logM

)1/r

> log
(
Mε/10/ log logM

)
/2 log log logM

> logMε/5 log d log logM,

for any ε > 0. If we then note that r1/2(M/N)1/2r < log(2M/N), the theorem then
follows from the first equation of the proof. ut

Recalling Lemmas 5 and 6 we obtain:

Corollary 9. For every sufficiently large Q, the following statement holds for all
positive integers M ≤ Q except o(Q) of them:

Let the sequence (un), given by (1) with a polynomial f(X) ∈ ZZM [X], of total
degree d, be purely periodic modulo M with period t. Assume that for every prime
divisor p of M , we have p ≥ 2 log log logM and also f of degree at least 2 modulo
every prime p|M . If t ≥ N ≥M/ log logM , then, for any ε > 0, the bound

max
gcd(a0,...,as−1,M)≤M1−ε

|Sa(M,N)| = O

(
N

(
(log(2M/N) log logM)

logM

)1/2
)

holds, where the implied constant depends on d, s and ε.

We now present some new discrepancy bounds using our new results for the expo-
nential sums for the nonlinear congruential generator. The first bound applies to
arbitrary moduli, whilst the latter is for almost squarefree moduli.

Let Ds(M,N) denote the discrepancy of the points(un
M
, . . . ,

un+s−1

M

)
, n = 0, 1, . . . , N − 1,

given by (1) in the s-dimensional unit cube [0, 1)s.

Theorem 10. If the sequence (un), given by (1) with a polynomial f(X) ∈ ZZM [X],
of total degree d, be purely periodic modulo M with period t. Assume that for every
prime divisor p of M , we have p ≥ 2 log log logM and also f of degree at least 2
modulo every prime p|M . If t ≥ N ≥M/ log logM , then, the bound

Ds(M,N) = O

((
log(2M/N)

log logM

)1/2

(log log logM)s

)
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holds, where the implied constant depends only on s and d.

Proof. The statement follows from Lemma 1, taken with

L =

⌈(
log logM

log(2M/N)

)1/2
⌉

and the bound of Theorem 7, as

gcd(a0, . . . , as−1,M) ≤ L ≤ 2 (log logM)
1/2 ≤ (logM)1/2 ≤M1/2

where for any nonzero vector a = (a1, . . . , as) ∈ ZZs with |a| ≤ L and sufficiently
large M . ut

Theorem 11. Let an integer M ≥ 1 be such that

ω(M) ≤ 2 log logM and ρ(M) ≥ M

(log logM)2
.

Let the sequence (un), given by (1) with a polynomial f(X) ∈ ZZM [X], of total
degree d, be purely periodic modulo M with period t. Assume that for every prime
divisor p of M , we have p ≥ 2 log log logM and also f of degree at least 2 modulo
every prime p|M . If t ≥ N ≥M/ log logM , then, for any ε > 0, the bound

Ds(M,N) = O

((
(log(2M/N)

logM

)1/2

(log logM)s+1/2

)
holds, where the implied constant depends only on s and d.

Proof. The statement follows from Lemma 1 taken with

L =

⌈(
logM

log(2M/N) log logM)

)1/2
⌉

and the bound of Theorem 8, as

gcd(a0, . . . , as−1,M) ≤ L ≤ 2 (logM)
1/2 ≤M1/2

for any nonzero vector a = (a1, . . . , as) ∈ ZZs with |a| ≤ L and sufficiently large
M . ut

Recalling Lemmas 5 and 6 we obtain:

Corollary 12. For every sufficiently large Q, the following statement holds for all
positive integers M ≤ Q except o(Q) of them:

Let the sequence (un), given by (1) with a polynomial f(X) ∈ ZZM [X], of total
degree d, be purely periodic modulo M with period t. Assume that for every prime
divisor p of M , we have p ≥ 2 log log logM and also f of degree at least 2 modulo
every prime p|M . If t ≥ N ≥M/ log logM , then, for any ε > 0, the bound

Ds(M,N) = O

((
(log(2M/N)

logM

)1/2

(log logM)s+1/2

)
holds, where the implied constant depends only on s and d.
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4. Discussion

We remark that for Theorems 7 and 8 results covering all possible N would be
desirable. We also note that for the counter-dependent generators, the Holdër
inequality was also applied to the prime modulus case [12]. However, we believe
that through a similar variant of Lemma 4, improvements on the bounds for the
arbitrary modulus case [10] and for the higher order cases (both prime and arbitrary
modulus [9, 17]) could also be obtained. We finally note that this technique does
not improve the bound of permutation polynomials modulo almost a squarefree
integer (see [11, Section 4]).
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SOLVABILITY OF EXTENDED GENERAL MIXED

VARIATIONAL INEQUALITIES

MUHAMMAD ASLAM NOOR∗

Abstract. In this paper, we consider and study a new class of mixed vari-

ational inequality, which is called the extended general mixed variational in-
equality. We use the auxiliary principle technique to study the existence of a

solution of the extended general mixed variational inequality. Several special

cases are also discussed.

1. Introduction

Variational inequalities, which were introduced in 1960’s, are being used as a powerful tool to study

a wide class of problems, which arise in various branches of mathematical, financial, regional and

engineering sinces, see[1-27] and the references therein. Using the technique of Noor [16-21] and
Noor et al [22], one cam show that the minimum of the sum of differentiable hg-convex function

and a nondifferentiable hg-convex functions can be charactrized by a class of variational inequality.

Motivated by this result, we introduce a new class of mixed variational inequalities, which is calle
extended general mixed variational inequality involving four different operators. It is known

that it is very difficult to find the projection of the operator except in very special cases. To
overcome this drawback, on uses the auxiliary principle technique. This technique is mainly due

to Glowinski, Lions and Tremolieres [4]. This technique is more flexible and has been used to

develop several numerical methods for solving the variational inequalities and the equilibrium
problems. In this paper, we again use the auxiliary principle technique to study the existence

of a solution of the extended general mixed variational inequalities. Since the extended general

variational inequalities include various classes of variational inequalities and complementarity
problems as special cases, results proved in this paper continue to hold for these problems. Results

proved in this paper may be viewed as important and significant improvement of the previously

known results. It is interesting to explore the applications of these extended general variational
inequalities in mathematical and engineering sciences with new and novel aspects. This may lead

to new research in this field.

2. Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by 〈·, ·〉 and ‖.‖,
respectively. Let K be a nonempty closed and convex set in H. Let ϕ : H −→ R ∪ {∞} be a
continuous function.

For given nonlinear operators T, g, h : H → H, consider the problem of finding u ∈ H,h(u) ∈ K
such that

(2.1) 〈Tu, g(v)− h(u)〉+ ϕ(g(v))− ϕ(h(u)) ≥ 0, ∀v ∈ H : g(v) ∈ K.

Received by the editors Received: 20 March 2010.
∗ Corresponding author.
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Key words and phrases. Variational inequalities, nonconvex functions, fixed-point problem,

convergence, auxiliary principle.
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Inequality of type (2.1) is called the extended general mixed variational inequality involving four

operators.

We now show that the minimum of the sum of differentiable nonconvex function and a class of
differentiable nonconvex functions and nondifferentiable nonconvex function on the hg-convex set

K in H can be characterized by extended general variational inequality (2.1). For this purpose,

we recall the following well known concepts, see [2, 16-20].

Definition 2.1. Let K be any set in H. The set K is said to be hg-convex, if there exist functions

g, h : H −→ H such that

h(u) + t(g(v)− h(u)) ∈ K, ∀u, v ∈ H : h(u), g(v) ∈ K, t ∈ [0, 1].

Note that every convex set is hg-convex, but the converse is not true, see[2]. If g = h, then

the hg-convex set K is called the g-convex set, which was introduced by Youness [26]. See also
Cristescu and Lupsa [2] for its various extensions and generalization.

Definition 2.2. The function F : K −→ H is said to be hg-convex on the hg-convex set K, if
there exist two functions h, g such that

F (h(u) + t(g(v)− h(u))) ≤ (1− t)F (h(u)) + tF (g(v)).

∀u, v ∈ H : h(u), g(v) ∈ K, t ∈ [0, 1].

Clearly every convex function is hg-convex, but the converse is not true. For g = h, Definition

2.2 is due to Youness [26].

It is known [16-19] that the minimum of a differentiable hg-convex function on a hg-convex set

K in H can be characterized by the extended general variational inequality (2.1). One can prove

a similar result for the sum of nonconvex functions on the hg-convex set.

Lemma 2.3. Let F : K −→ H be a differentiable hg-convex function on the hg-convex set K.

Then u ∈ H : h(u) ∈ K is the minimum of the functional I[v] defind by (2.) on the hg-convex
set K, if and only if, u ∈ H : h(u) ∈ K satisfies the inequality

〈F ′(h(u)), g(v)− h(u)〉+ ϕ(g(v))− ϕ(h(u)) ≥ 0, ∀v ∈ H : g(v) ∈ K,(2.2)

where F ′(u) is the differential of F at u ∈ K.

Lemma 2.3 implies that hg-convex programming problem can be studied via the extended

general mixed variational inequality (2.1) with Tu = F ′(h(u)).

We now list some special cases of the extended general variational inequalities.

I. If g = h, then Problem(2.1) is equivalent to finding u ∈ H : g(u) ∈ K such that

〈Tu, g(v)− g(u)〉+ ϕ(g(v))− ϕ(g(u)) ≥ 0, ∀v ∈ H : g(v) ∈ K,(2.3)

which is known as general mixed variational inequality, introduced and studied by Noor [8]. It

turned out that odd order and nonsymmetric obstacle, free, moving, unilateral and equilibrium
problems arising in various branches of pure and applied sciences can be studied via general

variational inequalities.

II. For g ≡ I, the identity operator, the extended general variational inequality (2.1) collapses

to: find u ∈ H : h(u) ∈ K such that

〈Tu, v − h(u)〉+ ϕ(v)− ϕ(g(u)) ≥ 0, ∀v ∈ K,(2.4)

which is also called the general mixed variational inequality, see Noor et al [22].

III. For h = I, the identity operator, the extended general variational inequality (2.1) is
equivalent to finding u ∈ KI such that

〈Tu, g(v)− u〉+ ϕ(g(u))− ϕ(u) ≥ 0, ∀v ∈ H : g(v) ∈ K,(2.5)

which is also called the general mixed variational inequality involving two nonlinear operators
which was introduced and studied by Noor [18-20].

We would like to emphasize the fact that general variational inequalities (2.4), (2.5) and (2.6)
are quite different from each other and have different applications.

VI. For g = h = I, the identity operator, the extended general variational inequality (2.1) is

equivalent to finding u ∈ K such that

〈Tu, v − u〉+ ϕ(v)− ϕ(u) ≥ 0, ∀v ∈ K,(2.6)
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which is known as the classical mixed variational inequality. We would like to remark that, if

ϕ(.) =, then the extended general variational inequality () and its variant forms are exactly the

same as considered by Noor [5-21] and Stampacchia [27]. For the recent applications, numerical
methods, sensitivity analysis, dynamical systems and formulations of variational inequalities, see

[1-27] and the references therein. From the above discussion, it is clear that the extended general

mixed variational inequalities (2.1) is most general and includes several previously known classes
of variational inequalities and related optimization problems as special cases. These variational

inequalities have important applications in mathematical programming and engineering sciences.

We also need the following concepts and results.

Definition 2.4. For all u, v ∈ H, an operator T : H → H is said to be:

(i)strongly monotone, if there exists a constant α > 0 such that

〈Tu− Tv, u− v〉 ≥ α||u− v||2

(ii) Lipschitz continuous, if there exists a constant β > 0 such that

||Tu− Tv|| ≤ β||u− v||.

From (i) and (ii), it follows that α ≤ β.

Remark 2.5. It follows from the strongly monotonicity of the operator T, that

α‖u− v‖2 ≤ 〈Tu− Tv, u− v〉 ≤ ‖Tu− Tv‖‖u− v‖, ∀u, v ∈ H,

which implies that

‖Tu− Tv‖ ≥ α‖u− v‖, ∀u, v ∈ H.

This observation enables us to define the following concept.

Definition 2.6. The operator T is said to firmly expanding if

‖Tu− Tv‖ ≥ ‖u− v‖, ∀u, v ∈ H.

3. Main Results

In this Section, we use the auxiliary principle technique of Glowinski, Lions and Tremolieres

[4] to study the existence of a solution of the extended general mixed variational inequality (2.1).

Theorem 3.1. Let T be a strongly monotone with constant α > 0 and Lipschitz continuous with

constant β > 0. Let g be a strongly monotone and Lipschitz continuous operator with constants

σ > 0 and δ > 0 respectively. If the operator h is firmly expanding and there exists a constant
ρ > 0 such that

|ρ−
α

β2
| <

√
α2 − β2k(2− k)

β2
, α > β

√
k(2− k), k < 1,(3.1)

where

θ = k +
√

1− 2ρα+ ρ2β2(3.2)

k =
√

1− 2σ + δ2.(3.3)

then the extended general mixed variational inequality (2.1) has a unique solution.

Proof. We use the auxiliary principle technique to prove the existence of a solution of (2.1). For
a given u ∈ H : g(u) ∈ K satisfying the extended general mixed variational inequality (2.1), we

consider the problem of finding a solution w ∈ H : h(w) ∈ K such that

〈ρTu+ h(w)− g(u), g(v)− h(w)〉+ ρϕ(g(v))− ρϕ(h(u)) ≥ 0, ∀v ∈ H : g(v) ∈ K,(3.4)

where ρ > 0 is a constant.

The inequality of type (3.4) is called the auxiliary extended general mixed variational inequality
associated with the problem (2.1). It is clear that the relation (3.4) defines a mapping u −→ w. It

is enough to show that the mapping u −→ w defined by the relation (3.4) has a unique fixed point
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belonging to H satisfying the general variational inequality (2.1). Let w1 6= w2 be two solutions

of (2.13) related to u1, u2 ∈ H respectively. It is sufficient to show that for a well chosen ρ > 0,

‖w1 − w2‖ ≤ θ‖u1 − u2‖,

with 0 < θ < 1, where θ is independent of u1 and u2. Taking v = w2(respectively w1) in (3.4)

related to u1 (respectively u2), adding the resultant, we have

〈h(w1)− h(w2), h(w1)− h(w2)〉 ≤ 〈g(u1)− g(u2)− ρ(Tu1 − Tu2), h(w1)− h(w2)〉,

from which we have

‖h(w1)− h(w2)‖ ≤ ‖g(u1)− g(u2)− ρ(Tu1 − Tu2)‖
≤ ‖u1 − u2 − (g(u1)− g(u2))|+ ‖u1 − u2 − ρ(Tu1 − Tu2)‖.(3.5)

Since T is both strongly monotone and Lipschitz continuous operator with constants α > 0 and

β > 0 respectively, it follows that

‖u1 − u2 − ρ(Tu1 − Tu2)‖2 ≤ ‖u2 − u2‖2 − 2ρ〈u1 − u2, Tu1 − Tu2〉+ ρ2‖Tu1 − Tu2‖2

≤
(
1− 2ρα+ ρ2β2

)
‖u1 − u2‖2.(3.6)

In a similar way, using the strongly monotonicity with constant σ > 0 and Lipschitz continuity

with constant δ > 0, we have

‖u1 − u2 − (g(u1)− g(u2))‖ ≤
√

1− 2σ + δ2‖u1 − u2‖.(3.7)

From (3.5), (5.6), (3.7) and using the fact that the operator h is firmly expanding, we have

‖w1 − w2‖ ≤
{
k +

√
1− 2ρα+ ρ2β2

}
‖u1 − u2‖

= θ‖u1 − u2‖,

From (3.1) and (3.2), it follows that θ < 1 showing that the mapping defined by (3.4) has a fixed

point belonging to K, which is the solution of (2.1), the required result. � �
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COMMON FIXED POINT THEOREMS OF GENERALIZED

CONTRACTION,

ZAMFIRESCU PAIR OF MAPS IN CONE METRIC SPACES

G.V.R. BABU∗, G.N. ALEMAYEHU†, AND K.N.V.V. VARA PRASAD‡

Abstract. We prove the existence of common fixed points of a generalized
contraction / Zamfirescu pair of maps in a complete cone metric space. Our

results generalize the results of Huang anf Zhang [L-G. Huang, X. Zhang:

Cone metric spaces and fixed point theorems of contractive mappings, J. Math.
Anal. Appl. 332 (2007) 1468–1476] and extend the results of Rezapour and

Hamlbarani [Sh. Rezapour, R. Hamlbarani: Some notes on the paper “Cone

metric spaces and fixed point theorems of contractive mappings”, J. Math.
Anal. Appl. 345 (2008) 719–724].

1. Introduction

In 2007, Huang and Zhang [2] generalized the concept of a metric space, replacing
the set of real numbers by an ordered Banach space by defining the concept of a
cone metric space which is more general than that of a metric space, and obtained
fixed point theorems for mappings on complete cone metric spaces having normal
cone. Later in 2008, Rezapour and Hamlbarani [4] generalized the results of Huang
and Zhang [2] by relaxing the normality property of the cones.

Recently, Jungck, Radenović, Radojević and Rakočević [3] have studied common
fixed point results for weakly compatible pairs of mappings in cone metric spaces by
omitting the assumptions of normality of the cone in their results, which generalize
and extend some earlier results ([2], [4], [1],[5]).

Thoughout this paper we use the following notation: R denotes the set of all
reals; and N denotes the set of all natural numbers.

Let E be a real Banach space and P be a subset of E. P is called a cone if the
following three conditions hold:

(1) P is closed, nonempty, and P 6= {0},
(2) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax+ by ∈ P , and
(3) x ∈ P and −x ∈ P ⇒ x = 0.

Given a cone P ⊂ E, we define a partial order ≤ with respect to P by x ≤ y if
and only if y−x ∈ P . In this case we call P an order cone. We write x < y if x ≤ y
and x 6= y; we write x� y if y − x ∈ int P , where int P denotes the interior of P .

2000 Mathematics Subject Classification. 47H10, 54H25, 55M20.
Key words and phrases. Cone metric spaces; generalized contraction pair; Zamfirescu pair;

common fixed points.
.
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An order cone P is called normal if there is a number K > 0 such that for all
x, y ∈ E,

0 ≤ x ≤ y implies ‖ x ‖≤ K ‖ y ‖ .
The least positive number satisfying the above inequality is called the normal
constant of P .

Rezapour and Hamlbarani [4] observed that there is no normal cone with normal
constant K < 1. There exists an ordered Banach space E with cone P which is not
normal but intP 6= ∅.

Definition 1.1. Let X be a nonempty set. If the mapping d : X×X → E satisfies

(1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y,
(2) d(x, y) = d(y, x), for all x, y ∈ X, and
(3) d(x, y) ≤ d(x, z) + d(z, y), for all x, y, z ∈ X,

then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 1.2. Let (X, d) be a cone metric space and let {xn} be a sequence in
X. We say that {xn} is

(1) a Cauchy sequence in X if for each c in E with 0 � c, there is an N such
that for all m,n > N , d(xm, xn)� c;

(2) a convergent sequence in X if for each c in E with 0 � c, there is an N
such that for all n > N , d(xn, x)� c for some x in X. In this case, we say
that {xn} converges to x in X and we denote it by lim

n→∞
xn = x or xn → x

as n→∞.

A cone metric space is said to be complete if every Cauchy sequence in X is
convergent in X.

Remark 1.3. [3] Let E be an ordered Banach (normed) space with a cone P .

(1) c is an interior point of the cone P if and only if [−c, c] is a neighborhood
of 0.

(2) If a ≤ b and b� c, then a� c.
(3) If a� b and b� c, then a� c.
(4) If 0 ≤ u� c for each c ∈ intP , then u = 0.
(5) If c ∈ intP , 0 ≤ an and an → 0, then there exists n0 such that for all

n > n0 we have an � c.
(6) Let 0� c. If 0 ≤ d(xn, x) ≤ bn and bn → 0, then eventually d(xn, x)� c,

where {xn} is a sequence in X and x is a given point in X.
(7) If an ≤ bn and an → a, bn → b, then a ≤ b for each cone P .
(8) If E is a real Banach space with cone P and a ≤ λa where a ∈ P and

0 < λ < 1, then a = 0.

From Remark 1.3 (4) and (5), we observe that if a sequence {xn} is convergent
in a cone metric space with a cone P having nonempty interior, then the limit of
{xn} is unique.

Definition 1.4. [3] Let (X, d) be a cone metric space and P a cone with nonempty
interior. Suppose that the mappings f, g : X → X are such that f(X) ⊂ g(X), and
f(X) or g(X) is a complete subspace of X. Then the pair (f, g) is called Abbas
and Jungck’s pair, or shortly AJ ’s pair.
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Definition 1.5. [3]. Let f and g be selfmaps of a set X. If w = fx = gx for some
x in X, then x is called a coincidence point of f and g, and w is called a point of
coincidence of f and g. f and g are said to be weakly compatible if they commute
at their coincidence point; that is, if fx = gx for some x in X, then fgx = gfx.

Recently, Jungck et. al. [3] proved the following theorems.

Theorem 1.6. (Jungck et. al. [3], Theorem 2.1). Suppose that (f, g) is AJ ’s pair,
and that for some constant k ∈ (0, 1) and for every x, y ∈ X, there exists

p(x, y) ∈ {d(gx, gy), d(fx, gx), d(fy, gy),
d(fx, gy) + d(fy, gx)

2
}, (1.6.1)

such that

d(fx, fy) ≤ k p(x, y). (1.6.2)

Then f and g have a unique point of coincidence in X. Moreover, if f and g are
weakly compatible, then f and g have a unique common fixed point in X.

Theorem 1.7. (Jungck et. al. [3], Theorem 2.2). Suppose that (f, g) is AJ ’s pair,
and that for some constant k ∈ (0, 1) and for every x, y ∈ X, there exists

p(x, y) ∈ {d(gx, gy),
d(fx, gx) + d(fy, gy)

2
,
d(fx, gy) + d(fy, gx)

2
}, (1.7.1)

such that

d(fx, fy) ≤ k p(x, y). (1.7.2)

Then f and g have a unique point of coincidence in X. Moreover, if f and g are
weakly compatible, then f and g have a unique common fixed point in X.

We now introduce a generalized contraction pair of mappings.

Definition 1.8. Let (X, d) be a cone metric space and P a cone with nonempty
interior. Let f, g : X → X be selfmaps. Suppose that there exists a constant
k ∈ (0, 1) and there exists

p(x, y) ∈ {d(x, y), d(x, fx), d(y, gy),
d(x, gy) + d(y, fx)

2
}, (1.8.1)

such that

d(fx, gy) ≤ k p(x, y) for all x, y in X. (1.8.2)

Then the pair (f, g) is called a generalized contraction pair on X.

The following examples, Example 1.9 and Example 1.10, show that a pair of maps
that satisfies inequality (1.6.2) and a generalized contraction pair are independent.

Example 1.9. Let X = [0, 1], E = C1
R[0, 1] and P = {ϕ ∈ E : ϕ ≥ 0}. Then P is

a cone with nonempty interior. We observe that P is not normal [4].
We define d : X ×X → E by d(x, y) = |x− y|ϕ, where ϕ : [0, 1]→ R by ϕ(t) = et.
Then d is a cone metric on X. We define mappings f, g : X → X by

f(x) =

{
1
3
x if 0 ≤ x < 5

6
1
3

if 5
6
≤ x ≤ 1

and g(x) =

{
0 if 0 ≤ x < 5

6
1
3
x if 5

6
≤ x ≤ 1.
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We observe that the pair (f, g) is a generalized contraction pair with k = 4
5 .

We also observe that neither f(X) ⊂ g(X) nor g(X) ⊂ f(X). Hence the pair
(f, g) is not AJ ’s pair. Also, f and g do not satisfy the inequality (1.6.2). For we
choose x = 0 and y = 1. Then for all k ∈ (0, 1) we have

1

3
ϕ = d(f0, f1) > k p(0, 1),

where

p(0, 1) ∈ {d(g0, g1), d(f0, g0), d(f1, g1),
d(f0, g1) + d(f1, g0)

2
} = {0, 1

3
ϕ};

and
1

3
ϕ = d(g0, g1) > k p(0, 1),

where

p(0, 1) ∈ {d(f0, f1), d(g0, f0), d(g1, f1),
d(g0, f1) + d(g1, f0)

2
} = {0, 1

3
ϕ}.

Example 1.10. Let X = R, E = C1
R[0, 1] and P = {ϕ ∈ E : ϕ ≥ 0}.

We define d : X ×X → E by d(x, y) = |x− y|ϕ, where ϕ : [0, 1]→ R by ϕ(t) = et.
Then d is a cone metric on X. We define mappings f, g : X → X by

f(x) =

{
1
3
x− 1 if x 6= 0
0 if x = 0

and g(x) =

{
x− 2 if x 6= 0
0 if x = 0.

Then f and g satisfy the inequality (1.6.2) with k = 1
2 . However, the pair (f, g)

is not a generalized contraction pair. For, we choose x = 2 and y = −1. Then, for
all k ∈ (0, 1), we have

3ϕ = d(f2, g(−1)) > k p(2,−1),

where

p(2,−1) ∈ {d(2,−1), d(2, f2), d(−1, g(−1)),
d(2, g(−1)) + d(−1, f2)

2
} = {2ϕ, 3ϕ}.

We now introduce a Zamfirescu pair in a cone metric space.

Definition 1.11. Let (X, d) be a cone metric space and P a cone with nonempty
interior. Let f, g : X → X be selfmaps. Suppose that there exists a constant
k ∈ (0, 1) and there exists

p(x, y) ∈ {d(x, y),
d(x, fx) + d(y, gy)

2
,
d(x, gy) + d(y, fx)

2
}, (1.11.1)

such that
d(fx, gy) ≤ k p(x, y) for all x, y in X. (1.11.2)

Then the pair (f, g) is called a Zamfirescu pair on X.

The following examples, Example 1.12 and Example 1.13, show that a pair of
maps that satisfies inequality (1.7.2) and a Zamfirescu pair are independent.

Example 1.12. Let X, E, P , d and ϕ be as in Example 1.9.
We define mappings f, g : X → X by

f(x) =

{
1
4
x if x 6= 1
1
5

if x = 1
and g(x) =

{
1
5
x if x 6= 1
1
4

if x = 1.
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We observe that the pair (f, g) is a Zamfirescu pair with k = 2
3 .

We also observe that neither f(X) ⊂ g(X) nor g(X) ⊂ f(X). Hence the pair
(f, g) is not AJ ’s pair. Also, f and g do not satisfy the inequality (1.7.2). For, by
choosing x = 0 and y = 1

2 , and for all k ∈ (0, 1) we obtain

1

8
ϕ = d(f0, f

1

2
) > k p(0,

1

2
),

where

p(0,
1

2
) ∈ {d(g0, g

1

2
),
d(f0, g0) + d(f 1

2 , g
1
2 )

2
,
d(f0, g 1

2 ) + d(f 1
2 , g0)

2
} = { 1

10
ϕ,

1

80
ϕ,

9

80
ϕ},

Now, by taking x = 0 and y = 1, for all k ∈ (0, 1) we obtain

1

4
ϕ = d(g0, g1) > k p(0, 1),

where

p(0, 1) ∈ {d(f0, f1),
d(g0, f0) + d(g1, f1)

2
,
d(g0, f1) + d(g1, f0)

2
} = {1

5
ϕ,

1

40
ϕ,

9

40
ϕ}.

Example 1.13. Let X, E, P , d, ϕ, f and g be as in Example 1.10.
Then f and g satisfy the inequality (1.7.2) with k = 1

2 . However, the pair (f, g) is
not a Zamfirescu pair. For, we choose x = 2 and y = −1. Then, for all k ∈ (0, 1),
we have

3ϕ = d(f2, g(−1)) > k p(2,−1),

where

p(2,−1) ∈ {d(2,−1),
d(2, f2) + d(−1, g(−1))

2
,
d(2, g(−1)) + d(−1, f2)

2
}

= {2ϕ, 5

2
ϕ, 3ϕ}.

The aim of this paper is to prove the existence of common fixed points of a
generalized contraction pair in a complete cone metric space. The same is also
established for Zamfirescu pair in Section 3. Our results generalize the results of
Huang and Zhang [2] and extend the results of Rezapour and Hamlbarani [4].

2. Common fixed point theorems of a generalized contraction pair

Theorem 2.1. Let (X, d) be a complete cone metric space. Suppose that (f, g) is
a generalized contraction pair on X. Then f and g have a unique common fixed
point in X.

Proof. Let x0 ∈ X. Since f(X) ⊂ X, there exists x1 ∈ X such that x1 = fx0.
Since g(X) ⊂ X, there exists x2 ∈ X such that x2 = gx1. By continuing this
process, having defined xn ∈ X, we define xn+1 ∈ X such that

xn+1 =

{
fxn if n = 0, 2, 4, · · ·
gxn if n = 1, 3, 5, · · · .

We first show that

d(xn+1, xn) ≤ k d(xn, xn−1), for n = 1, 2, 3, · · · . (2.1.1)

We consider two cases.
Case (i): n is even. Then,

d(xn+1, xn) = d(fxn, gxn−1) ≤ k p(xn, xn−1),
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where

p(xn, xn−1) ∈ {d(xn, xn−1), d(xn, fxn), d(xn−1, gxn−1),
d(xn, gxn−1) + d(xn−1, fxn)

2
}

= {d(xn, xn−1), d(xn+1, xn),
1

2
d(xn+1, xn−1)}.

Now if p(xn, xn−1) = d(xn, xn−1), then clearly (2.1.1) holds;
if p(xn, xn−1) = d(xn+1, xn), then from Remark 1.3 (8), we have d(xn+1, xn) = 0,
and hence (2.1.1) holds;
if p(xn, xn−1) = 1

2d(xn+1, xn−1), then we have

d(xn+1, xn) ≤ 1

2
d(xn+1, xn) +

k

2
d(xn, xn−1),

and hence (2.1.1) holds.
Case (ii): n is odd. Then,

d(xn+1, xn) = d(gxn, fxn−1) = d(fxn−1, gxn) ≤ k p(xn−1, xn),

where

p(xn−1, xn) ∈ {d(xn−1, xn), d(xn−1, fxn−1), d(xn, gxn),
d(xn−1, gxn) + d(xn, fxn−1)

2
}

= {d(xn, xn−1), d(xn+1, xn),
1

2
d(xn+1, xn−1)}.

Now if p(xn−1, xn) = d(xn, xn−1), then clearly (2.1.1) holds;
if p(xn−1, xn) = d(xn+1, xn), then from Remark 1.3 (8), we have d(xn+1, xn) = 0,
and hence (2.1.1) holds;
if p(xn−1, xn) = 1

2d(xn+1, xn−1), then we have

d(xn+1, xn) ≤ 1

2
d(xn+1, xn) +

k

2
d(xn, xn−1),

and hence (2.1.1) holds.
Hence, in both cases the inequality (2.1.1) holds.
By repeated application of (2.1.1), we get

d(xn+1, xn) ≤ kn d(x1, x0), n = 1, 2, · · · . (2.1.2)

We show that {xn} is a Cauchy sequence in X. For n > m, we have

d(xn, xm) ≤ d(xn, xn−1) + d(xn−1, xn−2) + · · ·+ d(xm+1, xm)

≤ (kn−1 + kn−2 + · · ·+ km)d(x1, x0)

≤ km

1− k
d(x1, x0)→ 0 as m→∞. (2.1.3)

Let 0 � c. From (2.1.3) and Remark 1.3 (5), there exists an integer N such
that km(1− k)−1d(x1, x0)� c for all m > N . By Remark 1.3 (2), d(xn, xm)� c.
Hence, by Definition 1.2 (1), {xn} is a Cauchy sequence in X. By the completeness
of X, there exists z in X such that xn → z as n→∞.

We claim that fz = z.
Let 0� c. Without loss of generality we assume that n is odd. Then,

d(fz, z) ≤ d(fz, gxn) + d(gxn, z)

≤ k p(z, xn) + d(xn+1, z), (2.1.4)
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where

p(z, xn) ∈ {d(z, xn), d(z, fz), d(xn, gxn),
d(z, gxn) + d(xn, fz)

2
}

= {d(z, xn), d(z, fz), d(xn, xn+1),
d(z, xn+1) + d(xn, fz)

2
}.

Clearly one of the following cases hold for infinitely many n.
If p(z, xn) = d(z, xn), then from (2.1.4) we have

d(fz, z) ≤ k d(z, xn) + d(xn+1, z)� k
c

2k
+
c

2
= c;

if p(z, xn) = d(z, fz), then from (2.1.4) we get

d(fz, z) ≤ 1

1− k
d(z, xn+1)� 1

1− k
c
1

1−k
= c;

if p(z, xn) = d(xn, xn+1), then from (2.1.4) we get

d(fz, z) ≤ k d(xn, z) + (1 + k) d(xn+1, z)� k
c

2k
+ (1 + k)

c

2(1 + k)
= c;

if p(z, xn) = d(z,xn+1)+d(xn,fz)
2 , then from (2.1.4) we get

d(fz, z) ≤ k d(z, xn+1) + d(xn, fz)

2
+ d(xn+1, z)

≤ (1 +
k

2
) d(z, xn+1) +

k

2
d(xn, z) +

1

2
d(z, fz)

so that

d(fz, z) ≤ (2 + k) d(z, xn+1) + k d(xn, z)� (2 + k)
c

2(2 + k)
+ k

c

2k
= c.

In all cases, we obtain d(fz, z)� c for each c ∈ int P . Using Remark 1.3 (4), it
follows that d(fz, z) = 0, or fz = z.

Next we prove that gz = z.
Consider

d(z, gz) = d(fz, gz) ≤ k p(z, z), (2.1.5)

where

p(z, z) ∈ {d(z, z), d(z, fz), d(z, gz),
d(z, fz) + d(z, gz)

2
}

= {0, d(z, gz),
d(z, gz)

2
}.

Now, if p(z, z) = 0, from (2.1.5) trivially we get gz = z. If either p(z, z) = d(z,gz)
2

or p(z, z) = d(z, gz), then from (2.1.5) and Remark 1.3 (8), we have d(z, gz) = 0;
i.e., z = gz.

Hence, fz = gz = z.
The uniqueness of z follows from the inequality (1.8.2). Hence the theorem

follows. �

The following is an example in support of Theorem 2.1.
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Example 2.2. Let X, E, P , d, ϕ, f and g be as in Example 1.9.
The pair (f, g) is a generalized contraction pair with k = 4

5 ; and the maps f and
g satisfy all the conditions of Theorem 2.1 and 0 is the unique common fixed point
of f and g.

3. Common fixed point theorems of Zamfirescu pair

In the following theorem, we prove a common fixed point theorem in cone metric
spaces which is an analog of the well-known Zamfirescu result in metric spaces [6].

Theorem 3.1. Let (X, d) be a complete cone metric space. Suppose that (f, g) is
a Zamfirescu pair on X. Then f and g have a unique common fixed point in X.

Proof. Let x0 ∈ X. Since f(X) ⊂ X, there exists x1 ∈ X such that x1 = fx0.
Since g(X) ⊂ X, there exists x2 ∈ X such that x2 = gx1. By continuing this
process, having defined xn ∈ X, we can define xn+1 ∈ X such that

xn+1 =

{
fxn if n = 0, 2, 4, · · ·
gxn if n = 1, 3, 5, · · · .

We first show that

d(xn+1, xn) ≤ k d(xn, xn−1), for n = 1, 2, 3, · · · . (3.1.1)

We consider two cases.
Case (i): n is even. Then,

d(xn+1, xn) = d(fxn, gxn−1) ≤ k p(xn, xn−1),

where

p(xn, xn−1) ∈ {d(xn, xn−1),
d(xn, fxn) + d(xn−1, gxn−1)

2
,
d(xn, gxn−1) + d(xn−1, fxn)

2
}

= {d(xn, xn−1),
d(xn+1, xn) + d(xn, xn−1)

2
,

1

2
d(xn+1, xn−1)}.

Now if p(xn, xn−1) = d(xn, xn−1), then clearly (3.1.1) holds;

if p(xn, xn−1) = d(xn+1,xn)+d(xn,xn−1)
2 , then we have

d(xn+1, xn) ≤ k d(xn+1, xn) + d(xn, xn−1)

2

≤ 1

2
d(xn+1, xn) +

k

2
d(xn, xn−1),

and hence (3.1.1) holds;
if p(xn, xn−1) = 1

2d(xn+1, xn−1), then we have

d(xn+1, xn) ≤ 1

2
d(xn+1, xn) +

k

2
d(xn, xn−1),

and hence (3.1.1) holds.
Case (ii): n is odd. Then,

d(xn+1, xn) = d(gxn, fxn−1) = d(fxn−1, gxn) ≤ k p(xn−1, xn),

where

p(xn−1, xn) ∈ {d(xn−1, xn),
d(xn−1, fxn−1) + d(xn, gxn)

2
,
d(xn−1, gxn) + d(xn, fxn−1)

2
}
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= {d(xn, xn−1),
d(xn+1, xn) + d(xn, xn−1)

2
,

1

2
d(xn+1, xn−1)}.

Now if p(xn−1, xn) = d(xn, xn−1), then clearly (3.1.1) holds;

if p(xn−1, xn) = d(xn+1,xn)+d(xn,xn−1)
2 , then we have

d(xn+1, xn) ≤ k d(xn+1, xn) + d(xn, xn−1)

2

≤ 1

2
d(xn+1, xn) +

k

2
d(xn, xn−1),

and hence (3.1.1) holds;
if p(xn−1, xn) = 1

2d(xn+1, xn−1), then we have

d(xn+1, xn) ≤ 1

2
d(xn+1, xn) +

k

2
d(xn, xn−1),

and hence (3.1.1) holds.
Hence, in both cases the inequality (3.1.1) holds.
By repeated application of (3.1.1), we get

d(xn+1, xn) ≤ kn d(x1, x0), n = 1, 2, · · · . (3.1.2)

We show that {xn} is a Cauchy sequence in X. For n > m, we have

d(xn, xm) ≤ d(xn, xn−1) + d(xn−1, xn−2) + · · ·+ d(xm+1, xm)

≤ (kn−1 + kn−2 + · · ·+ km)d(x1, x0)

≤ km

1− k
d(x1, x0)→ 0 as m→∞. (3.1.3)

Let 0 � c. From (3.1.3) and Remark 1.3 (5), there exists an integer N such
that km(1− k)−1d(x1, x0)� c for all m > N . By Remark 1.3 (2), d(xn, xm)� c.
Hence, by Definition 1.2 (1), {xn} is a Cauchy sequence in X. By the completeness
of X, there exists z in X such that xn → z as n→∞.

We claim that fz = z.
Let 0� c. Without loss of generality we assume that n is odd. Then,

d(fz, z) ≤ d(fz, gxn) + d(gxn, z)

≤ k p(z, xn) + d(xn+1, z), (3.1.4)

where

p(z, xn) ∈ {d(z, xn),
d(z, fz) + d(xn, gxn)

2
,
d(z, gxn) + d(xn, fz)

2
}

= {d(z, xn),
d(z, fz) + d(xn, xn+1)

2
,
d(z, xn+1) + d(xn, fz)

2
}.

Clearly one of the following cases hold for infinitely many n.
If p(z, xn) = d(z, xn), then from (3.1.4) we have

d(fz, z) ≤ k d(z, xn) + d(xn+1, z)� k
c

2k
+
c

2
= c;

if p(z, xn) = d(z,fz)+d(xn,xn+1)
2 , then from (3.1.4) we get

d(fz, z) ≤ k d(z, fz) + d(xn, xn+1)

2
+ d(xn+1, z)

≤ (1 +
k

2
) d(z, xn+1) +

k

2
d(xn, z) +

1

2
d(z, fz),
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so that

d(fz, z) ≤ (2 + k) d(z, xn+1) + k d(xn, z)� (2 + k)
c

2(2 + k)
+ k

c

2k
= c.

if p(z, xn) = d(z,xn+1)+d(xn,fz)
2 , then from (3.1.4) we get

d(fz, z) ≤ k d(z, xn+1) + d(xn, fz)

2
+ d(xn+1, z)

≤ (1 +
k

2
) d(z, xn+1) +

k

2
d(xn, z) +

1

2
d(z, fz),

so that

d(fz, z) ≤ (2 + k) d(z, xn+1) + k d(xn, z)� (2 + k)
c

2(2 + k)
+ k

c

2k
= c.

In all cases, we obtain d(fz, z) � c for each c ∈ int P . Using Remark 1.3 (4), it
follows that d(fz, z) = 0, or fz = z.

Next we prove that gz = z.
Consider

d(z, gz) = d(fz, gz) ≤ k p(z, z), (3.1.5)

where

p(z, z) ∈ {d(z, z),
d(z, gz) + d(z, fz)

2
,
d(z, fz) + d(z, gz)

2
}

= {0, d(z, gz)

2
}.

Now if p(z, z) = 0, from (3.1.5) trivially we get gz = z. If p(z, z) = d(z,gz)
2 , then

from (3.1.5) and Remark 1.3 (8), we have d(z, gz) = 0; i.e., z = gz.
Hence, fz = gz = z.
The uniqueness of z follows from the inequality (1.11.2). Hence the theorem

follows. �

The following is an example in support of Theorem 3.1.

Example 3.2. Let X, E, P , d, ϕ, f and g be as in Example 1.12.
The pair (f, g) is a Zamfirescu pair with k = 2

3 ; and the maps f and g satisfy all
the conditions of Theorem 3.1 and 0 is the unique common fixed point of f and g.

The following are corollaries which follow from Theorem 3.1.

Corollary 3.3. Let (X, d) be a complete cone metric space and P a cone with
nonempty interior. Let f, g : X → X be selfmaps. Suppose that for some constant
k ∈ (0, 1) and for every x, y ∈ X,

d(fx, gy) ≤ k d(x, y).

Then f and g have a unique common fixed point in X.

Corollary 3.4. Let (X, d) be a complete cone metric space and P a cone with
nonempty interior. Let f, g : X → X be selfmaps. Suppose that for some constant
k ∈ (0, 12 ) and for every x, y ∈ X,

d(fx, gy) ≤ k [d(x, fx) + d(y, gy)].

Then f and g have a unique common fixed point in X.
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Corollary 3.5. Let (X, d) be a complete cone metric space and P a cone with
nonempty interior. Let f, g : X → X be selfmaps. Suppose that for some constant
k ∈ (0, 12 ) and for every x, y ∈ X,

d(fx, gy) ≤ k [d(x, gy) + d(y, fx)].

Then f and g have a unique common fixed point in X.

Remark 3.6. Corollary 3.3, Corollary 3.4 and Corollary 3.5 are extensions of
Theorem 2.3, Theorem 2.4 and Theorem 2.5 of Rezapour and Hamlbarani [4]
respectively and hence generalize some results of Huang and Zhang [2] since we do
not use the assumption ‘normality of cone’ in our results.
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MAPPINGS AND DECOMPOSITIONS OF PAIRWISE

CONTINUITY ON PAIRWISE NEARLY LINDELÖF SPACES

A. KILIÇMAN AND Z. SALLEH

Abstract. The purpose of this paper is to study the effect of mappings,

some decompositions of pairwise continuity and some generalized pairwise open

mappings on pairwise nearly Lindelöf spaces. The main result indicates that
a pairwise δ-continuous image of a pairwise nearly Lindelöf space is pairwise

nearly Lindelöf.

1. Introduction

In literature there are several generalizations of the notion of Lindelöf spaces and
these are studied separately for different reasons and purposes. In 1982, Balasub-
ramaniam [1] introduced and studied the notion of nearly Lindelöf spaces. Then in
1996, Cammaroto and Santoro [2] studied and gave further new results about these
spaces which are considered as one of the main generalizations of Lindelöf spaces.
Recently the authors introduced and studied the notion of pairwise Lindelöf spaces
[9] and pairwise nearly Lindelöf spaces [18] and pairwise weakly regular-Lindelf
spaces [12] as well as pairwise almost Lindelöf spaces in bitopological setting, see
[10] and extended some results due to Balasubramaniam [1] and Cammaroto and
Santoro [2].

Our purpose in this paper is to study the decompositions of pairwise continuity
concepts, openness and closedness functions and its generalizations concepts, and
mappings on pairwise nearly Lindelöf spaces in a suitable way of bitopological
spaces after the manner of Fawakhreh and Kılıçman [5]. We extend most of their
results in topological spaces to bitopological spaces.

The concepts of continuous functions and its generalizations have been introduced
and studied in topological spaces. In [11, 13], the authors studied the pairwise
Lindelöfness and pairwise continuity, the authors also introduced and studied the
pairwise almost regular-Lindelöf bitopological spaces, their subspaces and subsets,
and investigated some of their characterizations (see [14]). In this paper we ex-
tend the previous types of continuity to bitopological spaces and investigate their
relationships. Moreover, the concepts of open and closed functions and its gener-
alizations also have been introduced and studied in topological spaces. We extend
these types of openness and closedness functions to bitopological spaces and in-
vestigate their relationship. Some examples and counterexamples will be given in
order to establish further relationships.

c©2008 Aulona Press (Albanian J. Math.)
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In section 4, we shall study the effect of mappings, some decompositions of pairwise
continuity and some generalized pairwise openness functions on pairwise nearly
Lindelöf spaces. We also show that some mappings preserve this property. The
main result in our study is that the image of a pairwise nearly Lindelöf space under
a pairwise δ-continuous functions is pairwise nearly Lindelöf.

2. Preliminaries

Throughout this paper, all spaces (X, τ) and (X, τ1, τ2) (or simply X) are always
mean topological spaces and bitopological spaces, respectively. If P is a topological
property, then (τi, τj)-P denotes an analogue of this property for τi has property
P with respect to τj , and p-P denotes the conjunction (τ1, τ2)-P ∧ (τ2, τ1)-P, i.e.,
p-P denotes an absolute bitopological analogue of P. The prefix τi-P denotes the
(X, τ1, τ2) has a property P with respect to τi. Note that (X, τi) has a property
P ⇐⇒ (X, τ1, τ2) has a property τi-P.

By τi-int (A) and τi-cl (A), we shall mean the interior and the closure of a subset
A of X with respect to topology τi, respectively. By τi-open cover of X, we mean
that the cover of X by τi-open sets in X; similar for the (τi, τj)-regular open cover
of X and etc. The prefixes (τi, τj)- or τi- will be replaced by (i, j)- or i- respec-
tively, if there is no chance for confusion. In this paper always i, j ∈ {1, 2} and i 6= j.

The concepts of open, regular open, regular closed, preopen and β-open sets are
well known in topological spaces. We extend these concepts to bitopological spaces
as follows.

Definition 2.1. A subset S of a bitopological space (X, τ1, τ2) is said to be

(a) i-open if S is open with respect to τi in X, S is called open in X if it is
both 1-open and 2-open, or equivalently, F ∈ (τ1 ∩ τ2) in X;

(b) (i, j)-regular open [8] if S = i-int (j-cl (S)), S is called pairwise regular open
if it is both (1, 2)-regular open and (2, 1)-regular open;

(c) (i, j)-regular closed [8] if S = i-cl (j-int (S)), S is called pairwise regular
closed if it is both (1, 2)-regular closed and (2, 1)-regular closed;

(d) (i, j)-preopen if S ⊆ i-int (j-cl (S)), S is called pairwise preopen if it is both
(1, 2)-preopen and (2, 1)-preopen;

(e) (i, j)-β-open if S ⊆ j-cl (i-int (j-cl (S))), S is called pairwise β-open if it is
both (1, 2)-β-open and (2, 1)-β-open;

where i, j ∈ {1, 2} and i 6= j.

Definition 2.2 (see [6, 9]). A bitopological space (X, τ1, τ2) is said to be i-Lindelöf
if the topological space (X, τi) is Lindelöf. X is called Lindelöf if it is both 1-Lindelöf
and 2-Lindelöf. Equivalently, (X, τ1, τ2) is Lindelöf if every i-open cover of X has
a countable subcover for each i = 1, 2.

Definition 2.3 (see [7, 8]). A bitopological space (X, τ1, τ2) is said to be (i, j)-
regular if for each point x ∈ X and for each i-open set V containing x, there exists
an i-open set U such that x ∈ U ⊆ j-cl (U) ⊆ V . X is called pairwise regular if it
is both (1, 2)-regular and (2, 1)-regular.

Definition 2.4 (see [20]). A bitopological space X is said to be (i, j)-almost regular
if for each x ∈ X and for each (i, j)-regular open set V of X containing x, there is
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an (i, j)-regular open set U such that x ∈ U ⊆ j-cl (U) ⊆ V . The space X is called
pairwise almost regular if it is both (1, 2)-almost regular and (2, 1)-almost regular.

Definition 2.5 (see [8, 20]). A bitopological space X is said to be (i, j)-semiregular
if for each x ∈ X and for each i-open set V of X containing x, there is an i-open
set U such that x ∈ U ⊆ i-int (j-cl (U)) ⊆ V . Similarly, X is called pairwise
semiregular if it is both (1, 2)-semiregular and (2, 1)-semiregular.

3. Decompositions of Pairwise Continuity and Pairwise Openness

The concepts of R-map, almost continuous, precontinuous, β-continuous, almost
precontinuous, almost β-continuous, δ-continuous and almost δ-continuous func-
tions have been introduced by many authors in a topological space (see [3, 5, 15]).
These concepts are extended to bitopological spaces as follows.

Definition 3.1. A function f : (X, τ1, τ2)→ (Y, σ1, σ2) is said to be

(1) i-continuous if the functions f : (X, τi)→ (Y, σi) is continuous, f is called
continuous if it is i-continuous for each i = 1, 2;

(2) (i, j)-R-map if f−1 (V ) is (τi, τj)-regular open set in X for every (σi, σj)-
regular open set V in Y , f is called pairwise R-map if it is both (1, 2)-R-map
and (2, 1)-R-map;

(3) (i, j)-almost continuous if f−1 (V ) is τi-open set in X for every (σi, σj)-
regular open set V in Y , f is called pairwise almost continuous if it is both
(1, 2)-almost continuous and (2, 1)-almost continuous;

(4) (i, j)-precontinuous (resp. (i, j)-β-continuous) if f−1 (V ) is (τi, τj)-preopen
(resp. (τi, τj)-β-open) set in X for every σi-open set V in Y , f is called
pairwise precontinuous (resp. pairwise β-continuous) if it is both (1, 2)-
precontinuous (resp. (1, 2)-β-continuous) and (2, 1)-precontinuous (resp.
(2, 1)-β-continuous);

(5) (i, j)-almost precontinuous (resp. (i, j)-almost β-continuous) if for each
x ∈ X and each (σi, σj)-regular open set V in Y containing f (x), there
exists a (τi, τj)-preopen (resp. (τi, τj)-β-open) set U in X containing x such
that f (U) ⊆ V , f is called pairwise almost precontinuous (resp. pairwise
almost β-continuous) if it is both (1, 2)-almost precontinuous (resp. (1, 2)-
almost β-continuous) and (2, 1)-almost precontinuous (resp. (2, 1)-almost
β-continuous);

(6) (i, j)-δ-continuous (resp. (i, j)-almost δ-continuous) if for each x ∈ X and
each (σi, σj)-regular open subset V of Y containing f (x), there exists a
((τi, τj))-regular open subset U of X containing x such that f (U) ⊆ V
(resp. f (U) ⊆ σj-cl (V )), f is called pairwise δ-continuous (resp. pairwise
almost δ-continuous) if it is both (1, 2)-δ-continuous (resp. (1, 2)-almost
δ-continuous) and (2, 1)-δ-continuous (resp. (2, 1)-almost δ-continuous).

Lemma 3.1. Let {Aα : α ∈ ∆} be a collection of (i, j)-β-open (resp. (i, j)-preopen)

sets in a bitopological space X. Then
⋃
α∈∆

Aα is (i, j)-β-open (resp. (i, j)-preopen)

set in X.
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Proof. We need to prove the (i, j)-β-open part of the lemma. The (i, j)-preopen
part can be proved by the similar procedure. For each α ∈ ∆, since Aα is (i, j)-β-
open set in X, we have Aα ⊆ j-cl (i-int (j-cl (Aα))). Then⋃

α∈∆

Aα ⊆
⋃
α∈∆

j-cl (i-int (j-cl (Aα)))

⊆ j-cl

( ⋃
α∈∆

i-int (j-cl (Aα))

)

⊆ j-cl

(
i-int

( ⋃
α∈∆

j-cl (Aα)

))

⊆ j-cl

(
i-int

(
j-cl

( ⋃
α∈∆

Aα

)))
.

Therefore
⋃
α∈∆

Aα is (i, j)-β-open set in X. �

Theorem 3.1. The following are equivalent for a function f : (X, τ1, τ2)→ (X,σ1, σ2) :

(1) f is (i, j)-almost precontinuous (resp. (i, j)-almost β-continuous);
(2) f−1 (V ) is (τi, τj)-preopen (resp. (τi, τj)-β-open) set in X for every (σi, σj)-

regular open set V in Y.

Proof. (1) =⇒ (2) : Let V be any (σi, σj)-regular open set in Y and x ∈ f−1 (V ).
Then f (x) ∈ V , and by (1), there exists a (τi, τj)-preopen set Ux in X contain-
ing x such that f (Ux) ⊆ V . Thus x ∈ Ux ⊆ f−1 (V ) . Therefore, we obtain

f−1 (V ) =
⋃

x∈f−1(V )

Ux. This shows that f−1 (V ) is (τi, τj)-preopen set in X by

Lemma 3.1.

(2) =⇒ (1) : Let x ∈ X and let V be a (σi, σj)-regular open set in Y containing
f (x). Then x ∈ f−1 (V ) and by (2), f−1 (V ) is (τi, τj)-preopen set in X. So
take U = f−1 (V ), then U is a (τi, τj)-preopen set in X containing x such that
f (U) = f

(
f−1 (V )

)
⊆ V . This shows that f is (i, j)-almost continuous.

The proof for the (i, j)-almost β-continuous is similar. �

Corollary 3.1. The following are equivalent for a function f : (X, τ1, τ2) →
(X,σ1, σ2) :

(1) f is pairwise almost precontinuous (resp. pairwise almost β-continuous);
(2) f−1 (V ) is pairwise preopen (resp. pairwise β-open) set in X for every

pairwise regular open set V in Y.

Proposition 3.1. If f : (X, τ1, τ2) → (Y, σ1, σ2) is a pairwise almost continuous
function, then f is pairwise almost δ-continuous.

Proof. Let x ∈ X and let V be a (σ1, σ2)-regular open set in Y containing f (x).
Then x ∈ f−1 (V ) and since f is (1, 2)-almost continuous, f−1 (V ) is a τ1-open set
in X containing x. Since W = τ1-int

(
τ2-cl

(
f−1 (V )

))
is a (τ1, τ2)-regular open set

in X containing x,

f (W ) = f
(
τ1-int

(
τ2-cl

(
f−1 (V )

)))
⊆ f

(
τ2-cl

(
f−1 (V )

))
.
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Since f is also (2, 1)-almost continuous and σ2-cl (V ) is a (σ2, σ1)-regular closed set
in Y , τ2-cl

(
f−1 (V )

)
⊆ f−1 (σ2-cl (V )) because f−1 (σ2-cl (V )) is a τ2-closed set in

X containing f−1 (V ). So

f (W ) ⊆ f
(
τ2-cl

(
f−1 (V )

))
⊆ f

(
f−1 (σ2-cl (V ))

)
⊆ σ2-cl (V ) .

This shows that f is (1, 2)-almost δ-continuous. Similarly, f is also (2, 1)-almost δ-
continuous and completes the proof. �

The converse of Proposition 3.1 is not true as the following example shows.

Example 3.1. Let X = {a, b, c} with topologies

τ1 = {∅, {b} , {a, b} , {b, c} , X} , τ2 = {∅, {c} , X}

and

σ1 = {∅, {a} , {b} , {a, b} , X} , σ2 = {∅, {a} , X} .
Let f : (X, τ1, τ2) → (X,σ1, σ2) be a function defined by f (a) = b and f (b) =
f (c) = c. Then f is (1, 2)-almost δ-continuous as well as (2, 1)-almost δ-continuous
so pairwise almost δ-continuous but it is not (1, 2)-almost continuous since there
exists a (σ1, σ2)-regular open set {b} in (X,σ1, σ2) such that f−1 ({b}) = {a} is
not τ1-open set in (X, τ1, τ2). Thus f is not pairwise almost continuous. Even f
is (1, 2)-almost δ-continuous but it is not (1, 2)-δ-continuous since for the (σ1, σ2)-
regular open set {b} in (X,σ1, σ2) containing f (a) = b, there is no (τ1, τ2)-regular
open set U in (X, τ1, τ2) containing a such that f (U) ⊆ {b}. It is also not 1-
continuous since f−1 ({b}) = {a} is not τ1-open set in (X, τ1, τ2) while {b} is σ1-
open set in (X,σ1, σ2).

The following we prove that (i, j)-δ-continuity implies (i, j)-almost continuity but
the converse is not true as Example 3.2 below shows.

Proposition 3.2. If f : (X, τ1, τ2) → (Y, σ1, σ2) is (i, j)-δ-continuous function,
then f is (i, j)-almost continuous.

Proof. Let V be a (σi, σj)-regular open set in Y containing f (x). Since f is (i, j)-
δ-continuous function, there exists a (τi, τj)-regular open set Ux in X containing x

such that f (Ux) ⊆ V . Then x ∈ Ux ⊆ f−1 (V ) and f−1 (V ) =
⋃

x∈f−1(V )

Ux. Since

every (τi, τj)-regular open set is τi-open, then Ux is τi-open set for each x. This
implies that f−1 (V ) is τi-open set in X. Therefore f is (i, j)-almost continuous. �

Corollary 3.2. If f : (X, τ1, τ2) → (Y, σ1, σ2) is pairwise δ-continuous function,
then f is pairwise almost continuous.

Observe that, every i-continuous function is (i, j)-almost continuous and every
(i, j)-R-map is (i, j)-almost continuous too, but the converses are not true in gen-
eral. In fact, i-continuity and (i, j)-R-map property are independent as Example
3.2 and Example 3.3 below show. Moreover, Example 3.2 and Example 3.3 below
also shows that i-continuity and (i, j)-δ-continuity are independent concepts. Every
(i, j)-R-map is (i, j)-δ-continuous by Lemma 4.1 below but the converse is not true
in general as Example 4.1 below show. Furthermore, i-continuity and (i, j)-almost
δ-continuity are independent concepts as Example 3.1 above and Example 3.2 below
show.
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It is also very clear that (i, j)-δ-continuity implies (i, j)-almost δ-continuity but
the converse is not true in general as Example 3.1 above shows. The Example
3.1 above and Example 3.2 below show that (i, j)-almost continuity and (i, j)-
almost δ-continuity are independent concepts. Furthermore, (i, j)-almost continuity
as well as (i, j)-precontinuity implies (i, j)-almost precontinuity, and (i, j)-almost
precontinuity as well as (i, j)-β-continuity implies (i, j)-almost β-continuity but the
converses are not true in general as Example 3.4, Example 3.5 and Example 3.6
below show. It is very clear that i-continuity implies (i, j)-precontinuity and (i, j)-
precontinuity implies (i, j)-β-continuity but the converses are not true as we will
see in Example 3.7 and Example 3.8 below.

Example 3.2. Let X = {a, b, c} with topologies

τ1 = {∅, {a} , {b} , {a, b} , {b, c} , X} , τ2 = {∅, {a} , {c} , {a, c} , X}
and

σ1 = {∅, {a} , {c} , {a, c} , X} , σ2 = {∅, {b, c} , X} .
Then the function f : (X, τ1, τ2) → (X,σ1, σ2) defined by f (a) = a, f (b) = c and
f (c) = b is 1-continuous so (1, 2)-almost continuous. But f is not a (1, 2)-R-map
since f−1 ({a}) = {a} is not (τ1, τ2)-regular open set in (X, τ1, τ2) while {a} is
(σ1, σ2)-regular open set in (X,σ1, σ2). Even f is 1-continuous and (1, 2)-almost
continuous, it is not (1, 2)-almost δ-continuous since {a} is (σ1, σ2)-regular open
set in (X,σ1, σ2) containing f (a) = a but there is no (τ1, τ2)-regular open set U
in (X, τ1, τ2) containing a such that f (U) ⊆ σ2-cl {a} = {a}. Thus f is also not
(1, 2)-δ-continuous.

Example 3.3. Let X = {a, b, c} with topologies

τ1 = {∅, {c} , {a, b} , X} , τ2 = {∅, {a} , {c} , {a, c} , X}
and

σ1 = {∅, {a} , X} , σ2 = {∅, {a, c} , X} .
Then the identity function f : (X, τ1, τ2)→ (X,σ1, σ2) is a (1, 2)-R-map since ∅ and
X are the only (σ1, σ2)-regular open set in (X,σ1, σ2). So f is (1, 2)-δ-continuous
and also (1, 2)-almost continuous. However f is not 1-continuous since f−1 ({a}) =
{a} is not τ1-open set in (X, τ1, τ2) while {a} is σ1-open set in (X,σ1, σ2).

Example 3.4. Let X = {a, b, c, d} and Y = {x, y, z}. Define on X the topologies
τ1 = {∅, {c} , {d} , {a, c} , {c, d} , {a, c, d} , X} , τ2 = {∅, {c} , {a, c} , X} and on Y
define the topologies σ1 = {∅, {x} , {x, y} , Y } , σ2 = {∅, Y }. Let f : (X, τ1, τ2) →
(Y, σ1, σ2) be a function defined by f (a) = f (d) = x, f (b) = y and f (c) = z.
Then f is a (1, 2)-R-map thus (1, 2)-almost continuous, (1, 2)-almost precontinuous
and (1, 2)-almost β-continuous. But f is not (1, 2)-β-continuous since f−1 ({x}) =
{a, d} is not (τ1, τ2)-β-open set in (X, τ1, τ2) while {x} is σ1-open set in (Y, σ1, σ2).
Thus f is neither (1, 2)-precontinuous nor 1-continuous.

Example 3.5. Let X = {a, b, c, d} with topologies

τ1 = {∅, {a} , {b} , {a, b} , X} , τ2 = {∅, {a, d} , X}
and

σ1 = {∅, {a} , {b} , {c} , {a, b} , {a, c} , {b, c} , {a, b, c} , X} , σ2 = {∅, {a, c} , X} .
Let f : (X, τ1, τ2)→ (X,σ1, σ2) be a function defined by f (a) = a, f (b) = f (c) = b
and f (d) = d. Then f is (1, 2)-almost β-continuous since the (σ1, σ2)-regular open
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subsets of (X,σ1, σ2) are ∅, {b} and X. But f is not (1, 2)-almost precontinuous by
Theorem 3.1 since there exists a (σ1, σ2)-regular open set {b} in (X,σ1, σ2) such
that f−1 ({b}) = {b, c} is not (τ1, τ2)-preopen set in (X, τ1, τ2) because {b, c} 6⊆ τ1-
int (τ2-cl ({b, c})) = τ1-int ({b, c}) = {b}.

Example 3.6. Let X = {a, b, c, d} with topologies

τ1 = {∅, {c} , {d} , {a, c} , {c, d} , {a, c, d} , X} , τ2 = {∅, {b} , X}
and let Y = {x, y, z} with topologies

σ1 = {∅, {x} , {y} , {x, y} , Y } , σ2 = {∅, {x} , Y } .
Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function defined by f (a) = z and f (b) =
f (c) = f (d) = y. Then f is (1, 2)-almost precontinuous since the (σ1, σ2)-regular
open sets in (Y, σ1, σ2) are ∅, {y} and Y . But f is not (1, 2)-almost continuous
since there exists a (σ1, σ2)-regular open set {y} in (Y, σ1, σ2) such that f−1 ({y}) =
{b, c, d} is not τ1-open set in (X, τ1, τ2).

Example 3.7. Let X = {a, b, c} with topologies

τ1 = {∅, {c} , {a, b} , X} , τ2 = {∅, {c} , X}
and

σ1 = {∅, {a} , X} , σ2 = {∅, {a, c} , X} .
Then the identity function f : (X, τ1, τ2) → (X,σ1, σ2) is (1, 2)-precontinuous.
However f is not 1-continuous since f−1 ({a}) = {a} is not τ1-open set in (X, τ1, τ2)
while {a} is σ1-open set in (X,σ1, σ2).

Example 3.8. Let X = {a, b, c} with topologies

τ1 = {∅, {a} , {c} , {a, c} , X} , τ2 = {∅, {c} , X}
and

σ1 = {∅, {a} , {c} , {a, c} , {a, b} , X} , σ2 = {∅, {b} , {b, c} , X} .
Then the identity function f : (X, τ1, τ2)→ (X,σ1, σ2) is (1, 2)-β-continuous but it
is not (1, 2)-precontinuous since there exists a σ1-open set {a, b} in (X,σ1, σ2) such
that f−1 ({a, b}) = {a, b} is not (τ1, τ2)-preopen set in (X, τ1, τ2) because {a, b} 6⊆ τ1-
int (τ2-cl ({a, b})) = τ1-int ({a, b}) = {a}.

From the above discussions, we obtain the following diagram in which none of
these implications are reversible.

(i, j)-R-map
⇓

(i, j)-δ-continuous =⇒ (i, j)-almost δ-continuous
⇓

i-continuous =⇒ (i, j)-almost continuous
⇓ ⇓

(i, j)-precontinuous =⇒ (i, j)-almost precontinuous
⇓ ⇓

(i, j)-β-continuous =⇒ (i, j)-almost β-continuous

In terms of pairwise properties, we have the following diagram in which none of
these implications are reversible. We shall use p- to denote pairwise.

p-R-map
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⇓
p-δ-continuous

⇓
continuous =⇒ p-almost continuous =⇒ p-almost δ-continuous
⇓ ⇓

p-precontinuous =⇒ p-almost precontinuous
⇓ ⇓

p-β-continuous =⇒ p-almost β-continuous

Many types of open of functions between topological spaces are studied such as
almost open, almost α-open, weakly open and M -preopen functions (see [5, 16, 17]).
We extend these types of open functions to bitopological setting as follows.

Definition 3.2. A function f : (X, τ1, τ2)→ (Y, σ1, σ2) is said to be

(1) i-open if the function f : (X, τi) → (Y, σi) is open, f is called open if it is
both 1-open and 2-open;

(2) (i, j)-almost open if f (U) is σi-open set in Y for every (τi, τj)-regular open
set U in X, f is called pairwise almost open if it is both (1, 2)-almost open
and (2, 1)-almost open;

(3) (i, j)-almost α-open if f (U) ⊆ σi-int (σj-cl (σi-int (f (U)))) for every (τi, τj)-
regular open set U in X, f is called pairwise almost α-open if it is both
(1, 2)-almost α-open and (2, 1)-almost α-open;

(4) (i, j)-weakly open if f (U) ⊆ σi-int (f (τj-cl (U))) for every τi-open subset
U of X, f is called pairwise weakly open if it is both (1, 2)-weakly open and
(2, 1)-weakly open;

(5) (i, j)-M -preopen if f (U) is (σi, σj)-preopen set in Y for every (τi, τj)-
preopen set U in X, f is called pairwise M -preopen if it is both (1, 2)-
M -preopen and (2, 1)-M -preopen.

The following proposition shows that (i, j)-almost open function implies (i, j)-
weakly open.

Proposition 3.3. If f : (X, τ1, τ2) → (Y, σ1, σ2) is (i, j)-almost open function,
then f is (i, j)-weakly open.

Proof. Let U be a τi-open subset of X. Then τi-int (τj-cl (U)) is a (τi, τj)-regular
open subset of X. Since f is (i, j)-almost open, then f (τi-int (τj-cl (U))) is a
σi-open set in Y . Hence f (τi-int (τj-cl (U))) = σi-int (f (τi-int (τj-cl (U)))) ⊆ σi-
int (f (τj-cl (U))). Since U ⊆ τi-int (τj-cl (U)), it implies that

f (U) ⊆ f (τi-int (τj-cl (U)))

and thus f (U) ⊆ σi-int (f (τj-cl (U))). This shows that f is (i, j)-weakly open. �

Corollary 3.3. If f : (X, τ1, τ2) → (Y, σ1, σ2) is pairwise almost open function,
then f is pairwise weakly open.

Observe that every i-open function is (i, j)-almost open but the converse is not
true as Example 3.9 below shows. Every (i, j)-almost open function is (i, j)-almost
α-open but the converse is not true as Example 3.10 below shows. Although i-
openness implies (i, j)-weakly openness but the converse is not true as Example 3.13
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below shows. Proposition 3.3 above shows that (i, j)-almost openness implies (i, j)-
weakly openness but the converse is not true as Example 3.13 below shows. More-
over, (i, j)-weakly openness and (i, j)-almost α-openness are independent concepts
as Example 3.10 and Example 3.13 below show. Furthermore, i-openness and (i, j)-
M -preopenness are independent, (i, j)-almost openness and (i, j)-M -preopenness
are independent, (i, j)-almost α-openness and (i, j)-M -preopenness are indepen-
dent, and (i, j)-weakly openness and (i, j)-M -preopenness are also independent
concepts by the Example 3.11 and Example 3.12 below show.

Example 3.9. Let X = {a, b, c} with topologies

τ1 = {∅, {a} , {a, b} , X} , τ2 = {∅, X}

and

σ1 = {∅, {a} , X} , σ2 = {∅, {b} , {b, c} , X} .
Then the identity function f : (X, τ1, τ2) → (X,σ1, σ2) is (1, 2)-almost open since
the only (τ1, τ2)-regular open set in (X, τ1, τ2) are ∅ and X. However f is not 1-
open since f ({a, b}) = {a, b} is not σ1-open set in (X,σ1, σ2) for {a, b} is τ1-open
set in (X, τ1, τ2).

Example 3.10. Let X = {a, b, c, d} with topologies

τ1 = {∅, {c} , {d} , {a, c} , {c, d} , {a, c, d} , X} ,
τ2 = {∅, {d} , {a, d} , {b, d} , {a, b, d} , X}

and let Y = {x, y, z} with topologies

σ1 = {∅, {z} , {x, y} , Y } , σ2 = {∅, Y } .

Then a function f : (X, τ1, τ2)→ (Y, σ1, σ2) defined as f (a) = f (d) = x, f (b) = y
and f (c) = z is (1, 2)-almost α-open since the (τ1, τ2)-regular open sets in (X, τ1, τ2)
are ∅, {c} , {a, c} and X. However f is not (1, 2)-almost open since there exists a
(τ1, τ2)-regular open set {a, c} in (X, τ1, τ2) such that f ({a, c}) = {x, z} is not σ1-
open set in (Y, σ1, σ2). Even f is (1, 2)-almost α-open but it is not (1, 2)-weakly open
since there exists a τ1-open set {a, c} in (X, τ1, τ2) such that f ({a, c}) = {x, z} 6⊆
σ1-int (f (τ2-cl ({a, c}))) = σ1-int (f ({a, c})) = σ1-int ({x, z}) = {z}.

Example 3.11. Let X = {a, b, c} with topologies

τ1 = {∅, {a} , {a, b} , X} , τ2 = {∅, X}

and

σ1 = {∅, {a} , {b} , {a, b} , X} , σ2 = {∅, {b} , X} .
Then the identity function f : (X, τ1, τ2)→ (X,σ1, σ2) is 1-open, thus (1, 2)-almost
open, (1, 2)-almost α-open and (1, 2)-weakly open. However f is not (1, 2)-M -
preopen since {a, c} is a (τ1, τ2)-preopen set in (X, τ1, τ2) but f ({a, c}) = {a, c} is
not (σ1, σ2)-preopen set in (X,σ1, σ2) because f ({a, c}) = {a, c} 6⊆ σ1-int (σ2-cl (f ({a, c}))) =
{a}.

Example 3.12. Let X = {a, b, c} with topologies

τ1 = {∅, {a} , {b} , {a, b} , X} , τ2 = {∅, {b, c} , X}

and

σ1 = {∅, {b} , X} , σ2 = {∅, X} .
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Then the identity function f : (X, τ1, τ2) → (X,σ1, σ2) is (1, 2)-M -preopen since
the (1, 2)-preopen sets in (X,σ1, σ2) are all subsets of X. However f is neither
(1, 2)-weakly open nor (1, 2)-almost α-open. For this purpose we take a τ1-open set
{a} in (X, τ1, τ2) but

f ({a}) = {a} 6⊆ σ1-int (f (τ2-cl ({a}))) = σ1-int (f ({a})) = σ1-int ({a}) = ∅
and a (τ1, τ2)-regular open set {a}in (X, τ1, τ2) but

f ({a}) = {a} 6⊆ σ1-int (σ2-cl (σ1-int (f ({a})))) = σ1-int (σ2-cl (∅)) = ∅
in (X,σ1, σ2). Thus f is also neither (1, 2)-almost open nor 1-open by direct impli-
cations.

Example 3.13. Let X = {a, b, c} with τ1 = {∅, {a} , {c} , {a, c} , X} , τ2 = {∅, {c} , X}
and let Y = {x, y} with σ1 = {∅, Y } , σ2 = {∅, {x} , Y }. Let f : (X, τ1, τ2) →
(Y, σ1, σ2) be a function defined by f (a) = f (c) = x and f (b) = y. Then f is
(1, 2)-weakly open but it is not (1, 2)-almost α-open since there exists a (τ1, τ2)-
regular open set {a} in (X, τ1, τ2) such that

f ({a}) = {x} 6⊆ σ1-int (σ2-cl (σ1-int (f ({a})))) = σ1-int (σ2-cl (∅)) = ∅
in (Y, σ1, σ2). Thus f is neither (1, 2)-almost open nor 1-open by direct implication
or by f ({a}) = {x} is not σ1-open set in (Y, σ1, σ2) for {a} is a (τ1, τ2)-regular
open set or a τ1-open set in (X, τ1, τ2).

Therefore, we obtain the following diagram in which none of these implications
are reversible.

i-open =⇒ (i, j)-almost open =⇒ (i, j)-almost α-open
⇓

(i, j)-weakly open

In terms of pairwise properties, we have the following diagram in which none of
these implications are reversible.

p-open =⇒ p-almost open =⇒ p-almost α-open
⇓

p-weakly open

4. Mapping on Pairwise Nearly Lindelöf Spaces

Definition 4.1 (see [18]). A bitopological space (X, τ1, τ2) is said to be (τi, τj)-
nearly Lindelöf if for every τi-open cover {Uα : α ∈ ∆} of X, there exists a countable

subset {αn : n ∈ N} of ∆ such that X =
⋃
n∈N

τi-int (τj-cl (Uαn
)), or as is easily seen

to be equivalent, if every (τi, τj)-regular open cover of X has a countable subcover.
X is called pairwise nearly Lindelöf if it is both (τ1, τ2)-nearly Lindelöf and (τ2, τ1)-
nearly Lindelöf.

It is also equivalent to say that, a bitopological space X is (i, j)-nearly Lindelöf
if and only if every (i, j)-regular open cover of X has a countable subcover (see[18]).

It is well known that in a topological space and a bitopological space, the con-
tinuous image of a Lindelöf space is Lindelöf. While Fawakhreh and Kılıçman [5]
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stated that the δ-continuous image of a nearly Lindelöf space is nearly Lindelöf.
For the (τi, τj)-nearly Lindelöf spaces we give the following theorem.

Theorem 4.1. Let f : (X, τ1, τ2)→ (Y, σ1, σ2) be a surjective and (i, j)-δ-continuous
function. If X is (τi, τj)-nearly Lindelöf, then Y is (σi, σj)-nearly Lindelöf.

Proof. Let {Vα : α ∈ ∆} be a (σi, σj)-regular open cover of Y . Let x ∈ X and let
αx ∈ ∆ such that f (x) ∈ Vαx

. Since f is (i, j)-δ-continuous, there exists a (τi, τj)-
regular open set Uαx of X containing x such that f (Uαx) ⊆ Vαx . So {Uαx : x ∈ X}
forms a (τi, τj)-regular open cover of X. Since X is (τi, τj)-nearly Lindelöf, there

exists a countable subset {xn : n ∈ N} of X such that X =
⋃
n∈N

Uαxn
. Since f is

surjective, we have Y = f (X) = f

(⋃
n∈N

Uαxn

)
=
⋃
n∈N

f
(
Uαxn

)
⊆
⋃
n∈N

Vαxn
which

implies Y =
⋃
n∈N

Vαxn
. This shows that Y is (σi, σj)-nearly Lindelöf and completes

the proof. �

Corollary 4.1. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective and pairwise δ-
continuous function. If X is pairwise nearly Lindelöf, then so is Y .

Lemma 4.1. If f : (X, τ1, τ2) → (Y, σ1, σ2) is an (i, j)-R-map, then f is (i, j)-δ-
continuous.

Proof. Let x ∈ X and let V be a (σi, σj)-regular open subset of Y containing f (x).
Then x ∈ f−1 (V ). Since f is an (i, j)-R-map, f−1 (V ) is a (τi, τj)-regular open set
in X. So if U = f−1 (V ), then U is a (τi, τj)-regular open subset of X containing
x such that f (U) = f

(
f−1 (V )

)
⊆ V . This shows that f is (i, j)-δ-continuous. �

Corollary 4.2. If f : (X, τ1, τ2) → (Y, σ1, σ2) is a pairwise R-map, then f is
pairwise δ-continuous.

The converse of Lemma 4.1 is not true as the following example shows.

Example 4.1. Let X = {a, b, c, d} with topologies

τ1 = {∅, {b} , {c} , {d} , {b, c} , {b, d} , {c, d} , {a, c, d} , {b, c, d} , X} ,
τ2 = {∅, {b} , {c} , {d} , {b, c} , {b, d} , {c, d} , {b, c, d} , X}

and Y = {x, y, z} with topologies

σ1 = {∅, {x} , {y} , {x, y} , Y } , σ2 = {∅, {x, z} , Y } .
Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a function defined by f (a) = z, f (b) = f (c) =
f (d) = y. Then f is (1, 2)-δ-continuous but it is not (1, 2)-R-map since there exists
a (σ1, σ2)-regular open set {y} in (Y, σ1, σ2) such that f−1 ({y}) = {b, c, d} is not
(τ1, τ2)-regular open set in (X, τ1, τ2).

By using Lemma 4.1 and Theorem 4.1 above, we have the following corollary.

Corollary 4.3. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective and (i, j)-R-map.
If X is (τi, τj)-nearly Lindelöf, then Y is (σi, σj)-nearly Lindelöf.

Corollary 4.4. Let f : (X, τ1, τ2)→ (Y, σ1, σ2) be a surjective and pairwise R-map.
If X is pairwise nearly Lindelöf, then Y is pairwise nearly Lindelöf.
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Lemma 4.2. Every pairwise almost continuous and (i, j)-almost α-open function
is an (i, j)-R-map.

Proof. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a pairwise almost continuous and (i, j)-
almost α-open function. Let V be a (σi, σj)-regular open set in Y . Since f
is (i, j)-almost continuous, f−1 (V ) is a τi-open set in X. So f−1 (V ) ⊆ τi-
int
(
τj-cl

(
f−1 (V )

))
. Next we have to show the opposite inclusion. Since f is

(i, j)-almost α-open and τi-int
(
τj-cl

(
f−1 (V )

))
is a (τi, τj)-regular open set in X,

we have

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
σj-cl

(
σi-int

(
f
(
τi-int

(
τj-cl

(
f−1 (V )

))))))
⊆ σi-int

(
σj-cl

(
σi-int

(
f
(
τj-cl

(
f−1 (V )

)))))
.

Since f is (j, i)-almost continuous and σj-cl (V ) is a σjσi-regular closed set in Y ,
τj-cl

(
f−1 (V )

)
⊆ f−1 (σj-cl (V )) because f−1 (σj-cl (V )) is a τj-closed set in X

containing f−1 (V ). So

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
σj-cl

(
σi-int

(
f
(
τj-cl

(
f−1 (V )

)))))
⊆ σi-int

(
σj-cl

(
σi-int

(
f
(
f−1 (σj-cl (V ))

))))
⊆ σi-int (σj-cl (σi-int (σj-cl (V ))))

⊆ σi-int (σj-cl (V )) = V.

Thus

τi-int
(
τj-cl

(
f−1 (V )

))
⊆ f−1

(
f
(
τi-int

(
τj-cl

(
f−1 (V )

))))
⊆ f−1 (V ) .

Hence f−1 (V ) = τi-int
(
τj-cl

(
f−1 (V )

))
which implies that f−1 (V ) is a (τi, τj)-

regular open set in X. This shows that f is an (i, j)-R-map and completes the
proof. �

Corollary 4.5. Every pairwise almost continuous and pairwise almost α-open func-
tion is a pairwise R-map.

Corollary 4.6. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and (i, j)-almost α-open function. If X is (τi, τj)-nearly Lindelöf, then
Y is (σi, σj)-nearly Lindelöf.

Proof. It is a direct consequence of Lemma 4.2 and Corollary 4.3 above. �

Corollary 4.7. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and pairwise almost α-open function. If X is pairwise nearly Lindelöf,
then so is Y .

Since (i, j)-almost open function is (i, j)-almost α-open, by using Lemma 4.2 we
obtain the following lemma.

Lemma 4.3. Every pairwise almost continuous and (i, j)-almost open function is
an (i, j)-R-map.

Corollary 4.8. Every pairwise almost continuous and pairwise almost open func-
tion is a pairwise R-map.

Corollary 4.9. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and (i, j)-almost open function. If X is (τi, τj)-nearly Lindelöf, then Y
is (σi, σj)-nearly Lindelöf.
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Proof. It is a direct consequence of Lemma 4.3 and Corollary 4.3 above. It is also
a direct consequence of Corollary 4.6 above. �

Corollary 4.10. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and pairwise almost open function. If X is pairwise nearly Lindelöf,
then so is Y .

Lemma 4.4. Every pairwise almost continuous and (i, j)-weakly open function is
an (i, j)-R-map.

Proof. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a pairwise almost continuous and (i, j)-
weakly open function. Let V be a (σi, σj)-regular open set in Y . Since f is (i, j)-
almost continuous, f−1 (V ) is a τi-open set inX. So f−1 (V ) ⊆ τi-int

(
τj-cl

(
f−1 (V )

))
.

Next we have to show the opposite inclusion. Since f is (i, j)-weakly open and τi-
int
(
τj-cl

(
f−1 (V )

))
is also τi-open set in X, we have

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
f
(
τj-cl

(
τi-int

(
τj-cl

(
f−1 (V )

)))))
⊆ σi-int

(
f
(
τj-cl

(
f−1 (V )

)))
.

Since f is (j, i)-almost continuous, τj-cl
(
f−1 (V )

)
⊆ f−1 (σj-cl (V )). So

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
f
(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
f
(
f−1 (σj-cl (V ))

))
⊆ σi-int (σj-cl (V )) = V.

Thus

τi-int
(
τj-cl

(
f−1 (V )

))
⊆ f−1

(
f
(
τi-int

(
τj-cl

(
f−1 (V )

))))
⊆ f−1 (V ) .

Hence f−1 (V ) = τi-int
(
τj-cl

(
f−1 (V )

))
which implies that f−1 (V ) is a (τi, τj)-

regular open set in X. This shows that f is an (i, j)-R-map and completes the
proof. �

Corollary 4.11. Every pairwise almost continuous and pairwise weakly open func-
tion is a pairwise R-map.

By using Lemma 4.4 and Corollary 4.3 above, we conclude the following corollary.

Corollary 4.12. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and (i, j)-weakly open function. If X is (τi, τj)-nearly Lindelöf, then Y
is (σi, σj)-nearly Lindelöf.

Corollary 4.13. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and pairwise weakly open function. If X is pairwise nearly Lindelöf,
then so is Y .

Lemma 4.5. Every pairwise almost continuous and (i, j)-M -preopen function is
an (i, j)-R-map.

Proof. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a pairwise almost continuous and (i, j)-
M -preopen function. Let V be a (σi, σj)-regular open set in Y . Since f is (i, j)-
almost continuous, f−1 (V ) is a τi-open set inX. So f−1 (V ) ⊆ τi-int

(
τj-cl

(
f−1 (V )

))
.

Next we have to show the opposite inclusion. Since f is (i, j)-M -preopen and

τi-int
(
τj-cl

(
f−1 (V )

))
⊆ τi-int

(
τj-cl

(
τi-int

(
τj-cl

(
f−1 (V )

))))
,
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i.e., τi-int
(
τj-cl

(
f−1 (V )

))
is a (τi, τj)-preopen set in X,

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
is a (σi, σj)-preopen set in Y , i.e.,

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
σj-cl

(
f
(
τi-int

(
τj-cl

(
f−1 (V )

)))))
⊆ σi-int

(
σj-cl

(
f
(
τj-cl

(
f−1 (V )

))))
.

Since f is (j, i)-almost continuous, τj-cl
(
f−1 (V )

)
⊆ f−1 (σj-cl (V )). So

f
(
τi-int

(
τj-cl

(
f−1 (V )

)))
⊆ σi-int

(
σj-cl

(
f
(
f−1 (σj-cl (V ))

)))
⊆ σi-int (σj-cl (σj-cl (V )))

= σi-int (σj-cl (V )) = V.

Thus

τi-int
(
τj-cl

(
f−1 (V )

))
⊆ f−1

(
f
(
τi-int

(
τj-cl

(
f−1 (V )

))))
⊆ f−1 (V ) .

Hence f−1 (V ) = τi-int
(
τj-cl

(
f−1 (V )

))
which implies that f−1 (V ) is a (τi, τj)-

regular open set in X. This shows that f is an (i, j)-R-map and completes the
proof. �

Corollary 4.14. Every pairwise almost continuous and pairwise M -preopen func-
tion is a pairwise R-map.

By using Lemma 4.5 and Corollary 4.3, we have the following corollary.

Corollary 4.15. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and (i, j)-M -preopen function. If X is (τi, τj)-nearly Lindelöf, then Y
is (σi, σj)-nearly Lindelöf.

Corollary 4.16. Let f : (X, τ1, τ2) → (Y, σ1, σ2) be a surjective, pairwise almost
continuous and pairwise M -preopen function. If X is pairwise nearly Lindelöf, then
so is Y .

Let X be a topological space. A cover V = {Vλ : λ ∈ Λ} of X is a refinement
[2, 4] of another cover U = {Uα : α ∈ ∆} if for each λ ∈ Λ, there exists an α (λ) ∈ ∆
such that Vλ ⊆ Uα(λ), i.e., each V ∈ V is contained in some U ∈ U . If the elements
of V are open sets, we will call V an open refinement of U ; if they are closed sets, we
call V a closed refinement. A family U = {Uα : α ∈ ∆} of subsets of a topological
space X is locally finite [2, 4] if for every point x ∈ X, there exists a neighbourhood
Ux of x such that the set {α ∈ ∆ : Ux ∩ Uα 6= ∅} is finite, i.e., each x ∈ X has a
neighbourhood Ux meeting only finitely many U ∈ U .

If bitopological space (X, τ1, τ2) considered, i-locally finite concept appear as
follows.

Definition 4.2. A family U = {Uα : α ∈ ∆} of subsets of a space (X, τ1, τ2) is i-
locally finite if for every point x ∈ X, there exists an i-neighbourhood Ux of x such
that the set {α ∈ ∆ : Ux ∩ Uα 6= ∅} is finite, i.e., each x ∈ X has an i-neighbourhood
Ux meeting only finitely many U ∈ U .

In 1969, Singal and Arya [19] introduced the notion of nearly paracompact spaces
in topological spaces. Now we extend this notion to bitopological setting as follows.
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Definition 4.3. A bitopological space X is said to be (i, j)-nearly paracompact if
every cover of X by (i, j)-regular open sets admits an i-locally finite refinement (not
necessarily 1-open or 2-open). X is called pairwise nearly paracompact if it is both
(1, 2)-nearly paracompact and (2, 1)-nearly paracompact.

Cammaroto and Santoro [2] proved that an almost regular and nearly Lindelöf
space is nearly paracompact. We extend this result to bitopological setting as
follows.

Lemma 4.6. Let (X, τ1, τ2) be an (i, j)-almost regular and (i, j)-nearly Lindelöf
space. Then X is (i, j)-nearly paracompact.

Proof. Let V = {Vα : α ∈ ∆} be an (i, j)-regular open cover of X. For each
x ∈ X, there exists αx ∈ ∆ such that x ∈ Vαx

. Since X is (i, j)-almost reg-
ular, there exists an (i, j)-regular open neighbourhood Uαx

of x such that x ∈
Uαx ⊆ j-cl (Uαx) ⊆ Vαx . So {Uαx : x ∈ X} is an (i, j)-regular open cover of
X. Since X is (i, j)-nearly Lindelöf, there exists a countable subset of points

x1, x2, . . . , xn, . . . of X such that X =
⋃
n∈N

Uαxn
. For each n ∈ N, put Gn =

Vαxn
\

(
n−1⋃
k=1

j-cl
(
Uαxk

))
. By construction {Gn : n ∈ N} is an i-locally finite fam-

ily. In fact, if x ∈ X then there exist Uαxp
(since

{
Uαxn

: n ∈ N
}

is a cover of X)
and Vαxp

such that x ∈ Uαxp
⊆ Vαxp

. We will prove that Uαxp
intersects at most

finitely many members of the family {Gn : n ∈ N}. Since G1 = Vαx1
, G2 = Vαx2

\j-
cl
(
Uαx1

)
, . . . , Gp = Vαxp

\
(
j-cl

(
Uαx1

)
∪ · · · ∪ j-cl

(
Uαxp−1

))
, Gp+1 = Vαxp+1

\(
j-cl

(
Uαx1

)
∪ · · · ∪ j-cl

(
Uαxp

))
, Uαxp

∩ Gr = ∅ for each r ≥ p + 1. Therefore

Uαxp
intersects at most a finite number of sets in the family {Gn : n ∈ N}. Next

we assert that {Gn : n ∈ N} is the required refinement of V. Let x be any point
of X. We wish to prove that x lies in an element of {Gn : n ∈ N}. Consider the
cover

{
Vαxn

: n ∈ N
}

of X; let N be the smallest integer such that x lies in VαxN
.

Observe that the point x is not lies in Gk for k < N but x lies in GN since it is

not lies in

N−1⋃
k=1

j-cl
(
Uαxk

)
. Therefore x ∈

⋃
n∈N

Gn which implies that {Gn : n ∈ N}

covers X. This shows that X is (i, j)-nearly paracompact. �

Corollary 4.17. Let (X, τ1, τ2) be a pairwise almost regular and pairwise nearly
Lindelöf space. Then X is pairwise nearly paracompact.

Note that, if (X, τ1, τ2) is (i, j)-semiregular and (i, j)-nearly Lindelöf then it is
i-Lindelöf (see [14]). Thus by this fact and Lemma 4.6, we conclude the following
corollaries.

Corollary 4.18. Let f : (X, τ1, τ2)→ (Y, σ1, σ2) be a surjective function satisfying
one of the following conditions:

(1) (i, j)-δ-continuous,
(2) (i, j)-R-map,
(3) pairwise almost continuous and (i, j)-almost α-open,
(4) pairwise almost continuous and (i, j)-almost open,
(5) pairwise almost continuous and (i, j)-weakly open,
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(6) pairwise almost continuous and (i, j)-M -preopen.
If X is (τi, τj)-nearly Lindelöf and Y is a (σi, σj)-semiregular (resp. (σi, σj) -almost regular)
space, then Y is σi-Lindelöf (resp. (σi, σj) -nearly paracompact).

Corollary 4.19. Let f : (X, τ1, τ2)→ (Y, σ1, σ2) be a surjective function satisfying
one of the following conditions:

(1) pairwise δ-continuous,
(2) pairwise R-map,
(3) pairwise almost continuous and pairwise almost α-open,
(4) pairwise almost continuous and pairwise almost open,
(5) pairwise almost continuous and pairwise weakly open,
(6) pairwise almost continuous and pairwise M -preopen.

If X is pairwise nearly Lindelöf and Y is a pairwise semiregular (resp. pairwise almost regular)
space, then Y is Lindelöf (resp. pairwise nearly paracompact).

Since an (i, j)-regular space is (i, j)-semiregular and (i, j)-almost regular (see
[14]), we have the following corollary.

Corollary 4.20. Let f : (X, τ1, τ2)→ (Y, σ1, σ2) be a surjective function satisfying
one of the conditions (1)−(6) of Corollary 4.18. If X is (τi, τj)-nearly Lindelöf and
Y is a (σi, σj)-regular space, then Y is σi-Lindelöf and (σi, σj)-nearly paracompact.

Corollary 4.21. Let f : (X, τ1, τ2)→ (Y, σ1, σ2) be a surjective function satisfying
one of the conditions (1)−(6) of Corollary 4.19. If X is pairwise nearly Lindelöf and
Y is a pairwise regular space, then Y is Lindelöf and pairwise nearly paracompact.
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ical spaces, Albanian J. Math., 1(2)(2007), pp. 115–120.
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ON REGULAR SEMI GENERALIZED CLOSED SETS

T.NOIRI AND M.KHAN

Abstract. In this paper we introduce the concept of rsg-closed sets and inves-
tigate some of its properties in topological spaces. We also define an rsg-regular

space and give some of its fundamental properties.

1. Introduction

In 1970, Levine [12] introduced the notion of generalized closed sets in topological
spaces. In 1987, Battacharyya and Lahiri [2] used semi-open sets [11] to define the
notion of semi-generalized closed sets. In 1990, Arya and Nour [1] introduced the
concept of generalized semi-closed sets. The notion of s*g-closed sets was introduced
by Rao and Joseph [16]. In this paper, we investigate many properties of rsg-closed
sets which are situated between s*g-closed sets and rg-closed sets. We also show
that arbitrary intersection of rsg-closed sets in a locally indiscrete space is rsg-
closed. Moreover rsg-regular space is defind and some of its basic properties are
investigated.

2. Preliminary

Throughout this paper, (X, τ) (or simply X) will always represent a topological
space on which no separation axioms are assumed, unless otherwise mentioned.
When A is a subset of X, cl(A) and Int(A) denote the closure and interior of a
set A, respectively. A subset A of a space X is said to be semi-open [11] if there
exists an open set U such that U ⊂ A ⊂ cl(U). The complement of a semi-open
set is said to be semi-closed. A subset A of a topological space X is said to be
semi-regular [6] if it is both semi-open and semi-closed. In [6], it is pointed out
that a set is semi-regular if and only if there exists a regular open set U such that
U ⊂ A ⊂ cl(U). Cameron [4] called semi regular sets regular semi-open.

Definition 2.1. A subset A of a space X is said to be

(1): generalized closed [12] (briefly, g-closed) if cl(A) ⊂ U whenever A ⊂ U
and U is open in X. The complement of a g-closed set is said to be g-open;

(2): s*g-closed [16] if cl(A) ⊂ G whenever A ⊂ G and G is semi-open in X.
The complement of an s*g-closed set is said to be s*g-open;

(3): regular generalized closed [15] (briefly, rg-closed) if cl(A) ⊂ U whenever
A ⊂ U and U is regular-open in X. The complement of an rg-closed set is
said to be rg-open;

(4): semi-generalized closed [3] (briefly, sg-closed) if scl(A) ⊂ U whenever
A ⊂ U and U is semi-open in X.

c©2008 Aulona Press (Albanian J. Math.)
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3. rsg-closed sets

Definition 3.1. A subset A of a space X is said to be

(1): regular semi generalized closed (briefly, rsg-closed) if cl(A) ⊂ G whenever
G ⊂ A for every semi-regular set G in X;

(2): regular semi generalized open (briefly, rsg-open) if X −A is rsg-closed.

Theorem 3.2. A subset A of a space (X, τ) is rsg-open if and only if G ⊂ Int(A)
whenever G ⊂ A for every semi-regular set G in X.

Proof. Let A be an rsg- open set and G a semi-regular set such that G ⊂ A.
Then X −A is rsg -closed and X −A ⊂ X −G. Since X −G is semi-regular in X,
cl(X −A) ⊂ X −G and hence X − Int(A) ⊂ X −G. Therefore, G ⊂ Int(A).

Conversely, let G ⊂ Int(A) whenever G ⊂ A and G is semi-regular in X. This
implies that X − Int(A) = cl(X −A) ⊂ X −G whenever X −A ⊂ X −G and X-G
is semi-regular in X. This proves that X-A is rsg -closed in X and hence A is rsg-
open in X.

Remark 3.3. (1): Every closed set is rsg-closed;
(2): Every open set is rsg-open;
(3): Semi open sets and rsg- open sets are independent of each other.

Example 3.4. Let X = {a, b, c, d} and let

(1): τ = {φ, {a}, {c}, {d}, {a, c}, {a, d}, {c, d}, {a, c, d}, X}. Then {a, b, c} is
semi open but not rsg-open, similarly let

(2): τ = {φ, {a}, {c, d}, {a, c, d}, {b, c, d}, X}. Then {b} is rsg-open but not
semi open.

Example 3.5. The union of two rsg-open sets is generally not rsg-open. To see
this in Example 3.4(1), {a} and {b} are rsg-open sets in X but {a, b} is not rsg-open.
Therefore, the intersection of two rsg-closed sets is generally not rsg-closed.

Theorem 3.6. If A and B are rsg-open, then A ∩B is rsg-open.
Proof. If G ⊂ A ∩ B and G is semi-regular, then G ⊂ Int(A) and G ⊂ Int(B)

and hence G ⊂ Int(A)∩ Int(B) = Int(A∩B). By Theorem 3.2, A∩B is rsg-open.

Theorem 3.7. The union of two rsg-closed sets is rsg-closed.
Proof. This is an immediate consequence of Theorem 3.6.

Diagram
closed −→ s*g-closed −→ g-closed

↘ ↘
rsg-closed −→ rg-closed

Remark 3.8. In Example 3.4(1), {a, c, d} is rsg- closed but it is neither g-
closed nor sg-closed. {c, d} is sg-closed but not rsg-closed. Let X = {a, b, c, d} and
let τ = {φ, {a}, {b}, {a, b}, X}, then {c} is g-closed but not rsg-closed.

Remark 3.9. By Remark 3.8, we have

(1): rsg-closedness and g-closedness are independent of each other.
(2): rsg-closedness and sg-closedness are also independent of each other.

Theorem 3.10. If a set A is rsg-closed, then cl(A)−A contains no non empty
semi-regular set.
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Proof. Let F be a semi-regular subset of cl(A)−A. Then A ⊂ X−F and since A
is rsg-closed and X −F is semi-regular, we have cl(A) ⊂ X −F or F ⊂ X − cl(A).
Thus F ⊂ cl(A) ∩ (X − cl(A)) = φ. Therefore F is empty.

Theorem 3.11. If A is an rsg-closed subset of X, then cl(A)−A is rsg-open.
Proof. Let A be an rsg-closed subset of X and G be a semi-regular subset of X

such that G ⊂ cl(A) − A. By Theorem 3.10, G = φ and thus G ⊂ Int[cl(A) − A].
By Theorem 3.2, cl(A)−A is an rsg-open set.

Definition 3.12. A subset A of a space X is said to be preopen [14] if A ⊂
Int(cl(A)) .

Lemma 3.13. (Dorsett [8]). Let A be a preopen set in a space (X, τ), then
SR(A, τA) = SR(X, τ) ∩ A, where SR(X, τ) denotes the family of all semi-regular
sets of (X, τ).

Definition 3.14. A subset B of a space X is said to be rsg-closed relative to A
if clA(B) ⊂ G whenever B ⊂ G for every semi-regular set G in A.

Theorem 3.15. Let B ⊂ A ⊂ X and X be a space. If B is an rsg-closed set
relative to A and A is open and s*g-closed in X, then B is rsg-closed relative to X.

Proof. Let B ⊂ G and suppose that G is semi-regular in X. Then B ⊂ A ∩ G.
Therefore clA(B) ⊂ A ∩ G since by Lemma 3.13, A ∩ G is semi-regular in A. It
follows that A ∩ clX(B) ⊂ A ∩G or A ⊂ G ∪ (X − clX(B)). Since A is s*g-closed,
clX(A) ⊂ G∪(X−clX(B)) or clX(B) ⊂ G. This proves that B is rsg-closed relative
to X.

Corollary 3.16. Let A be an open and s*g-closed subset of the space X and F
be a closed subset of X. Then A ∩ F is an rsg-closed set.

Proof. A∩F is closed in A and hence rsg-closed in A. By Theorem 3.15, A∩F
is rsg-closed relative to X.

Theorem 3.17. Let B ⊂ A ⊂ X and suppose that B is rsg-closed in X and A
is pre-open in X. Then B is rsg-closed relative to A.

Proof. Let B ⊂ A ∩G and suppose that G is semi-regular in X then by Lemma
3.13, A ∩G is semi-regular in A. Now B ⊂ G implies that clA(B) ⊂ G. It follows
that A ∩ clX(B) ⊂ A ∩ G. This gives clA(B) ⊂ A ∩ G . This proves that B is
rsg-closed relative to A.

Corollary 3.18. Let B ⊂ A ⊂ X where A is open and s*g-closed. Then B is
rsg-closed relative to A if and only if B is rsg-closed in X.

Proof. This is an immediate consequence of Theorems 3.15 and 3.17.

Theorem 3.19. If B is a subset of a space X such that A ⊂ B ⊂ cl(A) and A
is an rsg-closed set in X, then B is also rsg-closed in X.

Proof. Let G be a semi-regular set containing B, then A ⊂ G. Since A is rsg-
closed, therefore cl(A) ⊂ G. This gives cl(B) ⊂ G. Hence B is rsg-closed in X.

Corollary 3.20. If B is a subset of a space X such that Int(A) ⊂ B ⊂ A, where
A is an rsg-open set in the space X, then B is also rsg-open in X.

Proof. Let F be any semi-regular set contained in B. Then F ⊂ A. Since A is
rsg-open, therefore F ⊂ Int(A). This gives F ⊂ Int(B). Hence B is rsg-open.

Definition 3.21. A space X is said to be locally indiscrete [7] if every open set
in it is closed.
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Theorem 3.22. In a locally indiscrete space X, a subset A is rsg-open in X if
and only if G = X whenever G is semi-regular and Int(A) ∪ (X −A) ⊂ G.

Proof. Necessity. Suppose that G is semi-regular and that Int(A)∪(X−A) ⊂ G.
Now (X−G) ⊂ cl(X−A)∩A = cl(X−A)−(X−A). Since (X−G) is semi-regular
and (X −A) is rsg-closed, by Theorem 3.10 it follows that (X −G) = φ or X = G.

Sufficiency. Suppose that F is a semi-regular set and F ⊂ A. It suffices to
show that F ⊂ Int(A). Now Int(A) ∪ (X − A) ⊂ Int(A) ∪ (X − F ) and hence
Int(A) ∪ (X − F ) = X. It follows that F ⊂ Int(A).

Theorem 3.23. If A ⊂ Y ⊂ X where A is rsg-open relative to Y and Y is open
in X, then A is rsg-open relative to X.

Proof. Let F be any semi-regular subset of X contained in A. Since Y is open,
therefore by Lemma 3.13, F is semi-regular in Y. Since A is rsg-open relative to
Y, therefore F ⊂ IntY (A). Since Y is open in X, F ⊂ IntY (A) = IntX(A). This
proves that A is rsg-open in X.

Theorem 3.24. For each x ∈ X, either {x} is semi-regular or X − {x} is
rsg-closed.

Proof. If {x} is not semi-regular, then the only semi-regular superset of X−{x}
is X itself. Hence the closure of X − {x} is contained in each of its semi-regular
neighbourhoods and X − {x} is rsg-closed.

Theorem 3.25. Let A and B be subsets of spaces X and Y, respectively, then
A and B are rsg-closed in X and Y, respectively, if A×B is rsg-closed in X × Y .

Proof. Let G and H be semi-regular subsets of X and Y, respectively, such that
A ⊂ G and B ⊂ H. This implies A×B ⊂ G×H where G×H is semi-regular in
X × Y . Since A×B is rsg-closed in X × Y , therefore cl(A×B) = cl(A)× cl(B) ⊂
G×H or cl(A) ⊂ G and cl(B) ⊂ H. This proves that A and B are rsg-closed in X
and Y, respectively.

Theorem 3.26. Let X and Y be two spaces and A be a subset of a space X,

(1): If A× Y is rsg-open in X × Y , then A is rsg-open in X;
(2): If A× Y is rsg-closed in X × Y , then A is rsg-closed in X.

Proof. (1) Let G be a semi-regular set in X such that G ⊂ A. Since G × Y is
a semi-regular set in X × Y , then by definition G × Y ⊂ Int(A × Y ) = Int(A) ×
Int(Y ) = Int(A)× Y . This gives that G ⊂ Int(A). This proves that A is rsg-open
in X.

(2) Let G be a semi-regular set in X such that A ⊂ G. Since G × Y is semi-
regular in X × Y and A× Y ⊂ G× Y . By definition cl(A)× Y = cl(A)× cl(Y ) =
cl(A× Y ) ⊂ G× Y . This gives that cl(A) ⊂ G. This proves that A is rsg-closed in
X.

Theorem 3.27. Let A be an open and rsg-closed set, then cl(A) is clopen in X.
Proof. Since A is open, Int(A) = A ⊂ Int(cl(A)). Since Int(cl(A)) is semi-

regular and A is rsg-closed, we obtain cl(A) ⊂ Int(cl(A)). This proves that cl(A)
is clopen.

Theorem 3.28. A regular open and rsg-closed set is clopen.
Proof. Let A be regular open then A is semi-regular. This gives that cl(A) ⊂ A.

But A ⊂ cl(A). Therefore A is closed.
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Theorem 3.29. In a locally indiscrete space X, every semi-closed set is rsg-
closed.

Proof. Let A be semi-closed. Then X−A ∈ SO(X). Since X is locally indiscrete,
SO(X) = RO(X) ([9], Theorem 3.3). This shows that X −A is regular open in X
or A is regular-closed in X. Therefore A is rsg-closed.

Definition 3.30. The intersection of all semi-regular subsets of a space X con-
taining a set A is called the semi-regular kernel of A and is denoted by srker(A).

Lemma 3.31. A subset A of a space X is rsg-closed if and only if cl(A) ⊂
srker(A).

Proof. Assume that A is an rsg-closed set in X. Then cl(A) ⊂ G whenever
A ⊂ G and G is semi-regular in X. This implies cl(A) ⊂ ∩{G : A ⊂ G and
G ∈ SR(X)} = srker(A)

Conversely. Assume that cl(A) ⊂ srker(A). This implies cl(A) ⊂ ∩{G : A ⊂ G
and G ∈ SR(X)}. This shows that cl(A) ⊂ G for any semi-regular set G containing
A. This proves that A is rsg-closed.

Lemma 3.32. (Jankovic and Reilly [10]). Let x be a point of a space X. Then
{x} is either nowhere dense or preopen.

Theorem 3.33. Arbitrary intersection of rsg-closed sets in a locally indiscrete
space X is rsg-closed.

Proof. Let {Aα : α ∈ I} be an arbitrary collection of rsg-closed sets in a space
X and let A = ∩α∈IAα. Let x ∈ cl(A). In view of Lemma 3.32, we consider the
following two cases.

Case I. Let {x} be nowhere dense. If x /∈ A, then for some j ∈ I, we have x /∈ Aj.
Since nowhere dense subsets are semi-closed and X is locally indiscrete, therefore
X − {x} is a regular open set containing Aj. Hence x /∈ srker(Aj). On the other
hand, by Lemma 3.31, since Aj is rsg-closed, x ∈ cl(A) ⊂ cl(Aj) ⊂ srker(Aj). By
contradiction, x ∈ A and hence x ∈ srker(A).

Case II. Let {x} be preopen. Set F = Int(cl({x})). Assume that x /∈ rsker(A).
Then there exists a semi-regular set C containing x such that C ∩ A = φ. Now by
([5], Theorem 1.2) x ∈ F = Int(cl({x})) ⊂ Int(cl(C)) ⊂ C. Since F is an open set
containing x and x ∈ cl(A), therefore F ∩ A 6= φ. Since F ⊂ C, C ∩ A 6= φ . By
contradiction x ∈ srker(A). Thus in both cases x ∈ srker(A). By Lemma 3.31, A
is rsg-closed.

Corollary 3.34. For a locally indiscrete space X, the family of all rsg-open sets
of X is a topology for X.

Proof. This is an immediate consequence of Theorems 3.6 and 3.33.

4. rsg-Regular Spaces

In this section, we define an rsg-regular space and investigate some of its funda-
mental properties.

Definition 4.1. A space (X, τ) is said to be s-regular [13] if for each closed set
F and any point x ∈ X − F , there exist disjoint semi-open sets U and V in X such
that x ∈ U and F ⊂ V .

Definition 4.2. A space (X, τ) is said to be rsg-regular if for every rsg-closed
set F and x ∈ X − F there exist disjoint open sets U and V in X such that x ∈ U
and F ⊂ V .
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Remark 4.3. Every rsg-regular space is regular as well as s-regular but the
converse is not true in general.

Example 4.4. Let X = Y ∪Z where Y ∩Z = φ and Y, Z are infinite sets. Let
τ = {φ, Y, Z,X} then (X, τ) is a regular space. If φ 6= A ⊂ Y and x ∈ Y −A, then
A is an rsg-closed set but A and x can not be separated by disjoint open sets. Hence
(X, τ) fails to be an rsg-regular space.

Theorem 4.5. The following are equivalent for a space (X, τ):

(1): (X, τ) is rsg-regular.
(2): For every rsg-open set U containing x ∈ X, there exists an open set G

in X such that x ∈ G ⊂ cl(G) ⊂ U .

Proof. (1)⇒ (2) Let U be any rsg-open set containing x ∈ X. Then x /∈ X −U ,
where X −U is rsg-closed in X. Hence there exist disjoint open sets G and H such
that x ∈ G and X − U ⊂ H or x ∈ G ⊂ cl(G) ⊂ X −H ⊂ U . This proves (2).

(2) ⇒ (1) Let F be an rsg-closed set and x ∈ X − F . By hypothesis, there
exists an open set G in X such that x ∈ G ⊂ cl(G) ⊂ X − F or x ∈ G and
F ⊂ X − cl(G)where G ∩ (X − cl(G)) = φ. This proves that X is rsg-regular.

Definition 4.6. A space (X, τ) is said to be rsg-regular at a point x ∈ X if
every rsg-open neighbourhood of x contains a closed neighbourhood of x.

Theorem 4.7. A space (X, τ) is rsg-regular if and only if it is rsg-regular at
each of its points.

Proof. Suppose X is rsg-regular and x ∈ X. Let U be any rsg-open neighbourhood
of x ∈ X . Then X −U is rsg-closed and x /∈ X −U . Since X is rsg-regular, there
exist disjoint open sets G and H such that x ∈ G and X −U ⊂ H. Now G∩H = φ
implies x ∈ G ⊂ X−H ⊂ U . This proves that X is rsg-regular at each of its points.

Conversely, let X be rsg-regular at each of its points. Let F be an rsg-closed set
and x ∈ X − F , where X − F is an rsg-open neighbourhood of x. By hypothesis
there exists an open set V of X such that x ∈ V ⊂ cl(V ) ⊂ X − F . By Theorem
4.5, X is rsg-regular.

Theorem 4.8. Every open and s*g-closed subspace of an rsg-regular space is
rsg-regular.

Proof. Suppose X is an rsg-regular space and Y is an open and s*g-closed sub-
space of X. Let A be an rsg-closed set in Y. By Theorem 3.15, A is an rsg-closed
in X. Let x ∈ Y − A, then x ∈ X − A implies that there exist open sets U and V
in X such that x ∈ U , A ⊂ V and U ∩ V = φ; hence x ∈ U ∩ Y , A ⊂ V ∩ Y , where
U ∩ Y and V ∩ Y are disjoint open sets in Y. This proves that Y is an rsg-regular
space.

Lemma 4.9. In an rsg-regular space every rsg-open set is the union of open
sets.

Proof. Let U be an rsg-open subset of an rsg-regular space X such that x ∈ U . If
A = X − U , then A is an rsg-closed set and x ∈ X − A. By hypothesis there exist
disjoint open sets Wx and W of X such that x ∈ Wx and A ⊂ W . It follows that
x ∈Wx ⊂ U . This completes the proof.

Corollary 4.10. In an rsg-regular space every rsg-closed set is the intersection
of closed sets.
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Definition 4.11. A space (X, τ) is called a Tr− space if every rsg-closed subset
of X is closed.

Lemma 4.12. A space (X, τ) is rsg-regular if and only if (X, τ) is a regular and
Tr − space.

Proof. Let X be an rsg-regular space, then X is a regular space. Let A be an
rsg-closed subset of X. Let x ∈ cl(A). If x /∈ A, then by hypothesis, there exist
disjoint open sets U and V containing x and A, respectively. This contradicts that
x ∈ cl(A). Therefore x ∈ A and hence A is closed.

Conversely, let (X, τ) be a regular and Tr − space. Let A be an rsg-closed subset
of X and x ∈ X − A. By definition 4.11, A is closed and by regularity of X, there
exist disjoint open sets U and V containing x and A, respectively. This proves that
X is an rsg-regular space.

Theorem 4.13. For a space (X, τ), the following are equivalent:

(1): (X, τ) is a Tr − space.
(2): Every singleton subset of X is either open or semi-regular.

Proof. (1)⇒ (2) Let x ∈ X. Suppose {x} is not a semi-regular subset of X. This
gives X−{x} is not semi-regular and therefore X is the only semi-regular super set
of X − {x}. Trivially X − {x} is rsg-closed. By hypothesis, X − {x} is closed or
{x} is open.

(2)⇒ (1) Let A be an rsg-closed subset of X. Let x ∈ cl(A). By hypothesis {x} is
either open or semi-regular. If {x}is open, then {x} ∩A 6= φ implies x ∈ A. If {x}
is semi-regular and x /∈ A, then x ∈ cl(A)−A. This implies that cl(A)−A contains
a nonempty semi-regular set. This contradicts Theorem 3.10. Hence x ∈ A . This
proves (1).

Remark 4.14. In Tr − space, closed sets, s*g-closed sets and rsg-closed sets
coincide.
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ON τ-⊕-SUPPLEMENTED MODULES

Y. TALEBI, T. AMOOZEGAR, AND A. R. MONIRI HAMZEKOLAEI

Abstract. Let τ be any preradical and M any module. In [2], Al-Takhman,
Lomp and Wisbauer de�ned τ -supplemented module. In this paper we intro-
duce the (completely) τ -⊕-supplemented modules. It is shown that (1) Any �-
nite direct sum of τ -⊕-supplemented modules is τ -⊕-supplemented. (2) IfM is
τ -⊕-supplemented module and (D3) then M is completely τ -⊕-supplemented.

1. Introduction

Throughout this paper R will denote an arbitrary associative ring with identity
and all modules will be unitary right R-modules. A functor τ from the category
of the right R-modules to itself is called a preradical if it satis�es the following
properties:

(1) τ(M) is a submodule of an R-module M,
(2) If f :M ′ →M is an R-module homomorphism, then f(τ(M ′)) ⊆ τ(M) and

τ(f) is the restriction of f to τ(M ′).
A preradical τ is called a right exact preradical if for any submodule K of M ,

τ(K) = τ(M) ∩ K. But it is well known if K is a direct summand of M, then
τ(K) = τ(M) ∩K for a preradical.

Let M be an R-module and τ denote a preradical. Like in [2], a submodule
K ≤ M is called τ -supplement (weak τ -supplement) provided there exists some
U ≤M such that M = U +K and U ∩K ⊆ τ(K) (U ∩K ⊆ τ(M)).
M is called τ -supplemented (weakly τ -supplemented) if each of its submodules

has a τ -supplement (weak τ -supplement) in M . M is called amply τ -supplemented,
if for all submodules K and L ofM with K+L =M , K contains a τ -supplement of
L in M . Kosan and Harmanci [9] studied supplemented modules relative to torsion
theories. Motivated by their work, we study ⊕-supplemented modules with respesct
to a preradical. Also another work has been done on C1 modules (see [12]).

A module M is called τ -lifting if for every submodule K of M , there is a decom-
position K = A⊕B, such that A is a direct summand of M and B ⊆ τ(M).

In this paper we introduce the (completely) τ -⊕-supplemented modules and in-
vestigate some properties of them.

Our paper is organized as follows.
In Section 2, we de�ne the concept of τ -⊕-supplemented module. We call a

module M τ -⊕-supplemented if every submodule of M has a τ -supplement that is
a direct summand of M . Then we show any �nite direct sum of τ -⊕-supplemented
modules is τ -⊕-supplemented. We also investigate when a direct summand of a
τ -⊕-supplemented module is τ -⊕-supplemented.

c©2008 Aulona Press (Albanian J. Math.)
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In Section 3, we call a module M completely τ -⊕-supplemented if every direct
summand of M is τ -⊕-supplemented and prove if M is τ -⊕-supplemented module
and (D3), then M is completely τ -⊕-supplemented.

The notation N ≤d M denotes that N is a direct summand of M .

De�nition 1.1. For any preradical τ , we call a module M , τ -⊕-supplemented if
every submodule of M has a τ -supplement that is a direct summand of M .

Theorem 1.2. For any preradical τ , any �nite direct sum of τ -⊕-supplemented
modules is τ -⊕-supplemented.

Proof. Let M = M1 ⊕M2 where M1 and M2 are two τ -⊕-supplemented modules.
Let P be any submodule of M . We have P + M2 = M2 ⊕ [(P + M2) ∩ M1]
and (P +M2) ∩M1 is a submodule of M1. Since M1 is τ -⊕-supplemented, there
exists a direct summand K1 of M1 such that [(P +M2) ∩M1] + K1 = M1 and
(P +M2) ∩K1 ⊆ τ(K1). We have (P +K1) ∩M2 is a submodule of M2, so there
exists a direct summand K2 of M2 such that [(P + K1) ∩M2] + K2 = M2 and
(P +K1)∩K2 ⊆ τ(K2). Let K = K1⊕K2, K is a direct summand ofM . Moreover
M1 ≤ P +M2 +K1 and M2 ≤ P +K1 +K2. Hence M = P +K1 +K2 = P +K.
Since P ∩(K1+K2) ≤ [(P+K1)∩K2]+[(P+K2)∩K1], thus P ∩(K1+K2) ≤ [(P+
K1)∩K2]+[(P+N2)∩K1]. As (P+M2)∩K1 ⊆ τ(K1) and (P+K1)∩K2 ⊆ τ(K2),
we have (P ∩K) ⊆ τ(K). Thus M is τ -⊕-supplemented. �

A nonzero module M is called completely torsion if for every proper submodule
K of M , K ⊆ τ(M).

Corollary 1.3. For any preradical τ , any �nite direct sum of completely torsion
modules is τ -⊕-supplemented.

Theorem 1.4. Let Mi (1 ≤ i ≤ n) be any �nite collection of relatively projective
modules. Then for any preradical τ , the moduleM =

⊕n
i=1Mi is τ -⊕-supplemented

if and only if Mi is τ -⊕-supplemented for each 1 ≤ i ≤ n.

Proof. The su�ciency is proved in Theorem 1.2. Conversely, we only proveM1 to be
τ -⊕-supplemented. Let A ≤M1. Then there exists B ≤M such that M = A+B,
B is a direct summand ofM and A∩B ⊆ τ(B). SinceM = A+B =M1+B, by [10,
Lemma 4.47], there existsB1 ≤ B such thatM =M1⊕B1. ThusB = B1⊕(M1∩B).
Note that M1 = A+ (M1 ∩B) and M1 ∩B is a direct summand of M1. Therefore
A ∩ B = A ∩ (M1 ∩ B) ⊆ τ(B) ∩ (M1 ∩ B) = τ(M1 ∩ B). Hence M1 is τ -⊕-
supplemented. �

A factor module of a τ -⊕-supplemented module need not be τ -⊕-supplemented
for τ = Rad (see [6, Examples 2.2 and 2.3]).

Theorem 1.5. Let M be a τ -⊕-supplemented module for any preradical τ and
X ≤ M . If for every direct summand K of M , (X +K)/X is a direct summand
of M/X, then M/X is τ -⊕-supplemented.

Proof. Let N/X ≤ M/X. Since M is τ -⊕-supplemented, there exists a direct
summand K of M such that N +K =M and N ∩K ⊆ τ(K). Then N/X + (K +
X)/X = M/X. By assumption, (K + X)/X is a direct summand of M/X. It is
easy to check that (N/X) ∩ ((K +X)/X) ⊆ τ((K +X)/X). �



ON τ -⊕-SUPPLEMENTED MODULES 59

Let M be a module. Then M is called distributive if its lattice of submodules is
a distributive lattice, equivalently for submodules K,L,N of M , N + (K ∩ L) =
(N +K) ∩ (N + L) or N ∩ (K + L) = (N ∩K) + (N ∩ L).
Let M be a module. A submodule X of M is called fully invariant, if for every
f ∈ End(M), f(X) ⊆ X. The module M is called duo module, if every submodule
of M is fully invariant. The submodule A of M is called projection invariant in
M if f(A) ⊆ A, for any idempotent f ∈ End(M).

Corollary 1.6. Let M be a τ -⊕-supplemented module for any preradical τ .
(1) Let N ≤ M such that for each decomposition M = M1 ⊕M2 we have N =
(N ∩M1)⊕ (N ∩M2). Then M/N is τ -⊕-supplemented. (In particular, this is true
for any distributive module). If moreover N ≤d M , then N is τ -⊕-supplemented.
(2) Let X be a projection invariant submodule ofM . ThenM/X is τ -⊕-supplemented.
In particular, for every fully invariant submodule A ofM ,M/A is τ -⊕-supplemented.

Proof. (1) Let L/N ≤ M/N . Since M is τ -⊕-supplemented, there exists a direct
summand D of M such that M = L + D and L ∩ D ⊆ τ(D). Then M/N =
L/N + (D +N)/N and L/N ∩ (D +N)/N = (L ∩ (D +N))/N ⊆ τ((D +N)/N).
Let M = D⊕D′. By assumption, N = (N ∩D)⊕ (N ∩D′) = (D+N)∩ (D′+N).
So, (D+N)/N ⊕ (D′+N)/N =M/N . It follows that M/N is τ -⊕-supplemented.

Now let N ≤d M and V ≤ N . Then there exist submodules K and K ′ of such
thatM = K⊕K ′ = V +K and V ∩K ⊆ τ(K). ThusN = V +N∩K. By assumption
N ∩K ≤d N . Moreover, V ∩ (N ∩K) ⊆ τ(K). Then V ∩ (N ∩K) ⊆ τ(N ∩K).
Therefore, N is τ -⊕-supplemented.
(2) Clear by (1). �

Let M be an R-module. By Pτ (M) we denote the sum of all submodules N of
M with τ(N) = N . Since Pτ (M) is a sum of some submodules of M , itself is a
submodule of M .

Corollary 1.7. Let M be a τ -⊕-supplemented module for any preradical τ . Then
M/Pτ (M) is τ -⊕-supplemented. If moreover Pτ (M) ≤d M , then Pτ (M) is τ -⊕-
supplemented.

Proof. By Corollary 1.6(1), it su�ces to prove that Pτ (M) is a fully invariant
submodule of M . Let N ≤ M such that N = τ(N) and f ∈ End(M) and g its
restriction to N . But τ(N) = N and f(N) = g(N), hence f(N) ⊆ τ(f(N)). Thus,
τ(f(N)) = f(N). This implies that f(N) ⊆ Pτ (M). This completes the proof. �

We recall that a module M is called semi-Artinian if every nonzero quotient
module of M has nonzero socle. For a module M , we de�ne Sa(M) =

∑
{U ≤M |

Usemi−Artinian}.

Corollary 1.8. Let M be a τ -⊕-supplemented module for any preradical τ . Then
M/Sa(M) is τ -⊕-supplemented. If, moreover, Sa(M) is a direct summand of M,
then Sa(M) is also τ -⊕-supplemented.

Proof. Let f ∈ End(M) and U a semi-Artinian submodule. Let g be restriction of
f to U . Thus U/Ker(g) ∼= g(U). Hence f(U) ∼= U/Ker(g). But it is easy to check
that U/Ker(g) is a semi-Artinian module. Therefore, f(U) is semi-Artinian. This
implies that f(Sa(M)) ⊆ Sa(M). Thus Sa(M) is a fully invariant submodule of
M . The result follows from Corollary 1.6(1). �
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Remark 1.9. IfM is a τ -⊕-supplemented module for any preradical τ , thenM/τ(M)
is semisimple and hence τ -⊕-supplemented.

Example 1.10. Let M be the Z-module Z/2Z ⊕Z/8Z. By [8, Example 10], M is
not lifting and it is not τ -lifting. By [5, Theorem 1.4], M is ⊕-supplemented and
hence τ -⊕-supplemented for τ = Rad.

A τ -lifting module is τ -⊕-supplemented. But the converse does not hold. The
following proposition shows that under some assumption it can be true.

Proposition 1.11. Assume M is τ -⊕-supplemented for any preradical τ such that
whenever M = M1 ⊕M2 then M1 and M2 are relatively projective. Then M is
τ -lifting.

Proof. Let N ≤ M . Since M is τ -⊕-supplemented, there exists a decomposition
M = M1 ⊕M2 such that M = N +M2 and N ∩M2 ⊆ τ(M2) for submodules
M1,M2 ofM . By hypothesis,M1 isM2-projective. By [10, Lemma 4.47], we obtain
M = A⊕M2 for some submodule A ofM such that A ≤ N . ThenN = A⊕(M2∩N).
So M is τ -lifting by [2, 2.8]. �

Corollary 1.12. Let M be a τ -⊕-supplemented module for any prerardical τ . If
M is projective then M is τ -lifting.

Now we give a characterization of τ -⊕-supplemented rings.

Theorem 1.13. Let τ be any preradical. Then the following are equivalent:
(1) R is τ -⊕-supplemented;
(2) Every �nitely generated free R-module is τ -⊕-supplemented;
(3) If F is a �nitely generated free R-module and N a fully invariant submodule,
then F/N is τ -⊕-supplemented.

Proof. (1)⇒ (2) LetM be a �nitely generated free R-module. ThenM ∼=
⊕n

i=1R.
Since any �nite direct sum of τ -⊕-supplemented modules is τ -⊕-supplemented, the
result follows.

(2) ⇒ (3) By (2), F is τ -⊕-supplemented. The result follows from Corollary
1.6(2).

(3) ⇒ (1) is clear. �

Lemma 1.14. Let M = M1 ⊕ M2. Then for any preradical τ , M2 is τ -⊕-
supplemented if and only if for every submodule N/M1 of M/M1, there exists a
direct summand K of M such that K ≤M2, M = K +N and N ∩K ⊆ τ(M).

Proof. Suppose that M2 is τ -⊕-supplemented. Let N/M1 ≤ M/M1. As M2 is
τ -⊕-supplemented, there exists a decomposition M2 = K ⊕ K ′ such that M2 =
(N ∩M2) + K and N ∩ K ⊆ τ(K). Note that M = (N ∩M2) + K +M1 gives
M = N +K.

Conversely, suppose that M/M1 has the stated property. Let H be a submodule
of M2. Consider the submodule (H ⊕M1)/M1 ≤ M/M1. By hypothesis, there
exists a direct summand L of M such that L ≤ M2, M = (L + H) + M1 and
L ∩ (H +M1) ⊆ τ(M). By modularity, M2 = L+H. Then L ∩H ⊆ τ(L). Thus,
L is a τ -supplement of H in M2 and it is a direct summand of M2. Therefore, M2

is τ -⊕-supplemented. �
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Theorem 1.15. Let τ be any preradical and M2 a direct summand of a τ -⊕-
supplemented module M such that for every direct summand K of M with M =
K +M2, K ∩M2 is a direct summand of M . Then M2 is τ -⊕-supplemented.

Proof. Suppose thatM =M1⊕M2 and let N/M1 ≤M/M1. Consider the submod-
ule N∩M2 ofM . SinceM is τ -⊕-supplemented, there exists a direct summandK of
M such thatM = (N ∩M2)+K and N ∩M2∩K ⊆ τ(K). Note thatM = N+M2.
By [7, Lemma 1.2], M = (K ∩M2) +N . Since M = K +M2, K ∩M2 is a direct
summand of M by hypothesis. By Lemma 1.14, M2 is τ -⊕-supplemented. �

Corollary 1.16. Let M be a τ -⊕-supplemented module for any preradical τ and
K a direct summand of M such that M/K is K-projective. Then K is τ -⊕-
supplemented.

Proof. Let L be a direct summand of M with M = L + K. Since K is a direct
summand of M , M = K ⊕ K0 for some submodule K0 of M . Therefore, K0 is
K-projective. Then by [16, 41.14], there exists a submodule L0 of L such that
M = L0 ⊕K. Now L = L′ ⊕ (L ∩K) implies that L ∩K is a direct summand of
M . By Theorem 1.15, K is τ -⊕-supplemented. �

Corollary 1.17. Let M be a τ -⊕-supplemented module for any preradical τ and
N ≤d M such that M/N is projective. Then N is τ -⊕-supplemented.

A submoduleN ofM is called small inM (notationN �M) if ∀L �M,L+N 6=
M . A module M is called hollow if every proper submodule of M is small in M .

Let M be a module and S denote the class of all small modules. Talebi and
Vanaja [13] de�ned Z(M) as follows:
Z(M) =

⋂
{kerg | g ∈ Hom(M,L), L ∈ S}. The module M is called cosingular

(non-cosingular) if Z(M) = 0 (Z(M) = M). Clearly every non-cosingular module
is Z-⊕-supplemented. Also if R is a non-cosingular ring, then every R-module is
Z-⊕-supplemented by [13, Proposition 2.4].

In [11] for any preradical τ , the authors call a module M , τ -semiperfect if it is
satis�es one of the following conditions (see [11, Proposition 2.1]):

(1) For every submodule K of M there exists a decomposition K = A⊕B such
that A is a projective direct summand of M and B ⊆ τ(M);

(2) For every submodule K of N , there exists a decomposition M = A⊕B such
that A is a projective direct summand of M , A ≤ K and K ∩B ⊆ τ(M).

By this de�nition every τ -semiperfect module is τ -lifting and hence τ -⊕-supplemented.
Also if M is projective we have the following:
τ -semiperfect ⇔ τ -lifting ⇔ τ -⊕-supplemented.
A τ -⊕-supplemented module need not be ⊕-supplemented and the converse also

hold.

Example 1.18. Let K be a �eld and let R =
∏
n≥1Kn with Kn = K. By

[14, Example 4.1(1)] R is not semiperfect. Since R is projective, R is not ⊕-
supplemented by [5, Lemma 1.2]. Again by [14, Example 4.1(1)], the module R is
Z-semiperfect and so it is Z-⊕-supplemented.

If R is a DV R (Discrete Valuation Ring) , then by [14, Example 4.1(1)] the
R-module RR is semiperfect and hence ⊕-supplemented but it is not Z-semiperfect
and so it is not Z-⊕-supplemented.

Now we give an equivalent condition for a module to be Z-⊕-supplemented under
some assumptions.
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Proposition 1.19. Let R be a commutative ring and P a projective module with
Rad(P )� P and P has �nite hollow dimension. Then the following are equivalent:

(1) P is Z-⊕-supplemented;
(2) P = P1 ⊕ P2 ⊕ P3 with P1 is ⊕-supplemented and Rad(P1) = Z(P1), P2 is

semisimple and Z(P3) = P3.

Proof. (1) ⇒ (2) By the proof of [14, Corollary 4.3] and since every semiperfect is
⊕-supplemented .

(2) ⇒ (1) By [14, Corollary 4.3] all P1, P2 and P3 are Z-semiperfect and hence
Z-⊕-supplemented. Since any �nite direct sum of Z-⊕-supplemented modules is
Z-⊕-supplemented, P is Z-⊕-supplemented. �

Let e = e2 ∈ R. Then e is called a left (right) semicentral idempotent if xe = exe
(ex = exe), for all x ∈ R. The set of all left (right) semicentral idempotents
is denoted by Sl(R) (Sr(R)). A ring R is called Abelian if every idempotent is
central.

Let M be a module. We consider the following condition.
(D3) IfM1 andM2 are direct summands ofM withM =M1+M2, thenM1∩M2

is also a direct summand of M .
By [10, Lemma 4.6 and Proposition 4.38], every quasi-projective module is (D3).

Proposition 1.20. Let M be an R-module such that End(M) is Abelian and X ≤
M implies X =

∑
i∈I hi(M) where hi ∈ End(M). Then for any preradical τ , M is

τ -⊕-supplemented if and only if M is τ -lifting and has (D3)-condition.

Proof. The su�ciency is obvious. Conversely, let X ≤ M , X =
∑
i∈I hi(M) with

hi(M) ∈ End(M). Since M is τ -⊕-supplemented, there exists a direct summand
eM such that X + eM = M and (X ∩ eM) ⊆ τ(eM) for some e2 = e ∈ End(M).
Since End(M) is Abelian, (1−e)X = (1−e)M = (1−e)

∑
i∈I hi(M) =

∑
i∈I hi(1−

e)(M) ⊆ X. Therefore X = (1 − e)M ⊕ (X ∩ eM). Hence M is τ -lifting. If
eM + fM = M for e2 = e, f2 = f ∈ End(M), then eM ∩ fM = efM with
(ef)2 = ef . So M has (D3)-condition.

�

Recall that an R-module M is said to be a multiplication module if for each
X ≤M there exists AR ≤ RR such that X =MA.

Corollary 1.21. If M satis�es one of the following conditions, then M is τ -lifting
if and only if M is τ -⊕-supplemented for any preradical τ .
(1) M is cyclic and R is commutative.
(2) M is a multiplication module and R is commutative.

Proof. (1) Assume that M is cyclic and R is commutative. There exists BR ≤ RR
such that M ∼= R/B. Let Y/B ≤ R/B, Y/B =

∑
i∈I(yiR + B) = (

∑
i∈I yi + B)R

where each yi ∈ Y . De�ne hi : R/B → R/B by hi(r + B) = yir + B, i ∈ I. Then
it is easy to check that hi ∈ EndR(R/B). Hence Y/B =

∑
i∈I hi(R/B). Since

R is commutative, EndR(R/B) is also commutative. By Proposition 1.20, M is
τ -lifting.
(2) Assume M is a multiplication module. Let X ≤ M . Then X = MA for
some AR ≤ RR. For each a ∈ A, de�ne hα : M → M by hα(m) = ma for all
m ∈ M . Then hα is an R-homomorphism and X = MA =

∑
α∈A hα(M). Since

every multiplication module is a duo module, thus if e2 = e ∈ S = End(M), then e,
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1− e ∈ Sl(S). Therefore e is central. So End(M) is Abelian. Again by Proposition
1.20, M is τ -lifting.

�

2. Completely τ-⊕-Supplemented Modules

De�nition 2.1. For any preradical τ , we call a moduleM completely τ -⊕-supplemented
for any preradical τ if every direct summand of M is a τ -⊕-supplemented.

Theorem 2.2. Let M be a module with (D3) and τ a preradical. Then M is
τ -⊕-supplemented if and only if M is completely τ -⊕-supplemented.

Proof. Su�ciency is clear. Conversely, assume that M is τ -⊕-supplemented and K
a direct summand of M and A a submodule of K. We show A has a τ -supplement
in K that is a direct summand of K. Since M is τ -⊕-supplemented, there exists
a direct summand B of M such that M = A + B and A ∩ B ⊆ τ(B). Then
K = A+ (K ∩B). Furthermore K ∩B is a direct summand of M because M has
(D3). Then A ∩ (K ∩B) = (A ∩B) ∩ (K ∩B) ⊆ τ(B) ∩ (K ∩B) = τ(K ∩B). �

A submodule K of M is called essential in M (notation K ≤e M) if K ∩A 6= 0
for any nonzero submodule A of M .

Proposition 2.3. Let M be a τ -supplemented module for any preradical τ . Then
M = M1 ⊕M2, where M1 is semisimple module and M2 is a module with τ(M2)
essential in M2.

Proof. See [2, 2.2]. �

Recall that a module M has the Summand Sum Property (SSP) if the sum of
any two direct summand of M is again a direct summand.

Theorem 2.4. (1) Every τ -lifting module is completely τ -⊕-supplemented for any
preradical τ .

(2) Let M be a τ -⊕-supplemented module for any preradical τ . If M has the
(SSP), then M is completely τ -⊕-supplemented.

Proof. (1) By [2, 2.10] every direct summand of a τ -lifting module is τ -lifting. The
rest is clear.

(2) Assume thatM is τ -⊕-supplemented andM has the (SSP). Let N be a direct
summand of M . We will show that N is τ -⊕-supplemented. Let M = N ⊕N ′ for
some submodule N ′ of M . Suppose that A is a direct summand of M . Since M
has the (SSP), A+N ′ is a direct summand of M . Let M = (A+N ′)⊕B for some
B ≤M . ThenM/N ′ = (A+N ′)/N ′⊕ (B+N ′)/N ′. Hence by Theorem 1.5, M/N ′

is τ -⊕-supplemented and so N is τ -⊕-supplemented. �

We give a decomposition of any τ -⊕-supplemented (D3)-module by the second
singular submodule Z2(M) ofM . We will show that ifM is τ -⊕-supplemented and
N ≤M with M/N projective, then N is τ -⊕-supplemented.

Recall that the singular submodule Z(M) of a module M is de�ned by Z(M) =
{m ∈M | mE = 0, E ≤e R}.

The Goldie torsion submodule (or second singular submodule) Z2(M) of M is a
submodule of M containing Z(M) such that Z2(M)/Z(M) is the singular submod-
ule of M/Z(M).
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Proposition 2.5. Let M be a module with (D3). Suppose that Z2(M) is τ -coclosed
in M . Then for any preradical τ , M is τ -⊕-supplemented if and only if M =
Z2(M)⊕K for some submodule K of M and, Z2(M) and K are τ -⊕-supplemented.

Proof. Su�ciency is clear by Theorem 1.2. Conversely, assume that M is τ -⊕-
supplemented. There exist submodules K and K ′ of M such that M = K ⊕K ′ =
Z2(M) + K and Z2(M) ∩ K ⊆ τ(K). Now Z2(M) = Z2(K) ⊕ Z2(K

′). Thus,
M = K⊕Z2(K

′) and hence Z2(K
′) = K ′. Note that Z2(M)∩K = Z2(K) ⊆ τ(K).

So, we can obtain that Z2(M)/K ′ ⊆ τ(M/K ′). Therefore, Z2(M) = K ′ because
Z2(M) is τ -coclosed in M . So, M = K ⊕ Z2(M). Clearly K and Z2(M) are
τ -⊕-supplemented. �

Proposition 2.6. Let M be a τ -supplemented module for any preradical τ . Then
M = M1 ⊕M2, where M1 is semisimple module and M2 is a module with τ(M2)
essential in M2.

Proof. See [2, 2.2]. �

Corollary 2.7. Let M be a τ -⊕-supplemented module for any preradical τ . Then
M = M1 ⊕M2 where M1 is a semisimple module and M2 is a module with τ(M2)
essential in M2.

Proof. Since each τ -⊕-supplemented module is τ -supplemented the result follows
from Proposition 2.6. �

Proposition 2.8. Let M be a τ -⊕-supplemented module for a left exact preradical
τ . Then M =M1 ⊕M2 such that τ(M2) =M2.

Proof. Suppose that M is a τ -⊕-supplemented module. There exists a direct sum-
mand M1 of M such that M = M1 + τ(M) and M1 ∩ τ(M) = τ(M1) since τ is
a left exact preradical and M = M1 ⊕M2 for some submodule M2 of M . Then
M = τ(M2)⊕M1. Thus M2 = τ(M2). �

Theorem 2.9. For module M with (D3) and a left exact preradical τ the following
statements are equivalent:

(1) M is completely τ -⊕-supplemented;
(2) M is τ -⊕-supplemented;
(3)M =M1⊕M2, whereM1 is semisimple module andM2 is a τ -⊕-supplemented

module with τ(M2) essential in M2;
(4) M = M1 ⊕M2 such that M1 is a τ -⊕-supplemented module and M2 is a

τ -⊕-supplemented module with τ(M2) =M2.

Proof. (1)⇒ (2) Clear from de�nition.
(2)⇒ (1) It follows from Theorem 2.2.
(1) ⇒ (3) By Proposition 2.6, M = M1 ⊕M2, where M1 is semisimple module

and M2 is module with τ(M2) essential in M2. By (1), M2 is τ -⊕-supplemented.
(1)⇒ (4) By Proposition 2.8,M =M1⊕M2 such that τ(M2) =M2 andM1,M2

are τ -⊕-supplemented by (1).
(3)⇒ (2), (4)⇒ (2) follows by Theorem 1.2. �

Lemma 2.10. Let M be an indecomposable module. Then for any preradical τ , M
is completely torsion if and only if M is completely τ -⊕-supplemented.

Proof. Clear. �
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Proposition 2.11. Let M =M1 ⊕M2 such that M1 and M2 have local endomor-
phism rings. Then for any preradical τ , M is completely τ -⊕-supplemented if and
only if M1 and M2 are completely torsion modules.

Proof. The necessity is clear from Lemma 2.10. Conversely, let K be a direct
summand ofM . If K =M then by Corollary 1.3, K is τ -⊕-supplemented. Assume
K 6=M . Then either K ∼=M1 or K ∼=M2 by [3, Corollary 12.7]. In either case K
is τ -⊕-supplemented. Thus M is completely τ -⊕-supplemented. �
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COMMON FIXED POINT THEOREMS IN FUZZY METRIC

SPACES VIA PROPERTIES

ABDELKRIM ALIOUCHE

Abstract. We prove common fixed point theorems for weakly compatible

mappings via an implicit relation in fuzzy metric spaces using property (E.A)
and a common property (E.A). Our theorems extend theorems of [1, 3, 4, 6,

15, 16] and a corollary of [2].

1. Introduction and Preliminaries

The concept of fuzzy sets was introduced initially by Zadeh [29] in 1965. To use
this concept in topology and analysis, many authors have expansively developed the
theory of fuzzy sets and applications. George and Veeramani [12] modified the con-
cept of fuzzy metric space introduced by Kramosil and Michalek [19] and defined
the Hausdorff topology of fuzzy metric spaces which have very important appli-
cations in quantum particle physics particularly in connections with both string
and E−infinity theory which were given and studied by El Naschie and Tanaka
[8, 9, 10, 11, 28]. They showed also that every metric induces a fuzzy metric.
The authors [13, 14, 21] proved fixed point theorems in fuzzy (probabilistic) metric
spaces and the authors [2, 4, 5, 7, 23, 27, 30] proved fixed and common fixed point
theorems using contractive conditions of integral type and generalized contractive
conditions.

Motivated by a work due to Popa [22], we have observed that proving fixed point
theorems using an implicit relation is a good idea since it covers several contractive
conditions rather than one contractive condition.

It is our purpose in this paper to prove common fixed point theorems in fuzzy
metric spaces via an implicit relation for weakly compatible mappings satisfying the
property (E.A) introduced by [1] and a common property (E.A) introduced by Liu
et al [20]. Our Theorems generalize Theorems of [1, 3, 4, 6, 15, 16] and a corollary
of [2].

Definition 1.1 ([24]). A binary operation ∗ : [0, 1]2 −→ [0, 1] is called a continuous
t-norm if ([0, 1] , ∗) is an abelian topological monoid; i.e.,

(1) ∗ is associative and commutative,
(2) ∗ is continuous,
(3) a ∗ 1 = a for all a ∈ [0, 1],
(4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for each a, b, c, d ∈ [0, 1].

2000 Mathematics Subject Classification. 54H25; 47H10.
Key words and phrases. Fuzzy metric space, weakly compatible mappings, common fixed point,

property (E.A), common property (E.A)..
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Two typical examples of a continuous t−norm are a∗b = ab and a∗b = min{a, b}.

Definition 1.2 ([12]). The 3-tuple (X,M, ∗) is called a fuzzy metric space if X
is an arbitrary non-empty set, ∗ is a continuous t-norm, and M is a fuzzy set on
X2 × (0,∞), satisfying the following conditions for each x, y, z ∈ X and t, s > 0,

(FM-1) M(x, y, t) > 0,
(FM-2) M(x, y, t) = 1 if and only if x = y,
(FM-3) M(x, y, t) = M(y, x, t),
(FM-4) M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(FM-5) M(x, y, .) : (0,∞) −→ [0, 1] is continuous.

Let (X,M, ∗) be a fuzzy metric space. For t > 0, the open ball B(x, r, t) with
center x ∈ X and radius 0 < r < 1 is defined by

B(x, r, t) = {y ∈ X : M(x, y, t) > 1− r}.
A subset A ⊂ X is called open if for each x ∈ A, there exist t > 0 and 0 < r < 1

such that B(x, r, t) ⊂ A. Let τ denote the family of all open subsets of X. Then
τ is called the topology on X induced by the fuzzy metric M . This topology is
Hausdorff and first countable.

Example 1.3. Let X = R. Denote a ∗ b = a.b for all a, b ∈ [0, 1]. For each
t ∈ (0,∞), define

M(x, y, t) =
t

t+ |x− y|
for all x, y ∈ X.

Definition 1.4 ([12]). Let (X,M, ∗) be a fuzzy metric space.
1) A sequence {xn} in X converges to x if and only if for any 0 < ε < 1 and

t > 0, there exists n0 ∈ N such that for all n ≥ n0, M(xn, x, t) > 1 − ε ; i.e.,
M(xn, x, t)→ 1 as n→∞ for all t > 0.

2) A sequence {xn} in X is called a Cauchy sequence if and only if for any 0 <
ε < 1 and t > 0, there exists n0 ∈ N such that for all n,m ≥ n0, M(xn, xm, t) > 1−ε
; i.e., M(xn, xm, t)→ 1 as n,m→∞ for all t > 0.

3) A fuzzy metric space (X,M, t) in which every Cauchy sequence is convergent
is said to be complete.

Lemma 1.5 ([13]). For all x, y ∈ X, M(x, y, .) is a non-decreasing function.

Definition 1.6. Let (X,M, ∗) be a fuzzy metric space. M is said to be continuous
on X2 × (0,∞) if

lim
n→∞

M(xn, yn, tn) = M(x, y, t)

whenever {(xn, yn, tn)} is a sequence in X2 × (0,∞) which converges to a point
(x, y, t) ∈ X2 × (0,∞); i.e.,

lim
n→∞

M(xn, x, t) = lim
n→∞

M(yn, y, t) = 1 and lim
n→∞

M(x, y, tn) = M(x, y, t).

Lemma 1.7 ([13]). M is continuous function on X2 × (0,∞).

Let A and S be mappings from a fuzzy metric space (X,M, ∗) into itself.

Definition 1.8. A and S are said to be
1) compatible [17, 25] if

lim
n→∞

M(ASxn, SAxn, t) = 1 for all t > 0
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whenever {xn} is a sequence in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = x ∈ X.

2) A and S are said to be weakly compatible [18] if they commute at their
coincidence points; i.e., Ax = Sx for some x ∈ X implies that ASx = SAx.

Remark 1.9. If A and S of are compatible, then they are weakly compatible and
the converse is not true in general, see [26]

Definition 1.10. The pair (A,S) satisfies the property (E.A) if there exists a
sequence {xn} in X such that

lim
n→∞

M(Axn, u, t) = lim
n→∞

M(Sxn, u, t) = 1

for some u ∈ X and all t > 0.

Clearly, a pair of noncompatible mappings satisfies the property (E.A).

Example 1.11. Let X = R and M(x, y, t) =
t

t+ |x− y|
for every x, y ∈ X and

t > 0. Define A and S by

Ax = 2x+ 1, Sx = x+ 2.

Define the sequence {xn} by xn = 1 +
1

n
, n = 1, 2, .... We have

lim
n→∞

M(Axn, 3, t) = lim
n→∞

M(Sxn, 3, t) = 1

for every t > 0. Then, the pair (A,S) satisfies the property (E.A). However, A and
S are not weakly compatible.

The following example shows that there are some pairs of mappings which do
not satisfy the property (E.A).

Example 1.12. Let X = R and M(x, y, t) =
t

t+ |x− y|
for every x, y ∈ X and

t > 0. Define A and S by Ax = x+ 1 and Sx = x+ 2. Assume that there exists a
sequence {xn} in X such that

lim
n→∞

M(Axn, u, t) = lim
n→∞

M(Sxn, u, t) = 1

for some u ∈ X and all t > 0. Therefore

lim
n→∞

M(xn + 1, u, t) = lim
n→∞

M(xn + 2, u, t) = 1.

We conclude that xn → u− 1 and xn → u− 2 which is a contradiction. Hence, the
pair (A,S) do not satisfy the property (E.A).

Definition 1.13. The pairs (A,S) and (B, T ) of a fuzzy metric space (X,M, ∗)
satisfy a common property (E.A) if there exists two sequences {xn} and {yn} such
that for some u ∈ X and for all t > 0
(1.1)
lim
n→∞

M(Axn, u, t) = lim
n→∞

M(Sxn, u, t) = lim
n→∞

M(Byn, u, t) = lim
n→∞

M(Tyn, u, t) = 1.

If B = A and T = S in (1.1), we obtain the definition of the property (E.A).
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Example 1.14. Let X = [1,∞) and M(x, y, t) =
t

t+ |x− y|
for every x, y ∈ X

and t > 0. Define A,B, S, T by

Ax = 2 +
x

3
, Bx = 2 +

x

2
, Sx = 1 +

2

3
x, Tx = 1 + x.

Define sequences {xn} and {yn} by xn = 3 +
1

n
, yn = 2 +

1

n
, n = 1, 2, .... Since for

all t > 0

lim
n→∞

M(Axn, 3, t) = lim
n→∞

M(Byn, 3, t) = lim
n→∞

M(Sxn, 3, t) = lim
n→∞

M(Tyn, 3, t) = 1

Therefore, the pairs (A,S) and (B, T ) satisfy a common property (E.A)

Let Φ be the set of all continuous functions φ : [0,∞[−→ [0,∞[ such that φ(t) < t
for all t > 0.

2. Implicit relations

Let F6 be the set of all continuous functions F (t1, t2, t3, t4, t5, t6) : [0, 1]6 → R
satisfying the following conditions:

(F1) : F (u, 1, u, 1, 1, u) < 0 for all u ∈ (0, 1).
(F2) : F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).
(F3) : F (u, u, 1, 1, u, u) < 0 for all u ∈ (0, 1).
The aim of this section is to give several examples of the function F .

Example 2.1. F (t1, t2, t3, t4, t5, t6) = t1−φ(min{t2, t3, t4, t5, t6}), where φ : [0, 1] −→
[0, 1] is increasing and continuous function such that φ(t) > t for all t ∈ (0, 1).

(F1) : F (u, 1, u, 1, 1, u) = u− φ(u) < 0 for all u ∈ (0, 1).
(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).
(F3) : F (u, u, 1, 1, u, u) = u− φ(u) < 0 for all u ∈ (0, 1).

Example 2.2. F (t1, t2, t3, t4, t5, t6) = t21 − c1 min{t22, t23, t24} − c2 min{t3t6, t4t5} −
c3t5t6
c1, c2, c3 > 0, c1 + c2 ≥ 1, c1 + c3 ≥ 1.
(F1) : F (u, 1, u, 1, 1, u) = u2(1− c1 − c2)− c3u < 0 for all u ∈ (0, 1).
(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).
(F3) : F (u, u, 1, 1, u, u) = u2(1− c1 − c3)− c2u < 0 for all u ∈ (0, 1).

Example 2.3. F (t1, t2, t3, t4, t5, t6) = t31 − amin{t21t2, t1t3t4, t25t6, t5t26}, a > 1.
(F1) : F (u, 1, u, 1, 1, u) = u3 − amin{u2, u} < 0 for all u ∈ (0, 1).
(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).
(F3) : F (u, u, 1, 1, u, u) = u3 − amin{u3, u, u3} < 0 for all u ∈ (0, 1).

Example 2.4. F (t1, t2, t3, t4, t5, t6) = t31 − a
t23t

2
4 + t25t

2
6

t2 + t3 + t4
, a ≥ 2.

(F1) : F (u, 1, u, 1, 1, u) = u3 − 2au2

u+ 2
< 0 for all u ∈ (0, 1).

(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).

(F3) : F (u, u, 1, 1, u, u) = u3 − au
4 + 1

u+ 2
< 0 for all u ∈ (0, 1).

Example 2.5. F (t1, t2, t3, t4, t5, t6) = (1+pt2)t1−pmin{t3t4, t5t6}−φ(min{t2, t3, t4, t5, t6}),
where p ≥ 0 and φ : [0, 1] −→ [0, 1] is increasing and continuous function such

that φ(t) > t for all t ∈ (0, 1).
(F1) , (F2) and (F3) as in Example 2.1.
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Example 2.6. F (t1, t2, t3, t4, t5, t6) = t21 − a
t22 + t23 + t24
t5 + t6

, a ≥ 1.

(F1) : F (u, 1, u, 1, 1, u) = u2 − au
2 + 2

u+ 1
=
u3 + (1− a)u2 − 2a

u+ 1
< 0 for all u ∈

(0, 1).
(F2) Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).

(F3) : F (u, u, 1, 1, u, u) = u2 − au
2 + 2

2u
< 0 for all u ∈ (0, 1).

Example 2.7. F (t1, t2, t3, t4, t5, t6) = t31 − a
t23t

2
4

t2 + t5 + t6
, a > 3.

(F1) : F (u, 1, u, 1, 1, u) = u3 − a u2

u+ 2
< 0 for all u ∈ (0, 1).

(F2) Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).

(F3) : F (u, u, 1, 1, u, u) = u3 − a

3u
< 0 for all u ∈ (0, 1).

Example 2.8. F (t1, t2, t3, t4, t5, t6) = t21 − amin{t22, t23, t24} − b
t5

t5 + t6
, a ≥ 1 and

b > 0.
(F1) : F (u, 1, u, 1, 1, u) = (1− a)u2 − b u

u+ 1
< 0 for all u ∈ (0, 1).

(F2) Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).

(F3) : F (u, u, 1, 1, u, u) = (1− a)u2 − b

2
< 0 for all u ∈ (0, 1).

Example 2.9. F (t1, t2, t3, t4, t5, t6) = t21 − amin{t22, t25, t26} − b
t3

t3 + t4
, a > 1 and

b > 0.
(F1) , (F2) and (F3) as in Example 2.8.

Example 2.10. F (t1, t2, t3, t4, t5, t6) = t1 − a1t2 − a2t3 − a3t4 − a4t5 − a5t6,
a1, a2, a3, a4, a5 > 0, a2 + a5 ≥ 1, a3 + a4 ≥ 1 and a1 + a4 + a5 ≥ 1.
(F1) : F (u, 1, u, 1, 1, u) = u− a1 − a2u− a3 − a4 − a5u < 0 for all u ∈ (0, 1).
(F2) Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).
(F3) : F (u, u, 1, 1, u, u) = u− a1u− a2 − a3 − a4u− a5u < 0 for all u ∈ (0, 1).

Example 2.11. F (t1, t2, t3, t4, t5, t6) =
t1∫
0

ϕ(t)dt−φ(
min{t2,t3,t4,t5,t6}∫

0

ϕ(t)dt), where

φ : [0, 1] −→ [0, 1] is increasing and continuous function such that φ(t) > t for all
t ∈ (0, 1) and ϕ : R+ → R+ is a Lebesgue-integrable mapping which is summable
and satisfies

(2.1) 0 <

∫ ε

0

ϕ(s)ds < 1 for all 0 < ε < 1 and

∫ 1

0

ϕ(s)ds = 1.

(F1) : F (u, 1, u, 1, 1, u) =
u∫
0

ϕ(t)dt− φ(
u∫
0

ϕ(t)dt) < 0 for all u ∈ (0, 1).

(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).

(F3) : F (u, u, 1, 1, u, u) =
u∫
0

ϕ(t)dt− φ(
u∫
0

ϕ(t)dt) < 0 for all u ∈ (0, 1).

Example 2.12. F (t1, t2, t3, t4, t5, t6) = (
t1∫
0

ϕ(s)ds)p − a(
t2∫
0

ϕ(s)ds)p−
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bmin{
t3∫
0

ϕ(s)ds,
t4∫
0

ϕ(s)ds, (
t3∫
0

ϕ(s)ds)
1
2 · (

t5∫
0

ϕ(s)ds)
1
2 ,

(
t5∫
0

ϕ(s)ds)
1
2 (
t6∫
0

ϕ(s)ds)
1
2 }p,

where a > 0, 0 < b ≤ 1, a + b > 1, p > 0, φ : [0, 1] −→ [0, 1] is increasing and
continuous function such that φ(t) > t for all t ∈ (0, 1) and ϕ : R+ → R+ is a
Lebesgue-integrable mapping which is summable and satisfies 2.1.

(F1) : F (u, 1, u, 1, 1, u) = (
u∫
0

ϕ(s)ds)p − a(
1∫
0

ϕ(s)ds)p

− bmin{
u∫
0

ϕ(s)ds,
1∫
0

ϕ(s)ds, (
u∫
0

ϕ(s)ds)
1
2 · (

1∫
0

ϕ(s)ds)
1
2 ,

(
1∫
0

ϕ(s)ds)
1
2 (

u∫
0

ϕ(s)ds)
1
2 }p

= (
u∫
0

ϕ(s)ds)p− a− b(
u∫
0

ϕ(s)ds)p < 0 for all u ∈ (0, 1).

(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).

(F3) : F (u, u, 1, 1, u, u) = (1− a− b)φ(
u∫
0

ϕ(t)dt) < 0 for all u ∈ (0, 1).

Define G : R+
A → R satisfying:

Example 2.13. (i) G(0) = 0 and G(t) > 0 for each t ∈ (0, A), A ∈ (0,∞], R+
A

= [0, A),
(ii) G is increasing on R+

A,
(iii) G is continuous.

Example 2.14. F (t1, t2, t3, t4, t5, t6) = G(t1) − φ(G(min{t2, t3, t4, t5, t6}), where
φ : [0, 1] −→ [0, 1] is increasing and continuous function such that φ(t) > t for all
t ∈ (0, 1)

(F1) : F (u, 1, u, 1, 1, u) = G(u)− φ(G(u)) < 0 for all u ∈ (0, 1).
(F2) : Similarly, F (u, 1, 1, u, u, 1) < 0 for all u ∈ (0, 1).
(F3) : F (u, u, 1, 1, u, u) = G(u)− φ(G(u)) < 0 for all u ∈ (0, 1).

Example 2.15. F (t1, t2, t3, t4, t5, t6) = (G(t1))p − φ[a(G(t2))p+

bmin{G(t3), G(t4), (G(t3))
1
2 ·(G(t5))

1
2 , (G(t5))

1
2 ·(G(t6))

1
2 }p],

where a > 0, 0 < b ≤ 1, a+ b > 1, p > 0 and φ : [0, 1] −→ [0, 1] is increasing and
continuous function such that φ(t) > t for all t ∈ (0, 1).

Define Φ[0, A) = {G : G satisfies (i)–(iii)}.
The following examples were given by [30].
1) Let G(t) = t, then G ∈ Φ[0, A) for each A ∈ (0,+∞].
2) Suppose that ϕ is nonnegative, Lebesgue integrable on [0, A) and satisfies

ε∫
0

ϕ(t)dt > 0 for each ε ∈ (0, A).

Let G(t) =
t∫
0

ϕ(s)ds, then G ∈ Φ[0, A).
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3) Suppose that ψ is nonnegative, Lebesgue integrable on [0, A) and satisfies

ε∫
0

ψ(t)dt > 0 for each ε ∈ (0, A)

and ϕ is nonnegative, Lebesgue integrable on [0,
A∫
0

ψ(s)ds) and satisfies

ε∫
0

ϕ(t)dt > 0 for each ε ∈ (0,

A∫
0

ψ(s)ds).

Let G(t) =

t∫
0

ψ(s)ds∫
0

ϕ(u)du, then G ∈ Φ[0, A).

4) If H ∈ Φ[0, A) and G ∈ Φ[0, H(A− 0)), then a composition mapping G ◦H ∈

Φ[0, A). For instance, let L(t) =
G(t)∫
0

ϕ(s)ds, then L ∈ Φ[0, A) whenever G ∈ Φ[0, A)

and ϕ is nonnegative, Lebesgue integrable on Φ[0, G(A− 0)) and satisfies

ε∫
0

ϕ(t)dt > 0 for each ε ∈ (0, G(A− 0)).

Lemma 2.16 ([30]). Let A ∈ (0,+∞] and G ∈ Φ[0, A). If limn→∞G(εn) = 0 for
εn ∈ R+

A, then limn→∞ εn = 0.

3. Main Results

The purpose of this section is to give our main results Theorem 3.1 and Theorem
3.3..

Theorem 3.1. Let A,B, S and T be self-mappings of a fuzzy metric space (X,M, ∗)
satisfying the following conditions

(3.1) A(X) ⊂ T (X) and B(X) ⊂ S(X),

F (M(Ax,By, t),M(Sx, Ty, t),M(Ax, Sx, t), (3.2)

M(By, Ty, t),M(Sx,By, t),M(Ax, Ty, t))

≥ 0

for all x, y in X and F ∈ F6. Suppose that the pair (A,S) or (B, T ) satisfies the
property (E.A) and (A,S) and (B, T ) are weakly compatible. If the range of one
A,B, S and T is a closed subset of X, then A,B, S and T have a unique common
fixed point in X.

Proof. Suppose that the pair (B, T ) satisfies the property (E.A). Then, there exists
a sequence {xn} in X such that limn→∞Bxn = limn→∞ Txn = z for some z ∈ X.
Therefore, we have limn→∞M(Bxn, Txn, t) = 1. Since B(X) ⊂ S(X), there exists
a sequence {yn} in X such that Bxn = Syn.
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Hence, limn→∞ Syn = z. Let us show that limn→∞Ayn = z. Using (3.2) we
have

F (M(Ayn, Bxn, t),M(Syn, Txn, t),M(Ayn, Syn, t),

M(Bxn, Txn, t),M(Syn, Bxn, t),M(Ayn, Txn, t))

= F (M(Ayn, Bxn, t),M(Bxn, Txn, t),M(Ayn, Bxn, t),

M(Bxn, Txn, t), 1,M(Ayn, Txn, t))

≥ 0.

Assume that lim supn→∞M(Ayn, Bxn, t) = l < 1. Taking the limit as n → ∞
we get

F (l, 1, l, 1, 1, l) ≥ 0

which is a contradiction of (F1) and so l = 1; i.e., limn→∞Ayn = z.
Suppose that S(X) is a closed subspace of X. Then, z = Su for some u ∈ X.
If z 6= Au, applying (3.2) we obtain

F (M(Au,Bxn, t),M(Su, Txn, t),M(Au, Su, t),

F (M(Au,Bxn, t),M(Su, Txn, t),M(Au, Su, t))

≥ 0

Letting n→∞ we have

F (M(Au, z, t), 1,M(Au, z, t), 1, 1,M(Au, z, t)) ≥ 0

which is a contradiction of (F1). Hence, z = Au = Su.
Since A(X) ⊂ T (X), there exists v ∈ X such that z = Au = Tv.
If z 6= Bv, using (3.2) we have

F (M(Au,Bv, t),M(Su, Tv, t),M(Au, Su, t),

M(Bv, Tv, t),M(Su,Bv, t),M(Au, Tv, t))

= F (M(z,Bv, t), 1, 1,M(z,Bv, t),M(z,Bv, t), 1) ≥ 0

which is a contradiction of (F2) and therefore Au = Su = z = Bv = Tv.
Since the pairs (A,S) and (B, T ) are weakly compatible, we have ASu = SAu

and BTv = TBv; i.e., Az = Sz and Bz = Tz. If Az 6= z, using (3.2) we get

F (M(Az,Bv, t),M(Sz, Tv, t),M(Az, Sz, t),

M(Bv, Tv, t),M(Sz,Bv, t),M(Az, Tv, t))

= F (M(Az, z, t),M(Az, z, t), 1, 1,

M(Az, z, t),M(Az, z, t))

≥ 0

which is a contradiction of (F3). Then, Az = Sz = z.
Similarly, we can prove that Bz = Tz = z. Hence, z = Bz = Tz = Az = Sz

and z is a common fixed point of A,B, S and T . The uniqueness of z follows from
(3.2) and (F3). �

If B = A and T = S in Theorem 3.1, we get the following Corollary.

Corollary 3.2. Let A and S be self-mappings of a fuzzy metric space (X,M, ∗)
satisfying

A(X) ⊂ S(X),
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F (M(Ax,Ay, t),M(Sx, Sy, t),M(Ax, Sx, t),

M(Ay, Sy, t),M(Sx,Ay, t),M(Ax, Sy, t))

≥ 0.

Suppose that the pair (A,S) satisfies the property (E.A) and (A,S) is weakly com-
patible. If the range of one A and S is a closed subset of X, then A and S have a
unique common fixed point in X.

Theorem 3.3. Let A,B, S and T be self-mappings of a fuzzy metric space (X,M, ∗)
satisfying (3.2). Suppose that the pairs (A,S) and (B, T ) satisfy a common property
(E.A) and (A,S) and (B, T ) are weakly compatible. If S(X) and T (X) are closed
subsets of X, then A,B, S and T have a unique common fixed point in X.

Proof. Suppose that the pairs (A,S) and (B, T ) satisfy a common property (E.A).
Then, there exist two sequences {xn} and {yn} such that

lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Byn = lim
n→∞

Tyn = z ∈ X.

Since S(X) and T (X) are closed subsets of X, we obtain z = Su = Tv for some
u, v ∈ X.

If z 6= Au, using (3.2) we obtain

F (M(Au,Byn, t),M(Su, Tyn, t),M(Au, Su, t),

M(Byn, T yn, t),M(Su,Byn, t),M(Au, Tyn, t))

≥ 0.

Letting n→∞ we have

F (M(Au, z, t), 1,M(Au, z, t), 1, 1,M(Au, z, t)) ≥ 0

which is a contradiction of (F1) and so z = Au = Su = Tv. The rest of the
proof follows as in Theorem 3.1. �

If we take examples 2.1, 2.11 and 2.14, we get Corollaries which generalize The-
orems of [1, 4, 6, 7] and a corollary of [2]

If we take examples 2.2-2.10, we get several Corollaries.
Theorems 3.1 and 3.3 extend theorems of [3, 15, 16].

Example 3.4. Let (X,M, ∗) be a fuzzy metric space, where X = [0, 2) with a

t-norm defined by a ∗ b = min{a, b} for all a, b ∈ [0, 2) and M(x, y, t) =
t

t+ |x− y|
for all x, y ∈ X and t > 0. Define A,B, S and T by:

Ax = Bx = 1,

Sx =

{
1 if x is rational,
2
3 if x is irrational

, Tx =

{
1 if x is rational,
1
3 if x is irrational

,

F (t1, t2, t3, t4, t5, t6) = t1 − φ(min{t2, t3, t4, t5, t6}), φ(s) =
√
s for all s ∈ [0, 1].

It is easy to see that for all x, y ∈ X and t > 0

M(Ax,By, t) ≥ φ(min{M(Sx, Ty, t),M(Ax, Sx, t),

M(By, Ty, t),M(Sx,By, t),M(Ax, Ty, t)})

and the other conditions of Theorem 3.1 are satisfied, consequently, 1 is the
unique common fixed point of A,B, S and T .
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Example 3.5. Let (X,M, ∗) and F as in example 3.4. Define A,B, S and T by:

Ax =

{
1 if x is rational,
3
4 if x is irrational

, Bx =

{
1 if x is rational,
1
2 if x is irrational

,

Sx =

{
1 if x is rational,
2
3 if x is irrational

, Tx =

{
1 if x is rational,
1
3 if x is irrational

,

It is easy to see that for all x, y ∈ X and t > 0

M(Ax,By, t) ≥ φ(min{M(Sx, Ty, t),M(Ax, Sx, t),

M(By, Ty, t),M(Sx,By, t),M(Ax, Ty, t)})
and the other conditions of Theorem 3.3 are satisfied, consequently, 1 is the

unique common fixed point of A,B, S and T .

Note that Theorem 3.1 is not applicable in example 3.5 since (3.1) is not verified.

Example 3.6. Let (X,M, ∗), A,B, S and T as in example 3.4,
F (t1, t2, t3, t4, t5, t6) = G(t1) − φ(G(min{t2, t3, t4, t5, t6})), φ(s) =

√
s for all

s ∈ [0, 1] and G(s) = s
1
s for s > 0, G(0) = 0.

It is easy to see that D = diam(X) = 2, G ∈ z[0, A), where A = e > D = 2 and
for all x, y ∈ X and t > 0

G(M(Ax,By, t)) ≥ φ(G(L(x, y, t))),

where

L(x, y, t) = min{M(Sx, Ty, t),M(Ax, Sx, t),

M(By, Ty, t),M(Sx,By, t),M(Ax, Ty, t)}.
and the other conditions of Theorem 3.1 are satisfied, consequently, 1 is the

unique common fixed point of A,B, S and T .

Example 3.7. Let (X,M, ∗), A,B, S and T as in example 3.5 and F as in example
3.6.

It is easy to see that for all x, y ∈ X and t > 0

G(M(Ax,By, t)) ≥ φ(G(L(x, y, t))),

where

L(x, y, t) = min{M(Sx, Ty, t),M(Ax, Sx, t),

M(By, Ty, t),M(Sx,By, t),M(Ax, Ty, t)}.
and the other conditions of Theorem 3.3 are satisfied, consequently, 1 is the

unique common fixed point of A,B, S and T .

Note that Theorem 3.1 is not applicable in example 3.7 since (3.1) is not verified.
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PRINCIPALLY SUPPLEMENTED MODULES

UMMAHAN ACAR AND ABDULLAH HARMANCI

Abstract. In this paper, principally supplemented modules are defined as
generalizations of lifting, principally lifting and supplemented modules. Sev-

eral properties of these modules are proved. New characterizations of princi-

pally semiperfect rings are obtained using principally supplemented modules.

1. Introduction

Throughout this paper R denotes a ring with unity. Modules are unital right
R−modules. Let M be a module and N , K be submodules of M . We call K a
supplement of N in M if M = K + N and K ∩ N is small in K. A module M is
called supplemented if every submodule of M has a supplement in M . A module
M is called lifting if, for all N ≤M , there exists a decomposition M = A⊕B such
that A ≤ N and N ∩B is small in M . Supplemented and lifting modules have been
discussed by several authors(see [7], [8], [9], [13] ) and these modules are useful in
characterizing semiperfect rings(see [1]).

In this paper, principally supplemented modules are discovered as analogous of
lifting and supplemented modules, and used to characterize principally semiperfect
rings introduced in chapter 3 and discussed in [6].

Let M be a module and N a submodule module M . N is called a small(or
superfluous) submodule if whenever M =N + X, we have M = X. A projective
module P is called a projective cover of a module M if there exists an epimorphism
f : P −→M with Ker(f) small in P , and a ring is called semiperfect if every simple
R-module has a projective cover. For more detailed discussion on small submodules,
semiperfect rings, we refer to [1].

In this paper, a module M is defined to be principally supplemented if for all
cyclic submodule N of M , there exists a submodule X of M such that M = N +X
with N ∩X is small X, and a module M is called principally lifting if, for all cyclic
submodule N of M , there exists a decomposition M = A⊕B such that A ≤ N and
N ∩B is small in M . Principally lifting modules are considered as generalizations
of lifting modules in [9].

In section 2, various properties of principally supplemented modules are obtained
and in section 3 we study some applications our results. One of our main results
can be stated as follows:
Let M be a projective module. Then M is principally semiperfect if and only if
M is principally supplemented. Also we prove for a projective module M with
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Rad(M) small in M , M is principally supplemented if and only if M/Rad(M) is
principally semisimple.

In what follows, by Z, Q, Zn and Z/Zn we denote, respectively, integers, rational
numbers, the ring of integers modulo n and the Z-module of integers modulo n.
For unexplained concepts and notations, we refer the reader to [1, 11].

2. Small Submodules and Supplements

Let M be module. A submodule N of M is called a small(or superfluous)
submodule if, whenever M = N +X, we have M = X. Small submodule is named
superfluous submodule in [1]. We begin by stating the next lemma which is contained
in context[1, 11].

Lemma 1. Let M be a module. Then we have the following.

(1). If K is small in M and f : M → N is a homomorphism, then f(K) is
small in N . In particular, if K is small in M ⊆ N , then K is small in N .

(2). Let K1 ⊆M1 ⊆M , K2 ⊆M2 ⊆M and M = M1 ⊕M2. Then K1 ⊕K2 is
small in M1 ⊕M2 if and only if K1 is small in M1 and K2is small in M2.

(3). Let N , K be submodules of M with K is small in M and N ≤ K. Then N
is also small in M .

Lemma 2. Let N and L be submodules of M . Then the following are equivalent:
(1). M = N + L and N ∩ L is small in L.
(2). M = N + L and for any proper submodule K of L, M 6= N +K.

Proof. (1) ⇒ (2) Let N and K be submodules of M with M = N + K. Then
L = (L ∩N) +K. Since L ∩N is small in L, L = K.
(2)⇒ (1) If L = (N ∩ L) +K where K ≤ L, then M = N + L = N +K. By (2),
K = L. So N ∩ L is small in L. �

Lemma 3. If M
f→ M ′ is a homomorphism and N is a supplement in M with

Ker(f) ≤ N , then f(N) is a supplement in f(M).

Proof. Let M = N + K with N ∩ K small in K. Then f(M) = f(N + K) =
f(N) + f(K). Since Ker(f) ≤ N , we have f(N) ∩ f(K) = f(N ∩K). By Lemma
1 and being f(N ∩K) small in f(M), f(N) is a supplement of f(K) in f(M). �

Lemma 4. Let M be an R-module and K; L; N be submodules of M . Then;
(1) If K is a supplement of N in M and T is small in M then K is a supplement
of N + T in M .

(2) If M
f→ M ′ is an epimorphism with small kernel and L is a supplement of K

in M , then the submodule f(L) of M ′ is a supplement of f(K) in M ′.

Proof. (1) Let K be a supplement of N in M . Then M = N + K and N ∩K is
small in K. Then M = N + K + T . Let K = K ∩ (N + T ) + L for some L ≤ K.
Then M = N + L+ T = N + L since T is small in M . Then K = K ∩N + L. It
implies K = L sine K ∩N is small in K.
(2) Let L be a supplement of K in M . Then L is a supplement of K +Ker(f) by
(1). By Lemma 3, f(L) = f(L + Kerf) is also a supplement of f(K) in M ′. �

Note that the converse statement of Lemma 4 (2) need not be true in general.

For if Z π→ Z/2Z denotes the canonical epimorphism, then the zero submodule (0)
of Z/2Z is small in Z/2Z but π−1(0) = 2Z is not small in Z.
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A module M is distributive if for all submodules K, L, and N , N ∩ (K + L) =
N ∩K +N ∩L or N + (K ∩L) = (N +K)∩ (N +L). Lemma 5 may be very well
known and obvious but we prove it for the sake of easy reference.

Lemma 5. Let M = M1 ⊕M2 = K + N and K ≤ M1. If M is distributive and
K ∩N is small in N , then K ∩N is small in M1 ∩N .

Proof. Let M1∩N = (K ∩N)+L. Since M is distributive, N = M1∩N ⊕M2∩N .
We have M = K + N = K + M1 ∩ N + M2 ∩ N = K + L + (M2 ∩ N) and
N = K ∩N +L+ (M2 ∩N). Since K ∩N is small in N , N = L⊕ (M2 ∩N). This
and N = (N ∩M1)⊕ (N ∩M2) and L ≤M1 ∩N imply L = M1 ∩N . Hence K ∩N
is small in M1 ∩N . �

3. Principally Supplemented Modules

In a semiregular module M , every cyclic submodule mR has a direct summand
P such that M = P ⊕K, P is projective module and (mR) ∩K is small in K[12,
Theorem B.51]. In this note we introduce principally supplemented modules which
generalizing semiregular modules, principally lifting modules, also supplemented
modules.

Definition 6. Let N be a cyclic submodule of M . A submodule L is called a
principally supplement of N in M if N and L satisfy the conditions in Lemma 2
and the module M is called principally supplemented if every cyclic submodule of
M has a principally supplement in M .

Clearly, every supplemented module and every lifting module, therefore every
principally lifting module is principally supplemented. There are principally sup-
plemented modules but neither supplemented nor principally lifting.

Examples 7. (1). The Z-module Q of rational numbers has no maximal submod-
ules. Every cyclic submodule of Q is small, therefore Q is principally supplemented
Z-module. But Q is not supplemented.
(2). Consider the Z-module M = Q⊕ (Z/Z2). We prove M is principally supple-
mented module but not supplemented. Let (u, v) ∈M . We first prove that (u, v)Z
has a supplement in M . We divide the proof in some cases :
Case (i) u = 1 and v = 1. It is rutin to show that M = (1, 1)Z + (Q ⊕ (0)) and
(1, 1)Z ∩ (Q⊕ (0)) = (1, 0)Z is small in (Q⊕ (0)).
Case (ii) u = 1 and v = 0. Then (u, v)Z = (1, 0)Z is small in Q⊕ (0)).
Case (iii) u = 0 and v = 1. Then (u, v)Z = (1, 0)Z is direct summand of M .
Case (iv) u 6= 1, 0 and v = 1. Let (x, y) ∈M . We prove (x, y) ∈ (u, 1)Z+(Q⊕(0)).
For if y = 1, then (x, y) = (x, 1) = (u, 1) + (x− u, 0) ∈ (u, 1)Z + (Q⊕ (0)).
Assume that y = 0. Then (x, y) = (x, 0) = (u, 1)0 + (x, 0) ∈ (u, 1)Z + (Q ⊕ (0)).
Hence (x, y) ∈ (u, 1)Z+ (Q⊕ (0)) and so M = (u, 1)Z+ (Q⊕ (0)). Since ((u, 1)Z)∩
(Q⊕ (0)) = (2u, 0)Z and (2u, 0)Z is small in Q⊕ (0). It follows that, in either cases,
(u, v)Z has a supplement in M and M is principally supplemented Z-module.
If M were supplemented Z-module, its direct summand Q would be a supplemented
Z-module. A contradiction. So M is not supplemented.
(3). Consider the Z-modules M1 = Z/Z2 and M2 = Z/Z8. It is clear that M1

and M2 are principally supplemented. Let M = M1 ⊕M2. Then M is a princi-
pally supplemented module Z-module but not principally lifting. Let N1 = (1, 2)Z,
N2 = (1, 1)Z, N3 = (0, 2)Z, N4 = (0, 4)Z, N5 = (1, 4)Z, M1 and M2 are proper
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cyclic submodules of M . M = M1⊕M2 = N2⊕N5 and N3, N4 are small submod-
ules of M . M = N1 +N2 and N1 ∩N2 = N4 small in N2. Hence M is principally
supplemented module. Since M = N1 + N2, N1 is not small in M and it is not
a direct summand of M and does not contain any nonzero direct summand of M .
Hence M is not principally lifting.

Let M be a module. A submodule N is called fully invariant if for each endo-
morphism f of M , f(N) ≤ N . Let S = End(MR), the ring of R-endomorphisms of
M . Then M is a left S-, right R-bimodule and a principal submodule N of the right
R-module M is fully invariant if and only if N is a sub-bimodule of M . Clearly
0 and M are fully invariant submodules of M . The right R-module M is called
a duo module provided every submodule of M is fully invariant. For the readers’
convenience we state and prove Lemma 8 which is proved in [14].

Lemma 8. Let a module M =
⊕

i∈IMi be a direct sum of submodules Mi (i ∈ I)
and let N be a fully invariant submodule of M . Then N =

⊕
i∈I(N ∩Mi).

Proof. For each j ∈ I, let pj : M → Mj denote the canonical projection and let
ij : Mj → M denote inclusion. Then ijpj is an endomorphism of M and hence
ijpj(N) ⊆ N for each j ∈ I. It follows that N ⊆

⊕
j∈I ijpj(N) ⊆

⊕
j∈I(N∩Mj) ⊆

N , so that N =
⊕

j∈I(N ∩Mj). �

It is easily proved that finite direct sum of supplemented modules is again sup-
plemented. But this is not the case for principally supplemented modules. But it
is the case for some classes of modules.

Theorem 9. Let M = M1 ⊕M2 be a decomposition of M with M1 and M2 prin-
cipally supplemented modules. If M is a duo module, then M is principally supple-
mented.

Proof. Let M = M1 ⊕M2 be a duo module and mR be a submodule of M . By
Lemma 8, mR = ((mR)∩M1)⊕ ((mR)∩M2). Let m = m1 +m2 where m1 ∈M1,
m2 ∈ M2. Then m1R = (mR) ∩M1 and m2R = (mR) ∩M2. Since (mR) ∩M1

and (mR) ∩M2 are principal submodules of M1 and M2 respectively, there exist
A1 ≤M1 such that M1 = m1R+A1, (m1R)∩A1 is small in A1 and A2 ≤M2 such
that M2 = (m2R) +A2 and (m2R)∩A2 is small A2. Then M = (m1R) + (m2R) +
A1 +A2 = (mR) +A1 +A2. We prove (mR) ∩ (A1 +A2) is small in A1 +A2.

(mR) ∩ (A1 +A2) = ((mR) ∩M1 + (mR) ∩M2) ∩ (A1 +A2)

≤ (A1 ∩ (((mR) ∩M1) +M2)) + (A2 ∩ (((mR) ∩M2) +M1))

≤ ((mR) ∩M1) ∩ (A1 +M2) + ((mR) ∩M2) ∩ (A2 +M1).

On the other hand
((mR)∩M1)∩ (A1 +M2) = (m1R)∩ (A1 +M2) ≤ A1 ∩ ((m1R) +M2) ≤ (m1R)∩
(A1 +M2) implies (m1R) ∩ (A1 +M2) = A1 ∩ ((m1R) +M2) = (m1R) ∩A1.
Similarly (m2R)∩(A2+M1) = A2∩((m2R)+M1) = (m2R)∩A2. Since (m1R)∩A1

and (m2R) ∩A2 are small in A1 and A2 respectively, by Lemma 1 (2)
(m1R)∩A1+(m2R)∩A2 is small in A1+A2. Again by Lemma 1 (3) (mR)∩(A1+A2)
is small in A1 +A2. �

Theorem 10. Let M be a principally supplemented duo module. Then every direct
summand of M is a principally supplemented module.
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Proof. Let M = M1 ⊕M2 and m ∈ M1. There exists A a submodule such that
M = mR + A and (mR) ∩ A is small A. Then M1 = mR + (M1 ∩ A). By Lemma
8, A = (A ∩M1)⊕ (A ∩M2). We prove that (mR) ∩ (A ∩M1) is small in A ∩M1.
Let T be a submodule of A ∩M1 with A ∩M1 = (mR) ∩ (A ∩M1) + T . Then
A = (mR)∩ (A∩M1)+T +(A∩M2) = ((mR)∩A)+T +(A∩M2). Since (mR)∩A
is small in A, A = T ⊕ (A∩M2). It follows that T = A∩M1 that is what we have
to prove. �

Theorem 11. Let M be a principally supplemented distributive module. Then
every direct summand of M is a principally supplemented module.

Proof. Let M = M1 ⊕M2 and m ∈ M1. There exists a submodule A of M such
that M = mR + A and (mR) ∩ A is small in A. Then M1 = (mR) + (M1 ∩ A).
By Lemma 5, (mR) ∩A is small in M1 ∩A. �

For a module M , let Rad(M) denote the radical of M . A module M is said to
be a principally semisimple if every cyclic submodule is a direct summand of M .
Every semisimple module is principally semisimple. Every principally semisimple
module is principally supplemented.

Lemma 12. Let M be a principally supplemented distributive module. Then M/
Rad(M) is a principally semisimple module.

Proof. Let m ∈ M . There exists a submodule M1 such that M = mR + M1 and
(mR)∩M1 is small in M1. Then M/ Rad(M) = [(mR+Rad(M))/Rad(M)]+[(M1+
Rad(M))/Rad(M)]. Now we prove that (mR+ Rad(M))∩(M1+Rad(M)) =Rad(M).
The distributivity of M implies (mR+ Rad(M))∩ (M1+Rad(M)) = (mR)∩M1 +
RadM . Since (mR)∩M1 is small in M1, therefore small in M , (mR)∩M1 ≤ RadM.
Hence M/ Rad(M) = [(mR+Rad(M))/Rad(M)]⊕ [(M1 +Rad(M))/Rad(M)] and
so every principal submodule of M/Rad(M) is a direct summand. �

Theorem 13 may be proved easily by making use of Lemma 12 for distributive
modules. But we prove it in another way in general.

Theorem 13. Let M be a principally supplemented module. Then M = M1⊕M2,
where M1 is semisimple module and M2 is a module with Rad(M2) small in M2.

Proof. By Zorn’s Lemma we may find a submoduleM1 ofM such thatRad(M)⊕M1

is small in M . We prove M1 is semisimple. Let m ∈ M1. Since M is principally
supplemented, there exists a submodule A of M such that M = mR + A and
(mR) ∩ A is small in A. Then (mR) ∩ A = 0. Let K be a maximal submodule of
mR. If K is unique maximal submodule in mR, then it is small, therefore small
in mR and so in M . This is not possible since (mR) ∩ Rad(M) = 0. Hence there
exists x ∈ mR such that mR = K + xR. We claim that K ∩ (xR) = 0. Otherwise
let 0 6= x1 ∈ K∩(xR). By hypothesis there exists C1 such that M = x1R+C1 with
(x1R)∩C1 is small in M . So M = x1R⊕C1 since (x1R)∩C1 ≤ K ∩Rad(M) = 0.
Hence mR = x1R ⊕ ((mR) ∩ C1) and K = x1R ⊕ (K ∩ C1). If K ∩ C1 is nonzero,
let 0 6= x2 ∈ K ∩ C1. By hypothesis there exists C2 such that M = x2R+ C2 with
(x2R)∩C2 is small in M . So M = x2R⊕C2 since (x2R)∩C2 ≤ K ∩Rad(M) = 0.
Then K∩C1 = (x2R)⊕ (K∩C1∩C2). Hence mR = x1R⊕x2R⊕ ((mR)∩C1∩C2)
and K = x1R ⊕ x2R ⊕ (K ∩ C1 ∩ C2). If K ∩ C1 ∩ C2 is nonzero, similarly there
exists 0 6= x3 ∈ K ∩ C1 ∩ C2 and C3 ≤ M such that M = x3R ⊕ C3. Then
mR = x1R ⊕ x2R ⊕ x3R ⊕ ((mR) ∩ C1 ∩ C2 ∩ C3) and K = x1R ⊕ x2R ⊕ x3R ⊕
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(K ∩ C1 ∩ C2 ∩ C3). This process must terminate at a finite step, say t. At this
step mR = x1R⊕ x2R⊕ x3R⊕ ...⊕ xtR and so mR = K since at tth step we must
have K ∩C1 ∩C2 ∩ ...∩Ct ≤ (mR)∩C1 ∩C2 ∩ ...∩Ct = 0. This is a contradiction.
There exists x ∈ mR such that mR = K⊕(xR). Then xR is simple module. Hence
every cyclic submodule of M1 contains a simple submodule. As in the proof of [1,
Lemma 9.2], we may prove M1 is semisimple. �

Principally lifting modules and principally hollow modules are defined and in-
vestigated in [9]. A module M is called principally lifting if for all m ∈ M , M has
a decomposition M = N ⊕S with N ≤ mR and (mR)∩S is small in S, while M is
said to be principally hollow if every proper cyclic submodule of M is small in M .

Lemma 14. Let M be an indecomposable module. Consider following conditions :

(1) M is a principally lifting module.
(2) M is a principally hollow module.
(3) M is a principally supplemented module.

Then (1)⇔(2) and (2)⇒ (3).

Proof. (1)⇒(2) Let m ∈ M . By (1) there exists a submodule A of mR such that
M = A⊕B and (mR)∩B is small in B. By hypothesis A = 0 or A = M . If A = 0
then mR is small in M . Otherwise mR = M . Let K be a maximal submodule
of M . Let k ∈ K. Then kR is small in M ; for there exists a submodule C of kR
such that M = C ⊕D and (kR) ∩D is small in D. By hypothesis C must be zero
since K is maximal. Every cyclic submodule of K is small. Let x ∈ M \K. Then
M = K+xR. Let X be a direct summand of M with X ≤ xR with M = X⊕Y for
some Y ≤M and (xR)∩Y small in Y . Again by hypothesis X is zero or X = M . If
X is zero then xR is small in M and so K = M . A contradiction. Assume X = M
then xR = M and so K is small in M . Thus every cyclic submodule of M is small
in M .

(2)⇔(1) Let m ∈ M . Then mR is small in M . In this case we take A = 0 and
B = M to show that M = A⊕B, A ≤ mR and (mR) ∩B is small in B.

(2)⇔(3) Let m ∈ M . By (2) each cyclic submodule is hollow. Then M =
(mR) +M and (mR) ∩M is small in M . So M is a principally supplemented. �

Note that Lemma 14 (3)⇒ (2) does not hold in general. There exists an inde-
composable principally supplemented module but not principally hollow.

Example 15. Let F be a field and x and y commuting indeterminates over F .
Consider the polynomial ring R = F [x, y], the ideals I1 = (x2) and I2 = (y2) of R,
and the ring S = R/(x2, y2). Let M = xS + yS. Then M is an indecomposable
S-module, principally supplemented but not principally hollow.

A module M is called refinable if for any submodule U , V of M with M = U+V
there is a direct summand U ′ of M such that U ′ ⊆ U and M = U ′+V (See namely
[?]).

Let M be a module. M is called a weakly principally supplemented module if for
each m ∈ M there exists a submodule A such that M = mR + A and (mR) ∩ A
is small in M . Every weakly supplemented module is weakly principally supple-
mented. The module M is called a ⊕-principally supplemented if for each m ∈ M
there exists a direct summand A of M such that M = mR + A and (mR) ∩ A
is small in A. ⊕-supplemented modules are studied in[4]. Every ⊕-supplemented
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module is ⊕-principally supplemented and it is evident that every ⊕-principally
supplemented is weakly principally supplemented. In a subsequent paper the au-
thors investigates the interconnections between principally supplemented modules,
weakly principally supplemented modules and ⊕-principally supplemented modules
in detail. Recall that a module M is said to have the summand sum property if
the sum of any two direct summands of M is again a direct summand of M . The
summand sum property was studied by J. L. Garcia [2], who characterized modules
with the summand sum property.

Theorem 16. Let M be a refinable module. Consider following conditions
(1) M is principally lifting.
(2) M is principally ⊕-supplemented.
(3) M is principally supplemented.
(4) M is principally weak supplemented.
Then (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (2).
If M has the summand sum property then (4) ⇒ (1).

Proof. By definitions (1) ⇒ (2) ⇒ (3) ⇒ (4) always hold.
(4) ⇒ (2) Let M be a principally weak supplemented module and m ∈ M . By

(4) there exists a submodule A of M such that M = mR + A and (mR) ∩ A is
small in M . By hypothesis there exists a direct summand U of M with U ≤ A and
M = mR + U = U ′ ⊕ U for some submodule U ′ of M . We claim that (mR) ∩ U
is small in U . For if (mR) ∩ U + L = U for some submodule L of U , then M =
U ′ + ((mR) ∩ U) + L = U ′ ⊕ L as (mR) ∩ U is small in M . Hence L = U . Hence
M is principally ⊕-supplemented.

(4) ⇒ (1) Assume that M has the summand sum property and let m ∈ M . By
(4) there exists a submodule A such that M = mR+A and (mR)∩A is small in M .
By hypothesis there exists a direct summand U1 of M such that U1 is contained in
A and M = mR+U1 = U ′1⊕U1. Since U1 is direct summand and (mR)∩A is small
in M , (mR)∩U1 is small in U1. Again by hypothesis there exists a direct summand
U2 of M such that U2 is contained in mR and M = U2 + U1 = U2 ⊕ U ′2. By the
summand sum property U2 ∩U1 is a direct summand of M , M = (U2 ∩U1)⊕K for
some submodule K of M . Then U1 = (U2∩U1)⊕ (K∩U1) and M = U2⊕ (K∩U1).
It is evident that (mR) ∩ (K ∩ U1) is small in K ∩ U1 since (mR) ∩ (K ∩ U1) ≤
(mR)∩U1 ≤ U1 and (mR)∩U1 is small in U1, (mR)∩ (K ∩U1) is small in U1 and
so small in K ∩ U1 as K ∩ U1 is direct summand of M . �

4. Applications

In this section, we introduce and study some properties of principally semiperfect
modules. A projective module P is called a projective cover of a module M if
there exists an epimorphism f : P −→ M with Kerf is small in P , and a ring is
called perfect (or semiperfect) if every R-module (or every simple R-module) has
a projective cover. For more detailed discussion on small submodules, perfect and
semiperfect rings. A module M is called principally semiperfect if every factor
module of M by a cyclic submodule has a projective cover. A ring R is called
principally semiperfect in case the right R-module R is principally semiperfect.
Every semiperfect module is principally semiperfect.

Theorem 17. Let M be a projective module. Then following conditions are equiv-
alent.
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(1) M is principally semiperfect.
(2) M is principally supplemented.

Proof. (1)⇒ (2) Let m ∈ M . By (1) M/mR has a projective cover P
f→ M/mR.

There exists P
g→ M such that f = πg, where M

π→ M/mR is the natural epi-
morphism. Let m ∈ M . There exists x ∈ P such that π(m) = f(x) since f is
epimorphism. So π(m) = f(x) = π(g(x)) and then m − g(x) ∈ Ker(π) = mR.
Hence M = g(P )+mR. We prove g(P )∩ (mR) is small in g(P ). It suffices to show
that g(P ) ∩ (mR) = g(Ker(f) since Ker(f) is small in P and any homomorphic
image of small modules is small under epimorphic maps. Let x ∈ Ker(f). Then
πg(x) = f(x) = 0. So g(x) ∈ Ker(π) = mR. Hence g(Ker(f) ≤ g(P ) ∩ (mR).
Let mr ∈ g(P ) ∩ (mR) and g(x) = mr for some x ∈ P . Then f(x) = π(g(x)) =
π(mr) = 0. Hence x ∈ Ker(f) and so g(P ) ∩ (mR) ≤ g(Ker(f). It follows that
g(P ) ∩ (mR) = g(Ker(f) and g(P ) is a complement of mR.

(2)⇒ (1) Let m ∈M . By (2) there exists a submodule A such that M = mR+A

such that (mR) ∩ A is small in A. Let M
f→ M/(mR) defined by f(y) = a where

y = mr + a with mr ∈ mR, a ∈ A, and M
π→ M/(mR) the natural epimorphism.

There exists M
g→ M such that fg = π. Then M = g(M) + (mR) ∩ A. Hence

M = g(M) ∼= M/Ker(g). Since M is projective M =Ker(f)⊕B and B is projective.
Let (fg)B denote the restriction of fg on B. Then Ker(fg)B = (mR) ∩ A and so

B
(fg)B→ M/(mR) is a projective cover of M . �

Let R be a module. R is called semiregular ring if every cyclicly presented R-
module has a projective cover. We give a complete proof to Theorem 18 for the
convenience of the reader.

Theorem 18. Let R be a ring. The following conditions are equivalent :

(1) R is principally semiperfect.
(2) R is principally lifting.
(3) R is semiregular.
(4) R is principally supplemented.

Proof. (1) ⇒ (2) Let x ∈ R. By (1) R/xR has a projective cover P
f→ R/xR so

that Ker(f) is small in P . Let R
π→ R/xR be the natural epimorphism. Then there

exists a map g such that f = πg. Then R = g(P )+xR and g(P )∩(xR) = g(Ker(f))
is small in g(P ) since homomorphic images of small submodules are small.

(2) ⇒ (3) Assume that R is principally lifting. Let x ∈ R. Then there exists a
direct summand right ideal A of R such that R = A⊕B and (xR) ∩B is small in
B. Then xR = A⊕ (xR) ∩ B and (xR) ∩ B is δ-small in M . By [?, Theorem 3.5]
R is semiregular.

(3) ⇒ (4) Assume that R is semiregular. Let x ∈ R and π : R→ R/xR natural
epimorphism. By hypothesis R/xR has a projective cover f : P → R/xR. There
exists g : P → R such that f = πg. Then R = g(P ) + xR) and g(P ) ∩ (xR) is
small in g(P ) since g(P ) ∩ (xR) = g(Ker(f) and Ker(f) is small in P . Hence R is
principally supplemented.

(4) ⇒ (1) Clear from Theorem 17. �
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Example 19. Let R =

{[
x y
0 z

]
| x, y, z ∈ Z4

}
denote the ring of upper trian-

gular matrices over integers. It is easy to check that principal right ideals of R are
either small in R or direct summands of R. Hence R is principally supplemented
right R-module. Let e12 denote the matrix unit having 1 at (1, 2) and zero else-
where. Let I = e12R. Then I is small right ideal and Jacobson radical J(R) of R is
equal to I. Hence R/J(R) is not semisimple. Therefore R is not semiperfect ring.

Theorem 20. Let M be a projective module with Rad(M) is small in M . Consider
following conditions :

(1) M is principally supplemented.
(2) M/Rad(M) is principally semisimple.

Then (1)⇒ (2). If M is refinable module then (2)⇒ (1).

Proof. (1)⇒ (2) Since P is a principally supplemented module, P/Rad(P ) is prin-
cipally semisimple by Lemma 12. (2)⇒ (1) Let mR be any cyclic submodule of P .
By (2) There exists a submodule U of P such that

P/ Rad(P ) = [((mR)+Rad(P ))/Rad(P )]⊕ [U/ Rad(P )].

Then P = (mR) + U and ((mR)+Rad(P )) ∩ U = (mR) ∩ U+ Rad(P )] = Rad(P ).
Since P = (mR) + U , being M refinable there exists a direct summand A of M
such that A ≤ U and M = (mR) + U = (mR) +A = B ⊕A. (mR) ∩ U is small in
M so it is small in U since U is direct summand. this completes the proof. �
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THREE-STEP PROJECTION METHODS FOR NONCONVEX

VARIATIONAL INEQUALITIES
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Abstract. It is well-known that the nonconvex variational inequalities are
equivalent to the fixed point problems. We use this equivalent formulation

to suggest and analyze some three-step iterative methods for solving the non-
convex variational inequalities. We prove the convergence of the three-step

iterative methods under suitable weaker conditions. Several special cases are

also discussed. Our method of proof is very simple.

1. Introduction

Variational inequalities theory, which was introduced by Stampacchia [1], pro-
vides us with a simple, general and unified framework to study a wide class of
problems arising in pure and applied sciences. For the applications, physical for-
mulation, numerical methods and other aspects of variational inequalities, see [1-15]
and the references therein. It is worth mentioning that all the research work car-
ried our in this direction assumed that the underlying set is a convex set. In many
practical problems, a choice set may not be a convex so that the existing results
may not be applicable. In this direction, Noor [8] has introduced and considered a
new class of variational inequalities, called nonconvex variational inequalities on the
uniformly prox-regular sets. It is well-known that the uniformly prox-regular sets
are nonconvex and include the convex sets as a special case, see [3,12]. Using the
projection operator, Noor [8] has established the equivalence between the noncon-
vex variational inequalities and the fixed point problem. This equivalent formation
has been used to consider the existence theory as well as to develop some numer-
ical methods for nonconvex variational inequalities. We would like to point that
the convergence analysis for the Mann and Ishkawa iterative methods requires that
the operator must be strongly monotone and Lipschitz continuous. These condi-
tions are very strict and rule out many applications. To overcome these drawbacks,
several modifications of the projection iterative methods have been analyzed in re-
cent years, see [6,9,13,15] and the references therein. Inspired and motivated by
the research going on in this interesting and fascinating field, we suggest and ana-
lyze three-step iterative methods for solving the nonconvex variational inequalities.
Using the technique of Noor [6,13,15], we also consider the convergence criteria of
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three-step iterative method for the partially relaxed strongly monotone operator. It
is well known that the partially relaxed strongly monotonicity implies monotonic-
ity, but the converse is not true. This shows that the partially relaxed strongly
monotonicity is a weaker condition than monotonicity. We remark that our proof
of the convergence analysis is independent of the projection. Consequently, our
results represent a refinement of the previously known results. Several special cases
are also considered.

2. Basic Concepts

Let H be a real Hilbert space whose inner product and norm are denoted by
〈·, ·〉 and ‖.‖ respectively. Let K be a nonempty closed convex set in H. The basic
concepts and definitions used in this paper are exactly the same as in Noor [8].

Definition 2.1. The proximal normal cone of K at u ∈ H is given by

NP
K(u) := {ξ ∈ H : u ∈ PK [u+ ξ]}.

where

PK [u] = {u∗ ∈ K : dK(u) = ‖u− u∗‖ = inf
v∈K
‖v − u‖}.

The proximal normal cone NP
K(u) has the following characterization.

Lemma 2.1. Let K be a nonempty, closed and convex subset in H. Then
ζ ∈ NP

K(u) if and only if there exists a constant α > 0 such that

〈ζ, v − u〉 ≤ α‖v − u‖2, ∀v ∈ K.

Poliquin et al. [14] and Clarke et al [3] have introduced and studied a new
class of nonconvex sets, which are called uniformly prox-regular sets. This class
of uniformly prox-regular sets has played an important part in many nonconvex
applications such as optimization, dynamic systems and differential inclusions.

Definition 2.2. For a given r ∈ (0,∞], a subset Kr is said to be normalized
uniformly r-prox-regular if and only if every nonzero proximal normal to Kr can
be realized by an r-ball, that is,∀u ∈ Kr and 0 6= ξ ∈ NP

Kr
(u), one has

〈(ξ)/‖ξ‖, v − u〉 ≤ (1/2r)‖v − u‖2, ∀v ∈ Kr.

It is clear that the class of normalized uniformly prox-regular sets is sufficiently
large to include the class of convex sets, p-convex sets, C1,1submanifolds (possibly
with boundary) of H, the images under a C1,1 diffeomorphism of convex sets and
many other nonconvex sets; see [2,3,12]. Obviously, for r = ∞, the uniformly
prox-regularity of Kr is equivalent to the convexity of K. This class of uniformly
prox-regular sets have played an important part in many nonconvex applications
such as optimization, dynamic systems and differential inclusions. It is known that
if Kr is a uniformly prox-regular set, then the proximal normal cone NP

Kr
(u) is

closed as a set-valued mapping.

We now recall the well known proposition which summarizes some important
properties of the uniformly prox-regular sets Kr.
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Lemma 2.2. Let K be a nonempty closed subset of H, r ∈ (0,∞] and set
Kr = {u ∈ H : dK(u) < r}. If Kr is uniformly prox-regular, then
(i) ∀u ∈ Kr, PKr (u) 6= ∅.
(ii) ∀r′ ∈ (0, r), PKr

is Lipschitz continuous with constant r
r−r′ on Kr′ .

For a given nonlinear operator T, we consider the problem of finding u ∈ Kr

such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ Kr,(1)

which is called the nonconvex variational inequality, introduced and studied by
Noor [8].

We now give some examples of prox-regular sets to give an idea and applications
of the nonconvex variational inequalities (1). These examples are mainly due to
Noor [10].

Example 2.1. Let u = (x, y) and v = (t, z) belong to the real Euclidean plane and
consider Tu = (2x, 2(y − 1)). Let K = {t2 + (z − 2)2 ≥ 4, −2 ≤ t ≤ 2, z ≥ −2}
be a subset of the Euclidean plane. Then one can easily show that the set K is
a prox-regular set Kr. It is clear that nonconvex variational inequality (1) has no
solution.

Example 2.2. Let u = (x, y) ∈ R2, v = (t, z) ∈ R2 and let Tu = (−x, 1 −
y). Let the set K be the union of 2 disjoint squares, say A and B having re-
spectively, the vertices in the points (0, 1), (2, 1), (2, 3), (0, 3) and in the points
(4, 1), (5, 2), (4, 3), (3, 2).
The fact that K can be written in the form:{

(t, z) ∈ R2 : max{|t− 1|, |z − 2|} ≤ 1} ∪ {|t− 4|+ |z − 2| ≤ 1}
}

shows that it is a prox-regular set in R2 and the nonconvex variational inequality
(1) has a solution on the square B. We note that the operator T is the gradient of
a strictly concave function. This shows that the square A is redundant.

We note that, if Kr ≡ K, the convex set in H, then problem (1) is equivalent to
finding u ∈ K such that

(2) 〈Tu, v − u〉 ≥ 0, ∀v ∈ K.

Inequality of type (2) is called the variational inequality, which was introduced and
studied by Stampacchia [1] in 1964. It turned out that a number of unrelated ob-
stacle, free, moving, unilateral and equilibrium problems arising in various branches
of pure and applied sciences can be studied via variational inequalities, see [1-13]
and the references therein.

If Kr is a nonconvex (uniformly prox-regular) set, then problem (1) is equivalent
to finding u ∈ Kr such that

0 ∈ Tu+NP
Kr

(u)(3)

whereNP
Kr

(u) denotes the normal cone ofKr at u in the sense of nonconvex analysis.
Problem (3) is called the nonconvex variational inclusion problem associated with
nonconvex variational inequality (1). This equivalent formulation plays a crucial
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and basic part in this paper. We would like to point out this equivalent formula-
tion allows us to use the projection operator technique for solving the nonconvex
variational inequalities of the type (1).

Definition 2.3. An operator T : H → H is said to be partially relaxed strongly
monotone, iff, there exists a constant α > 0 such that

〈Tu− Tv, z − v〉 ≥ −α‖u− z‖2, ∀u, v, z ∈ H.

Note that for z = u, partially relaxed strongly monotonicity reduces to mono-
toncity. It is well known that the cocoercivity implies partially relaxed strongly
monotonicity, but, the converse is not true, see Noor [6,13].

3. Main Results

It is known [8] that the nonconvex variational inequalities (1) are equivalent to
the fixed point problem. We recall this result.

Lemma 3.1[8]. u ∈ Kr is a solution of the nonconvex variational inequality (1)
if and only if u ∈ Kr satisfies the relation

(4) u = PKr
[u− ρTu],

where ρ > 0 is a constant and PKr is the projection of H onto the uniformly
prox-regular set Kr.

Lemma 2.1 implies that (1) is equivalent to the fixed point problem (4). This
alternative equivalent formulation is very useful from the numerical and theoreti-
cal points of view. Noor [7,8] has used this equivalent formulation to discuss the
existence of a solution of the nonconvex variational inequality (1). Using the fixed
point formulation (4), we suggest and analyze some iterative methods for solving
the nonconvex variational inequality (1).

Algorithm 3.1. For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

un+1 = PKr
[un − ρTun], n = 0, 1, . . . ,

where ρ > 0 is a constant. For the convergence analysis of Algorithm 3.1, see Noor
[8].

On can also suggest the following implicit method for solving the nonconvex
variational inequality (1) as:

Algorithm 3.2. For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

un+1 = PKr
[un − ρTun+1], n = 0, 1, . . . ,

Noor[7] has studied the convergence analysis of Algorithm 3.2 for the pseudomono-
tone operator. We remark that Algorithm 3.2 is equivalent to the following iterative
method
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Algorithm 3.3. For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

un+1 = PKr [un − ρTwn]

wn = PKr [un − ρTun], n = 0, 1, . . . ,

which is known as the extragradient method, see Noor [10].

We now use the technique of updating the solution to rewrite the fixed-point
formulation as:

w = PKr [u− ρTu]

y = PKr [w − ρTw]

u = PKr [y − ρTy],

where ρ > 0 is a constant.

This is another different fixed point formulation of the nonconvex variational
inequality (1). This alternative fixed-point formulation enables us to suggest the
following iterative methods for solving the nonconvex variational inequality (1).

Algorithm 3.4. For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

wn = PKr [un − ρTun]

yn = PKr [wn − ρTwn]

un+1 = PKr [yn − ρTyn], n = 0, 1, 2, ...,

Algorithm 3.4 is called the three-step iterative method and can also be considered
as an predictor-corrector methods for solving (1). We rewrite Algorithm 3.4 in the
following equivalent form which plays a key role in the analysis of the convergence
of Algorithm 3.4.

Algorithm 3.5 For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

〈ρTun + wn − un, v − wn〉 ≥ 0, ∀v ∈ Kr(5)

〈ρTwn + yn − wn, v − yn〉 ≥ 0, ∀v ∈ Kr(6)

〈ρTyn + un+1 − yn, v − un+1〉 ≥ 0, ∀v ∈ Kr(7)

We now consider the convergence analysis of Algorithm 3.4 and this is the main
motivation of our next result.

Theorem 3.1. Let u ∈ Kr be a solution of (1) and let un+1 be the approximate
solution obtained from Algorithm 3.4. If the operator T is partially relaxed strongly
monotone with constant α > 0, then

‖un+1 − u‖2 ≤ ‖yn − u‖2 − (1− 2αρ)‖un+1 − yn‖2(8)

‖yn − u‖2 ≤ ‖wn − u‖2 − (1− 2αρ)‖wn − yn‖2(9)

‖wn − u‖2 ≤ ‖un − u‖2 − (1− 2αρ)‖wn − un‖2.(10)

Proof. Let u ∈ Kr be solution of (1). Then

〈Tu, v − u〉 ≥ 0, ∀v ∈ Kr.(11)
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Take v = wn in (11), we have

〈Tu,wn − u〉 ≥ 0.(12)

Taking v = u in (5) and using (12), we have

〈wn − un, u− wn〉 ≥ ρ〈Tun − Tu,wn − u〉 ≥ −αρ‖un − wn‖2,(13)

since T is partially relaxed strongly monotone with constant α > 0.

From (13), we have

‖wn − u‖2 ≤ ‖un − u‖2 − (1− 2αρ)‖wn − un‖2,
the required result (10).

Now taking v = un+1 in (11), we have

〈Tu, un+1 − u〉 ≥ 0.(14)

Taking v = u in (7), we have

〈ρTyn + un+1 − yn, u− un+1〉 ≥ 0.(15)

From (15), (14) and using the partially relaxed strongly monotonicity T with con-
stant α > 0, we have

‖un+1 − u‖2 ≤ ‖yn − u‖2 − (1− 2αρ)‖un+1 − yn‖2,
the required result (8).

Taking v = yn in (11), we have

〈Tu, yn − u〉 ≥ 0.(16)

Setting v = u in (6), we have

〈ρTwn + yn − wn, u− yn〉 ≥ 0.(17)

From (17), (16) and using the partially relaxed strongly monotonicity of T, we have

‖yn − u‖2 ≤ ‖wn − u‖2 − (1− αρ)‖yn − wn‖2,
which is the required (9). �

Theorem 3.2. Let u ∈ Kr be a solution of (1) and let un+1 be the approximate
solution obtained from Algorithm 3.4. If H is a finite dimensional space and 0 <
ρ < 1

2α , then limn→∞ un = u.

Proof. Let ū ∈ Kr be a solution of (1). Then, the sequences {‖un − ū‖} is
nonincreasing and bounded and

∞∑
n=0

(1− 2αρ)‖un+1 − wn‖2 ≤ ‖y0 − u‖2

∞∑
n=0

(1− 2αρ)‖wn − yn‖2 ≤ ‖w0 − u‖2

∞∑
n=0

(1− 2αρ)‖wn − un‖2 ≤ ‖u0 − u‖2,

which implies

lim
n→∞

‖un+1 − wn‖ = 0 lim
n→∞

‖wn − yn‖ = 0. lim
n→∞

‖yn − un‖ = 0.
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Thus

(18) lim
n→∞

‖un+1−un‖ = | lim
n→∞

‖un+1−wn‖+ lim
n→∞

‖wn−yn‖+ lim
n→∞

‖yn−un‖ = 0.

Let û be a cluster point of {un}; there exists a subsequence {uni} such that {uni}
converges to û. Replacing un+1 by uni

in (7), wn by uni
in (6), yn by yni

in (5)
and taking the limits and using (18), we have

〈T û, v − û〉 ≥ 0, ∀v ∈ Kr.

This shows that û ∈ Kr solves the nonconvex variational inequality (1) and

‖un+1 − û)‖2 ≤ ‖un − û‖2,

which implies that the sequence {un} has a unique cluster point and limn→∞ un =
û, is a solution of (1), the required result. �.
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CREATING VARIATIONAL INTEGRATORS WITH A

COMPUTER ALGEBRA SYSTEM

CHRISTIAN HELLSTRÖM

Abstract. A library to create (new) variational integrators to arbitrary order

by means of a computer algebra system is presented. The library provides an
interface to design as well as analyse variational integrators for dynamical

systems, either with non-conservative forces or without.

1. Introduction

Simulations of generic dynamical systems can rarely be carried out analytically,
for the class of integrable dynamical systems has zero measure in the space of all
dynamical systems, hence the need for numerical integration algorithms. There is
an abundance of numerical integration algorithms, available either in the public do-
main or embedded in proprietary software. Probably the most common algorithms
implemented and used are the classical one-step methods, including the classi-
cal Runge–Kutta algorithm, multi-step methods, such as the Adams–Bashforth–
Moulton algorithm, and adaptive methods, to which the Runge–Kutta–Fehlberg
and Bulirsch–Stoer algorithms belong. Nowadays, Taylor’s method backed by ei-
ther symbolic or automatic (numerical) differentiation techniques (see e.g. [11]) is
increasingly being used for highly accurate computations, although we shall not
dwell on these alternative integration techniques in the sequel.

For simulations over relatively short time spans as compared to the intrinsic time
scales standard (non-geometric) integrators are often advantageous, as they can
be both accurate and fast. Extended computations require a different, ‘geometric’
approach, as non-geometric methods tend to generate or dissipate energy artificially
due to the fact that they do not respect the fundamental geometry of the phase
flow, which means that at some point the errors dominate.

For dynamical systems that can be formulated as Hamiltonian systems there exist
so-called geometric numerical integrators. These integrators respect the fundamen-
tal (differential) geometric structure, which underlies the dynamical evolution of
the system. It has been common to design such geometric numerical integrators
based on either previous knowledge of classical numerical integration algorithms,
such as the (partitioned) Runge–Kutta methods, or (approximate) solutions to the
Hamilton–Jacobi equation for transformations near the identity.
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106 C. HELLSTRÖM

There is, however, a different approach that bypasses many of the difficulties
inherent in the design of higher-order versions of these geometric numerical inte-
grators. It relies on the discretization of the action, from which the numerical
algorithms can be derived in a straightforward manner [24]. These variational in-
tegrators, as they are known throughout the literature, conserve the Poisson struc-
ture. Any continuous symmetries present in the original system translate directly
to the discretized version, and thus all (equivariant) momentum maps are preserved
infinitesimally. For non-integrable systems either the Poisson structure or the total
energy can be conserved exactly in numerical simulations [10], so that variational in-
tegrators do not generally preserve the energy. It can be shown, though, that these
variational integrators remain close to the original dynamical systems [13, 20], so
that in practice the energy error is bounded.

An approach to design variational integrators systematically based on higher-
order approximations to the discrete action by means of a computer algebra system
is covered here, in particular a freely available package named VarInt for the com-
puter algebra system Maple is presented, with which variational integrators of
arbitrary order and based on any derivative-free quadrature rule can be created
and analysed.

The fundamental concepts from discrete mechanics are reviewed briefly in section
2, after which the various built-in quadrature rules are discussed in section 3. In
section 4, the details of the package VarInt are discussed, and numerous examples
are given on how to obtain (new) variational integrators for both generic and specific
dynamical systems.

2. Variational Integrators

Consider an autonomous Lagrangian L : TQ → R, where TQ is the tangent
bundle of the configuration space Q, on which the generalized coordinates q form
a chart. A chart for the tangent bundle is given by (q, q̇), where q̇ = dq/dt with t
the time. Here and henceforth it is assumed that the generalized coordinates are
at least C2 ([a, b] ,R), where t ∈ [a, b]. The corresponding action functional reads

(1) S [L] =

∫ b

a

L (q (t) , q̇ (t)) dt,

from which the famous Euler–Lagrange equations are retrieved upon requiring
stationarity of the action functional for fixed endpoints, that is δS [L] = 0 with
δq(a) = δq(b) = 0.

Instead of deriving the Euler–Lagrange equations from the action and then dis-
cretizing the equations of motion, a different approach is used in the case of vari-
ational integrators. Here we discretize the action first by choosing an appropriate
quadrature formula, and then we can derive the discrete version of the Euler–
Lagrange equations, which are commonly known as the discrete Euler–Lagrange
(dEL) equations. The resulting integration algorithms preserve the differential geo-
metric structure of these dynamical systems automatically [24]. Moreover, the order
of the quadrature formula determines the order of the variational integrator.

2.1. Quadrature. To obtain a one-step numerical integration algorithm, introduce
a sequence of times tk = hk with k = 0, . . . , N , at which the Lagrangian is to be
evaluated. Here h is a sufficiently small time step. Furthermore, let qk ≈ q (tk)
and q̇k ≈ q̇ (tk) for k = 0, . . . , N , and consider the action between two consecutive
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points in time, say tk and tk+1. Since for a generic dynamical system with a certain
Lagrangian we do not know the functional form of the solutions in advance, we
may choose an interpolating function, usually a polynomial, in accordance with the
quadrature rule on the interval [tk, tk+1]. For a quadrature rule of arbitrary order,
we evaluate the Lagrangian at (s+ 1) ≥ 2 distinct nodes, so that each time step is
subdivided into s substeps tik for i = 0, . . . , s}. Define t0k = tk and tsk = tk+1, and

let tik − t
i−1
k = γih > 0 for i = 1, . . . , s, so that

∑s
i=1 γi = 1. The action becomes a

sum of the multipoint discrete Lagrangian Ld, which depends on the time step h:

S [L] =

N−1∑
k=0

∫ tk+1

tk

L (q (t) , q̇ (t)) dt

≈
N−1∑
k=0

Ld

(
q0k, q

1
k, . . . , q

s
k

)
(2)

=

N−1∑
k=0

s∑
i=1

Lid
(
qi−1k , qik

)
,

where Lid : Q × Q → R; it relates the multipoint discrete Lagrangian to its basic
components defined on each segment of ‘length’ γih. Notice that the discrete state
space Q×Q contains the same amount of information as the tangent bundle of the
configuration manifold, for locally TQ ∼= Q×Q.

Let L
[k]
d be shorthand for Ld

(
q0k, q

1
k, . . . , q

s
k

)
, and letDi denote the derivative with

respect to the argument carrying the substep label i, that is DiL
[k]
d = ∂L

[k]
d /∂qik.

Stationarity of the discrete action, that is S [Ld] = 0, for arbitrary variations δqik
yields the discrete Euler–Lagrange (dEL) equations:

D0Ld

(
q0k+1, q

1
k+1, . . . , q

s
k+1

)
+DsLd

(
q0k, q

1
k, . . . , q

s
k

)
= 0,(3a)

DiLd

(
q0k, q

1
k, . . . , q

s
k

)
= 0, i = 1, . . . , s− 1.(3b)

These equations determine the one-step (flow) map (q (tk) , q̇ (tk)) 7→ (q (tk+1) , q̇ (tk+1))
of the variational integrator. These equations can also be written as

DiL
i
d

(
qi−1k , qik

)
+DiL

i+1
d

(
qik, q

i+1
k

)
= 0

for each of the components i = 1, . . . , s. Please notice that for i = s, the last term

on the left-hand side is D0L
1
d

(
q0k+1, q

1
k+1

)
= D0L

[k+1]
d by virtue of the identity

qi+sk = qik+1.
It is common to write the one-step map in terms of the canonical coordinates and

momenta on the cotangent bundle. To do that, we need to find a discrete analogue
of the Legendre transformation, or fibre derivative FL : TQ → T?Q, which reads
in generalized coordinates

(4) FL : (q, q̇) 7→
(
q,
∂L

∂q̇
(q, q̇)

)
.

The discretized form of the Legendre transformation involves the endpoints of each
time segment, F±Lid : Q×Q→ T?Q:

F+Lid :
(
qi−1k , qik

)
7→
(
qik, p

i
k

)
=
(
qik, DiL

i
d

(
qi−1k , qik

))
,

F−Lid :
(
qi−1k , qik

)
7→
(
qi−1k , pi−1k

)
=
(
qi−1k ,−Di−1L

i
d

(
qi−1k , qik

))
.
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In fact, the discrete Euler–Lagrange equations (3) can be written as

F+Lid
(
qi−1k , qik

)
= F−Li+1

d

(
qik, q

i+1
k

)
,

which implies that the canonical momenta are unique along any solution. Now, the
one-step map, written in canonical coordinates and momenta, is

pi−1k = −Di−1L
i
d

(
qi−1k , qik

)
,

pik = DiL
i
d

(
qi−1k , qik

)
,

for i = 1, . . . , s, or equivalently,

pk = −D0Ld

(
q0k, q

1
k, . . . , q

s
k

)
,(7a)

pk+1 = DsLd

(
q0k, q

1
k, . . . , q

s
k

)
,(7b)

DiLd

(
q0k, q

1
k, . . . , q

s
k

)
= 0, i = 1, . . . , s− 1,(7c)

where the last set of (s− 1) equations seems ‘unaffected’ by the Legendre trans-
formation, and remains as in equation (3b). The reason for that is quite intuitive
yet profound: on each time interval an interpolatory function approximates the
Lagrangian function, so that the discrete Lagrangian becomes a piecewise smooth
function. The momentum pik computed with the discrete Legendre transformation

F−Li+1
d requires the interpolation function on the time segment

[
tik, t

i+1
k

]
, or data

‘from the right’ of tik, whereas the same momentum calculated from the transfor-

mation F+Lid uses the interpolation function on
[
ti−1k , tik

]
, or values ‘from the left’

of tik. Obviously, the intermediate momenta (i = 1, . . . , s−1) are identical, because
the interpolating function used is the same, so that its derivatives from the left and
right coincide. In principle, the momenta at the endpoints of each time interval
need not be related at all, for the interpolating function merely has to be equal in
value in order to have a piecewise smooth discrete Lagrangian. However, the prin-
ciple of stationary action relates the approximate (discrete) Lagrangian function to
the (approximated) integral curves of the dynamical system, which in turn relates
these momenta by means of the discrete Euler–Lagrange equations. Therefore, the
momenta are unique along any trajectory, and equations (3b) and (7c) are identical
in both representations.

All integrators obtained in this way are structure-preserving, that is to say they
preserve the Poisson structure of the flow. The (discrete) Lagrangian flow conserves
the (discrete) symplectic form as well as any momentum maps associated with
(infinitesimal) invariances of the (discrete) action under symmetry operations, as
shown by Marsden and West [24]. Obviously for this statement to hold we have
to choose the time step h sufficiently small, which depends on the particulars of
the problem under consideration. Please observe that the right-hand sides of the
discrete Euler–Lagrange equations (3) and their Hamiltonian equivalents (7) depend
on the time step h.

2.2. Non-Conservative Forces. The variational formalism arises naturally through-
out mathematical physics, and can of course be extended (see e.g. [17, 19, 21, 22, 24]
for a few possibilities). The main advantage and actual utility of the variational con-
struction of numerical integration algorithms lies in the fact that non-conservative
forces can easily be included in a consistent way. N -body simulations in atomic
and molecular physics, astrophysics, and chemistry are excellent candidates for
these non-conservative variational integrators, as these simulations often become
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unstable under time reversal, so that higher-order geometric numerical integrators
based on the symmetric composition of lower-order ones are not viable alternatives.

A force is a fibre-preserving map over the identity F : TQ→ T?Q, which reads
F : (q, q̇) 7→ (q, F (q, q̇)) in coordinates. In order to include these non-conservative
forces in the variational framework, we merely have to replace Hamilton’s principle
δS [L] = 0 by the so-called Lagrange–d’Alembert principle:

(8)

N−1∑
k=0

[
δ

∫ tk+1

tk

L (q (t) , q̇ (t)) dt+

∫ tk+1

tk

F (q (t) , q̇ (t)) · δq(t) dt

]
= 0.

As before, all integrals are approximated by a quadrature rule from t ∈ [tk, tk+1],
so that the Lagrange–d’Alembert principle becomes

(9)

N−1∑
k=0

δ
s∑
i=0

L
(
qint

(
tik
)
, q̇int

(
tik
))

︸ ︷︷ ︸
Ld(q0k,q1k,...,qsk)

+

s∑
i=0

F
(
qint

(
tik
)
, q̇int

(
tik
))
· δqint

(
tik
)︸ ︷︷ ︸

fi
k·δq

i
k=f

i
k(q0k,q1k,...,qsk)·δqik

 = 0,

where we have written the discrete Lagrangian in terms of qint
(
tik
)

= qint
(
q0k, . . . , q

s
k; tik

)
,

the interpolatory approximation of q (t) for t ∈ [tk, tk+1]. It is worth mentioning
that

δqint
(
tik
)

=

s∑
j=0

∂qint
(
tik
)

∂qjk
δqjk,

and that generally qint
(
q0k, . . . , q

s
k; tik

)
6= qik. Therefore,

f ik
(
q0k, q

1
k, . . . , q

s
k

)
=

s∑
j=0

F
(
qint

(
tjk

)
, q̇int

(
tjk

))
·
∂qint

(
tjk

)
∂qik

.

In a manner similar to the derivation of the discrete Euler–Lagrange equations
(3), the forced discrete Euler–Lagrange equations can be shown to be

D0L
[k+1]
d + f0k+1 +DsL

[k]
d + fsk = 0,(10a)

DiL
[k]
d + f ik = 0, i = 1, . . . , s− 1.(10b)

Again, it is possible to write the forced discrete Euler–Lagrange equations in
terms of the canonical coordinates and momenta instead. To that end, define the left
and right discrete forces f i±d : Q×Q→ R, f i−d

(
qi−1k , qik

)
and f i+d

(
qi−1k , qik

)
, respec-

tively, such that f0k = f1−d

(
q0k, q

1
k

)
, fsk = fs+d

(
qs−1k , qsk

)
, and f ik = f i+d

(
qi−1k , qik

)
+

f i+1−
d

(
qik, q

i+1
k

)
for i = 1, . . . , s− 1. These, in turn, imply that∫ tk+1

tk

F (q (t) , q̇ (t)) · δq(t) dt ≈
s∑
i=1

[
f i−d

(
qi−1k , qik

)
δqi−1k + f i+d

(
qi−1k , qik

)
δqik
]
.

Consequently, one finds the that equations (10) can be written as

DiL
i
d

(
qi−1k , qik

)
+ f i+d

(
qi−1k , qik

)
+DiL

i+1
d

(
qik, q

i+1
k

)
+ f i+1−

d

(
qik, q

i+1
k

)
= 0,

for i = 1, . . . , s.
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The appropriate discrete Legendre transformations for forced dynamical systems
are

Ff+Lid :
(
qi−1k , qik

)
7→
(
qik, p

i
k

)
=
(
qik, DiL

i
d

(
qi−1k , qik

)
+ f i+d

)
,

Ff−Lid :
(
qi−1k , qik

)
7→
(
qi−1k , pi−1k

)
=
(
qi−1k ,−Di−1L

i
d

(
qi−1k , qik

)
− f i−d

)
,

so that Ff+Lid
(
qi−1k , qik

)
= Ff−Li+1

d

(
qik, q

i+1
k

)
with i = 1, . . . , s as before. Now, it is

without any effort that we can derive the forced discrete Euler–Lagrange equations
on the cotangent bundle:

pk = −D0Ld

(
q0k, q

1
k, . . . , q

s
k

)
− f0k ,(12a)

pk+1 = DsLd

(
q0k, q

1
k, . . . , q

s
k

)
+ fsk ,(12b)

DiLd

(
q0k, q

1
k, . . . , q

s
k

)
+ f ik = 0, i = 1, . . . , s− 1.(12c)

The functions f ik can be computed with the Maple procedures described below, so
that we can easily generate higher-order variational integrators that include non-
conservative forces in a ‘variational’ manner, that is in a way that respects the
fundamental differential geometric properties of any dynamical system.

3. Quadrature Rules

In principle any integration formula can be used to approximate the discrete ac-
tion, and thus generate a variational integrator, although some cautionary remarks
are in order. First, autonomous dynamical systems, which are the ones considered
in this article, are time-reversible, so in order to create variational integrators that
respect this discrete symmetry, it is necessary to consider quadrature formulas that
are ‘symmetric’, which means that the placement of the (interpolation) nodes must
be symmetrical with respect to the midpoint of each time interval. This elimi-
nates the use of open Newton–Cotes and Radau integration formulas, for instance.
Second, it is difficult to imagine how quadrature rules based on non-polynomial
interpolation should be implemented for generic dynamical systems. Numerical in-
tegration based on rational functions (see e.g. [8]) either require the location of
the poles in advance, or the integration weights cannot be computed explicitly for
generic integrands. In the discrete formalism described so far, the former requires
the knowledge of contingent singularities of the (discrete) Lagrangian as functions
of time, whereas the latter implies that these quadrature rules would have only lim-
ited applicability, if at all. Third, numerical integration methods that involve the
derivatives of the integrand with respect to the independent variable, that is Turán
(see e.g. [9], pp. 42–43) and Birkhoff quadrature formulas (see e.g. [23], Chapter
10), can be used as well, but they call for the time derivatives of the Lagrangian
along the (numerical) solutions; it is essentially possible to compute these using
either finite differences or automatic differentiation techniques, although that may
be difficult and problem-dependent in practice. Furthermore, quadrature rules with
arbitrarily high derivatives lead to derivatives of the resultant force, which are usu-
ally considered ‘unphysical’, and thus discarded as options in numerical integration
algorithms.

Here we only consider time-independent Lagrangians. Time-dependent dynam-
ical systems can be analysed similarly in the extended phase space formalism [29].
The fully documented library VarInt for Maple 11 and above can be obtained from
the author.
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Before going into the specifics of each quadrature formula and the herewith
associated Maple codes, we wish to mention some notational issues. Because only
autonomous dynamical systems are considered, it suffices to define the one-step
discrete action on the interval [0, h], where h > 0 is the time step. Hence, to make
the notation somewhat more manageable in Maple, we have removed the ‘time
step’ index k = 0, . . . , N from all variables, as in actual implementations of these
variational algorithms the step index is redundant, in the sense that it is translated
to a function that returns the updated values of all variables. However, all variables
still carry one index, namely the ‘time substep’ index i = 0, . . . , s. Henceforth we
have written the number of nodes n = s+ 1.

In order to transform any basic quadrature rule to an approximation of the ac-
tion functional, it is important to notice that the independent variable is time, and
that the coordinates and their derivatives with respect to time are approximated by
polynomials of order (n− 1). It is possible to design variational integrators based on
non-polynomially fitted quadrature rules with the auxiliary module CreateVarInt.
An example is given at the end of section 4. Nevertheless, the order of any vari-
ational integrator is determined entirely by the order of the approximation of the
discrete action.

3.1. Newton–Cotes Quadrature. The closed Newton–Cotes quadrature formu-
las approximate definite integrals by approximating the integrand f : R → R with
an interpolating polynomial evaluated at the node points xk = a + kh, where
k = 0, . . . , s, and the stepsize h = b−a

n−1 :∫ b

a

f (x) dx ≈
∫ b

a

{
s∑

k=0

f (xk)πk (x)} dx

=

s∑
k=0

f (xk)

∫ b

a

πk (x) dx︸ ︷︷ ︸
wk

.

Here, {πk (x)} is a polynomial basis, and wk are known as the weights; these weights
are usually calculated by integration of Lagrange polynomials, although one is in
principle free to select any polynomial basis for the interpolation.

3.2. Romberg Quadrature. Another family of classical integration formulas with
equidistant nodes is the one due to Romberg. Romberg quadrature distinguishes
itself from Newton–Cotes quadrature in that it always uses the same basic two-
point approximation, the composite trapezium rule, yet recursively by inserting
nodes at the centres of all (sub)intervals. The essence of Romberg quadrature is
that a Richardson extrapolation procedure is applied to the composite trapezium
rule to obtain higher-order approximations to the integral under evaluation.

It is important to note that the composite trapezium rule leads to a continuous
approximation of the integrand, yet its derivative with respect to the indepen-
dent variable is discontinuous at each node. Hence, the naive implementation of
Romberg quadrature seems impossible to generate variational integrators, as we
require that q ∈ C1 ([tk, tk+1] ,R) for k = 0, . . . , N − 1. Nevertheless, we can still
use a ‘modified’ trapezium rule and Richardson extrapolation in conjunction with a
sufficiently smooth interpolating function, at the cost of losing the adaptivity of the
algorithm. Again, the composite trapezium rule is used as a basic approximation,
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though now the interpolating function is not piecewise linear but rather it is chosen
such that both q and q̇ are well-defined at each node.

3.3. Gaussian Quadrature. A class of n-point quadrature rules that integrate
up to (2n − 1)st-degree polynomials exactly are the Gaussian ones by evaluating
a weighted sum of function values. The integrand is assumed to be sufficiently
smooth, specifically it is a C2n ([−1, 1] ,R) function.

(13)

∫ b

a

f (x)ω (x) dx =

n∑
k=1

wkf (xk) +Rn,

where the ‘optimal’ values for the weights wk depend on the placement of the nodes
xk along the interval [a, b]. Rn denotes the remainder for a Gaussian integration
formula with n nodes,

Rn =
f (2n) (ξ)

(2n)!

∫ b

a

ω (x)φ2n (x) dx,

where a < ξ < b, and φn (x) is the related nth degree orthogonal polynomial (see
[28], pp. 180–181). As usual, ω (x) denotes a positive weight function appearing
in the integrand. In the case of interest for variational integrators, the nodes are
placed symmetrically over a finite interval, for which [−1, 1] is commonly used.
For an integral over a arbitrary but finite interval [a, b] the linear transformation
x 7→ 1

2 (b− a)x+ 1
2 (a+ b) can then be used. An overview of the various quadrature

formulas of the Gauss family can be found in the chapter on numerical analysis in
the book by Abramowitz and Stegun [1], for example. Here, we shall discuss the
quadrature rules based on the Legendre, Chebyshev and Lobatto nodes. The nodes
for the Gauss–Radau quadrature formulas are not distributed symmetrically across
the interval of integration, so that they cannot be used for the design of variational
integrators for autonomous dynamical systems.

3.3.1. Gauss–Legendre Quadrature. In Gauss–Legendre quadrature formulas the
weight function ω (x) = 1, which is known as the Legendre weight function. The
nodes xk with k = 1, . . . , n for the n-point Gauss–Legendre quadrature formulas
are the zeros of the Legendre polynomials Pn (x). The corresponding weights are
given by

(14) wk =
2

1− x2k
1

[P ′n (xk)]
2 ,

where the prime indicates the derivative with respect to the argument. It is impor-
tant to note that the zeros of the Legendre polynomials come in pairs, so that the
quadrature rule is symmetric about the origin. Furthermore, the zeros lie in the
interval (−1, 1), that is, they do not include the endpoints.

The fact that the endpoints of the integration interval do not appear explicitly
in the quadrature formula means that it is necessary to ‘include’ the endpoints
by means of extrapolation; the values of the coordinates and their derivatives are
indeed specified at one such a point for initial-value problems. The idea is to in-
terpolate the coordinates with an (n− 1)st degree polynomial through the interior
points (i = 1, . . . , s− 1), as before, and extrapolate to the endpoints of the integra-
tion interval (i = 0 and i = s). It is then possible to express the first (i = 1) and
last (i = s− 1) of the interior points in terms of the remaining interior points and
the endpoints. In that way, the endpoints can be included in accordance with the
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quadrature nodes. Although polynomial extrapolation is notorious for being very
inaccurate outside the interval of the interpolation, we shall assume that the time
step h is sufficiently small to overcome the issues associated herewith.

3.3.2. Gauss–Chebyshev Quadrature. The n-point Gauss–Chebyshev integration for-
mulas come in two slightly different flavours. The first type of Gauss–Chebyshev
quadrature rule has nodes at the roots of the Chebyshev polynomials of the first
kind, Tn (x). These are

(15) x
(1)
k = cos θ

(1)
k , θ

(1)
k =

2k − 1

n

π

2
,

and the corresponding weights are

(16) w
(1)
k =

π

n
.

The related quadrature formula reads

(17)

∫ −1
−1

f (x) dx ≈
n∑
k=1

w
(1)
k f

(
x
(1)
k

)√
1−

(
x
(1)
k

)2
,

where the square-root is the weight function, now appearing on the right-hand side.
Similarly, the integration formula for second type of Gauss–Chebyshev integration
formulas is

(18)

∫ −1
−1

f (x) dx ≈
n∑
k=1

w
(2)
k

f
(
x
(2)
k

)
√

1−
(
x
(2)
k

)2 ,
where now the nodes are given by

(19) x
(2)
k = cos θ

(2)
k , θ

(2)
k =

k

n+ 1
π,

which are the zero loci of the Chebyshev polynomials of the second kind, Un (x).
The matching weights are

(20) w
(2)
k =

π

n+ 1
sin2 θ

(2)
k .

The Gauss–Chebyshev quadrature formulas are especially suited for integrands with
factors of

√
1− x2 either in their numerators or denominators.

Please observe that the extrapolation to the endpoints of the integration interval
does not yield any singularities due to the weight function. The coordinates and
velocities are extrapolated and these extrapolations are substituted, so that the
sum is indeed evaluated at the correct nodes.

3.3.3. Fejér Quadrature. The Gauss–Chebyshev quadratures discussed in the pre-
vious paragraph were defined with respect to non-trivial weight functions ω (x) =

1/
√

1− x2 and ω (x) =
√

1− x2 for the integration formulas based on the Cheby-
shev polynomials of the first and second kind, respectively. As for all Gauss quadra-
tures rules, these can be defined relative to different weight functions. For ω (x) = 1
one obtains the formulas due to Fejér [7]. The nodes for the integration rules based
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on the Chebyshev polynomials of the first and second kind are identical to equations
(15) and (19), respectively. However, the weights are now

(21) w
(1)
k =

2

n

1− 2

bn/2c∑
j=1

cos
(

2jθ
(1)
k

)
4j2 − 1

 ,
and

(22) w
(2)
k =

4 sin θ
(2)
k

n+ 1

b(n+1)/2c∑
j=1

sin
(

(2j − 1) θ
(2)
k

)
2j − 1

,

where θ
(1)
k and θ

(2)
k are as before.

Alternatively, the zeros of the nth-degree Chebyshev polynomial of the third
kind Vn (x) can be used,

(23) x
(3)
k = cos θ

(3)
k , θ

(3)
k =

2k − 1

2n+ 1
π,

as well as those of the nth-degree Chebyshev polynomial of the fourth kind Wn (x),

(24) x
(4)
k = cos θ

(4)
k , θ

(4)
k =

2k

2n+ 1
π.

The corresponding weights are

(25) w
(3)
k =

4 sin θ
(3)
k

n+ 1
2

b(n+1)/2c∑
j=1

sin
(

(2j − 1) θ
(3)
k

)
2j − 1

,

and

(26) w
(4)
k =

4 sin θ
(4)
k

n+ 1
2

b(n+1)/2c∑
j=1

sin
(

(2j − 1) θ
(4)
k

)
2j − 1

,

respectively, as shown by [26].
Related to Fejér quadrature formulas is the one by [5], which is nothing but

Fejér’s second rule with the nodes −1 and 1 added. Define

θk =
k − 1

n− 1
π, k = 1, . . . , n.

The Clenshaw–Curtis nodes are then simply xk = cos θk, and the associated weights
are given by

(27) wk =
ck
n

1− 2

b(n+1)/2c∑
∗

j=1

cos 2jθk
4j2 − 1

 ,
where ck = 2− δ0,k mod n, and

∑
∗ signifies that the last term in the sum should

be halved.
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3.3.4. Gauss–Lobatto Quadrature. Additional Gaussian integration rules that in-
clude both endpoints are the Gauss–Lobatto ones:

(28)

∫ −1
−1

f (x) dx ≈ 2

n (n− 1)
[f (−1) + f (1)] +

n−1∑
k=2

wkf (xk).

The interior nodes are the zeros of the derivative of the Legendre polynomials, that
is they satisfy P ′n−1 (x) = 0, and the interior weights can be calculated to be

(29) wk =
2

n (n− 1)

1

[Pn−1 (xk)]
2 .

3.4. Chebyshev Quadrature. Somewhat related to the quadrature formulas of
the Gaussian type is the equal-weight integration formula by Chebyshev:

(30)

∫ −1
−1

f (x) dx ≈ 2

n

n∑
k=1

f (xk).

The nodes are the solutions to the equation Gn (x) = 0, where Gn (x) is the poly-
nomial part of [14]

(31) Fn (x) = xn exp

[
n

2

∫ 1

−1
ln

(
1− t

x

)
dt

]
.

The integral inside the exponential can be calculated easily,∫ 1

−1
ln

(
1− t

x

)
dt = −2 + (1 + x) ln

(
1 +

1

x

)
+ (1− x) ln

(
1− 1

x

)
.

The zeros of Gn (x) are known to be real only for n ≤ 7 and n = 9. Hence, the use
of Chebyshev quadrature is restricted to these values.

3.5. Takahasi–Mori Quadrature. For the numerical computation of integrals
over infinite intervals (−∞,∞) the composite trapezium rule is noted for its excel-
lent results in terms of accuracy and efficiency compared to quadrature formulas
with the same density of sampling points [30], that is, for any analytical function
g that vanishes at infinity,∫ ∞

−∞
g (x) dx ≈ η

∞∑
k=−∞

g (kη),

where in practice the infinite sum itself converges often quite rapidly. We can
take advantage of the performance of the trapezium rule by applying a variable
transformation, x 7→ ϕ (t), to integrals over finite intervals:∫ 1

−1
f (x) dx =

∫ ∞
−∞

f (ϕ (t))ϕ′ (t) dt

≈ η
∞∑

k=−∞

f (kη)ϕ′ (kη).

The method proposed by Schwartz [27] involves the transformation ϕ (t) =
tanh t, for which the resulting quadrature formula has an asymptotic error of

O
(

exp
(
−c
√
N
))

with η = π/
√
N [12], where N denotes the number of func-

tion evaluations, and c ∈ R depends on the integrand and the particular variable
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transformation. For ϕ (t) = erf t the error is O
(

exp
(
−c 3
√
N2
))

asymptotically

(see e.g. [25] for more details on these and other variable transformations). In
fact, for all functions f ∈ Hp (D), 1 < p ≤ ∞, the Hardy spaces on the unit disc
D = {z ∈ C | |z| < 1}, Andersson [2] has shown that the bound on the asymptotic

error of any quadrature formula is O
(
N1−1/(2p) exp

(
−c
√
N
))

.

Double exponential quadrature formula dates back to the work by Takahasi and
Mori [31], who improved on the transformation method by Schwartz [27]. Their
integration rule accelerates the convergence of one-dimensional integrals by intro-
ducing a suitable variable transformation that result in double exponential decay of
the integrand: ϕ (t) = tanh

(
π
2 sinh t

)
. Rather than looking at functions that belong

to the Hardy classes Hp (D) with p > 1, we can focus on the more modest class of
integrable functions over (−1, 1), possibly with algebraic or logarithmic singulari-
ties at the endpoints ±1, and a finite number of singularities outside the interval
of integration. Then, the asymptotic error of the quadrature formula behaves as
O (exp (−cN/ lnN)); the constant c is related to the location of the singularities
of the integrand after the application of the variable transformation. The optimal
value of

η =
2

N
ln 2∆N,

where ∆ is the distance between the real axis and the nearest singularity of the
integrand after the variable transformation has been applied; the transformed in-
tegrand is thus regular in the strip |=(z)| < ∆. In case the original function f (z),
z ∈ C, only has a singularity at z = ∞, we easily compute that ∆ = π

2 . At the
optimal step η, the nodes in the interval (−1, 1) tend to cluster near the boundaries,
especially for small N .

The Takahasi–Mori, or tanh-sinh, formula,

(32)

∫ 1

−1
f (x) dx ≈ ηπ

2

n∑
k=−n

f
(

tanh
(π

2
sinh kη

)) cosh kη

cosh2
(
π
2 sinh kη

) ,
has been shown to be fast and accurate in high-precision experimental mathematics
[3]; in practice we often choose η adaptively. Recently, Borwein and Ye [4] have
shown that the Takahasi–Mori quadrature formula converges quadratically for all
integrands f ∈ H2 (D) in the limit of N →∞.

All these transformed quadrature formulas based on the trapezium rule have
exponential decay of the asymptotic error, which basically means that halving the
stepsize roughly doubles the number of correct digits. Note, however, that the
quadrature formulas are not exact for polynomials, in contrast to the Gaussian
quadrature formulas.

4. Examples

The symplectic partitioned Runge–Kutta methods form a well-known class of
variational integrators for conservative dynamical systems. For non-conservative
systems probably the best studied example is the symplectic Newmark algorithm,
as described in [18]. Beyond these the number of variational integrators is lim-
ited, mainly because the manual effort to generate these (higher-order) variational
integrators is substantial.

VarInt is a library that enables anyone with a Maple distribution to create and
analyse new variational integrators with ease. The module VarInt has four main
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procedures: VarInt, CreateVarInt, ExtractAlgorithm, and IntegrateSystem,
which provides basic functionality for the numerical analysis of one-dimensional
problems. VarInt computes the (forced) discrete Euler–Lagrange equations. In or-
der to obtain an actual recipe that allows us to compute the discrete flow efficiently,
we have to manipulate the expressions returned by VarInt, which depends highly
on the functional form of the Lagrangian, and is hence best done interactively. For
separable Lagrangians

(33) L (q, q̇) = T (q̇)− V (q) ,

with T : TQ→ R a quadratic kinetic energy function and V : Q→ R the potential
energy, an ancillary procedure ExtractAlgorithm is included in VarInt. It aids in
the extraction of such a one-step map, even for dynamical systems with generic
non-conservative forces. As such, it greatly enhances the potential development
variational integrators for non-conservative forces up to arbitrary order, which has
only been touched upon scantily thus far.

The module CreateVarInt is similar in design as VarInt with the significant
difference that the approximation to the discrete action can be supplied manu-
ally by specifying the nodes, weights and weight function of the numerical inte-
gration formula, and the interpolation procedure, which is polynomial by default.
CreateVarInt therefore extends the VarInt by allowing new quadrature rules to
be defined and the creation of non-polynomially fitted variational integration algo-
rithms.

To see the full scope of VarInt, we shall first look at simple problems. Consider
a two-point Newton–Cotes approximation of the action and the (non-conservative)
Rayleigh force. Then, we can obtain the discrete Euler–Lagrange equations with
VarInt as follows:

1 > restart; #clear memory

2 > with(VarInt): #load VarInt

3 > dEL1:=VarInt(2,L,F,NewtonCotes,p,q,h); #obtain dEL equations.

Since, we have not (yet) specified the functional forms of the Lagrangian and the
Rayleigh force, we the expressions Maple returns are fully implicit. To obtain a
more applicable representation of the two-point variational Newton–Cotes integra-
tor, we define a separable Lagrangian (33), and extract the algorithm:

4 > L:=(q,Dq)->1/2*M*Dq^2-V(q): #define Lagrangian

5 > dEL2:=VarInt(2,L,F,NewtonCotes,p,q,h): #obtain dEL equations

6 > ExtractAlgorithm(dEL2,p,q,V,F); #obtain algorithm.

Here, M is the mass; in the case of vectorial coordinates and momenta, M has to be
interpreted as the mass matrix. The one-step map (q0, p0) 7→ (q1, p1) reads

q1 = q0 + h
p0
M
− h2

2M

[
∇V (q0)− F

(
q0,

q1 − q0
h

)]
,(34a)

p1 = p0 −
h

2

[
∇V (q0) +∇V (q1)− F

(
q0,

q1 − q0
h

)
− F

(
q1,

q1 − q0
h

)]
,(34b)

The algorithm is implicit for generic F. For conservative dynamical systems the
algorithm reduces to the the famous second-order Störmer–Verlet algorithm, which
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is sometimes referred to as the leapfrog:

q1 = q0 + h
p0
M
− h2

2M
∇V (q0) ,(35a)

p1 = p0 −
h

2
[∇V (q0) +∇V (q1)] ,(35b)

and is fully explicit. It can be obtained in the active Maple worksheet in several
ways:

7 > eval(%,F=0); #alternative 1

8 > F:=(q,Dq)->0: #alternative 2

9 > dEL3:=VarInt(2,L,F,NewtonCotes,p,q,h); #alternative 2 (cont’d)

10 > ExtractAlgorithm(dEL3,p,q,V,F); #alternative 2 (cont’d)

11 > dEL4:=VarInt(2,L,0,NewtonCotes,p,q,h); #alternative 3

12 > ExtractAlgorithm(dEL3,p,q,V,F); #alternative 3 (cont’d).

As it happens, the Newton–Cotes, Romberg, Gauss–Lobatto and Clenshaw–Curtis
quadrature rules with two nodes are identical, so that their variational integrators
are the same.

Incidentally, for three nodes the Newton–Cotes, Gauss–Lobatto and Clenshaw–
Curtis quadrature (Simpson’s) formulas coincide. The Maple code

13 > dEL5:=VarInt(3,L,0,GaussLobatto,p,q,h); #obtain dEL equations

14 > ExtractAlgorithm(dEL5,p,q,V,F); #obtain algorithm

results in the fourth-order algorithm for conservative dynamical systems reported
in [6],

q1 = q0 +
h

2

p0
M
− h2

24M
[2∇V (q0) +∇V (q1)] ,(36a)

q2 = q0 + h
p0
M
− h2

6M
[∇V (q0) + 2∇V (q1)] ,(36b)

p2 = p0 −
h

6
[∇V (q0) + 4∇V (q1) +∇V (q2)] .(36c)

Equation (36a) has to be solved iteratively for generic (non-linear) potentials. Equa-
tions (36b)–(36c) are clearly explicit.

For four nodes these three families of quadrature rules lead to different variational
integrators. The variational Newton–Cotes integrator, which is based on Simpson’s
3
8 rule, is easily found to be

q1 = q0 +
h

3

p0
M
− h2

648M
[27∇V (q0) + 14∇V (q1)− 5∇V (q2)] ,(37a)

q2 = q0 +
2h

3

p0
M
− h2

324M
[27∇V (q0) + 38∇V (q1) + 7∇V (q2)] ,(37b)

q3 = q0 + h
p0
M
− h2

8M
[∇V (q0) + 2∇V (q1) +∇V (q2)] ,(37c)

p3 = p0 −
h

8
[∇V (q0) + 3∇V (q1) + 3∇V (q2) +∇V (q3)] .(37d)
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Similarly, the variational Clenshaw–Curtis integrator with four nodes is

q1 = q0 +
3h

14

p0
M
− h2

13440M
[320∇V (q0) + 259∇V (q1)− 21∇V (q2)] ,(38a)

q2 = q0 +
6h

7

p0
M
− h2

13440M
[1280∇V (q0) + 3339∇V (q1) + 259∇V (q2)] ,(38b)

q3 = q0 +
15h

14

p0
M
− h2

84M
[10∇V (q0) + 28∇V (q1) + 7∇V (q2)] ,(38c)

p3 = p0 −
h

18
[2∇V (q0) + 7∇V (q1) + 7∇V (q2) + 2∇V (q3)] .(38d)

The variational integrators that derive from the Gauss–Lobatto quadrature rules
correspond to the well-known Lobatto IIIA/IIIB algorithms, and their forms can
be found in the literature.

All variational Gauss–Legendre integrators have been shown to be equal to the
Gauss collocation methods. As an example, the Gauss–Legendre variational inte-
grator with two nodes is easily found to be

q1 = q0 + h
p0
m
− h2

12m
[c−∇V (q+) + c+∇V (q−)] ,(39)

p1 = p0 −
h

2
[∇V (q+) +∇V (q−)] ,(40)

where we have defined q± = 1
2 (q0 + q1) ± 1

6

√
3 (q0 − q1), and c± = 3 ±

√
3. The

Gauss–Legendre and the Chebyshev quadrature formulas with two nodes happen
to coincide, so that their variational integrators are identical (39). More details and
examples can be found in the help pages, which can be accessed by executing one
of the following commands:

15 > ?VarInt #package overview

16 > ?VarInt[VarInt] #help page

17 > ?VarInt[ExtractAlgorithm] #help page

18 > ?VarInt[CreateVarInt] #help page

19 > ?VarInt[IntegrateSystem] #help page.

Finally, we shall take a look at the CreateVarInt module. The syntax is slightly
different from VarInt, as one can see below:

20 > Digits:=16: #numerical precision

21 > x:=0.5904158239150231: #positive node

22 > w:=0.9964248649058515: #weight

23 > etc:=1,L,0,p,q,h: #shorthand

24 > CreateVarInt(-1..1,[-x,x],[w,w],etc): #obtain dEL

25 > ExtractAlgorithm(%,p,q,V); #obtain algorithm

The first argument is the range on which the nodes are defined, so that the nodes,
supplied as a list as the second argument to CreateVarInt, can be transformed
appropriately. The third argument is the list of weights associated with these
nodes. The fourth argument is the weight function, which in this case is the unit
function. The fifth through to the ninth argument are the Lagrangian function, the
Rayleigh function, and the labels for the canonical momenta, canonical coordinates
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and the time step, respectively. The tenth argument is optional, and it is not
shown here; it takes the handle of an interpolation procedure, which must have the
same syntax as the built-in procedures for data interpolation, as specified in the
documentation of the CurveFitting package. If the tenth argument is omitted,
the standard polynomial interpolation procedure PolynomialInterpolation (also
known as interp) is used internally. As an example, consider a custom yet naive
implementation of polynomial interpolation:

26 > Poly:=proc(xdata,ydata,z) #custom interpolation

27 local c,n,Eqs,Var,Fun;

28 n:=nops(xdata):

29 Fun:=x->add(c[k]*x^(k-1),k=1..n):

30 Eqs:={seq(Fun(xdata[m])=ydata[m],m=1..n)}:

31 Var:={seq(c[m],m=1..n)}:

32 assign(solve(Eqs,Var)):

33 collect(factor(Fun(z)),z);

34 end proc:

35 > etc:=1,L,0,p,q,h,Poly; #shorthand

36 > CreateVarInt(-1..1,[-1,1],[1,1],etc): #obtain dEL

37 > ExtractAlgorithm(%,p,q,V); #obtain algorithm.

The code obviously yields the Störmer–Verlet algorithm (35).
The values for the nodes and weights shown are such that the underlying quad-

rature rule integrates any linear combinations of the set {e±νx, x e±νx} with ν = 1
exactly on the interval [−1, 1]. Recently, non-polynomially fitted quadrature rules
have moved increasingly to the centre of attention [16, 35, 33], especially expo-
nentially fitted ones for numerical integration algorithms for ordinary differential
equations (see [34] and references therein for more details). The idea behind is to
translate the philosophy behind Gaussian integration formulas, that is that they
integrate polynomials exactly, to non-polynomial functions, in particular exponen-
tials and trigonometric functions, based on the formalism developed by Ixaru [15].
That leads to a set non-linear conditions, from which the nodes and weights can be
computed (numerically). Unfortunately, the nodes and corresponding weights for
these exponentially fitted quadrature rules are not determined uniquely.

The optional argument enables us to provide alternative interpolation routines,
which can be practical both as a diagnostic tool and as a interface to create new
variational integrators that are designed for specific dynamical systems. Quadrature
rules based on rational interpolation [32], for instance, might be of use in the
simulations of dynamical systems with singularities, such as N -body problems in
astrophysics and molecular dynamics for instance.

5. Conclusion

It is a well-established fact that simulations of (non-linear) dynamical systems,
both with non-conservative forces and without, benefit greatly from the preserva-
tion of their geometric structures, especially over long time spans as compared to
the characteristic time scales of the systems at hand. Variational integrators, and
more generally geometric numerical integrators, are ideally suited for such sim-
ulations. The discrete variational formalism is both mathematically natural and
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computationally practical. We have demonstrated that one can explore and de-
sign variational integrators systematically with a computer algebra system, such as
Maple. Some of these variational integrators correspond to well-known classes of
geometric numerical algorithms, such as the symplectic partitioned Runge–Kutta
methods. However, few variational integrators have been reported that lie out-
side of the standard classification, although the discrete variational formalism is
certainly not restricted to it. With the procedures we have presented to compute
variational integrators based on different approximations of the action functional
one can venture beyond the geometric numerical algorithms one usually encounters.
The discrete flow maps one obtains can be either general, and serve as templates
for generic problems, or optimized for a specific problem thanks to the symbolic
capabilities of a computer algebra system.
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Abstract. Our intpakX package extends the computer algebra system Maple.

It allows, e.g., verified numerical calculations (computer-assisted proofs) built

on arbitrary precision interval operations. Up to now, only the basic oper-
ations are supported in a guaranteed way. Concerning higher mathematical

functions supported in Maple, there are no data about their accuracies avail-

able/published. Thus, it is not possible or at least very hard to build arbi-
trary precision interval functions using Maple’s intrinsic mathematical func-

tions (nevertheless, intpakX offers such function implementations using some
guard digits in an experimental way, which - of course - is not really a reliable

mathematical approach).

On the other hand there are software packages supporting reliable multiple
precision interval functions like C-XSC, the MPFR and the MPFI libraries,

and others. In the talk we discuss the features of some of these libraries in

detail. We emphasize the different approaches (arbitrary precision arithmetic,
staggered correction arithmetic, functions only for real arguments, functions

for complex arguments, ...) and the most important resulting properties of the

corresponding implementations. We also compare their performance and we
comment on the actual integration of several of these libraries in C-XSC. The

missing step is to bring together C-XSC and computer algebra packages like

Maple and Mathematica. Combining fast verification methods and symbolic
computations deeply extends the range of applications of rigorous mathemat-

ical methods.
Key words: Computer-assisted proofs, self-verifying methods, arbitrary

precision, interval functions, intpakX, C-XSC.

1. Introduction and general remarks on computer-assisted proofs

It is well known that symbolic computations often suffer from exponential growth
of formula strings (memory) and computing time consumption [9]. In many cases
it is of great advantage to be able to circumvent this behaviour by applying self-
validating numerical methods. The result of such methods are proved to be rigorous
in the mathematical sense. These methods are based on the validity of mathemati-
cal theorems. Using e.g. interval computations, sufficient conditions for the validity
of the mathematical theorems may be verified by the computer itself.

Let us give an example. Brouwer’s fixed point theorem may be stated as follows:
if a nonempty, convex, compact set X in IRn is mapped by a continuous function
f : IRn −→ IRn into itself, this function has at least one fixed point x? ∈ X.

Typically, machine intervals are boxes in IRn with sides parallel to the axes
[2, 12, 4, 8]. Such boxes are easily representable (e.g. using an infimum-supremum
representation) and they are by their definition convex and compact. Now let F be
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an interval enclosure for the function f representable on the computer (e.g. replace
all real operations and elementary function calls by the corresponding machine in-
terval operations/functions). Such an enclosure allows the machine computation
of sets containing the range of f over set-valued arguments, typically over ma-
chine intervals. Let X be a box (a convex and compact machine interval vector)
and let F (X), the result of the machine interval computation, be a subset of X.
Then it holds f(x)|x ∈ X ⊆ F (X) ⊆ X. That means, we have proved by some
interval machine computations that the continuos function f maps the (convex and
compact) interval vector X into itself. The result of the computation assures that
Brouwer’s fixed point theorem is applicable in the concrete situation and it follows
that there exists at least one fixed point x∗ of f in X. We see, F (X) ⊆ X can be
verified by machine computations and the validity of this relation is sufficient for
{f(x)|x ∈ X} ⊆ X. Possible conversion errors and rounding errors are captured
by machine interval operations (worst case outward rounding). Possible overesti-
mations due e.g. to some kind of wrapping effects or data dependencies do not
invalidate the final result (of course, overestimations should be avoided as far as
possible to allow F (X) ⊆ X (if the overestimation in the computation of F (X) is
too large, this relation does not hold).

2. Newton method to find the zero of a function

Let us consider the simplest case of Newton’s method to compute a zero of a
continuosly differentiable function g in one real variable. To find the nth root n

√
a

of a ∈ IR+ we proceed as follows:
Let

(1) g(x) := xn − a

with g′(x) = nxn−1. Defining

(2) N(x) = x− g(x)

g′(x)
,

the classical Newton iteration computes the iterates

(3) xk+1 = N(xk), k = 0, 1, 2, . . .

starting from a given initial value x0.

2.1. Symbolic computations and rational arithmetic. We start the Newton
iteration (3) for the function (1) with fixed values n = 5, a = 32 and with the
rational starting value x0 = 1 Then, obviously, all iterates xk are rational numbers,
i.e. they can be computed error-free using Maple’s [11] rational arithmetic. In our
case even the answer, i.e. the zero n

√
a of g, is a rational number. What follows is

the actual Maple code:

> restart;

g := proc (x) options operator, arrow; x^5-32 end proc;

dg := unapply(diff(g(x), x), x);

5

x -> x - 32

4
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x -> 5 x

> N := proc (x) options operator, arrow; x - g(x)/dg(x) end proc;

g(x)

x -> x - -----

dg(x)

> N := unapply(simplify(N(x)), x);

/ 5 \

4 \x + 8/

x -> ----------

4

5 x

> xk := 1;

printf("x0: "); print(xk, 1.0*xk);

printf("%c", "\n");

for k to 8 do

xk := N(xk);

nodd := ceil(log10(op(1, xk)))+ceil(log10(op(2, xk)));

printf("Number of decimal digits to represent x%d: %d %c", k, nodd, "\n");

if nodd < 100 then print(xk, 1.0*xk) else print(1.0*xk) end if

end do;

x0:

1, 1.0

Number of decimal digits to represent x1: 3

36

--, 7.200000000

5

Number of decimal digits to represent x2: 14

7561397

-------, 5.762381497

1312200

Number of decimal digits to represent x3: 69

24748945784387888557877390133166757

-----------------------------------, 4.615709793

5361893813970227432939420867060250

Number of decimal digits to represent x4: 345

3.706668058

Number of decimal digits to represent x5: 1722

2.999237997
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Number of decimal digits to represent x6: 8607

2.478483071

Number of decimal digits to represent x7: 43032

2.152390479

Number of decimal digits to represent x8: 215154

2.020104202

To represent x8 exactly as a rational number, already 215154 figures are necessary.
However, as an approximation to the value 5

√
32 = 2, x8 = 2.0201 . . . is only accurate

to two decimals! The length of the numerator expands by a factor of about 5 at
each Newton step. Due to computing time and memory restrictions, the method is
obviously not appropriate to compute more than the first few iterates.

2.2. Interval Newton method using (arbritary precision) interval oper-
ations. To compute the nth root of the value a ∈ IR+ using an interval Newton
method [4] we first introduce the so called Interval-Newton-operator

N(X) = N(X, y) := y −G(y)/G′(X) .

Here X denotes a closed real interval and y any point in X, e.g. the midpoint
of X. If there is a root of g in X then this root is also contained in N(X, y) (if
N(X, y) is computable at all). This may be shown by the Mean-Value theorem.
The Interval-Newton-operator does not lose a zero of g contained in X. The capital
letters G and G′ emphasize that we need interval enclosures [4] of the corresponding
real valued functions g and g′, respectively. We start the interval iteration with
starting interval X0 := [1/a, a] (this interval, and thus all iterates Xk, contain the
nth root of a. Also the initial value x0 = 1 of the rational iteration is contained in
this starting interval.). The interval Newton method computes the nested sequence
of intervals

Xk+1 = N(Xk,midpoint(Xk)) ∩ Xk, k = 0, 1, 2, . . .

Let us again set a = 32 and n = 5. The following Maple code using our Maple
Power Tool intpakX ([7, 3, 10] allows e.g. arbitrary precision interval computations)
is slightly modified by hand to make it more compact.

Please note, that we use Maple’s symbolic manipulation capabilities to automat-
ically generate the first derivative dg() of the function g. The inapply command
is part of the intpakX package. It transforms a Maple function/expression into
an interval function (this means basically that real quantities and real operations
are replaced by corresponding interval enclosures and interval operations). This
allows to compute verified range enclosures of the original real-valued Maple func-
tion/expression over intervals. mid indicates the midpoint and &intersect denotes
an operator computing the intersection of its two interval operands.

> restart;

libname := "/home/kraemer/projekte/braun/master", libname;

with(intpakX);

> n := 5: a := 32.0:

g := proc (x) options operator, arrow; x^n-a end proc:

dg := unapply(diff(g(x), x), x):
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> x := ’x’:

N := inapply( mid(x) - g(mid(x))/dg(x), x ): #Newton operator

> Digits := 40:

> xk := construct(1/a, a); #contains the root of g()

printf("x0:"); print(xk);

for k to 11 do #perform some interval Newton steps

xk := ‘&intersect‘(N(xk), xk);

printf("x%d: %c", k, "\n"); print(xk);

end do;

x0:

[0.03125000000000000000000000000000000000000,

32.00000000000000000000000000000000000000]

x1:

[0.03125000000000000000000000000000000000000,

15.81465263180343736593158610048703849317]

x2:

[0.03125000000000000000000000000000000000000,

7.823231622893632549273354435370367809400]

x3:

[0.03125000000000000000000000000000000000000,

3.879069797905080184045481815927219264884]

x4:

[1.958189629694801499712260701420155717296,

3.879069797905080184045481815927219264884]

x5:

[1.958189629694801499712260701420155717296,

2.759821544709750658290262536064053492103]

x6:

[1.958189629694801499712260701420155717296,

2.217470870974655844998487492795344826269]

x7:

[1.983483873581623112376918265014760651179,

2.024375423351402189923784960702237493604]

x8:

[1.999851475773569004667291861327884059748,

2.000171135238750288302281506548692080610]

x9:

[1.999999996513240144452564236299207708070,

2.000000003740941910738774185453415335888]

x10:

[1.999999999999999999097576080686540639748,

2.000000000000000000934728169601007961380]

x11:

[1.999999999999999999999999999999999999969,
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2.000000000000000000000000000000000000031]

The value of the exact zero 5
√

32 of g is the integer value 2. Thus, looking at the
number of nines behind the leading 1 of the lower bound or at the number of zeros
behind the leading 2 of the upper bound allows to see the quadratic convergence
property of the Newton iteration. The number of correct digits is typically doubled
in each additional step. Using arbitrary precision interval operations (manipulat-
ing the Digits variable) allow the efficient computation of enclosures of arbitrary
accuracy. With this respect, arbitrary precision interval operations may be much
more useful than rational operations (see the end of Subsection 2.1).

3. Additional remarks on the interval Newton method and
computer-assisted proofs

In Section 2.2 we started the interval Newton iteration with an interval containing
the correct answer (this was not checked by the computations but has been verified a
priori analytically). But the interval Newton method also allows to check a sufficient
criterion with the help of the computer: It is easy to show that if N(X) ⊆ X, then
the interval X contains exactly one zero of f . The proof is based on Brouwer’s fixed
point theorem and the fact that F ′(X) does not contain 0 (otherwise a division by
zero occurs, i.e. N(X) is not defined for the argument X). Thus, the set of
derivatives does not contain zero which means that the function g is monotone on
X guaranteeing the uniqueness of the zero. The validity of N(X) ⊆ X checked by
the computer is a computer-assisted proof that the function f has exactly one zero
in the interval X.

A computer-assisted proof for the fact that g has no zero in X results from
N(X) ∩ X = ∅. An empty intersection as a result of the corresponding machine
interval operation is, again, sufficient for the assertion on g. And again overes-
timation in the computation of N(X) by (machine) interval operations does not
invalidate the sufficiency of the criterion result.

Maple and other computer algebra packages like Mathematica [23], MuPad etc.
provide very well designed mathematical function implementations. But to the
authors knowledge, the results are not guaranteed to be accurate to the last bit.
Even worse, there are now guaranteed error bounds for the function implementation
available/published. The function implementations also do not allow interval or
complex interval arguments. intpakX guarantees interval computations based on
the basic arithmetical operations. Computing mathematical functions on intervals
is possible, but the realization of these interval functions is based on Maples point
functions (accuracy not specified) just using some guard digits. This approach often
gives correct results, but of course, it is not really reliable in a mathematical sense.
To overcome this unpleasant situation we suggest to combine computer algebra
packages with appropriate interval libraries/environments. In the following section
we have a look on interval packages supplying their users with different kinds of
interval mathematical functions.

4. Some multiple-precision and arbitrary-precision interval packages

There are only a few interval packages supporting multiple-precision interval
mathematical functions available [19, 20, 18, 13, 8]. One C++ library with a rather
complete set of elementary mathematical functions (trigonometric functions and
their inverses, hyperbolic functions and their inverses, exponentials, logarithms,
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power functions, as well as some other functions) for real and complex machine
intervals is C-XSC [8, 5, 6]. C-XSC offers the intrinsic interval data types interval,
cinterval for real and complex intervals with IEEE double numbers as bounds and
l_interval and l_cinterval for staggered precision real and complex intervals.
There is also a C-XSC interface to the MPFR and MPFI libraries available. In
this case the arbitrary precision data types are called MPFRClass and MPFIClass,
respectively. However, the MPFR and MPFI libraries do not support complex
intervals. An additional package to C-XSC is also available delivering staggered
precision real and complex intervals with extremely wide exponent range. The data
types are called lx_interval and lx_cinterval, respectively. These staggered
data types [16] are based on unevaluated sums of IEEE double numbers. They
typically allow precisions up to a several hundred decimal digits.

We first use a variable of the basic complex interval data type cinterval to
compute an enclosure of the set ln(sin(z))|z ∈ Z with Z = [0, 1] + i[2, 3] ⊂ C. Here
Z denotes the rectangle with sides parallel to the axes and with lower left corner
(0,2) and upper right corner (1,3). We want to compute a corresponding rectangle,
again with sides parallel to the axes, containing the range of the sine function on
X. Note, that the shape of the set {ln(sin(z))|z ∈ Z} itself is more complex.

The C-XSC source code is as follows:

#include <iostream>

using namespace std;

#include <cinterval.hpp> //complex interval operations

using namespace cxsc;

int main() {

cinterval z(interval(0,1),interval(2,3)); //complex interval data type

//complex interval [0,1] + i*[2,3]

cout << "z: " << endl << z << endl;

cout << "Enclosure of ln(sin(z)): " << endl << ln(sin(z)) << endl;

}

Running the program results in the following output:

z:

([ 0.000000, 1.000000],[ 2.000000, 3.000000])

Enclosure of ln(sin(z)):

([ 0.672740, 2.574116],[ 0.227314, 1.570797])

The computed result [0.672740, 2.574116] + i*[0.227314, 1.570797] is guar-
anteed to be an enclosure of the range of values {ln(sin(z))|z ∈ Z}.

Let us compute ln(sin(1 + 3i)) to about 45 good decimals using the staggered
precision data type l_cinterval.

//...as in the listing above

#include <l_cinterval.hpp> //staggered precision complex intervals

int main() {

//the global C-XSC variable stagprec allows to control

//the precision of staggerd-precision quantities:
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stagprec= 3; //about three-fold double precision

cout << SetDotPrecision(50,45); //output format

//create a complex interval in staggered-precision format

l_cinterval z(interval(1,1),interval(3,3));

//z is the complex (point) interval [1,1] + i*[3,3]

cout << "z: " << endl << z << endl;

cout << "Enclosure of ln(sin(z)): " << endl << ln(sin(z)) << endl; }

The output is

z:

([ 1.000000000000000000000000000000000000000000000,

1.000000000000000000000000000000000000000000000 ],

[ 3.000000000000000000000000000000000000000000000,

3.000000000000000000000000000000000000000000000 ])

Enclosure of ln(sin(z)):

([ 2.307886347506494601829631969957200324910727432,

2.307886347506494601829631969957200324910727433 ],

[ 0.568544730205705952476918985512935541942302411,

0.568544730205705952476918985512935541942302412 ])

The second displayed complex interval is guaranteed to contain the value ln(sin(1+
3i)). We see that the enclosure is accurate up to the last digits displayed.

The staggered-precision data is a special kind of a multiple-precision data type
lohner93,blom09. The operations are performed on floating-point vectors represent-
ing exact sums of floating point values. To this end the so called long accumulator
(C-XSC dotprecision data type, [8, 24]) is used. It allows the exact computation of
dot products of vectors with floating-point components. Because staggered preci-
sion numbers are stored as vectors with floating-point components, the precision of
staggered numbers is limited by the exponent range of the underlying floating-point
screen.

In the next example we perform some time measurements for arbitrary precision
real and interval arithmetics based on the libraries MPFR [17, 22] and MPFI [22].
The MPFR library guarantees the best possible accuracy (exactly rounded results
for all rounding modes) with respect to the precision used. The interval functions
realized by the MPFI library are based on this feature. They give best possible
interval enclosures (if the exact function value is representable, this value is return
value of the MPFI function call). The set of interval functions realized in the MPFI
library is very limited. Complex interval functions are not at all available.

Representable results are reproduced by the MPFI functions. Let x denote the
interval [2, 4]. Then log 2(x) = [1, 2] and log 2(1/x) = log 2([1/2, 1]) = [−2,−1].

#include <iostream>

#include <interval.hpp> //C-XSC intervals

#include "mpficlass.hpp" //C-XSC interface to MPFI library

using namespace std;

using namespace MPFI;

using namespace cxsc;
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int main() {

long int prec= 10;

MpfiClass::SetDefaultPrecision(prec); //use prec bit for mantissa

MpfiClass::SetBase(2); //base for input/output

MpfiClass x(interval(2.0,4.0)); //interval [2,4]

cout << "log2(x): " << log2(x) << endl;

MpfiClass r;

r= 1/x;

cout << "log2(1/x)=log2(r): " << log2(r) << endl;

cout << "log10(x): " << log10(x) << endl;

}

Running the program produces the following output:

log2(x): [ 1.00000, 1.00000e1 ]

log2(1/x)=log2(r): [-1.00000e1, -1.00000 ]

log10(x): [ 1.00110e-2, 1.00111e-1]

Note that the interval bounds are printed as binary numbers. The results are as
predicted.

The following program is used to do some time measurements for the arbitrary
precision MPFI interval functions. We compute enclosures for the sine function at
the point interval [7, 7] with 1000 bit starting precision and doubling the precision
within a loop until 29 × 1000 = 512000 bit are reached.

#include <interval.hpp>

#include "mpficlass.hpp"

#include "timer.hpp"

using namespace std;

using namespace MPFI;

using namespace cxsc;

int main() {

double start;

long int precision=1000; //number of mantissa bits

for (int i= 0; i<= 9; i++) {

MpfiClass x(interval(7), precision); //point interval [7,7]

cout << precision << " bits, ";

start= GetTime();

sin(x); //function call

cout << "time used: " << GetTime()-start << " sec" << endl;

precision+= precision; //precision doubling

}

}

Running the program produces the following output:

1000 bits, time used: 0.000250101 sec

2000 bits, time used: 0.000307083 sec

4000 bits, time used: 0.000962019 sec
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8000 bits, time used: 0.00355291 sec

16000 bits, time used: 0.0135369 sec

32000 bits, time used: 0.0501981 sec

64000 bits, time used: 0.191191 sec

128000 bits, time used: 0.698907 sec

256000 bits, time used: 2.63609 sec

512000 bits, time used: 8.5943 sec

The time needed to compute the sine function using Maple at the point 7.0 to
100000 decimal places (about 332200 binary digits) measured by

restart: Digits:=100000; st:= time(): sin(7.0): time()-st;

is: 11.605 seconds.
The C-XSC as well as the Maple results have been computed on the same ma-

chine.
Maple’s sine function implementation seems to be not as efficient as the interval

sine function for MpfiClass interval variables in C-XSC. There is no guarantee of
good digits in the Maple result whereas the MPFI/C-XSC enclosure is the best
possible result (guaranteed by the MPFR and MPFI libraries) with respect to the
actual precision setting.

5. Concluding remarks

We urgently need software tools combining symbolic computations and verifi-
cation methods. There are several promisingly first approaches (see e.g. [14]).
However, a lot of further work (theoretical research as well as highly demanding
software development) has to be done to get really powerful hybrid methods. The
author is confident that it’s worth the effort. The outcome will allow the user to do
more and more automatized rigorous mathematics on the computer, not only based
on symbolic manipulations but also based on very fast floating-point (interval) com-
putations. Also highly sophisticated but often unsafe approximate methods may
be complemented by mathematically rigorous supplementations.
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SCHUBERT CELLS IN LIE GEOMETRIES AND KEY

EXCHANGE VIA SYMBOLIC COMPUTATIONS

VASYL USTIMENKO

Abstract. We propose some cryptographical algorithms based on finite BN -

pair G defined over the fields Fq . We convert the adjacency graph for maxi-

mal flags of the geometry of group G into a finite Tits automaton by special
colouring of arrows and treat the largest Schubert cell Sch = FqN on this

variety as a totality of possible initial states and a totality of accepting states

at a time. The computation (encryption map) corresponds to some walk in
the graph with the starting and ending points in Sch. To make algorithms

fast we will use the embedding of geometry for G into Borel subalgebra of
corresponding Lie algebra. We consider the induced subgraph of adjacency

graph obtained by deleting all vertices outside of largest Schubert cell and

corresponding automaton (Schubert automaton). We consider the following
symbolic implementation of Tits and Schubert automata. The symbolic initial

state is a string of variables xα, where roots α are listed according Bruhat

order, choice of label will be governed by linear expression in variables xα,
where α is a simple root.

Conjugations of such nonlinear map with element of affine group acting

on Fq
N can be used in Diffie-Hellman key exchange algorithm based on the

complexity of group theoretical discrete logarithm problem in case of Cremona

group of this variety. We evaluate the degree of these polynomial maps from

above and the maximal order of this transformation from below. For simplicity
we assume that G is a simple Lie group of normal type but the algorithm can

be easily generalised on wide classes of Tits geometries. In a spirit of algebraic
geometry we generalise slightly the algorithm by change of linear governing

functions for rational linear maps.

1. Introduction

According to Hilbert’s approach to Geometry it is a special incidence system
(or multipartite graph). Felix Klein thought that the Geometry was a group and
proposed his famous Erlangen program. J. Tits combined those two ideas for the
development of concept of a BN -pair, its geometry and flag system [28]. [29]. He
created an axiomatic closure for such objects based on the definition of building
[30].

Finite geometries Γ(G(q)) of BN -pair G(q) with Weyl group W defined over
finite field Fq, q → ∞ form a family of small world graphs. Really, the diameters
of the incidence graphs for Γ(G(q)) coincide with the diameter of Weyl geometry
Γ(W ), but average degree is growing with the growth of parameter q. The problem

Key words and phrases. small world graphs, Lie geometries, symbolic computations, walks
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of constructing infinite families of small world graphs has many remarkable applica-
tions in economics, natural sciences, computer sciences and even in sociology. For
instance, the ”small world graph” of binary relation ”two person shake hands” on
the set of people in the world has small diameter.

The algorithm of finding the shortest pass between two arbitrarily chosen ver-
texes of Γ(G(q)) is much faster than the action of general Dijkstra algorithm. One
can find the pass in Γ(G(q)) for the time c, where c is a constant independent on q.
Regular graphs of simple groups of Lie type of normal type of rank 2 (generalised
m-gons for m ∈ {3, 4, 6} support the sharpness of Erdös’ bound from Even Circuit
Theorem in cases of cycles of length 4, 6 and 10 (see [3]).

One of the constructions which provide for each k0 ≥ 2 the infinite family of
regular graphs of degree k, k ≥ k0 of large girth (length of minimal cycle) is based

on the properties of the geometry of Kac-Moody BN -pair G(q) with diagram Ã1

(see [16], [17], [18])
The geometries of finite BN -pairs are traditionally used in classical Coding The-

ory. Foundations of this theory are based on the concept of finite distance-transitive
or distance-regular metrics (distance regular and distance transitive graphs in other
terminology [6]). Large number of known families of distance transitive graphs
are constructed in terms of the incidence geometry of BN -pair or geometry of its
Weyl group. Known constructions of families of distance - regular but not distance
transitive graphs are also based on the properties of BN -pair geometries (see [6],
[32]). Linear codes are just elements of projective geometry and all applications
of Incidence Geometries to Coding Theory are hard to observe (see [12], [20], [22]
and further references). Notice that some nonclassical areas like LDPS codes and
turbocodes use objects constructed via BN -pair geometries: for the first construc-
tions of LDPS codes Tanner [27] used finite generalised m-gons, the infinite family
of graphs of large girth defined in [16] have been applied to constructions of the
LDPS codes ([15], [13], [14], [25], [26] and further references)

Quite recent development gives an application of linear codes and their lattices
to cryptography. Incidence geometries were used in [1] and [36] for the development
of cryptographical algorithms (see also a [5], [20]).

In the paper we generalise some encryption algorithms of [36], [35] and consider
the key exchange protocols based on geometries of BN -pairs.

2. Basic definitions in theory of BN-pairs, their geometries and flag
systems

2.1. Graphs and incidence system. The missing definitions of graph-theoretical
concepts which appears in this paper can be found in [2] or [3]. All graphs we
consider are simple, i.e. undirected without loops and multiple edges. Let V (G)
and E(G) denote the set of vertices and the set of edges of G, respectively. Then
|V (G)| is called the order of G, and |E(G)| is called the size of G. When it is
convenient, we shall identify G with the corresponding anti-reflexive binary relation
on V (G), i.e. E(G) is a subset of V (G) × V (G) and write vGu for the adjacent
vertices u and v (or neighbours). The sequence of distinct vertices v0, v1, . . . , vt,
such that viGvi+1 for i = 1, . . . , t−1 is the pass in the graph. The length of a pass is
a number of its edges. The distance dist(u, v) between two vertices is the length of
the shortest pass between them. The diameter of the graph is the maximal distance
between two vertices u and v of the graph. Let Cm denote the cycle of length m i.e.
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the sequence of distinct vertices v0, . . . , vm such that viGvi+1, i = 1, . . . ,m− 1 and
vmGv1. The girth of a graph G, denoted by g = g(G), is the length of the shortest
cycle in G. The degree of vertex v is the number of its neighbours.

The incidence structure is the set V with partition sets P (points) and L (lines)
and symmetric binary relation I such that the incidence of two elements implies
that one of them is a point and another is a line. We shall identify I with the simple
graph of this incidence relation (bipartite graph). If number of neighbours of each
element is finite and depends only from its type (point or line), then the incidence
structure is a tactical configuration in the sense of Moore (see [7]). An incidence
structure is a semiplane if two distinct lines are intersecting not more than in one
point and two distinct points are incident not more than one line. As it follows
from the definition, graphs of the semiplane have no cycles C3 and C4.

The graph is k-regular if each of its vertex has degree k, where k is a constant.
The incidence system is the triple (Γ, I, t) where I is a symmetric antireflexive

relation (simple graph) on the vertex set Γ, t : Γ → ∆ is a type function onto the
set of types ∆ such that αIβ and t(α) = t(β) implies α = β.

The flag F is a nonempty subset in Γ such that α, β ∈ F implies αIβ. We
assume that t(F ) = {t(x)|x ∈ F}

We assume that two flags F1 and F2 are incident (F1IF2) if F1∪F2 is also a flag
and t(F1) ∩ t(F2) = ∅. Let GF (Γ) be the incidence graph of the incidence relation
defined on the set of all flags from Γ, GFI,J(Γ), I ∩ J = ∅ be the totality of flags of
type I or J with the restriction of flag incidence on it. The type function is defined
by t(α) = s, where α = gGs for some s ∈ S.

2.2. Groups, Coxeter systems and BN-pairs. An important example of the
incidence system as above is the so-called group incidence system Γ(G,Gs)s∈S . Here
G is the abstract group and Gss∈S is the family of distinct subgroups of G. The
objects of Γ(G,Gs)s∈S are the left cosets of Gs in G for all possible s ∈ S. Cosets
α and β are incident precisely when α ∩ β 6= ∅. The type function is defined by
t(α) = s where α = gGs for some s ∈ S.

Let (W,S) be a Coxeter system, i.e. W is a group with set of distinguished
generators given by S = {s1, s2, . . . , sl} and generic relation (si× sj)mi,j = e. Here
M = (mi,j) is a symmetrical l × l matrix with mi,i = 1 and off-diagonal entries
satisfying mi,j ≥ 2 (allowing mi,j = ∞ as a possibility, in which case the relation
(si × sj)mi,j = e is omitted). Letting Wi =< S − {si} >, 1 ≤ i ≤ l we obtain a
group incidence system ΓW = Γ(W,Wi)1≤i≤l called the Coxeter geometry of W .
The Wi are referred to as the maximal standard subgroups of W (see [8]).

Let G be a group, B and N subgroups of G, and S a collection of cosets of B∩N
in N . We call (G,B,N, S) a Tits system ( or we say that G has a BN -pair) if

(i) G =< B,N > and B ∩N is normal in N ,
(ii) S is a set of involutions which generate W = N/(B ∩N),
(iii) sBw is a subset in BuB ∪BswB for any s ∈ S and w ∈W ,
(iv) sBs 6= B for all s ∈ S.
Properties (1)-(iv) imply that (W,S) is a Coxeter system (see [7], [8]). Whenever

(G,B,N, S) is a Tits system, we call the group W the Weyl group of the system,
or more usually the Weyl group of G. The subgroups Pi of G defined by BWiB are
called the standard maximal parabolic subgroups of G. The group incidence system
ΓG = Γ(G,Pi)1≤ilel is commonly referred to as the Lie geometry of G (see [6]). Note
that the Lie geometry of G and the Coxeter geometry of the corresponding Weyl



138 VASYL USTIMENKO

group have the same rank. In fact there is a type preserving morphism from ΓG onto
ΓW given by gPi → wWi, where w is determined from the equality BgPi = BwPi.
This morphism is called a retraction (see [30]).

3. Tits and Schubert automata and for symbolic computations

3.1. Definitions of automata. The geometry Γ(G) of BN -pair G is the set of
all left cosets by the standard maximal subgroups i.e. maximal subgroups Pi,
i = 1, 2, . . . , ni of G containing standard Borel subgroup B. Two cosets C1 = gPi
and C2 = hPj are incident C1IC2 if and only if their intersection is not empty. It
is clear, that gPi ∩ hPj 6= 0 implies i 6= j. The maximal flag of the geometry is a
subset F = {C1, C2, . . . , Cn} such that CiICj for each pair (i, j), i 6= j. Maximal
flags form the set FΓ(G), they are in one to one correspondence with the left cosets
by standard Borel subgroup. The largest Schubert cell Sch is the orbit of B acting
on FΓ(G) containing largest number of elements. In case of group of normal type

variety Sch = Sch(G) is isomorphic to vector space Fq
N , where N is the number of

positive roots.
We assume that two maximal flags F1 and F2 are adjacent if their intersection

contains n− 1 elements of geometry. Let AF (G) be the simple graph of symmetric
adjacency relation (flag graph for Γ(G). The order of this simple regular graph is
|(G : B)|, the degree is nq and diameter is n. Let us restrict the adjacency relation
as above on the largest Schubert cell Sch(G). We obtain new graph AS(G) which
is a regular induced subgraph of AF (G) of order qN and degree q − 1. We refer to
AS(G) as Schubert subgraph of the flag graph.

We convert the directed graph of adjacency relation of flags into the following
automaton.

Let (F1, F2) be the ordered pair of adjacency flags such that t(F1 ∩ F2) =
{1, 2, . . . , n} − {s}. So flags differs by geometry elements C1 = Cs

1 and C2 = Cs
2

of type s from (F1, F2), respectively. The following situations are possible.
(i) Element C1 and C2 are from the same Schubert cell. In that case there unique

a transformation u = xα(t), t 6= 0, shifting C1 to C2. Root α depends on Retr(F1)
only.

(ii) Elements C1 and C2 are from different Schubert cells and there is a group Uα
such that (F1 ∩ F2) ∪ {u(C2)} is an adjacent flag to F1 for each u = xα(t). Notice,
that case t = 0 is a possibility here. Root α depends on Retr(F1) again.

(iii) Elements C1 and C2 are from different Schubert cells and Schubert cell
contains C2 as unique representative C such that flag (F1 ∩ F2) ∪ {C} is adjacent
to F1.

Let us consider the following labelling of F1 → F2 for cases of (i), (ii) and (iii)
separately:

(i) put the label (s, t). where t 6= 0.
(ii) the label is (s, t), where t ∈ Fq is defined by condition xα(t)Retr(C2) = C2

(iii) put the label ∞.
So for fixed F1 and fixed type s the label (s, t) in direction to s-adjacency flag is

defined by parameter t taken from the ”acceptable” set Ac(F1) = Fq ∪ {γ} where
γ is one of the symbols 0 and ∞. We add the formal loop on state F1 labelled by
the unique symbol from {0,∞}− {γ}.

So the transition function Ts,t of taking the s-adjacent element of colour (s, t)
for general flag is defined for each t ∈ Fq ∪ {∞} We assume that the initial state
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can be any flag from the largest Schubert cell Sch and this cell is the totality of all
accepting states.

So algorithm can be given by the string of labels (s1, t1), (s2, t2), . . . , (sd, td) such
that the composition T = T (s1, t1)T (s2, t2)T (sd, td) maps Sch into itself. We are
interested only in irreducible computations for which si 6= si+1 for i = 1.2, . . . d− 1

In case of group of normal type the alphabet contains exactly n(q+ 1) symbols.
The computation corresponds to special walks in the graph AF (G) with the starting
and ending point in Sch(G). Notice that C may be not a bijection. For instance
T (s,O), which image for Sch lays outside of the largest large Schubert cell, is not
invertible.

We refer to such automaton as Tits automaton for group G. We would like to
use it as tool for symbolic computations.

The unipotent group U acts regularly on Sch. So we can identify v ∈ Sch with
certain product of Xα(tα), and positive roots α ∈ Root are taken in Bruhat order.
In fact, we identify the string v = tα ∈ Fq, α ∈ Root+ with the accepting state v.

We refer to the list (tα1
, tα2

, . . . , tαn
), where α1, α2, . . . , αn is the set of all simple

roots, as the color of v from plainspace. So we are colouring accepting states now
but not arrows.

Let us consider irreducible computation within Tits automaton of kind v → vs,
v1 = T (i1, a1)(v), v2 = T (i2, a2)(v1), . . . , vs = T (is, as)(vs−1), where ik 6= ik+1, k =
1, . . . , s−1, ak ∈ Fq ∪∞, element Retr(v) = Retr(vs) equals to the element w ∈W
of maximal length. Notice, that in the sequence Retr(v1),Retr(v2), . . . ,Retr(vk)
consecutive elements are adjacent in FΓ(W ) or equal.

The computation is conducted into several steps. Each time we have one of
the situations i, (ii) or (iii). In cases of kind (i) and (ii) when the correspond-
ing root α is simple parameters aj will be chosen as linear functions of kind
l(tα1

, tα2
, . . . tαn

) = c1tα1
+ c2tα2 . . . , cntαn

+ b, where c1, c2, . . . , cn and b are el-
ements of Fq and (tα1

, tα2
, . . . , tαn

) is a colour of our initial state. If α is not a
simple root, we choose aj as cjtβj

+ fj((tα1
, tα2

, . . . tαn
), where cj 6= 0.

After the completion of our computation we get the accepting state u = vs. It
has a colour (dα1 , dα2 , . . . , dαn) = (tα1 , tα2 , . . . tαn)A+ (b1, b2, . . . , bn), where

the matrixA is defined by some linear expressions of kind ai = li(l(tα1
, tα2

, . . . tαn
),

which we used during the computation. We will require that the matrix A is in-
vertible. Notice that we may use symbol ∞, where the design of algorithm allows
such option.

After the completion of algorithm we obtain accepting state of colour (dα1 , dα2 , . . . , dαn).
The invertibility of A allows us to compute (tα1 , tα2 , . . . tαn) as ((dα1 , dα2 , . . . dαn)−
(b1, b2, . . . , bn))A−1. So we can compute all parameters ai and create the reverse
walk in the graph and compute the inverse map T−1 which sends the final accepting
state to initial state.

Let us restrict Tits automaton on the largest Schubert cell, i. e delete all states
outside Sch(G) together with corresponding output arrows. We obtain Schubert
automaton over the alphabet (i, a), where a ∈ Fq, 1 ≤ i ≤ n. Notice, that a = 0
corresponds to taking the loop.

3.2. Tits and Schubert automata and related symmetric encryption. Cor-
respondents Alice and Bob may use the following symmetric encryption based on
the Tits automaton. The plainspace is a vector space Sch = Fq

N . The plaintext p

we identify with the string v= tα ∈ Fq, α ∈ Root+. We may think that this is a



140 VASYL USTIMENKO

function p : Root+ → Fq. Alice has to compute the restriction of this function onto
subsets of all simple roots and get the colour (tα1

, tα2
, . . . , tαd

) of the plainspace.
Correspondents share symbolic string of labels (s1, l1), (s2, l2), . . . , (sd, ld), where

li.i = 1, 2, . . . , d is a linear expression of formal variables zα, for each simple root α or
∞ and two affine invertible transformations τ1 and τ2. The vector space of all maps
from the totality of simple roots to Fq has to be not invariant subspace for τi, i =
1, 2. Alice executing the specialization zα = pα computing Corresponding numerical
string t = (t1, t2, . . . , td). She has to hide that string by applications of affine maps
τi. So she is adding to symbolic key two invertible Linear transformations τ1 and
τ2 of the plainspace Fq

N and compose τ1, the automaton map corresponding to t
and τ2.

She sends to Bob the ciphertext

c = τ1(T (s1, t1)T (s2, t2) . . . T (sd, td)(τ1(p))

Bob decrypt applying to c consequently τ2
−1, T−1, where T = T (s1, t1)T (s2, t2) . . . T (sd, td)

and τ1
−1,

Remark 1. If correspondents do not use ∞ in the shared symbolic key then
T is the computation in Schubert automaton. Bob can simply compute T−1 as
T (sd,−td)T (sd−1,−td−1) . . . T (s1,−t1).

Remark 2. We may generalise the above algorithms by changing affine maps
τ1, τ2 and (t1, t2, . . . , tn) → (t1, t2, . . . , td)A + (b1, b2, . . . , bn) for general invertible
polynomial maps.

4. Key exchange protocols based on incidence geometries

The automata as above can be considered over the general ground field F We
can see that the computations in both automata do not use division. What is going
on during the computations on a symbolic level. Let us assume now that the initial
state is a formal string of variables xα, where α is running throw the list of all
positive roots. It is convenient for us to expand the ground field Fq to the field R
of rational functions r(x1, x2, . . . , xN ) = f(x1, x2, . . . , xN )/g(x1, x2, . . . , xN ), where
f and g are elements Fq[x1, x2, . . . , xN ] Formal variables xα and governing linear
expressions l(xα1

, xα2
, . . . , xαn

, xα), where α is not a simple root are elements of
subring Fq[x1, x2, . . . , xN ] in R. During its work Tits automaton newer use division.
So after getting accepting state over R we got the vector of dimension N with poly-
nomial components fα. So the numerical encryption map is regular automorphism
of Fq

N (element of Cremona group for Fq
N ) of kind.

xi → fi(x1, x2, . . . , xN ), i = 1, 2, . . . , N

Special choice of symbolic key guarantee that the above transformation is bijec-
tive. Symbol ∞ play just formal role. Linearity of governing functions leads to
rather small degree of the nonlinear map.

Such a walk produces a bijective transformation T of variety Sch(G) which is
its regular automorphism ( polynomial map of the variety into itself such that its
inverse is also polynomial). We will conjugate T by invertible affine transformation
τ ∈ AGLN (Fq) and use Y = τ−1Tτ as the instrument for the key exchange based
in modified Diffie - Hellman method. So the Alice is computing a standard from
for Y
t1 = f1(t1, t2, . . . , tN ), t2 = f2(t1, t2, . . . , tN ), . . . , tN = fN (t1, t2, . . . , tN ),
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where fi ∈ Fq[t1, t2, . . . , tN ], i = 1, 2, . . . , N , and sending the map to Bob via
open communication channel. Correspondents Alice and Bob (as usually ) are
choosing their keys kA and kB , respectively. They are executing computations
DA = Y kA and DB = Y kB . They exchange the outputs via the open channel.

Finally Alice and Bob are computing collision maps DB
kA and DA

kB . So corre-
spondents are getting common element.

We can modify the above scheme:
Alice chooses the maximal flag F from the largest large Schubert cell Sch(G)

and sends it to Bob via open channel. Correspondence may use common flag
DA

kB (F ) = DB
kA(F ) as the key for their private key algorithm.

The security of the above key exchange algorithm based on the complexity of
discrete logarithm problem for the Cremona group of variety Sch(G). In case of
finite field Fq this group coincides with the symmetric group SqN . it is important
that we use description of permutations in terms of polynomial algebra. So related
discrete logarithm problem is formulated in terms of algebraic geometry.

Method allows various modification: we can use nonlinear invertible maps instead
of affine transformation τ , the base of discrete logarithm can be non invertible
polynomial map and etc. An interesting modifications can be obtained if we will
allow noninvertible transformations of the variety. For instance we may consider
fractional linear governing function li for the step i looks like (a1Xα1 + a2xα2 +
. . . aαn

xαn
)/(b1Xα1 + b2xα2 + . . . bαn

Xαn
) if the root α on step i is simple, and li is

a fraction of two linear combinations of xα, α ∈ Root+ if α is not a simple root. In
case of such governing functions we refer to corresponding automata as birational
Tits and Schubert automaton, respectively.

5. Embedding of the flag variety into the Lie Algebra and some
complexity estimates

Throughout this section (G,B,N, S) is a Tits system which arises in connection
with Chevalley group G, although we point that the results of this section remain
valid in a far more general setting (see [30],[7], [8]). We write G = Xl(K) to signify
that G is the Chevalley group over the field K, with associated Dynkin diagram
Xl. We are most interested in the case when K is finite, and we shall write Xl(q)
instead of Xl(Fq) in that case.

So, fix Chevalley group G = Xl(K) with corresponding Weyl group W . As in
the previous section ΓW and ΓG their associated Coxeter and Lie geometries. Let
L = H + L+ + L− be the Lie algebra corresponding to G.

Following convention, we refer to H, L+, L− and H + L+ as, respectively, the
Cartan subalgebras, positive root space, negative root space and Borel subalgebra
with respect to the given decomposition of L. We also use the familiar bracket
notation [, ] to indicate Lie product [4], [24],

Below we turn out our attention to a method of embedding ΓW and ΓG in L.
As the reader shall see, this method actually embeds ΓW in the Cartan subalgebra
H of L. Let us consider the embedding more precisely.

Let A = (ai,j) be the Cartan matrix corresponding to the root system Ω of W .
We consider the lattice R which is generated by simple roots α1, α2, . . . , αl and the
reflection r1, r2, . . . rl of R defined by the equality (αi)

rj = αi − ai,jαj .
Let S = {r1, r2, . . . , rl} is the set of Coxeter generators of Weyl group W . Let

α1
∗, α2

∗, . . . , αl
∗ be a dual basis of α1, α2, . . . , αl, i.e. αi

∗ is the linear functional
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on R which satisfies αi
∗(αj) = δi,j . We define the action of W on the dual lattice

R∗ by l(x)s = l(xs), where l(x) ∈ R∗ and s ∈ S.
Consider the orbit Hi = {αi∗w|w ∈ W} of permutation group (W,R∗), which

contains α1
∗. Let H be the disjoint union of Hi. We give the set H the structure

of an incidence system as follows. Linear functionals l1(x) and l2(x) are incident if
and only if products l1(α)l2(α) ≥ 0 for all α ∈ Ω. The type function t is defined by
t(l(x)) = i where l(x) ∈ Hi. It can be shown that (H, I, t) is isomorphic to Coxeter
geometry ΓW . (In fact there is a unique isomorphism of ΓW with (H, I, t) which
sends Wi to αi, 1 ≤ i ≤ l.) This gives the desired embedding since H is a subset in
R∗ and R∗ ⊂ L0. Moreover this embedding still valid for a field K of sufficiently
large characteristic, since, in that case H is a subset of R×K = L0.

We now consider an analogous embedding of the Lie geometry ΓG into the Borel
subalgebra U = L0 + L+ of L. Let d = α1

∗ + α2
∗ + . . . αl

∗. Than we can take
Ω+ = {α ∈ Ω|d(α) ≥ 0} to be our set of positive roots in Ω. For any l(x) ∈ R∗

define η−(L) = α ∈ Ω+|l(α) < 0.
Let Lα be the root space corresponding to positive root α. For each h ∈ H we

define the subalgebra Lh as the sum of Lα, α ∈ η−(h). Let Ui = {h+ v|h ∈ Hi, v ∈
Lh} and U is a disjoint union of Ui. We give U the structure of an incident system
as follows. Elements h1 + v1 and h2 + v2 are incident if and only if each of the
following hold:

(i) h1(α)h2(α) ≥ 0 for all α ∈ Ω, i.e. h1 and h2 are incident in (H, I, t).
(ii) [h1 + v1, h2 + v2] = 0
Element h+ v has type i if h+ v ∈ Ui.
In [38] it is shown that this newly defined incident system is isomorphic to the

Lie geometry ΓG, provided that the characteristic of K is zero or sufficiently large
to ensure the isomorphism at the level of the subgeometries (H, I, t) and ΓW . Then
analogous to the Weyl case, there exists a unique isomorphism Retr of Γ(G) into
(U, I, t) which sends Pi to αi, 1 ≤ i ≤ l.

Proposition 5.1. Let Γ = Γ(G) be the geometry of group G = Xn(q). The above
interpretation of Γ(G) allows

(i) generate Γ in O(|Γ|) elementary steps and check whether or not two elements
of Γ are incident for time O(N2), where N is the number of positive roots.

(ii) complete the computation in Tits and Schubert automaton consisting of k
elementary steps for time O(kN)

Graphs of degree q and SF (Xn(q), q ≥ 4 of degree q−1 have orders |Xn(q)|/|B|
and qN , respectively. They form families of small world graphs depending on two
parameters n and q.

6. On the discrete logarithm problem with polynomial or birational
base

Let Fp, where p is prime. be a finite field. Affine transformations x → Ax + b,
where A is invertible matrix and b ∈ (Fp)

n, form an affine group AGLn(Fp) acting
on Fp

n. It is known that polynomial transformation of kind x1 → g1(x1, x2, . . . , xn), x2 →
g2(x1, x2, . . . , xn), . . . , xn → gn(x1, x2, . . . , xn) form a symmetric group Spn .

In the simplest case Fp, affine transformations form an affine group AGLn(Fp)
of order (pn− 1)(pn− p) . . . (pn− pn−1) in the symmetric group Spn of order (pn)!.
In [19] the maximality of AGLn(Fp) in Spn was proven. So we can present each
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permutation π as a composition of several ”seed” maps of kind τ1gτ2, where τ1, τ2 ∈
AGLn(Fp) and g is a fixed map of degree ≥ 2. One may choose quadratic map
of Imai - Matsumoto algorithm in case p = 2 (see [10], [21] for its description and
cryptanalysis by J. Patarin) or graph based cubical maps [31] for general p.

We can choose the base of Fp
n and write each permutation g ∈ Spn as a ”public

rule”:
x1 → g1(x1, x2, . . . , xn), x2 → g2(x1, x2, . . . , xn), . . . , xn → gn(x1, x2, . . . , xn).
Let gk ∈ Spn be the new public rule obtained via iteration of g. Discrete loga-

rithm problem of finding solution for k for gk = b can be difficult if the order of g
is ”sufficiently large”. We have to avoid the linear growth of the degree gk, when
k is growing. Obvious bad example is the following: g sends xi into xi

t for each i.
In this case the solution is just a ratio of degb and degg.

Let us consider the Cremona group C(n, q) of all invertible polynomial auto-
morphisms of the vector space Fq

n, where q = pm, the semigroups PC(n, q) and
BC(n, q) of polynomial and birational maps of Fq

n into itself, respectively.
To avoid such trouble one can look at families of subgroups of increasing order

Gn, n → ∞ of Spn such that maximal degree of its element equals c, where c is
independent constant (groups of degree c or groups of stable degree). We refer to
an element g such that all its nonidentical powers are of degree c as element of
stable degree.

It is clear that the family of affine subgroup AGLn(p) is a subgroup of stable
degree for c = 1 and all nonidentical affine transformations are of stable degree. No-
tice that if g is a linear diagonalisable element of AGLn(p), then discrete logarithm
problem for base g is equivalent to the classical number theoretical problem.

One can take a subgroup H of AGLn(p) and consider its conjugation with nonlin-
ear bijective polynomial map f . Of course the group H ′ = f−1Hf will be also a sta-
ble group, but for most pairs f and H group H ′ will be of degree degf×degf−1 ≥ 4
because of nonlinearity f and f−1. So the problem of construction an infinite fam-
ilies of subgroups Gn in Snp of degree 2 and 3 may attract some attention.

The following questions are important because of Diffie Hellman type protocols
(see [9]).
Q1; How to construct stable subgroups C of small degree c (c = 2 and c = 3

especially) of increasing order in C(n, q)?
We say refer to a semigroup Se generated by single elements as monogenetic

semigroup of order |Se|.
Q2; How to construct stable monogenetical subsemigroups in PC(n, q) and

BC(n, q) of small degree c (c = 2 and c = 3 especially) of increasing order in
C(n, q) of large order?

Finally, we announce the following statement

Theorem 6.1. Let Xn(F ), n ≥ 2 be a simple group of Lie type over the field F .
Let L(Xn(q) be a group of all invertible computations in Schubert automaton.

In case of classical groups (diagrams An, Bn, Cn and Dn) groups L(Xn(F )),
n→∞ form families of stable degree.

Remark: Groups L(Xn(F )) are of degree 3 in case of diagram Bn, Cn and Dn,
and L(An(F )) are groups of degree 2.

We can demonstrate the existence of elements in L(Xn(q)) of rather large order.
Really, take a permutation i1, i2, . . . , in on the nodes of Dynkin diagram and com-
pute a composition g of generators Zi1(l1(x)), Zi2(l2(x)), . . . Zin(ln(x)), where li(x)



144 VASYL USTIMENKO

are linear forms corresponding to the rows of Singer cycle matrix of order qn − 1
(see, for instance, [11]). As it follows from the description of algorithm the order
of g will be at least qn − 1.

Similarly we can use Singer cycle to generate by Tits automata a stable mono-
genetic subgroup in PC(n, q) and BC(n, q).
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SINGULAR LOCUS ON THE SPACE OF GENUS 2 CURVES

WITH DECOMPOSABLE JACOBIANS.

LUBJANA BESHAJ

Abstract. We study the singular locus on the algebraic surface Sn of genus

2 curves with a (n, n)-split Jacobian. Such surface was computed by Shaska
in [15] for n = 3, and Shaska at al. in [3] for n = 5. We show that the singular

locus for n = 2 is exactly th locus of the curves of automorphism group D4 or

D6. For n = 3 we use a birational parametrization of the surface S3 discovered
in [15] to show that the singular locus is a 0-dimensional subvariety consisting

exactly of three genus 2 curves (up to isomorphism) which have automorphism

group D4 or D6. We further show that the birational parametrization used in
S3 would work for all n ≥ 7 if Sn is a rational surface.

1. Introduction

We study the singular locus on the space of genus 2 curves with a (n, n)-split
Jacobian. Such curves have been of much interest lately because of their use in many
theoretical and applicative situations. The first part of the paper is based on several
papers on the topic of genus two curves with split Jacobians; see [1,3–9,11–14,16–21]
among others.

In the first section, we study genus 2 curves with split Jacobian. Let X be a
genus 2 curve defined over an algebraically closed field k, of characteristic zero.
Let ψ : X → E be a degree n maximal covering (i.e. does not factor through an
isogeny) to an elliptic curve E defined over k. We say that X has a degree n elliptic
subcover. Degree n elliptic subcovers occur in pairs. Let (E;E′) be such a pair. It
is well known that there is an isogeny of degree n2 between the Jacobian Jac (X )
of X and the product E × E′. We say that X has (n, n)-split Jacobian.

The locus of genus two curves with (n, n)-split Jacobians is an irreducible 2-
dimensional algebraic variety. There are many descriptions of it in the literature,
but throughout this paper we will use only the embdedding of such space in the
moduli space M2. In other words, we would like an equation of such space where
every point corresponds precisely to one isomorphism class of genus 2 curves. We
denote such surface by Sn and always think of it given by an equation in terms
of the absolute invariants i1, i2, i3 of genus two curves; see [21]. We will call the
surface Sn the Shaska surface of level n.

The case with (3, 3)-split Jacobian was studied in [15]. These are the curves
with degree 3 elliptic subcovers. Shaska in [15] computed the locus of curves X
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Key words and phrases. genus two curves, moduli spaces, hyperelliptic curve cryptography,

modular polynomials.
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with degree 3 elliptic subfield in the moduli space of genus 2 curves. We will give
the explicit equation of this space and also a graphical representation of it. It was
the first time that such an equation was computed other than the computationally
trivial case for n = 2.

In [3] was studied the case with (5, 5) - split Jacobian by Shaska, Magaard, and
Voelklein. There was computed a normal form for the curves in the locus S5 and
its three distinguished subloci. Further, they have computed the equation of the
elliptic subcover in all cases, gave a birational parametrization of the subloci of
S5 as subvarieties of M2 and classify all curves in these loci which have extra
automorphisms.

In section 2 of this paper we compute the singular locus, T2, of the space S2,
and the singular locus T3 of the space S3. The definition of the singular locus
depends on the parametrization of the surface. For the case of n = 2 we prove that
the singular locus of S2 is exactly the locus of genus 2 curves with automorphism
group D4 or D6. This computations were done using Maple 14.

If the surface Sn is rational then we show how to obtain a birational parametriza-
tion for Sn using the invariants of binary cubics, which were used first in [15].

Throughout this paper by a genus two curve we mean the isomorphism class
of a genus two curve defined over an algebraically closed field k. While most
of the results are true for most characteristics, we assume throughout that the
characteristic of k is zero.

2. Preliminaries

2.1. Genus 2 curves with split Jacobian. Let X be a genus 2 curve defined
over an algebraically closed field k, of characteristic zero. The affine version of this
curve is given by the equation X : y2 = F (x), where F (x) is a polynomial of degree
5 or 6 and discriminant different from zero. Let

ψ : X → E

be a degree n covering, where n is odd and E is an elliptic curve. The degree n
covering ψ : X → E induces a degree n cover φ : P1 → P1 such that the following
diagram commutes.

X
π1

  

ψ

~~
E

π2 ��

P1

φ~~
P1

Here, π1 : X → P1 and π2 : E → P2 are the hyperelliptic projections. So, φ ◦ π1 =
π2 ◦ ψ. From Riemann- Hurwitz formula the number of branch points is 4, or 5.
The ramification of the function φ is as follows; there are n−1

2 points of index 2 in

q1, q2 and q3, and n−3
2 points of index 2 in q4, and there is only one point of index

2 in q5. We denote this type of ramification by(
(2)

n−1
2 , (2)

n−1
2 , (2)

n−1
2 , (2)

n−3
2 , (2)

)
.

In the following figure bullets (resp., circles) represent places of ramification index
2 (resp., 1).
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◦α6

◦α1 ◦α2 ◦α3 ◦α5 ◦∞

•

��

•

��

•

��

◦α4

��

• 0

��
q1 q2 q3 ∞ 0

Figure 1. Ramification of φ : P1 → P1 when n = 3

The family of coverings φ : P1 → P1, is an irreducible 2-dimensional algebraic
variety. For every φ there exists a genus 2 curve C. LetH be the family of coverings.
We have the map

α : H →M2

[φ]→ [X ]

Let α(H) be denoted by Sn. So, we say that these curves X are parametrized
by an irreducible 2-dimensional subvariety Sn of the moduli space M2 of genus
2 curves. The fact that Sn is irreducible, for n odd, comes from the braid action
on Nielsen classes. It is known that this is the case for all n ∼= 1 mod 2; see [20]
among others. Computation of spaces Sn as a subvariety ofM2 has first computed
by Shaska in [15] for n = 3 and then by Shaska, Magaard, and Voelklein for n = 5;
see [3]. We will call the space α(H) ↪→M2 the Shaska surface of level n.

2.2. Pairs of elliptic subcovers. Let ψ1 : X −→ E1 be a covering of degree n
from a curve of genus 2 to an elliptic curve. The covering ψ1 : X −→ E1 is called
a maximal covering if it does not factor over a nontrivial isogeny. A map of
algebraic curves f : X → Y induces maps between their Jacobians f∗ : JY → JX
and f∗ : JX → JY . When f is maximal then f∗ is injective and ker(f∗) is connected,
see [20] for details.

Let ψ1 : X −→ E1 be a covering as above which is maximal. Then ψ∗1 : E1 → JC
is injective and the kernel of ψ1,∗ : JX → E1 is an elliptic curve which we denote
by E2, see [17] or [21]. For a fixed Weierstrass point P ∈ C, we can embed C to its
Jacobian via

iP : X −→ JC

x→ [(x)− (P )]

Let g : E2 → JC be the natural embedding of E2 in JC , then there exists
g∗ : JX → E2. Define ψ2 = g∗ ◦ iP : X → E2. So we have the following exact
sequence

0→ E2
g−→ JX

ψ1,∗−→ E1 → 0

The dual sequence is also exact, see [20]

0→ E1
ψ∗

1−→ JX
g∗−→ E2 → 0

The following lemma shows that ψ2 has the same degree as ψ1 and is maximal.
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X
ψ2

  

ψ1

~~
E1 E2

Figure 2. Splitting of the genus two curve

Lemma 1. a) deg (ψ2) = n
b) ψ2 is maximal

For the proof see [20]. If deg(ψ1) is an odd number then the maximal covering
ψ2 : X → E2 is unique (up to isomorphism of elliptic curves).

To each of the covers ψi : X −→ Ei, i = 1, 2, correspond covers φi : P1 −→ P1.
If the cover ψ1 : X −→ E1 is given, and therefore φ1, we want to determine
ψ2 : X −→ E2 and φ2. The study of the relation between the ramification structures
of φ1 and φ2 provides information in this direction. The following lemma answers
this question for the set of Weierstrass points W = {P1, . . . , P6} of X when the
degree of the cover is odd.

Let ψi : X −→ Ei, i = 1, 2, be maximal of odd degree n. Let Oi ∈ Ei[2] be the
points which has three Weierstrass points in its fiber. Then, we have the following:

Lemma 2. The sets ψ−11 (O1)∩W and ψ−12 (O2)∩W form a disjoint union of W.

Thus, the elliptic subcovers occur in pairs.

2.3. Describing the Shaska surface Sn in M2. Consider a genus two curve X
defined over k, given with equation

X : y2 = a6X
6 + a5X

5 + · · ·+ a0.

Igusa J-invariants {J2i} of X are homogeneous polynomials of degree 2i in

k[a0, . . . , a6], for i = 1, 2, 3, 5;

see [21], [10] for their definitions. Here J10 is simply the discriminant of f(X,Z).
These J2i are invariant under the natural action of SL2(k) on sextics. Dividing such
an invariant by another one of the same degree gives an invariant under GL2(k)
action.

Two genus 2 fields K (resp., curves) in the standard form Y 2 = f(X, 1) are
isomorphic if and only if the corresponding sextics are GL2(k) conjugate. Thus if
I is a GL2(k) invariant (resp., homogeneous SL2(k) invariant), then the expression
I(K) (resp., the condition I(K) = 0) is well defined. Thus the GL2(k) invariants
are functions on the moduli space M2 of genus 2 curves. This M2 is an affine
variety with coordinate ring

k[M2] = k[a0, . . . , a6, J
−1
10 ]GL2(k)

which is the subring of degree 0 elements in k[J2, . . . , J10, J
−1
10 ]. The absolute

invariants

i1 := 144
J4
J2
2

, i2 := −1728
J2J4 − 3J6

J3
2

, i3 := 486
J10
J5
2

,

are even GL2(k)-invariants. Two genus 2 curves with J2 6= 0 are isomorphic if and
only if they have the same absolute invariants. If J2 = 0 then we can define new
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invariants as in [21]. For the rest of this paper if we say “there is a genus 2 curve
X defined over k” we will mean the k-isomorphism class of X .

Remark 1. The definitions of i1, i2, i3 with J2 in the denominator is done simply
for computational purposes.

Let

F (X) = a3X
3 + a2X

2 + a1X + a0, and G(X) = b3X
3 + b2X

2 + b1X + b0

be two cubic polynomials. We define the following invariants

H(F,G) := a3b0 −
1

3
a2b1 +

1

3
a1b2 − a0b3

We denote by R(F,G) the resultant of F and G and by D(F ) the discriminant of
F always with respect to X. Also,

r1(F,G) =
H(F,G)3

R(F,G)
, r2(F,G) =

H(F,G)4

D(F )D(G)
.

In [2] it is shown that r1, r2, and r3 = H(F,G)2

J2(F G) form a complete system of

invariants for unordered pairs of cubics.
Every curve X in Sn is written as a product of two cubics. In other words, its

equation is

y2 = F (X) ·G(X)

for some F (X), G(X) ∈ k[X]. We will use the invariants r1, r2 in relation with
these cubics. Since the discriminants of such cubics can not be zero (otherwise the
curve is not a genus two curve) then D(F ), D(G) are nonzero. For the same reason
F (X) and G(X) don’t have any common factors. Hence, R(F,G) 6= 0. Thus, r1, r2
are everywhere defined.

3. Computation of singular locus Tn
Throughout this section we will use x, y, z for absolute invariants i1, i2, i3 respec-

tively. Let Sn be the Shaska surface of level n given by

Sn(x, y, z) = 0

Then, its singular set is defined as the solution of the system

∂Sn

∂x
= 0

∂Sn

∂x
= 0

∂Sn

∂x
= 0

Sn(x, y, z) = 0

(1)

3.1. The singular locus T2. The equation of S2 is given by

S2(x, y, z) = −27 x
6 − 9459597312000 z

2
x
2
+ 20639121408000 z

2
y + 111451255603200 z

2
x − 240734712102912 z

2

− 55240704 z x
4 − 18 y

2
x
4 − 8294400 z y

2
x
2 − 47278080 z y x

3 − 264180754022400000 z
3

− 2866544640000 z
2
y x + 2 x

6
y − 4 x

3
y
3
+ 9 x

7
+ 331776 z x

5
+ 107495424 z y x

2 − 27 y
4
+ 9 x y

4

− 52254720 z y
2
x + 2 y

5
+ 161243136 z y

2
+ 161243136 z x

3 − 12441600 z y
3
+ 54 x

3
y
2

= 0
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Figure 3. The surface S2 graphed in R3.

Then we have the corresponding system from which we eliminate z and get

z = − 1

82944

φ1(x, y)

φ2(x, y)

where φ1 and φ2 are as follows;

φ1(x, y) = 104976 y2 + 5211x5 − 48600 y2x+ 69984 yx2 + 3375 yx4 + 450x3y2

− 50544x4 − 675x2y2 + 104976x3 + 2025xy3 − 10800 y3 + 20x6 + 250 y4

− 37800x3y

φ2(x, y) = 1250 yx2 − 121500xy − 3779136− 359100x2 − 11250 y2 + 6375x3

+ 421200 y + 2274480x

The locus T2 which has 3 irreducible components which we describe below alge-
braically and graphically.

The first component is given by

C1 : 100 y2 − 1458 y + 540xy − 243x2 + 80x3 = 0

it corresponds to the locus of genus two curves with automorphism group D4.
The second component is given by

C2 : 3888x− 1188x2 + 5x3 + 432 y − 360xy − 25 y2 = 0

and it corresponds to the locus of genus two curves with automorphism group D6.
The third component of T2 is given by the following system

C3 :

{
50x4 − 7515x3 − 825 yx2 + 20412x2 − 23490xy − 4050 y2 + 52488 y = 0

125 y2 − 1620 y + 1125xy − 5832x+ 1890x2 + 25x3 = 0

The solution of the C3 system is y =
1

75

408240x− 33525x2 − 944784 + 250x3

−864 + 55x

125x3 − 9450x2 + 247860x− 944784 = 0
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Figure 4. The component C1

and the points (x, y) given by(
0,

729

50

)
,

(
81

20
,−729

200
,

)
,

(
−36

5
,

1512

25

)
However, only the first point is on the variety and it is(

0,
729

50
,

729

12800000

)
and has automorphism groups are D4 and therefore is contained in the first com-
ponent.

We summarize in the following theorem:

Theorem 1. The singular locus of T2 contains two components, the irreducible loci
of curves of automorphism group D4 and D6.

Figure 5. The component C2
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3.2. The locus T3. In this section we compute the singular locus T3 of S3. The
equation of S3 is quite large and was computed in [15]. Below we display this
equation S(x, y, z) mod 5.

x
20

+ 3 x
19

+ 3 x
18

y + 4 x
17

y
2
+ 3 x

18
+ 4 x

17
z + 2 x

16
y
2
+ 2 x

16
yz + 2 x

15
y
3
+ 4 x

16
z + 2 x

15
y
2

+ 4 x
15

yz + x
15

z
2
+ x

13
y
3
z + 3 x

14
yz + x

13
y
2
z + x

13
yz

2
+ 4 x

12
y
3
z + 4 x

12
y
2
z
2
+ x

11
y
4
z + x

10
y
5
z

+ 4 x
13

z
2
+ x

12
y
2
z + 4 x

12
z
3
+ 3 x

11
y
3
z + 3 x

11
y
2
z
2
+ 2 x

11
yz

3
+ 4 x

10
y
4
z + 2 x

10
y
3
z
2

+ 2 x
9
y
5
z + 2 x

9
y
4
z
2
+ 2 x

8
y
6
z + x

7
y
7
z + 4 x

5
y
10

+ 3 x
12

z
2
+ 3 x

11
yz

2
+ 3 x

11
z
3
+ 4 x

10
yz

3
+ 4 x

9
y
4
z

+ 3 x
9
y
3
z
2
+ 2 x

9
y
2
z
3
+ 3 x

8
y
5
z + 4 x

8
y
4
z
2
+ 3 x

8
y
3
z
3
+ 2 x

7
y
6
z + 2 x

7
y
5
z
2
+ 3 x

5
y
8
z + 2 x

4
y
10

+ x
4
y
9
z

+ 2 x
3
y
11

+ x
2
y
12

+ 2 x
10

z
3
+ 3 x

9
y
2
z
2
+ 4 x

9
yz

3
+ x

9
z
4
+ 4 x

8
y
3
z
2
+ 4 x

8
y
2
z
3
+ 2 x

8
yz

4
+ 3 x

7
y
4
z
2

+ 2 x
6
y
6
z + 4 x

6
y
5
z
2
+ 2 x

6
y
4
z
3
+ 3 x

5
y
7
z + x

5
y
5
z
3
+ 4 x

4
y
7
z
2
+ 2 x

3
y
10

+ 3 x
3
y
9
z + 4 x

3
y
8
z
2
+ 3 xy

12

+ 4 xy
11

z + 3 y
13

+ 4 x
9
z
3
+ x

8
yz

3
+ 3 x

8
z
4
+ 2 x

7
y
2
z
3
+ 2 x

7
yz

4
+ 2 x

7
z
5
+ x

6
y
4
z
2
+ x

6
y
3
z
3
+ 3 x

6
y
2
z
4

+ x
6
yz

5
+ 4 x

5
y
5
z
2
+ x

5
y
4
z
3
+ x

5
y
3
z
4
+ x

4
y
6
z
2
+ 2 x

4
y
5
z
3
+ x

4
y
4
z
4
+ 3 x

3
y
6
z
3
+ 3 x

2
y
9
z + 3 x

2
y
8
z
2

+ 4 x
2
y
7
z
3
+ 4 xy

10
z + 3 y

12
+ 2 y

11
z + x

7
z
4
+ x

6
y
2
z
3
+ 3 x

6
yz

4
+ 3 x

6
z
5
+ 4 x

5
y
3
z
3
+ x

5
y
2
z
4
+ 3 x

5
yz

5

+ 3 x
5
z
6
+ 2 x

4
y
4
z
3
+ 4 x

4
y
3
z
4
+ x

4
y
2
z
5
+ 4 x

3
y
4
z
4
+ 3 x

3
y
3
z
5
+ 2 x

2
y
7
z
2
+ 4 x

2
y
6
z
3
+ 2 x

2
y
5
z
4

+ 2 xy
8
z
2
+ 3 xy

7
z
3
+ 3 y

10
z + 3 y

9
z
2
+ 2 x

6
z
4
+ 3 x

5
yz

4
+ 3 x

5
z
5
+ x

4
y
2
z
4
+ 3 x

4
z
6
+ 2 x

3
y
3
z
4

+ 3 x
3
y
2
z
5
+ 3 x

2
y
5
z
3
+ 3 x

2
y
4
z
4
+ 3 xy

6
z
3
+ 2 xy

5
z
4
+ 2 xy

4
z
5
+ 2 y

7
z
3
+ y

5
z
5
+ 2 x

4
z
5
+ x

3
yz

5

+ 3 x
3
z
6
+ 2 x

2
y
3
z
4
+ 2 x

2
y
2
z
5
+ 2 x

2
yz

6
+ 2 xy

4
z
4
+ 3 y

5
z
4
+ 4 y

4
z
5
+ 2 x

3
z
5
+ 3 x

2
yz

5
+ 4 x

2
z
6
+ xy

2
z
5

+ 3 y
2
z
6
+ xz

6
+ 3 y

2
z
5
+ 4 z

7
+ 3 z

6
= 0

Let X be a genus 2 curve in the locus S3. Then, X is given by the equation

(2) y2 = (4x3v2 + x2v2 + 2xv + 1)(x3v2 + x2uv + xv + 1),

see [19] for details. In [15] was computed the equation of S3 using the map

θ : (u, v)→ (i1, i2, i3)

where the absolute invariants i1, i2, i3 in terms of u, v are

i1 =
144

v(−405 + 252u + 4u2 − 54v − 12uv + 3v2)2
(1188u3 − 8424uv + u4v − 24u4

+ 14580v − 66u3v + 138uv2 + 297u2v + 945v2 − 36v3 + 9u2v2)

i2 =− 864

v2(−405 + 252u + 4u2 − 54v − 12uv + 3v2)3
(−81v3u4 + 2u6v2 + 234u5v2

+ 3162402uv2 − 21384v3u + 26676v4 − 473121v3 − 72u6v − 5832v4u + 14850v3u2

− 72v3u3 + 324v4u2 − 650268u3v − 5940u3v2 − 3346110v2 + 432u6 − 1350u4v2

+ 136080u4v − 7020u5v − 307638u2v2

i3 =− 243
(v − 27)(4u3 − u2v − 18uv + 4v2 + 27v)3

v3(−405 + 252u + 4u2 − 54v − 12uv + 3v2)5

(3)

The map

θ : (u, v)→ (i1, i2, i3)

given by (3) which has degree 2 and it is defined when J2 6= 0. For now we assume
that J2 6= 0 (The case J2 = 0 is treated in Section 4.2, of [15]). Denote the minors
of the Jacobian matrix of θ by M1(u, v),M2(u, v),M3(u, v). The solutions of
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M1(u, v) = 0

M2(u, v) = 0

M3(u, v) = 0

(4)

consist of the (non-singular) curve

8v3 + 27v2 − 54uv2 − u2v2 + 108u2v + 4u3v − 108u3 = 0(5)

and 7 isolated solutions which we display in Table 1, together with the correspond-
ing values (i1, i2, i3), the automorphism group, and the number of elliptic subcovers.

(u, v) (i1, i2, i3) Aut(K) e3(K)

(− 7
2
, 2) J10 = 0, no associated

genus 2 field K

(− 775
8
, 125

96
),

( 25
2
, 250

9
) − 8019

20
,− 1240029

200
, 531441
100000

D4 2

(27− 77
2

√
−1, 23 + 77

9

√
−1),

(27 + 77
2

√
−1, 23− 77

9

√
−1) ( 729

2116
, 1240029

97336
, 531441
13181630464

D4 2

(−15 + 35
8

√
5, 25

2
+ 35

6

√
5),

(−15− 35
8

√
5, 25

2
− 35

6

√
5) 81,− 5103

25
,− 729

12500
D6 2

Table 1. Exceptional points where det (Jac(θ)) = 0

Notice that the curve given by Eq. (5) corresponds to genus 2 curves with iso-
morphic degree 3 elliptic subcovers. Hence, the cover has singular branch locus on
such cases. We will see next how this can be avoided when we use the invariants of
a pair of cubics.

3.3. Birational parametrization of S3. For F (X) = (4x3v2 + x2v2 + 2xv + 1)
and G(X) = (x3v2 + x2uv + xv + 1) we have

r1(F,G) = 27
v(v − 9− 2u)3

4v2 − 18uv + 27v − u2v + 4u3

r2(F,G) = −1296
v(v − 9− 2u)4

(v − 27)(4v2 − 18uv + 27v − u2v + 4u3)

(6)
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Lemma 3. The function field of S3 is given by k(r1, r2). In other words k(i1, i2, i3) =
k(r1, r2). Moreover;

i1 =
9

4

(13824r31r
2
2 + 442368r21r

3
2 + 5308416r1r

4
2 + 192r41r2 + r51 + 786432r1r

3
2 + 9437184r42)

r1(−1152r22 + 96r2r1 + r21)2

i2 =
27

8r21(−1152r22 + 96r2r1 + r21)3
(+79626240r41r

4
2 − 4076863488r21r

5
2 + 34560r61r

2
2

+ 12230590464r21r
6
2 + 32614907904r1r

6
2 + 14495514624r62 + 288r71r2 + 2211840r51r

3
2

+ r81 − 212336640r31r
4
2 + 1528823808r31r

5
2 − 2359296r41r

3
2)

i3 = −521838526464
r92

r21(−1152r22 + 96r2r1 + r21)5

(7)

Figure 6. Shaska surface S3

The solution of the system in
M1(r1, r2) = 0

M2(r1, r2) = 0

M3(r1, r2) = 0

(8)

is

(9) −1152r22 + 96r1r2 + r21 = 0

and the system



SINGULAR LOCUS OF SHASKA SURFACE 157



3 r1
8
+ 720 r1

7
r2 + 69120 r1

6
r2

2
+ 2048 r1

5
r2

2
+ 3317760 r1

5
r2

3
+ 79626240 r1

4
r2

4 − 417792 r1
4
r2

3

− 24772608 r1
3
r2

4
+ 764411904 r1

3
r2

5 − 113246208 r1
2
r2

5
+ 50331648 r1r2

5

− 5435817984 r1r2
6 − 2415919104 r2

6
= 0

9 r1
5
+ 1296 r1

4
r2 + 62208 r1

3
r2

2 − 10240 r1
2
r2

2
+ 995328 r1

2
r2

3
+ 786432 r1r2

3 − 2359296 r2
4

= 0

9 r1
8
+ 2160 r1

7
r2 + 207360 r1

6
r2

2
+ 9953280 r1

5
r2

3
+ 38912 r1

5
r2

2
+ 238878720 r1

4
r2

4

− 3735552 r1
4
r2

3
+ 2293235712 r1

3
r2

5 − 247726080 r1
3
r2

4
+ 905969664 r1

2
r2

5

+ 201326592 r1r2
5 − 5435817984 r1r2

6 − 4831838208 r2
6

= 0

Then we get the following singular points

(r1, r2) =

(
− 512

2187
,− 256

6561

)
,

(
2

243
,

1

11664

)
,

(
−4000

2187
,

2500

6561

)
and the corresponding points (respectively) in S3 are:

(i1, i2, i3) =

(
−8019

20
,−1240029

200
,−531441

100000

)
,(

81,−5103

25
,− 729

12500

)
,(

729

2116
,

1240029

97336
,

531441

13181630464

)
which have automorphism groups respectively D4, D4, D6, as seen from Table 1.

Notice that the Eq. (9) is exactly the case for J2 = 0 where i1, i2, i3 are not
defined.

Corollary 1. The singular locus T3 of S3 are the points(
−8019

20
,−1240029

200
,−531441

100000

)
,

(
81,−5103

25
,− 729

12500

)
,

(
729

2116
,

1240029

97336
,

531441

13181630464

)
which have automorphisms group D4, D4, D6 respectively.

Notice that we have to use a parametrization in order to get the singular locus,
because it is difficult computationally to compute this locus via partial derivatives.

4. Some remarks for the general case.

Let’s give a general approach how one can attempt to compute the surface Sn

for n ≥ 7. For n ≥ 7 we get the first general case where the symmetries between
the fourth and the fifth branch points which occur for degree 5 do not occur any
longer; see [3].

Suppose that n ≥ 7. Then Sn is parametrized by the r1, r2 invariants of two
cubics. As in [20] we write a system of equations for the degree 7 covering φ : P1 →
P1.

Let X be a genus 2 curve in Sn which has equation

y2 = (x3 + ax2 + bx+ c) (x3 + ux2 + vx+ w)

such that a, b, c, u, v are expressed in terms of the two parameters u and v. Let r1
and r2 be the invariants of the two cubics. Then, there is a birational parametriza-
tion of Sn in terms of parameters (r1, r2), i.e.

(r1, r2)→ (i1, i2, i3)
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such that k(Sn) = k(r1, r2). Moreover, the singular locus of this parametrization
contains the locus

J2(r1, r2) = 0

While the computation of Sn for n ≥ 7 is more difficult because the degree is
larger, it is also true that there are no other symmetries now other than the S3

action on the first three branch points as described in [15] and [3] for cases n = 3, 5
respectively.

Acknowledgements: I would like to thank the Department of Mathematics at
Oakland University for their support during the time that this article was written.
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ON THE KEY EXCHANGE WITH NONLINEAR POLYNOMIAL

MAPS OF DEGREE 4

V. USTIMENKO AND A. WROBLEWSKA

Abstract. We say that the sequence gn, n ≥ 3, n→∞ of polynomial trans-

formation bijective maps of free module Kn over commutative ring K is a

sequence of stable degree if the order of gn is growing with n and the degree

of each nonidentical polynomial map of kind gnk is an independent constant c.

A transformation b = τgnkτ−1, where τ is affine bijection, n is large and ”k”

is relatively small, can be used as a base of group theoretical Diffie-Hellman

key exchange algorithm for the Cremona group C(Kn) of all regular automor-

phisms of Kn. The specific feature of this method is that the order of the

base may be unknown for the adversary because of the complexity of its com-

putation. The exchange can be implemented by tools of Computer Algebra

(symbolic computations). The adversary can not use the degree of righthand-

side in bx = d to evaluate unknown x in this form for the discrete logarithm

problem.

In the paper we introduce the explicit constructions of sequences of elements

of stable degree for cases c = 4 for each commutative ring K containing at least

3 regular elements and discuss the implementation of related key exchange and

public key algorithms.

1. Introduction

Discrete logarithm problem can be formulated for general finite group G. Find

a positive integer x satisfying condition gx = b where g ∈ G and b ∈ G. The

problem has reputation to be a difficult one. But even the case of cyclic group

Zn there are many open questions. If n = p − 1 or n = φ(pq) where p and q are

sufficiently large prime then the complexity of discrete logarithm problem justify

classical Diffie-Hellman key exchange algorithm and RSA public key encryption,

respectively. In most of other cases complexity of discrete logarithm problem is not
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investigated properly. The problem is very dependent on the choice of the base

g and the way of presentation the data on the group. Group can be defined via

generators and relations, as automorphism group of algebraic variety, as matrix

group, as permutation group etc. In this paper we assume that G is a subgroup of

Spn which is a group of polynomial bijective transformation of vector space Fp
n into

itself. Obviously |Spn | = n!, it is known that each permutation π can be written in

the form x1 → f1(x1, x2, . . . xn), x2 → f2(x1, x2, . . . xn), . . . , xn → fn(x1, x2, . . . xn),

where fi are multivariable polynomials from Fp[x1, x2, . . . , xn]. The presentation of

G as a subgroup of Spn is chosen because the Diffie Hellman algorithm here will be

implemented by the tools of symbolic computations. Other reason is universality,

as it follows from classical Cayley results each finite group G can be embedded in

Spn for appropriate p and n in various ways.

Let Fp, where p is prime, be a finite field. Affine transformations x → Ax + b,

where A is invertible matrix and b ∈ (Fp)
n, form an affine group AGLn(Fp) acting

on Fp
n.

Affine transformations form an affine group AGLn(Fp) of order (pn − 1)(pn −
p) . . . (pn− pn−1) in the symmetric group Spn of order (pn)!. In [15] the maximality

of AGLn(Fp) in Spn was proven. So we can present each permutation π as a com-

position of several ”seed” maps of kind τ1gτ2, where τ1, τ2 ∈ AGLn(Fp) and g is a

fixed map of degree ≥ 2.

We can choose the base of Fp
n and write each permutation g ∈ Spn as a ”public

rule”:

x1 → g1(x1, x2, . . . , xn), x2 → g2(x1, x2, . . . , xn), . . . , xn → gn(x1, x2, . . . , xn).

Let gk ∈ Spn be the new public rule obtained via iteration of g. We consider

Diffie - Hellman algorithm for Spn for the key exchange in the case of group. Cor-

respondents Alice and Bob establish g ∈ Spn via open communication channel,

they choose positive integers nA and nB , respectively. They exchange public rules

hA = gnA and hB = gnB via open channel. Finally, Alice and Bob compute common

transformation T as hB
nA and hA

nB , respectively.

In practice they can establish common vector v = (v1, v2, . . . , vn), vi ∈ Fp via

open channel and use the collision vector T (v) as a password for their private key

encryption algorithm.

This scheme of ”symbolic Diffie - Hellman algorithm” can be secure, if the order

of g is ”sufficiently large” and adversary is not able to compute number nA (or nB)

as functions from degrees for g and hA. Obvious bad example is the following: g

sends xi into xi
t for each i. In this case nA is just a ratio of deghA and degg.

To avoid such trouble one can look at family of subgroups Gn of Spn , n → ∞
such that maximal degree of its elements equal c, where c is small independent

constant (groups of degree c or groups of stable degree). Our paper is devoted to

explicit constructions of such families.

We refer to a sequence of elements gn ∈ Gn such that all its nonidentical powers

are of degree c as element of stable degree. This is equivalent to stability of families

of cyclic groups generated by gn. Of course, cyclic groups are important for the

Diffie- Hellman type protocols.

It is clear that affine groups AGLn(p), n→∞ form a family of subgroups of sta-

ble degree for c = 1 and all nonidentical affine transformations are of stable degree.

Notice that if g is a linear diagonalisable element of AGLn(p), then discrete loga-

rithm problem for base g is equivalent to the classical number theoretical problem.

Obviously, in this case we are loosing the flavor of symbolic computations.
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General problem of construction an infinite families of stable subgroups Gn of

Spn of degree c satisfying some additional conditions (unbounded growth of minimal

order of nonidentical group elements, existence of well defined projective limit, etc)

can be also interesting because of possible applications in cryptography.

Notice that even we conjugate nonlinear C with invertible linear transformation

τ ∈ AGLn(Fp), some of important cryptographical parameters of C and C ′ =

τ−1Cτ can be different. Of course conjugate generators g and g′ have the same

number of fixed points, same cyclic structure as permutations, but counting of

equal coordinates for pairs (x, g(x)) and (x , g′(x)) may bring very different results.

So two conjugate families of stable degree are not quite equivalent because cor-

responding cryptoanalitical problems may have different complexity.

We generalize the above problem for the case of Cremona group of the free

module Kn, where K is arbitrary commutative ring K. For the cryptography case

of finite rings is the most important. Finite field Fpn , n ≥ 1 and cyclic rings Zm
(especially m = 27 ( ASCII codes), m = 28 (binary codes), m = 216 (arithmetic),

m = 232 ( double precision arithmetic)) are especially popular. Case of infinite

rings K of characteristic zero (especially Z or C) is an interesting as well because of

Matijasevich multivariable prime approximation polynomials can be defined there

(see, for instance [24] and further references).

So it is natural to change a vector space Fp
n for free module Kn (Cartesian

power of K) and the family and symmetric group Spn for Cremona group Cn(K)

of all polynomial automorphisms of Kn.

We repeat our definition for more general situation of commutative ring.

Let Gn, n ≥ 3, n→∞ be a sequence of subgroups of Cn(K). We say that Gn is

a family of groups of stable degree (or subgroup of degree c) if the maximal degree

of representative g ∈ Gn is some independent constant c.

The first family of stable subgroups of Cn(Fq), K = Fq with degree 3 was prac-

tically established in [25], where the degrees of polynomial graph based public key

maps were evaluated. But group theoretical language was not used there and the

problem of the key exchange was not considered.

Those results are based on the construction of the family D(n, q) of graphs with

large girth and the descryption of their connected components CD(n, q). The exis-

tence of infinite families of graphs of large girth had been proven by Paul Erdös’ (see

[2]). Together with famous Ramanujan graphs introduced by G. Margulis [14] and

investigated in [13] graphs CD(n, q) is one of the first explicit constructions of such a

families with unbounded degree. Graphs D(n, q) had been used for the construction

of LDPS codes and turbocodes which were used in real satellite communications

(see [5], [6], [7]), for the development of private key encryption algorithms [21],[22],

[17],[9], the option to use them for public key cryptography was considered in [20],

[19] and in [18] , where the related dynamical system had been introduced (see also

surveys [23], [24]).

The computer simulation show that stable subgroups related to D(n, q) contain

elements of very large order but our theoretical linear bounds on the order are

relatively weak. We hope to improve this gap in future and justify the use of D(n, q)

for the key exchange.

First family of stable groups were obtained via studies of simple algebraic graphs

defined over Fq. For new constructions of stable groups over commutative ring K

we use directed graphs with the special colouring. The main result of the paper is

the following statement.
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Theorem 1. For each commutative ring K with at least 3 regular elements there are

families Qn of Cremona group C(Kn) of degrees 4 such that the projective limit Q

of Qn, n→∞ is well defined, the group Q is of infinite order, it contains elements

g of infinite order, such that there exists a sequence gn ∈ Qn n → ∞ of stable

elements such that limgn = g.

The family Qn is obtained via explicit constructions. So we may use in the finite

ring K with at least 3 regular elements the sequence equivalent to gn for the key

exchange. We show that the growth of the order of gn when n is growing can be

bounded from below by some linear function α×n+ β. In case of such a sequences

of groups Gn = Qn or Gn = Tn we can modify a sequence gi of elements of stable

degree by conjugation with hi ∈ Gi. New sequence di = hi
−1gihi can be also a

sequence of elements of stable degree.

Let us discuss the asymmetry of our modified Diffie-Hellman algorithms of the

key exchange in details. Correspondents Alice and Bob are in different shoes. Alice

chooses dimension n, element gn as in theorem above, element h ∈ Qn and affine

transformation τ ∈ AGLn(K). So she obtains the base b = τ−1h−1gnhτ and sends

it in the form of standard polynomial map to Bob.

Our groups Qn are defined by the set of their generators and Alice can compute

words h−1gnh, b and its powers very fast. So Alice chooses rather large number

nA computes cA = bnA and sends it to Bob. At his turn Bob chooses own key nB
computes cB = bnB . He and Alice are getting the collision map c as cA

nB and cB
nA ,

respectively.

Remark Notice that the adversary is in the same shoes with public user Bob. He

(or she) need to solve one of the equations bx = cB or bx = cA. The algorithm is

implemented in the cases of finite fields and rings Zm for family of groups Qn. We

present its time evaluation (generation of b and bnA by Alice and computation of bcB
by Bob) in the last section of paper. We continue studies of orders of gi theoretically

and by computer simulation.

The computer simulation show that the number of monomial expressions of kind

xi1xi2xi3xi4 with nonzero coefficient is rather close to binomial coefficient C3
n. So

the time of computation bnB , cB
nA and cA

nB can be evaluated via the complexity

of computation of the composition of several general cubical polynomial maps in n

variable.

2. Walks on infinite forest D(q) and corresponding groups

2.1. Graphs and incidence system. The missing definitions of graph-theoretical

concepts which appears in this paper can be found in [2]. All graphs we consider

are simple, i.e. undirected without loops and multiple edges. Let V (G) and E(G)

denote the set of vertices and the set of edges of G, respectively. Then |V (G)| is

called the order of G, and |E(G)| is called the size of G. A path in G is called

simple if all its vertices are distinct. When it is convenient, we shall identify G with

the corresponding anti-reflexive binary relation on V (G), i.e. E(G) is a subset of

V (G)× V (G) and write vGu for the adjacent vertices u and v (or neighbors). The

sequence of distinct vertices v0, v1, . . . , vt, such that viGvi+1 for i = 1, . . . , t − 1 is

the pass in the graph. The length of a pass is a number of its edges. The distance

dist(u, v) between two vertices is the length of the shortest pass between them. The

diameter of the graph is the maximal distance between two vertices u and v of the

graph. Let Cm denote the cycle of length m i.e. the sequence of distinct vertices
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v0, . . . , vm such that viGvi+1, i = 1, . . . ,m− 1 and vmGv1. The girth of a graph G,

denoted by g = g(G), is the length of the shortest cycle in G. The degree of vertex

v is the number of its neighbors (see [1] or [2]).

The incidence structure is the set V with partition sets P (points) and L (lines)

and symmetric binary relation I such that the incidence of two elements implies

that one of them is a point and another is a line. We shall identify I with the simple

graph of this incidence relation (bipartite graph). If number of neighbours of each

element is finite and depends only from its type (point or line), then the incidence

structure is a tactical configuration in the sense of Moore (see [15]). The graph is

k-regular if each of its vertex has degree k, where k is a constant. In this section we

reformulate results of [10], [11] where the q-regular tree was described in terms of

equations over finite field Fq.

Let q be a prime power, and let P and L be two countably infinite dimensional

vector spaces over GF (q). Elements of P will be called points and those of L lines. To

distinguish points from lines we use parentheses and brackets: If x ∈ V , then (x) ∈ P
and [x] ∈ L. It will also be advantageous to adopt the notation for coordinates of

points and lines introduced in [14]:

(p) = (p1, p11, p12, p21, p22, p
′
22, p23, . . . , pii, p

′
ii, pi,i+1, pi+1,i, . . .),

[l] = [l1, l11, l12, l21, l22, l
′
22, l23, . . . , lii, l

′
ii, li,i+1, li+1,i, . . .).

We now define an incidence structure (P,L, I) as follows. We say the point (p)

is incident with the line [l], and we write (p)I[l], if the following relations between

their coordinates hold:

l11 − p11 = l1p1

l12 − p12 = l11p1

l21 − p21 = l1p11 (1)

lii − pii = l1pi−1,i

l′ii − p′ii = li,i−1p1

li,i+1 − pi,i+1 = liip1

li+1,i − pi+1,i = l1p
′
ii

(The last four relations are defined for i ≥ 2.) This incidence structure (P,L, I) we

denote as D(q). We speak now of the incidence graph of (P,L, I), which has the

vertex set P ∪ L and edge set consisting of all pairs {(p), [l]} for which (p)I[l].

To facilitate notation in future results, it will be convenient for us to define

p−1,0 = l0,−1 = p1,0 = l0,1 = 0, p0,0 = l0,0 = −1, p′0,0 = l′0,0 = 1, p0,1 = p2, l1,0 = l1,

l′1,1 = l1,1, p′1,1 = p1,1, and to rewrite (1) in the form :

lii − pii = l1pi−1,i

l′ii − p′ii = li,i−1p1

li,i+1 − pi,i+1 = liip1

li+1,i − pi+1,i = l1p
′
ii

for i = 0, 1, 2, . . .

Notice that for i = 0, the four conditions (1) are satisfied by every point and

line, and, for i = 1, the first two equations coincide and give l1,1 − p1,1 = l1p1.
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For each positive integer k ≥ 2 we obtain an incidence structure (Pk, Lk, Ik)

as follows. First, Pk and Lk are obtained from P and L, respectively, by simply

projecting each vector onto its k initial coordinates. The incidence Ik is then defined

by imposing the first k−1 incidence relations and ignoring all others. For fixed q, the

incidence graph corresponding to the structure (Pk, Lk, Ik) is denoted by D(k, q). It

is convenient to define D(1, q) to be equal to D(2, q). The properties of the graphs

D(k, q) that we are concerned with described in the following proposition.

Theorem 2 (11). Let q be a prime power, and k ≥ 2. Then

(i) D(k, q) is a q-regular edge-transitive bipartite graph of order 2qk ;

(ii) for odd k, g(D(k, q)) ≥ k + 5, for even k, g(D(k, q)) ≥ k + 4.

We have a natural one to one correspondence between the coordinates 2, 3, . . . , n, . . .

of tuples (points or lines) and equations. It is convenient for us to rename by i+ 2

the coordinate which corresponds to the equation with the number i and write

[l] = [l1, l3, . . . , ln, . . .] and (p) = (p1, p3, . . . , pn, . . .) (line and point in ”natural

coordinates”).

Let ηi be the map ”deleting all coordinates with numbers > i” from D(q) to

D(i, q), and ηi,j be map ”deleting all coordinates with numbers > i ” from D(j, q),

j > i into D(i, q).

The following statement follows directly from the definitions:

Proposition 1. ( [11]) The projective limit of D(i, q), ηi,j, i→∞ is an an infinite

forest D(q).

Let us consider the description of connected components of the graphs.

Let k ≥ 6, t = [(k + 2)/4], and let u = (ui, u11, · · · , utt, u′tt, ut,t+1, ut+1,t, · · · ) be

a vertex of D(k, q). (It does not matter whether u is a point or a line). For every r,

2 ≤ r ≤ t, let

ar = ar(u) =
∑
i=0,m

(uiiu
′
r−i,r−i − ui,i+1ur−i,r−i−1),

and a = a(u) = (a2, a3, · · · , at). (Here we define

p0,−1 = l0,−1 = p1,0 = l0,1 = 0, p00 = l00 = −1, p0,1 = p1, l1,0 = l1, l′11 = l11,

p′1,1 = p1,1).

In [10] the following statement was proved.

Proposition 2. . Let u and v be vertices from the same component of D(k, q). Then

a(u) = a(v). Moreover, for any t−1 field elements xi ∈ GF (q), 2 ≤ it ≥ [(k+2)/4],

there exists a vertex v of D(k, q) for which

a(v) = (x2, . . . , xt) = (x).

Let us consider the following equivalence relation τ : uτv iff a(u) = a(v) on the

set P ∪ L of vertices of D(k, q) (D(q)). The equivalence class of τ containing the

vertex v satisfying a(v) = (x) can be considered as the set of vertices for the induced

subgraph EQ(x)(k, q) (EQ(x)(q)) of the graph D(k, q) (respectively, D(q)). When

(x) = (0, . . . , 0), we will omit the index v and write simply EQ(k, q).

Let CD(q) be the connected component of D(q) which contains (0, 0, . . .). Let τ ′

be an equivalence relation on V (D(k,K)) (D(q)) such that the equivalences classes

are the totality of connected components of this graph. Obviously uτv implies uτ ′v.

If char GF (q) is an odd number, the converse of the last proposition is true (see

[24] and further references).
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Proposition 3. Let q be an odd number. Vertices u and v of D(q) (D(k, q)) belong

to the same connected component iff a(u) = a(v), i.e., τ = τ ′ and EQ(q) = CD(q)

(EQ(k, q) = CD(k, q)).

The condition charGF (q) 6= 2 in the last proposition is essential. For instance,

the graph EQ(k, 4)), k > 3, contains 2 isomorphic connected components. Clearly

EQ(k, 2) is a union of cycles CD(k, 2). Thus neither EQ(k, 2) nor CD(k, 2) is an

interesting family of graphs of high girth. But the case of graphs EQ(k, q), q is a

power of 2, q > 2 is very important for coding theory.

Corollary 1. Let us consider a general vertex

x = (xj , x1,1, x2,1, x1,2 . . . , xi,i, x
′

i,i, xi+1,i, xi,i+1, . . .),

j = 1 or 2, i = 2, 3, . . . of the connected component CD(k, F ), which contains a

chosen vertex v. Then coordinates xi,i, xi,i+1, xi+1,i can be chosen independently

as “free parameters” from F and x′i,i could be computed consequently as the unique

solutions of the equations ai(x) = ai(v), i = 1, . . ..

3. On the regular directed graph with special colouring

Directed graph - an irreflexive binary relation φ ⊂ V × V , where V is the set of

vertices.

Let introduce two sets

id(v) = {x ∈ V |(a, x) ∈ φ},

od(v) = {x ∈ V |(x, a) ∈ φ}
as sets of inputs and outputs of vertex v. Regularity means the cardinality of these

two sets (input or output degree) are the same for each vertex.

Let Γ be regular directed graph, E(Γ) be the set of arrows of graph Γ. Let us

assume that additionally we have a colouring function i.e. the map π : E →M onto

set of colours M such that for each vertex v ∈ V and α ∈ M there exist unique

neighbor u ∈ V with property π((v, u)) = α and the operator Na(v) := N(a, v) of

taking the neighbor u of a vertex v within the arrow v → u of colour α i a bijection.

In this case we refer to Γ as rainbow like graph.

For each string of colours (α1, α2, . . . , αm), αi ∈ M we can generate a per-

mutation π which is a composition Nα1
× Nα2

× · · · × Nαm
of bijective maps

Nαi : V (Γ) → V (Γ). Let us assume that the map u → Nα(u) is a bijection. For

given vertex v ∈ V (Γ) the computation π corresponds to the chain in the graph:

v → v1 = N(α1, v)→ v2 = N(α2, v1)→ · · · → vn = N(αm, vm−1) = v′.

Let Gπ be the group generated by permutations π as above.

Let us consider the following graph (triple graph defined in terms of D(n,K)

(or D(K)). Let F1 be the totality of all walks of length 3 in D(n,K) of kind

u = (p1)I[l]I(p2). We consider similar variety F2 of triples [l1](p)[l2] Now we define

the relation between vertices of the new graph:

〈(p1), [l], (p2)〉R{[l′1], (p′), [l′
2
]} ⇔

⇔ [l] = [l′
1
] & (p2) = (p′) & l′

2
0,1 − p21,0 ∈ RegK

{[l1], (p), [l2]}R〈(p′1), [l′], (p′
2
)〉 ⇔

⇔ (p) = (p′
1
) & [l2] = [l′] & p′

2
1,0 − l20,1 ∈ RegK
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The colour of the arrow between u = (p1)I[l]I(p2) and u′ = [l]I(p2)I[l′] is l′0,1 −
p21,0. Similarly the colour of the arrow between u′ = [l]I(p)I[l′] and u = (p)I[l′](p′)

is p′1,0 − l′0,1. We define rainbow like colouring π.

Let us consider the permutation group TF ′n(K) ( TF ′(K)) acting on F1 = Kn+2

(K∞, respectively) corresponding to the triple graph with the colouring π. Let

TFn(K) ( TF (K)) be the subgroup of products of even number of generators.

Theorem 3. Sequence of subgroups TFn(K) of Cremona group Cn(K) form a

family of subgroups of degree 4.

Proof. To find a family of subgroups of degree 4 we give a construction of triple

directed graph. To this eend we would like to connect three vertices of the graph

defined in section 2 to get two sets of vertices of new graph:

F =
{
〈(p1), [l], (p2)〉 | (p1)I[l]I(p2)

}
F

′
=
{
{[l1], (p), [l2]} | [l1]I(p)I[l2]

}
.

Now we have the following relation between vertices of the new graph:

〈(p1), [l], (p2)〉R{[l′1], (p′), [l′
2
]} ⇔

⇔ [l] = [l′
1
] & (p2) = (p′) & l′

2
0,1 − p21,0 ∈ RegK

{[l1], (p), [l2]}R〈(p′1), [l′], (p′
2
)〉 ⇔

⇔ (p) = (p′
1
) & [l2] = [l′] & p′

2
1,0 − l20,1 ∈ RegK

Using induction we can see that in steps (2k) and (2k+1) we get vertices with

corresponding degrees:

〈(p2k−2), [l2k−1], (p2k)〉 =

= (p1,0+α1+. . .+α(2k−3), p1,1, . . . , pi,j , l
2
0,1+α2+. . .+α(2k−2), p1,0+α1+. . .+α(2k−1)),

{[l2k−1], (p2k), [l2k+1]} =

= (l20,1+α2+. . .+α(2k−2), l1,1, . . . , li,j , p1,0+α1+. . .+α(2k−1), l
2
0,1+α2+. . .+α(2k))

where

deg p
(2k)
i,j (l1, l2, . . . , lk, p1, l12) =

{
3, (i, j) = (i, i)

′
or (i, j) = (i, i+ 1),

4, (i, j) = (i, i) or (i, j) = (i+ 1, i)

and

deg l
(2k+1)
i,j (l1, l2, . . . , lk, p1, l12) =

{
4, (i, j) = (i, i)

′
or (i, j) = (i, i+ 1),

3, (i, j) = (i, i) or (i, j) = (i+ 1, i)

Finally using the affine transformation in the same way as in [25], independently

from the length of the password we get the polynomials of degree 4. �

Canonical graph homomorphisms D(n,K) → D(n − 1,K) can be naturally ex-

panded to group homomorphism TFn+2(K) onto TFn+1(K). It means that group

TF (K) is a projective limit of TFn(K). Let δn be a canonical homomorphism of

TF (K) onto TFn(K).

Proposition 4. The order of a product g of generators sα,β of TF (K), such that

α and β are elements of Reg(K) is infinity. Let g ∈ CD(K) be an element of length

l(g) = k, then the order of gn = δn(g), where [n + 5]/2 ≥ k, is bounded below by

[n+ 5]/2k. The sequence gn forms a family of stable elements.
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That statement follows from the fact that the orbit of g containing triple (0)[0](0)

is an infinite set.

So element h = τ−1h−1gnhτ , where τ ∈ AGLn(K), h ∈ TFn(k) is an element for

which h−1gnh is a cubical map, can be used as the base for Diffie-Hellman algorithm

as above.

4. Remarks on the complexity of public rules

The combination T1NT2 of graph transformation N with two affine transfor-

mations T1 and T2 can be used as polynomial public rules. Public user getting a

formula:

y = (F1(x1, . . . , xn), . . . , Fn(x1, . . . , xn)),

where Fi(x1, . . . , xn) are polynomials of n variables of degree 4.

Hence the process of straightforward encryption can be done in polynomial time

O(n5). But the cryptanalyst Catherine, having a only a formula for y, has very hard

task to solve the system of n equations in n variables of degree 4. We know that

the variety of solution has the dimension 0. So general algorithm for finding the

solution of system of polynomials cubic equations has exponential time 4O(n).
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A PARALLEL ALGORITHM FOR ANALYTICAL SOLVING OF

PARTIAL DIFFERENTIAL EQUATIONS SYSTEMS.

NATALIA MALASCHONOK

Abstract. There is produced a parallel algorithm for symbolic solving sys-

tems of partial differential equations by means of multivariate Laplace-Carson

transform. There is considered a system of n equations with m as the greatest
order of partial derivatives and right hand parts of a special type. Initial and

conditions are input. As a result of Laplace-Carson transform of the system
according to initial condition we obtain an algebraic system of equations. A

method to obtain compatibility conditions is discussed.

1. Introduction

The Laplace and Laplace–Carson transform is useful in many problems of solving
differential equations (for example [1, 2, 4]) It reduces a system of partial differential
equations to an algebraic linear system with polynomial coefficients. Parallel algo-
rithms for solving such systems are being developed actively (for example, [5, 3]). It
enables to construct parallel algorithms for solving linear partial differential equa-
tions with constant coefficients and systems of equations of various order, size and
types. The application of Laplace–Carson transform permits to obtain compatibil-
ity conditions in symbolic way for many types of PDE equations and systems of
PDE equations.

2. Problem statement

Denote m̃ = (m1, . . . ,mn). Consider a system

(1)

K∑
k=1

M∑
m=0

∑
m̃

ajm̃k
∂m

∂m1x1 . . . ∂mnxn
uk(x) = fj(x),

where j = 1, . . . ,K, uk(x), k = 1, . . . ,K, — are unknown functions of x =

(x1, . . . , xn) ∈ Rn
+, fj ∈ S, ajm̃k are real numbers, m is the order of a deriva-

tive, and k –the number of an unknown function. Here and further summing by
m̃ = (m1, . . . ,mn) is executed for m1 + . . .+mn = m.

We consider all input functions reducible to the form;

fj(t) = f ij(x), xij < t < ti+1
j , i = 1, . . . , Ij , x

1
l = 0, t

Ij+1
j =∞,

where

f ij(t) =

Sij∑
s=1

P ijs(t)e
bijst, i = 1, . . . , Ij , j = 1, . . . , k, (2)
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and P ijs(x) =
∑Lijs
l=0 c

ji
slx

l.
Denote by A a class of functions which are reducible to the form (2).
We solve a problem with initial conditions for each variable. Introduce notations

for them. Denote by Γν a set of vectors γ = (γ1, . . . , γn) such that γν = 1, γi = 0,
if i < ν, and γi equals 0 or 1 in all possible combinations for i > ν. The number of
elements in Γν equals 2ν−1.

Denote β = (β1, . . . , βn), βi = 0, . . . ,mi, a set of indexes such that the deriva-
tive of uk(x) of the order βi with respect to the variables with numbers i equals
ukβ,γ(x(γ)) at the point x = xγ with zeros at the positions µ for which the coor-
dinates γµ of γ equal 1. For example, if zeros stand only at the places with the

numbers 1, 2, 3, then γ = (1, 1, 1, 0, . . . , 0). Functions ukβ,γ(x(γ)) must also belong

to A. To be short we shall not write down the expressions for ukβ,Γ(x(γ)).
The algorithm component is the definition of compatible initial conditions. The

system (1) is to be solved under such conditions.
Data file contains the coefficients, the initial conditions and the right-hand mem-

bers fj ,
l = 1, . . . ,K.

The data for functions fj consists of the polynomial coefficients, parameters of
exponents, the bounds of smoothness intervals.

3. Laplace–Carson transform

Consider the space S of functions f(x), x = (x1, . . . , xn) ∈ Rn
+, Rn

+ = {x :
xi ≥ 0, i = 1, . . . , n}, for whichM > 0, a = (a1, . . . , an) ∈ Rn, ai > 0, i = 1, . . . , n,

exist such that for all x ∈ Rn
+ the following is true: |f(x)| ≤ Meax, ax =

n∑
i=1

aixi.

On the space S the Laplace–Carson transform (LC) is defined as follows:

LC : f(x) 7→ F (p) = p1

∫ ∞
0

e−pxf(x)dx,

p = (p1, . . . , pn), p1 = p1 . . . pn,

px =

n∑
i=1

pixi, dx = dx1 . . . dxn.

LC is performed symbolically at the class A.

4. Parallel Laplace–Carson algorithm

The steps, at which parallel calculations are possible and reasonable we denote
by term Block. If indexes are contained, the ways of parallelization are pointed by
them.

4.1. LC of a system. Let LC : uk 7→ Uk, ukβ,γ(x(γ)) 7→ Ukβ,γ(p(γ)), fj 7→ Fj , the

notation p(γ) is correspondent to the notation x(γ). Denote by ‖γ‖ the “length” of
γ — the number of units in γ, pm̃ = pm1

1 . . . pmnn .

Block 10
The LC of the left-hand side of the system (1) excluding images of initial condi-

tions is written formally.

Block 1r
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r runs trough the set of multiindexes of ukβ,Γ(xΓ).
Then

LC :
∂m

∂m1x1 . . . ∂mnxn
uk(x) 7→

pm̃Uk(p) +

n∑
ν=1

mν∑
βν=0

∑
γ∈Γν

(−1)‖γ‖pm1−β1−γ1
1 . . . pmn−βn−γnn Ukβ,γ(p(γ)).

Denote

Φjmk =
∑
m̃

ajm̃k

n∑
ν=1

mν∑
βν=0

∑
γ∈Γν

(−1)‖γ‖pm1−β1−γ1
1 . . . pmn−βn−γnn Ukβ,γ(p(γ)).

As a result of Laplace–Carson transform of the system (1) according to initial
conditions we obtain an algebraic system relative to Uk

K∑
k=1

M∑
m=0

∑
m̃

ajm̃kp
m̃Uk(p) = Fj −

K∑
k=1

M∑
m=0

Φjmk, j = 1, . . . ,K. (3)

Block 2k
k runs from 1 to K.

These blocks performs LC of the right-hand parts of (1). The properties of A
allow a further parallelization of calculations.

4.2. Solution of algebraic system. Block 3
As a result of Laplace–Carson transform of the system (1) according to initial

conditions we obtain the algebraic system (3) relative to Uk.
Efficient methods of parallel solving such systems are developed (for example [5],

[3]).
At this stage the problem of definition of compatibility conditions arises (see

blocks 4s,5). With respect to compatible conditions we use the inverse Laplace–
Carson transform and obtain the correct solution of PDE system.

4.3. Compatibility conditions. Call a rational fraction ”a proper fraction” if the
degree of each variable (over C) in numerator is less then its degree in denominator.

Call by the class B a set of equations, defined by conditions
• the solutions of algebraic system may be represented as sums of proper fractions

with exponential coefficients,
• the denominators of these proper fractions may be reduced to a product of

linear functions.
.

The class B admits symbolic implementation of further calculations.
Denote by D the determinant of the system (3), Di the maximal order minors of

the extended matrix of (3). A case when there is a set Q of zeros of D with infinite
limit point at Re pk > 0, k = 1, . . . , n, is of most interest. Solving the system
(1) we obtain Uk as fractions with D in the denominators. The inverse Laplace–
Carson transform is possible if αk, k = 1, . . . , n, exist such that these functions are
holomorphic in the domain Re pk > αk. So we make a demand: Di has zeros at Q
of multiplicity not less than multiplicity of corresponding zeros of D. This demand
produces requirements to the LC images of initial conditions functions, and after
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LC−1 transform – to initial conditions. They turn to be dependent. We obtain the
so-called compatibility conditions.

Block 4s
s depends upon the number of relations, from which the compatibility conditions
arise.

The blocks calculate the values of numerators at zeros of denominators.

Block 5

The block implements parallel solving of the system of equations, produced by
relations for compatibility conditions.

Block 6k

The blocks perform the LC−1 of Uk. Note, that the steps of calculation of
multivariate LC−1 are produced sequentially.

5. Examples

5.1. Example 1. To demonstrate the LC algorithm let us consider in details solv-
ing of a system of three equations with three unknown functions f(x, y, z), g(x, y, z),
h(x, y, z) on R3

+.
∂
∂xf + ∂

∂z g + ∂
∂yh = x

∂
∂z f + ∂

∂xg + ∂
∂yh = y

∂
∂yf + ∂

∂xg + ∂
∂zh = z

(1)

We shall consider the problem when values of unknown function at zeros of x, y, z
are taken as initial conditions.

As we have the derivatives of the first order with respect to each variable we need
nine initial conditions – three for every unknown function – at (0, y, z), (x, 0, z),
(x, y, 0), correspondingly to the order of the derivative. A requirement is a coinci-
dence of correspondent functions values at the intersection of these planes.

Block 1r , r=1,2,3.
Denote values of functions at these points as follows:

f(0, y, z) = fx, g(0, y, z) = gx, h(0, y, z) = hx,

f(x, 0, z) = fy, g(x, 0, z) = gy, h(x, 0, z) = hy,

f(x, y, 0) = fz, g(x, y, 0) = gz, h(x, y, 0) = hz.

Denote the images of LC transform of f, g, h, respectively by u, v, w.
To be transparent in the example we denote LC images of the initial conditions

functions by nine various Greek letters α, β, γ, δ, δ, ε, ξ, τ, σ, correspondingly:

(q, r) (p, r) (p, q)
f α η δ
g ε ξ β
h τ γ σ
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Table 1

In the table the first column points the functions for which the LC images of the
initial conditions are considered, the first line indicates the variables upon which
these images depend.

Block 3
Applying the Laplace-Carson transform to the system (1) we obtain the algebraic

system
pu+ rv + qw − pα− rβ − qγ = 1

p ,

ru+ pv + qw − rδ − pε− qγ = 1
q ,

qu+ pv + rw − qη − pε− rσ = 1
r .

(2)

The solution of this system is

u = − −pq2 + pqr + qr2 − r3

qr(p− r)(q − r)(p+ q + r)
−

(−p2q2r + p2qr2)α+ (−pq2r2 + pqr3)β + (pq2r2 − q2r3)γ

qr(p− r)(q − r)(p+ q + r)
−

(pq2r2 − qr4)δ + (pq2r2 − pqr3)ε+ (−pq3r + q3r2)η + (−pq2r2 + q2r3)σ

qr(p− r)(q − r)(p+ q + r)
,

v = − −p
2q2 + q3r + p2r2 − qr3

pqr(p− r)(q − r)(p+ q + r)
−

(p2q3r − p2qr3)α+ (pq3r2 − pqr4)β + (p2q2r2 − pq2r3)γ

pqr(p− r)(q − r)(p+ q + r)
−

(−pq3r2 + p2qr3)δ − (p3q2r + p2q3r − p3qr2)ε

pqr(p− r)(q − r)(p+ q + r)
+

(−p2q3r + pq3r2)η + (−p2q2r2 + pq2r3)σ

pqr(p− r)(q − r)(p+ q + r)
,

w =
−p2q + q2r + p2r − qr2

qr(p− r)(q − r)(p+ q + r)
+

(p2q2r − p2qr2)α+ (pq2r2 − pqr3)β + (p2q2r + pq3r − pq2r2 − q3r2)γ

qr(p− r)(q − r)(p+ q + r)
+

(−q2r3 + p2qr2)δ − (pq2r2 − pqr3)ε+ (−p2q2r + q2r3)η + (−p2qr2 + qr4)σ

qr(p− r)(q − r)(p+ q + r)

The determinant D of the system equals

D = −(p− r)(q − r)(p+ q + r).

The bracket (p+ q+ r) is not important for solving the problem of compatibility –
its zeros do not belong to Q.

Block 4s, s = 1, . . . , 6.
Consider the sets p = r, q = r. We demand the numerators of the solutions be

zero on these sets. To indicate that the functions of initial conditions are taken
for p = r or q = r we use the notations displaced in the following table. If for a
function p = r is put we use this function with the index 1, if there is put q = r,
we use this function with the index 2. To demonstrate the algorithm of getting
compatibility conditions display initial conditions and their transformations after
substituting of points of Q into the table.
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p = r q = r
α(q, r) α(q, r) α2(q, r)
ε(q, r) ε(q, r) ε2(r, r)
τ(q, r) τ(q, r) τ2(r, r)
θ(p, r) θ1(r, r) θ(p, r)
ξ(p, r) ξ1(r, r) ξ(p, r)
γ(p, r) γ1(r, r) γ(p, r)
δ(p, q) δ1(r, q) δ2(p, r)
β(p, q) β1(r, q) β2(p, r)
σ(p, q) σ1(r, q) σ2(p, r)

Table 2

Substituting p = r and q = r into the numerators of u, v, w, we obtain a system
of 6 equations, that connect functions α, β, γ, δ, δ, . . . , δ2.

−rq2 + 2qr2 − r3 − (r3q2 − qr4)α+ (−q2r3 + qr4)β1 +
+(q2r3 − qr4)δ1 + (q2r3 − qr4)ε = 0

q3r − q2r2 − qr3 + r4 + (q3r3 − qr5)α+ (q3r3 − qr5)β1 −
−(q3r3 − qr5)δ1 − (q3r3 − qr5)ε = 0

−q2r + 2qr2 − r3 + (−q2r3 + qr4)α+ (−q2r3 + qr4)β1 +
+(q2r3 − qr4)δ1 + (q2r3 − qr4)ε = 0

(pr4 − r5)γ + (pr4 − r5)δ2 + (−pr4 + r5)η + (−pr4 + r5)σ2 = 0
(p2r4 − pr5)γ + (p2r4 − pr5)δ2 + (−p2r4 + pr5)η + (−p2r4 + pr5)σ2 = 0

(−p2r3 + r5)γ + (−p2r3 + r5)δ2 + (p2r3 − r5)η + (p2r3 − r5)σ2 = 0

Block 5
Solving it with respect to these variables, we get two conditions on them:

α = − q−rqr2 − β1 + δ1 + ε,

γ = −δ2 + η + σ2.
(3)

We may take arbitrarily all images of initial conditions except of α and γ and
obtain α and γ according to the conditions (3).

For example, we may take the following functions in the table 1.

(q, r) (p, r) (p, q)
f − 1

r2 + 2
qr2

1
pr

1
p2q

g 1
qr2

1
p2r

1
pq

h 1
qr

1
pr2 −

1
p2r + 1

pr
1
pq2

Table 3

The correspondent initial conditions are the follows:

fx =
1

2

(
−z2 + 2yz

)
, gx =

yz2

2
, hx = yz,

fy = xz, gy =
x2z

2
, hy =

1

2

(
2xz − x2z + xz2

)
,

fz =
x2y

2
, gz = xy, hz =

xy2

2
. (4)
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Block 6k, k = 1, 2, 3.
Substituting the functions α, β, γ, . . . from the table 3 into the solution u, v, w,

after inverse LC transform we obtain the solution of the system (1) correspondent
to the initial conditions (4):

f = 1/6(3x2y − 6xyz + 6yz2 − 2z3 − 3(x− z)2H(−x+ y)H(−x+ z)+

+2(−x+ z)3H(−x+ y)H(−x+ z) + 6y(y − z)H(−y + z)+

+6x(−y+ z)H(−y+ z) + 2(−y+ z)3H(−y+ z) + 6x(y− z)H(−x+ y)H(−y+ z)+

+2(y − z)3H(−x+ y)H(−y + z) + 6y(−y + z)H(−x+ y)H(−y + z));

g = 1/6(6xy + 6xz − 12xyz + 3z2 + 3yz2 − 2z3 − 3(x− z)2H(−x+ y)H(−x+ z)+

+2(−x+ z)3H(−x+ y)H(−x+ z) + 6y(y− z)H(−y+ z) + 6x(−y+ z)H(−y+ z)+

+2(−y + z)3H(−y + z) + 6x(y − z)H(−x+ y)H(−y + z)+

+2(y − z)3H(−x+ y)H(−y + z) + 6y(−y + z)H(−x+ y)H(−y + z));

h = 1/6(3xy2 − 3x2z − 6yz + 3xz2 + 6yz2 − 2z3 − 3(x− z)2H(−x+ y)H(−x+ z)+

+2(−x+ z)3H(−x+ y)H(−x+ z) + 6y(y− z)H(−y+ z) + 6x(−y+ z)H(−y+ z)+

+2(−y + z)3H(−y + z) + 6x(y − z)H(−x+ y)H(−y + z)+

+2(y − z)3H(−x+ y)H(−y + z) + 6y(−y + z)H(−x+ y)H(−y + z)),

where H(x) is the Heaviside step function.

5.2. Example 2. The LC algorithm permits to solve equations of various types
and of any order if input functions belong to A, and the equation is from the class
B. To demonstrate the application of the algorithm to an equation of the fourth
order let us consider the equation of forced vibration of elastic rod:

∂2f

∂x2
+
∂4f

∂y
= xy.

Initial conditions:
f(0, y) = a(y); ∂f(x,y)

∂x

∣∣
x=0

= b(y);

f(x, 0) = c(x); ∂f(x,y)
∂y

∣∣
y=0

= d(x);

∂2f(x,y)
∂y2

∣∣
y=0

= g(x); ∂3f(x,y)
∂y3

∣∣
y=0

= h(x)

Block 1 .

LC : f(x, y) 7→ u(p, q),

a(y) 7→ α(q), b(y) 7→ β(q),
c(x) 7→ γ(p), d(x) 7→ δ(p),
g(x) 7→ σ(p), h(x) 7→ τ(p).
Block 3
As a result of LC we obtain the algebraic equation:

p2u− p2α− pβ − qu+ qγqu+ qγ =
1

pq

D = p2 + q2

Then

u =
1 + p3qα+ p2qβ + pq5γ + pq4δ + pq3σ + pq2τ

pq(p2 + q4)
; .

Block 4s , s = 1, 2.
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There are two Q sets of zeros of the denominator

D = p2 + q2,

these sets are defined by the conditions
p = iq2, p = −iq2.
At this sets the numerator of u equals correspondingly

A1 = 1− iq7α− q5β + iq7γ1 + iq6δ1 + iq5σ1 + iq4τ1;

A2 = 1 + iq7α− q5β − iq7γ2 − iq6δ2 − iq5σ2 − iq4τ2,

where
γ1, δ1, σ1, τ1
are the values of functions γ, δ, σ, τ at p = iq2,
γ1, δ1, σ1, τ1
– at p = iq2.
The functions with indexes 1 and 2 depend on different arguments iq2 and −iq2,

correspondingly. So it is convenient to take the originals c, d, g, h of γ, δ, σ, τ
as data functions of initial conditions and to find a, b as compatible with them.
Note that this is a characteristic speciality of equations of such type, for example
of elliptic equations.

Solve {
A1 = 0,
A2 = 0

with respect to α, β.
Block 5 ,
Compatibility conditions on images of LC:

α = −−q
3γ1 − q3γ2 − q2δ1 − q2δ2 − qσ1 − qσ2 − τ1 − τ2

2q3
;

β =
i(−2i+ q7γ1 − q7γ2 + q6δ1 − q6δ2 + q5σ1 − q5σ2 + q4τ1 − q4τ2)

2q5
.

Taking concrete functions c(t), d(t), g(t), h(t) of initial conditions, we obtain a(x)
and b(x) as compatible with them. In such way we may define, for example, the
following compatible initial conditions:

a = 1− x4

12 , b = x5

120 , c = 1 + t2.
Finally we obtain the solution satisfying the initial conditions:

f(t, x) = 1 + t2 − x4

12
+
tx5

120
.
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CONVERSION BETWEEN HERMITE AND POPOV NORMAL

FORMS USING AN FGLM-LIKE APPROACH

JOHANNES MIDDEKE

Abstract. We are working with matrices over a ring K[∂;σ, ϑ] of Ore poly-
nomials over a skew �eld K. Extending a result of [18] for usual polynomials
it is shown that in this setting the Hermite and Popov normal forms corre-
spond to Gröbner bases with respect to certain orders. The FGLM algorithm
is adapted to this setting and used for converting Popov forms into Hermite
forms and vice versa. The approach works for arbitrary, that is, not necessarily
square matrices where we establish termination criteria to deal with in�nitely
dimensional factor spaces.

1. Introduction

Since long, normal forms have played a prominent rôle in those branches of
mathematics that involve the study of equational systems. Among these, polyno-
mial systems form a major subclass. But also systems of ordinary linear equations
are important for applications. Usually, these systems are modelled by matrices.
The computation of normal forms can answer some important questions about the
structure of the underlying system.

Linear systems can be represented by matrices with entries being linear oper-
ators. In this paper we will consider Ore polynomials�which some authors also
call skew polynomials. This is a class of non-commutative polynomials that was
introduced by Øystein Ore in [21]. They are a generalisation of the ordinary (com-
mutative) polynomials that includes linear di�erential operators and shift operators.

We will tread Ore polynomials in section 2. There we will also introduce some
notations for matrices that are used in later sections.

Among those normal forms that are used in practise, we will concentrate on the
Hermite and Popov forms. These are both one-sided normal forms, that is, normal
forms with respect to elementary row operations. Invented by Charles Hermite in
[14], the Hermite form was originally a row echelon form for square matrices over
the integers. It has later been extended to non-square matrices and other domains.

The Popov normal form was introduced by Vasile Mihai Popov in [22, 23]. It is
related to row-reduction�a concept that has been described by [12] for commuta-
tive polynomials. We will give de�nitions for this forms in section 3.

Gröbner bases were �rst considered in Bruno Buchberger's PhD thesis [4]�
named after his advisor Wolfgang Gröbner. They are very useful to solve problems
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that are related to polynomial ideals algorithmically, most importantly the solving
of polynomial equations and the ideal membership problem.

It is possible to de�ne Gröbner bases for modules�see, for example, [1]. In [18]
it was shown that matrices in Hermite or Popov form are in fact Gröbner bases
with respect to this de�nition. In section 4 we will introduce Gröbner bases over
Ore polynomials based on [5]. We will extend the result of [18] to this case.

Gröbner bases usually su�er from high computational complexity. In [11] the au-
thors Jean-Charles Faugère, Patrizia M. Gianni, Daniel Lazard and Teo Mora there-
for attacked a special problem: Compute the Gröbner basis of an zero-dimensional
ideal fast�provided that a Gröbner basis with respect to a di�erent monomial
ordering is already known. Breaking down the problem to linear algebra, they
managed to obtain an e�cient algorithm for that task.

In section 5 of this paper we will adapt the FGLM algorithm to modules over
Ore polynomials. We will modify it in such a way that it also handles sub-modules
that are not �zero-dimensional�. We also will give an estimation of the complexity
of this algorithm in the special case of converting Popov and Hermite forms.

There are other approaches for converting matrices in Popov and Hermite nor-
mal form into each other. One, for example, may be found in [24]. To our best
knowledge, this paper is the �rst though that explores the connection of normal
forms and Gröbner bases to complete this task.

We also compiled a technical report about this topic that contains a MapleTM

implementation for the conversion of Popov into Hermite forms as well as detailed
examples.

2. Basic notations

Ore polynomials�also called skew polynomials by some authors�are a general-
isation of the usual polynomials with a non-commutative multiplication. They are
named after Øystein Ore who was the �rst to describe them in [21]. We will only
give an informal description of Ore polynomials here. A more rigid description may
be found in [9, Chapter 0.10] or [10, Chapter 5.2].

Let K be a (computable) skew �eld, and let σ : K → K be an automorphism. A
map ϑ : K → K such that

ϑ(a+ b) = ϑ(a) + ϑ(b) and ϑ(ab) = σ(a)ϑ(b) + ϑ(a)b

for all a, b ∈ K is called a σ-derivation of K. (The second identity is sometimes
referred to as σ-Leibniz rule.) Let now ∂ be a variable. An Ore polynomial is just
a polynomial expression

an∂
n + an−1∂

n−1 + . . .+ a2∂
2 + a1∂ + a0

where n > 0 and where the coe�cients a0, . . . , an are in K. The set of all Ore
polynomials is denoted by K[∂;σ, ϑ]. Two Ore polynomials in K[∂;σ, ϑ] are added
in the same way as usual polynomials. The multiplication of Ore polynomials is
given by extending the commutation rule

∂a = σ(a)∂ + ϑ(a)

with a ∈ K assuming associativity and distributivity. This de�nes a ring structure
on K[∂;σ, ϑ]. For a proof see [9, Theorem 10.1].
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Example 1. The typical examples of Ore polynomials are the following. See also
[10, Page 186] or [8, Table 2] for further examples.

(1) For K = Q, σ = id and ϑ = 0 (that is, the identity and the constant zero
function respectively) we obtain just the usual commutative polynomials
with the commutation rule ∂a = a∂.

(2) For K = Q(x) (or K being the meromorphic functions in x), σ = id and
ϑ = d/dx we obtain di�erential operators with the commutation rule ∂f =

f∂ + df
dx re�ecting the composition of linear di�erential operators.

(3) For K = Q(n), σ(a(n)) = a(n+ 1) and ϑ = 0 we obtain the shift operators
having the commutation rule ∂a(n) = a(n+ 1)∂.

Obviously, the multiplication of Ore polynomials needs not to be commutative.
(Thus it is also important that we write coe�cients always on the left hand side.)
Still, they retain a lot of the usual properties of ordinary polynomials. Given
f = an∂

n + . . . + a1∂ + a0 where a0, . . . , an ∈ K and an 6= 0, we de�ne the degree
of f as deg f = n. We refer to lcoeff(f) = an as the leading coe�cient of f . For
convenience, we set deg 0 = −∞. Degree and leading coe�cient ful�ll the identities

deg(fg) = deg f + deg g and lcoeff(fg) = lcoeff(f)σdeg f (lcoeff(g))

for all Ore polynomials f and g.
Using this degree function we can do polynomial long division almost as in the

commutative case. We have to distinguish between division from the left and from
the right, though. Furthermore, we can compute left greatest common divisors and
right greatest common divisors. See [10, Theorem 5.8] or [3] for the algorithms and
their proofs of correctness.

For any ring R, we denote the set of m×n matrices over R by Rm×n. The n×n
identity matrix is denoted by 1n and the m × n zero matrix is written as 0m×n.
A square matrix M ∈ Rn×n that has a two-sided inverse M−1 ∈ Rn×n is called
unimodular. The set of n× n unimodular matrices is denoted by GL(R,n).

We will need to extract certain rows or columns from our matrices. For M =
(aij) ∈ Rm×n and 1 6 i 6 m we denote the ith row by Mi,• = (ai,1, . . . , ai,n).
Similarly, for 1 6 j 6 n the jth column is denoted by M•,j = t(a1,j , . . . , am,j),
where t denotes transposition.

The set of row vectors with entries in R of size n will be written as R1×n and
the set of column vectors of size m is denoted by Rm. In this paper, row vectors
are treated as left module over R and column vectors form a right module over R.
We will often regard vectors as matrices with only one row or column respectively.

If in particular R = K[∂;σ, ϑ] is a ring of Ore polynomials, then for a matrixM =
(ai,j) ∈ Rm×n we de�ne degM = max{deg ai,j | i = 1, . . . ,m and j = 1, . . . , n}.
As a further abbreviation we also de�ne the ith row degree for 1 6 i 6 m as
rdegiM = degMi,• = max{deg ai,j | j = 1, . . . , n}. Finally, we will need the leading
vector lvec(M) =

(
coeff∂(degM,ai,j)

)
i,j
∈ Km×n. (We use the name �leading

vector� instead of �leading matrix� because it will mostly be applied to vectors.)

3. Hermite and Popov normal forms

We will now de�ne the main concepts we are dealing with in this paper, namely
Hermite and Popov normal forms. Let again K be any skew �eld with automor-
phism σ : K → K, σ-derivation ϑ : K → K, and let R = K[∂;σ, ϑ].
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We will start with the Hermite normal form. Our de�nition is taken from [13,
De�nition 3.2]. A matrix in Hermite form is basically just in row echelon form with
some additional properties of the degrees of the entries.

De�nition 2 (Hermite normal form). A matrix M = (ai,j) ∈ Rm×n is in Hermite
normal form if and only if there exists indices j1 > j2 > . . . > jm that are called
pivot indices such that

(1) ai,k = 0 if k < ji,
(2) the entries ai,ji are monic, and
(3) deg ai,ji > deg ak,ji for k 6= i.

Every matrix N ∈ Rm×n can be transformed using elementary row operations
into a matrixM whose non-zero rows form a matrix in Hermite normal form. That
is, for every such N there exists an invertible matrix S ∈ GL(R,m) such that

SN =

(
M

0m−s×n

)
where M ∈ Rs×n is in Hermite form. Sometimes we will a little bit sloppily also
refer to the whole right hand side�that is, with zero rows included�as the Hermite
form of N . The computations can be done applying the (matrix form of the)
Euclidean algorithm to the columns of N to achieve a row echelon form and then
using polynomial division to enforce the degree restrictions. See [13, Theorem 3.2]
for a more detailed description in the case of square matrices. We will show later
in corollary 15 that the Hermite form of N is actually uniquely determined.

The de�nition of the Popov normal form is slightly more involved. We need
to proceed in two steps. First we will introduce the concept of row-reducedness
and afterwards as second step we de�ne the Popov as a row-reduced matrix with
additional properties.

Row-reducedness was �rst introduced in [12] for commutative polynomials. A
presentation for Ore polynomials can be found in [2]. We repeat the de�nitions
here for the convenience of the reader. Let M ∈ Rm×n. When we multiplyM from
the left by the matrix D = diag(∂degM−rdeg1M , . . . , ∂degM−rdegmM ), we obtain a
matrix DM with all rows having the same degree degM . Its leading vector

lvec(DM) =

 σdegM−rdeg1M (lvec(M1,•))
...

σdegM−rdegmM (lvec(Mm,•))

 ∈ Km×n

is called the leading (row) coe�cient matrix of M . We denote it by LC(M).

De�nition 3 (Row-reducedness). A matrix M ∈ Rm×n is called row reduced if
LC(M) has full left row rank.

Being row-reduced is the most important requirement for being in Popov normal
form. The other points in the following de�nition basically just make sure that the
matrix is uniquely determined. One can show that a matrix in Popov form has a
leading coe�cient matrix in row-echelon form. See for example [19, Lemma 14] for
a proof. The de�nition is taken from [18, De�nition 1].

De�nition 4 (Popov normal form). A matrix M = (ai,j)ij ∈ Rm×n is said to be
in Popov normal form, if
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(1) M is row-reduced and rdegiM 6 rdegi+1M for all i;
(2) for the ith row there exists a column index ji (the pivot index ) such that

(a) ai,ji is monic and deg ai,ji = rdegiM ;
(b) deg ai,k < rdegiM if k < ji;
(c) deg ak,ji < rdegiM if k 6= i; and
(d) if rdegiM = rdegkM and i < k then ji < jk (that is, pivot indices are

ordered increasingly).

Also Popov forms are normal forms in the sense that each matrix can be trans-
formed by elementary row operations into a matrix whose non-zero rows are in
Popov form. Again this later matrix is sometimes simply referred to as the Popov
form. The conversion can be done by �rst applying row-reduction�which is de-
scribed, for example, in [2, Theorem 2.2]�and then using similar operations to
achieve the degree constraints in the de�nition. See [6, Section 2.5.1] for a more
detailed description.

Remark 5. Hermite forms clearly have independent rows since they are in row ech-
elon form. But also the rows of matrices in Popov form are linearly independent�
actually row-reducedness is already su�cient for that: By the so-called predictable
degree property [2, Lemma A.1 (a)], if v ∈ R1×m and M ∈ Rm×n, then vM = 0 is
only possible if deg vi + rdegiM < 0 for all 1 6 i 6 m. This implies immediately
that v = 0, since the rows of M are all non-zero.

4. Gröbner bases

Gröbner bases have been invented by Bruno Buchberger in [4]. Though initially
de�ned for multivariate commutative polynomials, the concept has since been ex-
tended to more general domains such as Ore polynomials (see, for example, [8]) or
modules over polynomial rings (see, for example, [20]). In this paper we will use
the nice description of Gröbner bases of modules over Poincaré-Birkho�-Witt rings
given in [5, Chapter 5]. Poincaré-Birkho�-Witt rings are a more general class of
non-commutative domains that includes Ore polynomials. See [5, De�nition 2.2.5]
for the de�nition of Poincaré-Birkho�-Witt rings and [5, Corollary 2.3.3] for the
proof that Ore polynomials are included. An approach exclusively for Ore polyno-
mials may be found in [8]�but there seems to be no extension to modules.

We include some of the results of [5] here for completeness and in order to adapt
them to our notation. Let once more K be any skew �eld with automorphism
σ : K → K and σ-derivation ϑ : K → K. Also, let R = K[∂;σ, ϑ]. We will just
brie�y skip through the most important de�nitions and provide pointers to the
corresponding sections of [5]. Readers who are familiar with commutative Gröbner
bases will �nd that everything translates well to the non-commutative case.

For i = 1, . . . , n, let ei denote the ith unit vector in R1×n. A monomial is a
product ∂αei of a power of ∂ and a unit vector where α > 0 and 1 6 i 6 n.
A term is the product of a scalar (that is, an element in K) and a monomial.
There are two obvious ways of introducing a total ordering on monomials. See
also [5, De�nitions 5.3.8 and 5.3.9] and the de�nition of admissible orderings [5,
De�nition 5.3.7].

De�nition 6 (Position over term/term over position ordering). Let ∂αei and ∂
βej

be monomials in R1×n with α, β > 0 and 1 6 i, j 6 n.
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(1) The position over term (POT) ordering is de�ned by

∂αei <pot ∂
βej :⇐⇒ i > j ∨ (i = j ∧ α < β);

(2) the term over position (TOP) ordering is given by

∂αei <top ∂
βej :⇐⇒ α < β ∨ (α = β ∧ i > j).

We will use 6pot, >pot, >pot, and 6top, >top, >top in the usual way.

It is important to note here that we �xed an ordering on the indices (positions).
The reason is that, although for Gröbner basis theory any ordering of the indices
would be �ne, for our application to Hermite and Popov forms this particular
ordering is crucial.

If, for example, n = 3 then the smallest monomials with respect to the position
over term ordering are

(0, 0, 1) <pot (0, 0, ∂) <pot (0, 0, ∂2) <pot . . . <pot (0, 1, 0) <pot (0, ∂, 0)

<pot (0, ∂2, 0) <pot . . . <pot (1, 0, 0) <pot (∂, 0, 0) <pot (∂2, 0, 0) <pot . . .

while with respect to the term over position ordering we obtain the chain

(0, 0, 1) <top (0, 1, 0) <top (1, 0, 0) <top (0, 0, ∂) <top (0, ∂, 0)

<top (∂, 0, 0) <top (0, 0, ∂2) <top (0, ∂2, 0) <top (∂2, 0, 0) <top . . . .

Thus, the position over term ordering has similarities to the lexicographic ordering
in the usual commutative Gröbner basis theory while the term over position ordering
corresponds to the degree lexicographic ordering.

Let now for a while < denote either <pot or <top. Any vector in R1×n may be
written as K-linear combination of monomials. That is, taking v ∈ R1×n there are
k > 0, c1, . . . , ck ∈ K and monomials m1, . . . ,mk such that v = c1m1 + . . .+ ckmk.
If c1 6= 0 and m1 > mj for 2 6 j 6 k, then we call m1 = lmonom<(v) the leading
monomial of v with respect to <. In this case, c1 = lcoeff<(v) is the leading
coe�cient and c1m1 = lterm<(v) is the leading term. (Note the di�erence between
leading coe�cient and leading vector). If no confusion about to which order we
confer may arise, then we just write lmonom(v) instead of lmonom<(v) and the
same for lcoeff(v) and lterm(v). Leading monomial, term and coe�cient of the
zero vector remain unde�ned.

Example 7. With respect to the position over term ordering, the leading monomial
of a non-zero vector v ∈ R1×n corresponds to the term of highest degree of the left-
most non-zero entry of v. With respect to the term over position ordering, the
leading term corresponds to the left-most of the entries of highest degree.

Using the above de�nition of leading term, reduction is de�ned as in the com-
mutative case. That is, if v = c1m1 + . . .+ ckmk is as above and if W ⊆ R1×n \ {0}
is given, then v is said to be reducible by W if there are w ∈ W , 1 6 i 6 k and
α > 0 such that mi = ∂α lmonom(w). Otherwise, v is called irreducible.

Theorem 8. Given v ∈ R1×n and {w1, . . . , ws} ⊆ R1×n \ {0}, there are elements
u1, . . . , us ∈ R and r ∈ R1×n such that

v = u1w1 + . . .+ usws + r

where r is not reducible by {w1, . . . , ws}.
We will call r the remainder of the division of v by {w1, . . . , wn}.
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Proof. This is [5, Theorem 5.4.3]. Directly after the theorem�namely in [5, Algo-
rithm 10]�the division method is explained in detail. �

We have now everything set in order to de�ne Gröbner bases. We start with [5,
De�nition 5.4.7].

De�nition 9 (Gröbner basis). Let M be an R-submodule of R1×n. A �nite set
G ⊆ M is a Gröbner basis for M if for all v ∈ M there is α > 0 and g ∈ G such
that lmonom(v) = ∂α lmonom(g).

Lemma 10. Every non-zero submodule M ⊆ R1×n has a Gröbner basis G, M is
generated by G as a left R-module and the remainder of the division of an element
v ∈ R1×n by G does not dependent on the order of the elements in G.

Furthermore, v ∈M if and only the remainder by division with G is zero.

Proof. These statements are found in [5, Proposition 5.4.8, Corollary 4.10 and
Theorem 5.4.9]. �

The following de�nition is [5, De�nition 4.17].

De�nition 11 (Reduced Gröbner bases). A Gröbner basis G of M ⊆ R1×n is
reduced if for all g ∈ G we have lcoeff(g) = 1 and there is no h ∈ G \ {g} such that
lmonom(h) divides a term in g.

As in the usual, commutative Gröbner basis theory one may de�ne S-polynomials
and prove a Buchberger criterion for Gröbner bases in R1×n. This can be found
in [5, De�nition 5.4.11 and Theorem 5.4.13]. But since we will not need the full
Buchberger criterion in our proofs, we will be content with stating a corollary here.

Theorem 12. Let G = {g1, . . . , gs} ⊆ R1×n with leading monomials lmonom(gk) =
∂αkejk for 1 6 k 6 s. If ji 6= jk whenever i 6= k then G is a Gröbner basis for the
submodule Rg1 + . . .+Rgs ⊆ R1×n generated by its elements.

Proof. This is [5, Corollary 5.4.14]. �

We will now draw the connection from Gröbner bases to normal forms. For this
we have to make the transition between matrices and sets of row vectors. We will
say that a matrixM ∈ Rm×n is a (reduced) Gröbner basis with respect to a certain
term ordering if the set of its rows {M1,•, . . . ,Mm,•} is a (reduced) Gröbner basis
for its row space R1×mM .

The following two theorems are generalisations of [18, Proposition 2 and 4] to
Ore polynomials.

Theorem 13. LetM ∈ Rm×n with the rows sorted in descending order with respect
to position over term ordering. Then M is in Hermite form if and only if the non-
zero rows of M form a reduced Gröbner basis for R1×mM with respect to position
over term ordering.

Proof. By example 7, with respect to position over term ordering, the leading terms
of the rows are exactly those corresponding to the pivot indices in the sense of
de�nition 2. Since the pivot indices are all di�erent, M is a Gröbner basis by
theorem 12, and since the corresponding entries are monic and the entries in the
rows above are of lower degree, we even have a reduced Gröbner bases.
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Conversely, one easily sees, that for a reduced Gröbner bases the leading terms
must be in di�erent positions. Setting these as the pivot indices, from this obser-
vation one deduces all properties listed in de�nition 2. �

Theorem 14. Let M ∈ Rm×n with the rows sorted in ascending order with respect
to term over position ordering. Then M is in Popov form if and only if the non-
zero rows of M form a reduced Gröbner basis for R1×mM with respect to term over
position ordering.

Proof. Analogously to the Hermite form, here the leading terms with respect to
position over term ordering are those corresponding to the pivot indices�this time
in the sense of de�nition 4. Again, they are in di�erent positions and thus we
obtain a Gröbner basis. As before, the properties listed in de�nition 4 make sure
that the Gröbner basis is reduced. Also the converse is easily proven by letting the
pivot indices be the positions of the leading terms and checking the properties in
the de�nition. (For the row-reducedness note that the pivot indices are in di�erent
columns and hence the leading coe�cient matrix must be in row echelon form.) �

Since reduced Gröbner bases for submodules by [5, Theorem 5.4.18] are unique,
from the previous theorems we obtain (together with the existence considerations
from section 3)

Corollary 15. Every matrix has exactly one Hermite form and exactly one Popov
form.

5. FGLM

The �rst version of the FGLM algorithm�named after its inventors�was pre-
sented in [11]. It solves the following problem: Given a Gröbner basis of a zero-
dimensional ideal I in a ring F [x] of commutative polynomials over a �eld F with
respect to a certain term order, compute the Gröbner basis of I with respect to
another term order. That is, the FGLM algorithm allows to convert Gröbner bases
between di�erent term orderings. Since it does so quite e�ciently, it is thus possible
to compute a Gröbner basis for a �slow� term ordering by �rst computing it with
respect to a �fast� term ordering and then using FGLM for conversion.

The main achievement of [11] is, that they managed to break this problem down
to a linear algebra problem: Instead of calculating in F [x] they solve the task
in F [x]/I which is a �nite dimensional vector space over F . In this space they
iterate over all (representatives of) monomials deciding whether they are leading
monomials of an element of the new Gröbner basis or not.

Let again K be a skew �eld with automorphism σ : K → K and σ-derivation
ϑ : K → K. As before we abbreviate K[∂;σ, ϑ] by R. LetM ∈ Rm×n be a Gröbner
bases for the term over position or for the position over term ordering. It will turn
out that the FGLM algorithm translates quite nicely to this setting. There is one
problem, though, namely that R1×n/R1×mM needs not to be �nite dimensional.
That is, we possibly have to traverse over in�nitely many monomials.

Our �rst goal is thus to limit the number of monomials we have to search. For
this we will need the next two lemmata that will give an estimate on the degrees
of Popov and Hermite forms of a given matrix.
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Lemma 16. Let A ∈ Rm×n be any matrix and M ∈ Rm×n its Popov form. Then
degM 6 degA.

Proof. By [2, Theorem 2.2] does row-reduction applied to A at most lower the
degree. Furthermore, since the Popov form M is by de�nition also row-reduced,
by [2, Lemma A.1 (d)] we may conclude that its degree is the same as that of the
result of the row-reduction and thus not larger than the degree of A, too. �

The next lemma is [13, Corollary 3.4]. Although in the reference the result is
only stated for square matrices over rings of di�erential operators (see example 1),
following the proofs one easily sees that they generalise to arbitrary Ore polynomials
and to matrices that are not necessarily square.

Lemma 17. Let A ∈ Rm×n be a matrix of full left row-rank, and let M ∈ Rm×n
be its Hermite form. Then degM 6 m degA.

Proof. See [13, Corollary 3.4]. �

Having thus established degree bounds for Hermite and Popov forms, we may
use them to limit our search space. The correctness of this statement is proven
below in theorem 21. But we �rst need to introduce a few notations and de�nitions
which are necessary for the formulation of the algorithm.

For any set S ⊆ R1×n we denote the set of elements of degree at most d > 0
in S by S6d = {v ∈ S | deg v 6 d}. Let M be in Hermite or Popov form. We
write the set of all those monomials which are not reducible by M as B. By [5,
Proposition 5.6.3] B = {m | m ∈ B} is a K-basis of R1×n/R1×mM where the
bar denotes residue classes modulo M . We would like to emphasise here that B
depends on the monomial ordering in respect to which M is a Gröbner basis. For
any u ∈ R1×n we will write the coordinate vector of u in R1×n/R1×mM with
respect to B as uB.

The factor module R1×n/R1×mM is not only a vector space but also a left R-
module. Hence, the multiplication by ∂ induces a map of R1×n/R1×mM into itself
that we will call ∂ . It has the properties that

∂(v + w) = ∂v + ∂w and ∂(av) = σ(a)∂v + ϑ(a)v.

for all v and w ∈ R1×n and a ∈ K. Such a map is called pseudo-linear in [15].
Fix a degree bound. We will consider the truncated basis B6d. Let π be the

projection of R1×n/R1×mM onto the K-span 〈B6d〉 of the truncated basis. We

introduce the truncated ∂-multiplication τ = π◦(∂ )|〈B6d〉 as a map of 〈B6d〉. (The
composition with π lets us ignore products which are not in 〈B6d〉 any more.)

Let v = πv ∈ 〈B6d〉. Then τ(aπ(v)) = π ◦ (∂ )(aπ(v)) = σ(a)
(
π ◦ (∂ )

)
(πv) +

ϑ(a)π2(v) = σ(a)τ(π(v)) + ϑ(a)π(v) since π2 = π. Thus, τ is also a pseudo-linear
map. By [15, Section 2] we may construct a matrix T ∈ K |B6d|×|B6d| such that

τ(u)B6d
= σ(uB6d

)T + ϑ(uB6d
)

where σ and ϑ are applied to vectors component-wise. The truncated multiplication
matrix T is called a τ -connection in [7].

Remark 18. Computing T is actually quite easy. If for m ∈ B6d also ∂m ∈ B6d,
then the row corresponding to m in T is a unit vector. If otherwise ∂m /∈ B6d,
then there are two possibilities. Either ∂m ∈ B or ∂m is divisible by a row in M .
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In the �rst case the row of m in T will just be zero. In the second case, there is a
leading monomial n of a row Mi,• of M and α > 0 such that ∂αn = ∂m. Since m is
irreducible, we may conclude that α = 0, that is, that n = ∂m. Thus, the remainder
is n −Mi,• ∈ B6d which is irreducible since M is a reduced Gröbner basis. The

corresponding row in T is then just (n−Mi,•)B6d
. The coordinates may hence be

plainly read o� from the coe�cients in Mi,•.

In example 7 we already established the correspondence between the pivot indices
and the leading monomials in M . This allows us to write down B6d quite easily as

B6d =
{
∂αej

∣∣∣ j = ji ∈ J ∧ α < rdegiM
}
∪
{
∂αej

∣∣∣j /∈ J ∧ α 6 d}
where J = {j1, . . . , jm} is the set of all pivot indices. We may compute the coordi-
nates of the residue classes of the unit vectors e1, . . . , en in the same way as the we
computed T . From them we can compute the residue class of any ∂αek ∈ B6d just
by using T .

We are now ready to state the algorithm. Although the only admissible or-
derings we have considered are the position over term and the term over position
ordering, the algorithm would also work for other orderings. We denote lists (that
is, ordered sets) by enclosing their elements in square brackets, that is, we write
L = [L1, . . . , Lk]. If ` is an element, then ` : L denote the list with its �rst element
being ` and then the elements of L following in order, that is, ` : L = [`, L1, . . . , Lk].

Algorithm 19 (FGLM with degree bound).

Input: A reduced Gröbner basis M ∈ Rm×n with respect to the admissible
ordering <1 and an admissible ordering <2 as well as a degree bound d for
the reduced Gröbner basis with respect to <2.

Output: The reduced Gröbner basis with respect to <2.
Procedure:

(1) Let B1 be the truncated basis with respect to <1 and d, and let T be
the corresponding multiplication matrix.

(2) Initialise C ← [ ], B2 ← [ ] and G2 ← ∅.
Upon termination, G2 will be the reduced Gröbner basis, B2 will be
the truncated basis with respect to <2 and d, and C will contain the
coordinate vectors of the elements of B2 with respect to B1.

(3) If there are monomials of degree less or equal to d that are not divisible
by G2, then:
(a) Choose the smallest such monomial m with respect to <2 and

compute its coordinate vector w = mB1
using T .

(b) If w : C is K-linear independent, then set C ← w : C and
B2 ← m : B2.

(c) Else there are aj ∈ K such that w =
∑
j ajCj . Set G2 ←

G2 ∪ {m−
∑
j aj(B2)j}.

(d) Go to step 3.
(4) Else stop and return G2 as a matrix with the rows sorted with respect

to <2.

Remark 20. If <2=<pot, then the sequence of monomials that are chosen in
step 3a can be computed as follows. Set j ← n and start with m← ej = en which
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is the smallest element. If in step 3b w does not depend on C, then set µ ← ∂µ,
w ← σ(w)T + ϑ(w) and go to step 3b. Else, set j ← j − 1 and continue with the
next m being ej . The sorting in step 4 can be omitted if G2 is maintained as a list
with new elements added in front.

If <2=<top, then we maintain a list M of monomials which initially is just
[en, . . . , e1] and a corresponding list of coordinate vectorsW . We iterate over (m, w)
in the zipped list (M,W ). If in step 3b we �nd a linear dependence, then we
remove (m, w) from (M,W ). Once we are through the list, if M 6= [ ] we set
M ← [∂m | m ∈ M] and W ← [σ(w)T + ϑ(w) | w ∈ W ] and continue. Also here,
the sorting in step 4 is not necessary if G2 is a list with the elements added at the
end.

Theorem 21. Algorithm 19 is correct and terminates.

Proof. The iteration considers only monomials up to certain degree. Since there
are only �nitely many of them, the algorithm clearly terminates.

It remains to prove the correctness. We will use the notations from the algo-
rithm. First, we note that the elements in C are always linearly independent by
construction. Since they are just the B1-coordinate vectors of the elements in B2�
and since the coordinate map is K-linear�also B2 is linear independent modulo
R1×mM .

Moreover, we claim that the elements of G2 are in R1×mM . Let in step 3c
g = m −

∑
j aj(B2)j . Let r = g − uM be the remainder of g by division with M

where u ∈ R1×m contains the coe�cients from theorem 8. We have r = g − uM =
g = w−

∑
j ajCj = 0. Since r is irreducible, this implies r = 0, that is, g ∈ R1×mM .

Let LM(G2) = {∂αm | m ∈ G2 and α > 0}. We claim that B2 ∩ LM(G2) = ∅.
This holds in step 2 and cannot be destroyed if we add elements to B2 in step 3b.
In step 3c, if an element is added to G2 it is bigger than all elements in B2 with
respect to <2 since we iterate over all monomials in order. Using the de�nition of
admissible orderings in [5, De�ntion 2], we see that it cannot divide any monomial
in B2. Since we consider all monomials of degree at most d, we obtain

M6d := {m monomial | degm 6 d} = LM(G2)6d ∪̇ B2.

Let G̃ be the Gröbner basis of R1×mM with respect to <2 and let B̃ ⊆ M6d

denote the corresponding truncated basis. Since G2 ⊆ R1×mM , we must have
B̃ ⊆ B2. We claim that lmonom(g) ∈ LM(G2) for any g ∈ G̃. By our degree
bound, we know that lmonom(g) ∈ M6d. Assume lmonom(g) was in B2. This
meant that we could reduce an element of B2 contradicting the linear independence
of B2 modulo R1×mM . Thus LM(G̃) ⊆ LM(G2). Hence, by de�nition 9, G2 must
be a Gröbner basis.

By construction, the leading monomials of G2 are monic and do not divide each
other. Further more, since for each g ∈ G2 we have g − lmonom(g) ∈ 〈B2〉, we see
that g is irreducible by G2 \ {g}. Thus, G2 is the unique reduced Gröbner basis of
R1×mM with respect to <2. �

Corollary 22 (Main theorem). Because of the degree bound in the lemmata 16
and 17, we may use algorithm 19 to convert Hermite forms into Popov form and
vice versa.
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Proof. Let H ∈ Rm×n be in Hermite form and assume P ∈ Rs×n is the output of
algorithm 19. Then P is in Popov form and using Gröbner basis division we may
compute A ∈ Rm×s such that H = AP . Since also H is a Gröbner basis we can
�nd B ∈ Rs×m such that BH = P . Now, since H and P have linearly independent
rows by remark 5, we conclude AB = 1m and BA = 1s. By [16, p. 32] (applicable
since by [10, Theorem 5.8] Ore polynomials can be embedded in skew �elds) this
implies m = s and hence A = B−1 ∈ GL(R, s). Thus, P really is the Popov form
of H. Analogously, also for a Popov form as input we receive the corresponding
Hermite form. �

Finally, we would like to reason about the complexity of algorithm 19. We will
consider only the conversion from Popov to Hermite form. In the steps 1 and 2
there is not much to do, since the computation of T involves just the copying of
the coe�cients of M by remark 18. The real work is done in step 3. Here, we
have to compute all the candidates for leading monomials and their coordinate
vectors, and we have to check sets of monomials for linear dependence. Let d =
degM . The degree bound is md in this case. The number of monomials generated
(and also the size of B1) does thus not exceed O(nmd). To generate a monomial
we either look it up from a list containing the unit vectors and their coordinates
(as can be precomputed analogously to T ) or by remark 20 we compute it as a
product with ∂ and the previous monomial. In the later case to compute the
coordinates we needO(mnd) applications of σ and ϑ andO((mnd)2) multiplications
and additions in K for the multiplication by T . The most expensive step is to
solve the O(nmd) variables system in step 3b which needs O((nmd)3) operations
in K by [17, Bemerkung 2.19 (2)]. Since B2 contains only (di�erent) monomials,
computation of m−

∑
j aj(B2)j is again just copying coe�cients.

The estimate becomes tighter ifM is a square matrix. Then, the degree bound is
never needed because there will be a pivot in every row ofM . Hence, R1×n/R1×mM
is �nite. This corresponds to the case of zero-dimensional ideals in the theory of
commutative polynomials. We need to consider at most O(md) monomials. This
bound can even be lowered using the index of M which is indM =

∑
i rdegiM as

introduced in [12]. This yields a total complexity of O((indM)4).

Remark 23 (Complexity). For the conversion of a Hermite form in M ∈ Rm×n
into Popov form one needs O((mnd)4) operations in K where d = degM . If M is
square, then O((indM)4) 6 O((md)4) operations are su�cient.

6. Conclusion

In this paper we have extended the result of [18] that Hermite and Popov forms
are Gröbner bases to a general Ore polynomial setting. We adapted the classical
FGLM algorithm for this case and used it to convert matrices from Hermite form
into Popov form and vice versa. The complexity of this is polynomial and not to
far away from other approaches as for example [24]. The version presented here is
slightly more general though as it works with arbitrary Ore polynomials.
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RELATIONS BETWEEN HEUN EQUATIONS AND PAINLEVE

EQUATIONS

S.YU. SLAVYANOV, A.YA. KAZAKOV, F. R. VUKAJLOVIĆ

Special functions play significant role in Computer Algebra packages. Here we
can mention all-purpose packages as Mathematika or Maple as well as specialized
packages as SFTools. Further development would without doubt be focused on
Heun functions and closely related Painleve transcendents. Partly the relation-
ship between Heun equations and Painleve equations is presented in the package
SFTools. However new studies induce revision of presentation of these relations.
The items of these revisions are the following.

1. Relations between equations belonging to Heun class, the corresponding
deformed equations with added apparent singularity and the corresponding
2 × 2 systems. It is needed to stress that two different 2 × 2 systems
correspond to one deformed equation.

2. Relations between integral transforms linking different equations belonging
to Heun class and Okamoto-type transforms linking Painleve equations.
These give rise to symmetries in the class of corresponding functions.

3. Relations between known physical models which are solved in terms of
Heun functions like two-Coulomb centers problem, Stark effect etc. and
the corresponding problems in classical dynamics.

In the publications [1, 2] and later in the the book [3] the author formulated the
statement that every equation belonging to Heun class induces the corresponding
equation belonging to Painleve class. This statement has been implemented in the
package SFTools which supplied different information on special functions [4]. The
mentioned induction called later as ”antiquantization” is realised by substitution
instead of quantum variables: coordinate and momentum – in the hamiltonian for
Heun equations – the classical variables in the corresponding classical Lagrangian.
Newtonian equations of motion appear to be Painleve equations. However several
aspects of the theory were missing at that stage. These there:

1. What transforms of Painleve equations are induced by s-homotopic trans-
formations of Heun equations?

2. What are the deformed Heun equations generated from Heun equation by
adding an apparent singularity?

3. What are the relations to 2 × 2 first order linear systems which often are
assumed as basic in handling with Painleve equations?

4. Are there other linear systems related to Painleve equations?
5. What transforms of Painleve equations are induced by integral transforms

of Heun equations?
6. What classical physical problems are related to the well-known quantum

problems exposed in terms of particular equations belonging to Heun class?

c©2010 Aulona Press (Albanian J. Math.)
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In view of a large number of Heun equations the detailed answer to posed questions
is rather complicated and needs to be coded in a software package. Here is given a
general approach to basic Heun equation. The presentation is referring to previous
publications of the author with collaborators. The canonical form of Heun equation
is chosen as

w′′ +

[
1− θ1

z
+

1− θ2

z − 1
+

1− θ3

z − t

]
w′ +[

αβ

z(z − 1)
− t(t− 1)H

z(z − 1)(z − t)

]
w = 0.(1)

Here θj are characteristic exponents for the solutions with singularities at the points
zj , z1 = 0, z2 = 1, z3 = t.

Parameters α, β – are characteristic exponents at infinity. According to Fuchs
theorem it holds

(2)

3∑
j=1

θj + α+ β = 1.

Parameter H is assumed to be the energy. It is normalized in such a way that
the residue of of the corresponding term at z = t is unity. A more general Heun
equation can be obtained by applying linear transformation of independent variable
and s-homotopic transformations [3] of dependent variable

y := (z − zk)γkw.

It is as following

σ(z)y′′(z) +

3∑
j=1

(1− bj)σj(z)y′(z) +

 3∑
j=1

ajσj(z)

(z − zj)
+ δ(z − z3)−

 λσ3(z3)

(z2 − z1)
+

1

2

2∑
j=1

(1− b3)(1− bj)
σ3(z3)

z3 − zj

 y(z) = 0.(3)

Here

bj = (ρ1j + ρ2j), aj = ρ1jρ2j , j = 1, 2, 3, a∞ = κ1κ2,

σ(z) =

3∏
j=1

(z − zj), σj(z) =
σ(z)

z − zj
,

δ = a∞ −
3∑
j=1

aj ,

where ρmj are characteristic exponents at finite singular points and κ1, κ2 are char-
acteristic exponents at infinity. It can be shown that the quantity λ stays invariant
under transforms mentioned above. The other invariants are squares of differences
between characteristic exponents

∆j = (ρ1j − ρ2j)
2, j = 1, 2, 3 ∆∞ = (κ1 − κ2)2.
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Applying the antiquantization procedure we arrive to the following equation [5]

2σ3(t)√
σ(q)

d

dt

q̇σ3(t)√
σ(q)

+
q̇σ2

3(t)

σ(q)(q − t)
+−∆∞ +

2∑
j=1

(∆j + 1− 2bj)σj(zj)

(q − zj)2
+

(∆3 − 1)σ3(t)

(q − t)2

 = 0.(4)

This is a general form of the Painlevé equation P 6 generated by general form Heun
equation. Two important features of equation (4) should be emphasized.

1. The role of the singular point z3 = t in (1) is specific in (4) compared to
the other points z1, z2.

2. The only influence of generalization due to s-homotopic transformation is
a slight dependence on bj j = 1, 2 in (4).

Deformed Heun equations. Here only the canonical form of Heun equation
is studied. The deformed Heun equation termed as Heun1 arises by adding an
apparent singularity into Heun equation thus increasing the number of Fuchsian
singular points up to five. It can be written as following.

w′′ +

[
1− θ1

z
+

1− θ2

z − 1
+

1− θ3

z − t
− 1

z − q

]
w′ +

+

[
αβ

z(z − 1)
+

q(q − 1)p

z(z − 1)(z − q)
− t(t− 1)H

z(z − 1)(z − t)

]
w = 0,(5)

where θj , j = 1, 2, 3, are the characteristic exponents for solutions with singularities
at the singular points zj . The set of parameters θ1, θ2, α, β, t, q and p corresponds
to this equation. We note that θ3 is considered a dependent parameter because the
Fuchs condition slightly different from (2)

(6)

3∑
j=1

θj + α+ β = 0

related to the characteristic exponents at singularities must be satisfied (the choice
of the one dependent parameter θ3 among θ1, θ2, and θ3 is arbitrary). The pa-
rameter H is not an independent parameter of (5) either; it is determined from
the condition that the point z = q is an apparent singularity of the equation. This
condition leads to an explicit expression for H in terms of the parameters θ1, θ2,
α, β, q, p, and t.

(7) H =
1

σ3(t)

σ(q)p2 + p

3∑
j=1

σj(q)(1− θj) + αβ(q − t)

 .
These considerations can be inverted. Namely, if dependence on t is assumed for
functions p(t) and q(t) then the property of the apparent singularity to stay an
apparent singularity along the path p(t), q(t) in the phase space if p(t), q(t) obey
the Hamilton system of equations generated by the hamiltonian H. This latter
system is equivalent to P 6 derived above.
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First order 2× 2 linear system. Historically Painlevé equations are more often
related to first order 2×2 systems. However the explicit derivation of P 6 from such
systems is to the authors experience extremely boring. Moreover, several additional
conditions on the system should be posed and it is not clear to what extent they
are necessary. A thorough explanation of this general situation is presented in the
recent article by M.V. Babich ([6]). Here we present a more particular approach to
this problem referring to ([7]). What are the demands to the system if it is assumed
to generate (5)?

1. Firstly, regular singularities of this system must be z1 = 0, z2 = 1, z3 =
t, z4 =∞.

2. Secondly characteristic exponents at infinity must be α, β.
3. Transform from the system to a second order equation must lead to only

one apparent singularity

The system for a vector function W is assumed to be

(8) MW ′ = NW

with the following values of the matrix coefficients for matrices M and N

(9)

(
z2 − z ρ(z − 1)
z z − t− ρ

)
W ′ =

(
−αz + e1 e2

e3 −β

)
W.

Demands 1. and 2. can be easily checked. System (8) can be brought to the form

(10) W ′ = TW, T = M−1N =
(
σ(z)

)−1
S,

where

σ(z) = detM =

3∏
j=1

(z − zj).

Solving system (10) for w1(z), we obtain the second-order equation

(11) w′′1 (z) + f (1)(z)w′1(z) + g(1)(z)w1(z) = 0,

where

f (1)(z) = −T ′12T
−1
12 − trT, g(1)(z) = T ′12T

−1
12 T11 − T ′11 + detT.

Next, solving system(10) for w2(z), we obtain the second-order equation

(12) w′′2 (z) + f (2)(z)w′2(z) + g(2)(z)w2(z) = 0,

where

f (2)(z) = −T ′21T
−1
21 − trT, g(2)(z) = T ′21T

−1
21 T22 − T ′22 + detT.

The matrix S(z) is evaluated in accordance with (10) and is given by

(13)

(
−αz2 + z

(
e1 − ρg2 + αt

)
− te1 + ρf2 g1z − f1

g2z
2 − zf1 −βz2 + z(β − e2)

)
with

f1 = ρβ + t− ρe2, f2 = e3 + e1.

g1 = ρβ + e2, g2 = e3 + α.
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This implies that in addition to the regular singularities coincident with the reg-
ular singularities of system (10), Eqs. (11) and (12) each have only one apparent
singularity,

(14) q(1) =
ρβ + (t− ρ)e2

ρβ + e2
and q(2) =

e3 + e1

e3 + α
.

Therefore, these equation are Heun1 equations. We evaluate trT and detT , which
are the same for Eqs.(11) and (12):

(15)

− trT =
e1

z
+
α− e1

z − 1
+

β

z − t
+

ρf2

z(z − t)
− 1

z − 1

(
e2 − ρ(e1 − α)

t− 1

)
−

+
1

z − t

(
e2 − ρ(e1 − α)

t− 1

)
,

detT =
αβ

z(z − 1)
+
tαβ − βe1 − e2e3

σ
.

From (15), we obtain the residue of trT at infinity:

(16) lim
z→∞

z trT = −α− β.

Using (13), we next evaluate the following expressions, which determine the coeffi-
cients of Eqs. (11) and (12):

(17)

− T ′12T
−1
12 = − 1

z − q(1)
+

3∑
j=1

1

z − zj
, −T ′21T

−1
21 = − 1

z − q(2)
+

3∑
j=2

1

z − zj
,

T ′12T
−1
12 T11 − T ′11 =

α

z(z − 1)
+

[
αt− e1 + ρ

f2 − q(1)g2

t− q(1)

]
1

σ
+

+

[
−αq(1) + e1 − ρ

f2 − q(1)g2

t− q(1)

]
1

σ(1)
,

T ′21T
−1
21 T22 − T ′22 =

e2 + β(q(2) − 1)

t− q(2)

(
q(2)

σ(2)
− t

σ

)
,

where

σ(k)(z) = z(z − 1)
(
z − q(k)

)
, k = 1, 2.

This preliminary computations enable to find explicit expressions for the coefficients
of Eqs. (11) and (12) and as a result explicit formulas for ρ, ej , j = 1, 2, 3 in terms
of θj , j = 1, 2, and p, q. The calculations are troublesome and can be simplified
by Computer Algebra systems. Here are given final results only for equation (12)
omitting index (2).

e1 = −σ3(q)p− 1

q − t
(t(q − 1)(θ1 − 1) + q(t− 1)(θ2 − α) + βσ3(q)),

e2 = −σ1(q)p− β(q − 1),

e3 = −qp− 1

q − t

(
t(θ1 − 1) +

q

q − 1
(t− 1)θ2 + q(α+ β)

)
,

ρ = t
q − 1

q

e1 + θ1 − 1

e1 − α
(18)
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Of course, inverse formulas can also be obtained.

Integral transform for 2× 2 systems. We have studied the Fuchsian system of
equations

(19) (z2A+ zB + C)
dW

dz
= (−αzA+ E)W,

where A, B, C, and E are 2×2 matrices independent on z

A =

(
1 0

0 0

)
, B =

(
−1 ρ

1 1

)
, C =

(
0 −ρ
0 ρ− t

)
, E =

(
e1 e2

e3 −β

)
.

If the solution of system (19) is represented as

(20) W (z) =

∫
L

(z − ξ)−αΦ(ξ) dt,

where Φ(t) is a two-vector function and the integration contour L in the complex
plane is specified properly then Φ(ξ) should be a solution of the similar system but
with modified matrix coefficients

(21) (ξ2A+ ξB + C)
dΦ(ξ)

dξ
=
(
(α− 2)ξA+ E + (α− 1)B

)
Φ(ξ) = 0,

Therefore we arrive to the following chain: Heun1 → Fuchsian system → modified
Fuchsian system → modified Heun1. If at the first stage the Painlevé equation
is generated then at the end the transformed Painleve equation is obtained. This
transformation of Painlevé equations belongs to the Okamoto-type transforms. The
other way of derivation the Okamoto transforms was proposed in [8].

Fuchsian system 3×3. A particular Fuchsian system of 3×3 first order equations
with three Fuchsian singularities at finite points zj can also be regarded in respect
to Heun equation

(22) A(z)~w′(z) = B~w(z), ~w(z) =

w1(z)
w2(z)
w3(z)

 .

The matrices A(z) and B is supposed to be of the form

(23) A(z) =

z − z1 0 0
0 z − z2 0
0 0 z − z3

 , B =

b11 b12 b13

b21 b22 b23

b31 b32 b33

 .

The particularity of (22) is determined by the specific values of Frobenius exponents
at singularities

ρmj = 0, 1, bjj

With already introduced notation for σ and σj and parameters k and q intro-
duced by

k = b13B21 + b12B31

q =
b13B21z2 + b12B31z3

b13B21 + b12B31
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the following third order Fuchsian equation can be derived [9]

σ(z)w′′′1 (z)−

 3∑
j=1

σj(z)(bjj − 1)− σ1(z) +
σ

z − q

w′′1 (z) +

 3∑
j=1

Bjj(z − zj)−
(1− b11)σ1

z − q
+
B11b13b12(z2 − z3)z

k(z − q)

w′1 −

(z2 − z3)b13b12 detB

k(z − q)
w1 = 0.(24)

It has Fuchsian singularities at z = zj and one additional apparent singularity at
z = q.

Along with (24) a particular Fuchsian third-order equation with singularities
located at the points z1 = 0, z2 = 1, z3 = t can be considered

(25) σy(z)′′′ +

3∑
j=1

bjσjy(z)′′ + ((∆2 + ∆1 + 1)(z − z3) + λ)y(z)′ + ∆3y(z) = 0.

Here ∆1, ∆2, ∆3 are standard symmetric functions of three parameters a, b, c

∆1 = a+ b+ c, ∆2 = ab+ bc+ ac, ∆3 = abc.

Parameters a, b, c, bj , j = 1, 2, 3 determine local behaviour of solutions at singular-
ities zj and ∞. Parameter λ is an accessory parameter. The Riemann scheme for
this equation

(26)


z1 z2 z3 ∞ z
0 0 0 a λ
1 1 1 b

2− b1 2− b2 2− b3 c


shows the Frobenius characteristic exponents. It means that at each finite singular-
ity there is one holomorphic solution depending on two initial data and one solution
which in general is not holomorphic.

Comparing (24) and (25) one sees that in principle they only differ in existence
of an additional apparent singularity in (24). Equation (25) is obtained from (24)
by specification of parameters and additional s-homotopic transform. Assuming,
for example, a = 0 we arrive to one equation with the solution equal to a sum of
a constant and general solution of Heun equation. The other possibility to obtain
this result is the use of an appropriate Euler transform [10].
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ON THE KEY EXCHANGE WITH MATRICES OF LARGE

ORDER AND GRAPH BASED NONLINEAR MAPS

URSZULA ROMAŃCZUK AND VASYL USTIMENKO

Abstract. In the paper we discuss the group theoretical algorithm of Diffie -

Hellman key exchange in the cases of symmetrical group Spn and more general
Cremona group of polynomial automorphisms of free module Kn over arbitrary

commutative ring K. We show that conjugation of affine map with nonlinear
polynomial map f can be element of large order and small degree. Same

properties hold for each element of cyclic group generated by such elements.

We consider some algorithms for generation of subgroups of large order and
small degree of their elements.

1. Introduction

It is a well-known fact that the discrete logarithm problem can be formulated for
general finite group G. Find a positive integer x satisfying condition gx = b where
g ∈ G and b ∈ G. The problem has a reputation to be a difficult one. But even
in the case of cyclic group Z∗n there are many open questions. If n = p or n = pq
where p and q are sufficiently large prime then the complexity of discrete logarithm
problem justify classical Diffie-Hellman key exchange algorithm and RSA public
key encryption, respectively. In most other cases complexity of discrete logarithm
problem is not investigated properly. The problem is very dependent on the choice
of the base g and the way of presentation the data on the group. Group can be
defined via generators and relations, as automorphism group of algebraic variety,
as matrix group, as permutation group etc. in this paper we assume that G is a
subgroup of Spn which is a group of polynomial bijective transformation of vector
space Fp

n into itself. Obviously |Spn | = pn!, each permutation π can be written in
the form
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x1 → f1(x1, x2, . . . , xn),

x2 → f2(x1, x2, . . . , xn),

. . .

xn → fn(x1, x2, . . . , xn),

where fi are multivariable polynomials from Fp[x1, x2, . . . , xn]. The presentation of
G as a subgroup of Spn is chosen because the Diffie Hellman algorithm here will be
implemented by the tools of symbolic computations. Other reason is universality:
as it follows from classical Cayley results each finite group G can be embedded in
Spn for appropriate p and n in various ways.

The Diffie Hellman key exchange is another breakthrough in public-key cryp-
tography of the 1970s, invented by Whitfield Diffie and Martin Hellman in their
groundbreaking 1976 paper New Directions in Cryptography. Algorithm Diffie-
Hellman allows two users (Alice and Bob) to establish a shared secret key used
by encryption algorithms, such as DES or MD5, over an insecure communications
channel.

Algorithm 1. Symbolic Diffie-Hellman algorithm

1. The first step Alice and Bob take is to agree on a finite group G, G < Spn

and a polynomial map g in G of large order in a group G. This is usually
done long before the rest of the protocol. The next step is for Alice to pick
a secret integer nA that she does not reveal to anyone, while at the same
time Bob picks an integer nB that he keeps secret.

3. Bob and Alice use their secret integers to compute A = gnA and B = gnB

in Spn , respectively. They use composition of multivariable map g with
itself.

4. They next exchange these computed values, Alice sends A to Bob and Bob
sends B to Alice.

5. Finally, Bob and Alice again use their secret integers to compute

AB ≡ BnA ≡ (gnB )
nA = gnAnB and AB ≡ AnB ≡ (gnA)

nB = gnAnB

Eavesdropper only learns p, g, gnA and gnB , but cannot calculate gnAnB without
the computationally difficult discrete logarithm problem of A or B for the group
G.

The security of the protocol depends heavily on the choice of the base g. It has
to be an element of large order |g|, prime decomposition of |g| is very important.

This scheme of ”symbolic Diffie-Hellman algorithm” can be secure, if the adver-
sary is not able to compute number nA (or nB) as functions from degrees for g and
hA. Obvious bad example is the following: g sends xi into xi

t for each i. In this
case nA is just a ratio of deghA and degg.

To avoid such trouble one can look at the element (base) g of Spn such that
all its nonidentical powers qk are of small degree f(n), which is independent of
parameter k. We refer to such g as stable element. In the of prime field Fp, affine
transformations form an affine group AGLn(Fp) of order (pn − 1)(pn − p) . . . (pn −
pn−1) in the symmetric group Spn of order (pn)!. In [6] the maximality of AGLn(Fp)
in Spn was proven. So we can present each permutation π as a composition of several
”seed” maps of kind τ1gτ2, where τ1, τ2 ∈ AGLn(Fp) and g is a fixed map of degree
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≥ 2. One may choose quadratic map of Imai - Matsumoto algorithm in case p = 2
(see [4]0 for its description and cryptanalysis by J. Patarin) or graph based cubical
maps for general p ([12], [14], [16], [17]).

One of the obvious source of stable elements is the group AGLn(Fp) of affine
transformations. We can take the group G in the form τHτ−1, where H is a
subgroup of AGLn(Fp) and τ is a fixed element of Spn . Degree of each representative
of AGLn(Fp) is 1, this group contains elements of large order, like famous Singer
cycle of order pn − 1 (see [5] and further references) . The choice of nonlinear τ is
important, it eliminates the usage of standard tools of linear algebra for studies of
H-invariant subspaces.

One can consider the product of a Singer cycle with the matrix whose order is
mutually prime with pn − 1 to make the order flexible.

We refer to an element g of kind fτf−1, where τ ∈ AGLn(Fp), f and f−1 are
polynomial maps of Fp

n into itself of the same degree such as fτ 6= τf as quasi linear
map. We say that g = fτf−1 is of irreducible degree if deg(g) = deg(f)deg(f−1).
In case of stable pseudo linear element g of irreducible degree all its nonidentical
powers are of irreducible degree.

We suggest the following scheme:

(1) Choose an affine transformation τ of large order S (for instance a product
of Singer cycle with the matrix of order t such that gcd(t, pn − 1) = 1).

(2) Construct invertible polynomial transformation f of large degree of rather
general form.

(3) Compute b = fτf−1 (”most” elements of that kind fτkf−1 will be of
maximal degree deg(f)deg(f−1)).

Method of construction of sequences of stable elements in Spn of nonpseudolinear
nature with large degree and order are consider in the papers of [16].

We believe that independently on our scheme problems of generation of matrices
of large order and construction of invertible polynomials of large degree are of
applied nature.

We generalize the above problem for the case of Cremona group of the free
module Kn, where K is arbitrary commutative ring. So we need change Fp

n for
free module Kn (Carthesian power of K) and the family and symmetric group Spn

for Cremona group Cn(K) of all polynomial automorphisms of Kn.

2. Linguistic graphs and nonlinear elements of Cremona group

The missing definitions of graph-theoretical concepts which appear in this paper
can be found in [1]. Let V (G) and E(G) denote the set of vertices and the set of
edges of G, respectively. Then |V (G)| is called the order of G, and |E(G)| is called
the size of G. A path in G is called simple if all its vertices are distinct. When it is
convenient, we shall identify G with the corresponding anti-reflexive binary relation
on V (G), i.e. E(G) is a subset of V (G) × V (G) and write vGu for the adjacent
vertices u and v (or neighbors). The sequence of distinct vertices v0, v1, . . . , vt, such
that viGvi+1 for i = 1, . . . , t− 1 is the pass in the graph. The length of a pass is a
number of its edges. The distance dist(u, v) between two vertices is the length of
the shortest pass between them. The diameter of the graph is the maximal distance
between two vertices u and v of the graph. Let Cm denote the cycle of length m i.e.
the sequence of distinct vertices v0, . . . , vm such that viGvi+1, i = 1, . . . ,m− 1 and
vmGv1. The girth of a graph G, denoted by g = g(G), is the length of the shortest
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cycle in G. The degree of vertex v is the number of its neighbors (see , for instance
[1]).

The incidence structure is the set V with partition sets P (points) and L (lines)
and symmetric binary relation I such that the incidence of two elements implies
that one of them is a point and another is a line. We shall identify I with the simple
graph of this incidence relation (bipartite graph). If number of neighbors of each
element is finite and depends only on its type (point or line), then the incidence
structure is a tactical configuration in the sense of Moore (see [7]).

Definition 1. Let Γ be a bipartite graph with partition sets Pi, i = 1, 2. Suppose
that M be a disjoint union of finite sets M1 and M2. We say that Γ is a bipartite
parallelotopic graph over (M1,M2) if

(i) there exists a function π : V (Γ)→M such that if p ∈ Pi, then π(p) ∈Mi,
(ii) for every pair (p, j), p ∈ Pi, j ∈ Mi, there is a unique neighbour u with

given π(u) = j.

It is clear that the bipartite parallelotopic graph Γ is a (|M1|, |M2|) - biregular
graph.

We refer also to the function π in the definition of bipartite parallelotopic graph
as a labelling. We will often omit the term ”bipartite”, because all our simple graphs
are bipartite.

Let P and L be two copies of n-dimensional free module Kn over the finite
commutative ring K. Elements of P will be called points and those of L lines.
To distinguish points from lines we use parentheses and brackets: If x ∈ V , then
(x) ∈ P and [x] ∈ L. It will also be advantageous to choose two fixed bases and
write:

(p) = (p1, . . . , pn, c1, c2, . . . , cr)

[l] = [l1, . . . , ln, t1, t2, . . . , ts]

We now define an incidence structure (P,L, I) as follows. We say the point (p)
is incident with the line [l], and we write (p)I[l], if the following relations between
their coordinates hold:

a1l1 − b1p1 = f1(c1, . . . cr, t1, . . . , ts)

. . .

aili − bipi = fi(c1, . . . cr, t1, . . . , ts, l1, . . . , li−1, p1, . . . , li−1)

. . .

anln − bnpn = fn(c1, . . . cr, t1, . . . , ts, l1, . . . ln−1, p1, . . . , pn−1)

(1)

where fi, i = 2, . . . , n can be any polynomial expressions in variables c1, . . . , cr, t1,
. . . , ts, l1, . . . , li−1, p1, . . . , pi−1 over K, ai, bi can be any nonzero elements from
K.

It is easy to see that the above graph is a parallelotopic graph such that tuples
c1, . . . cr and t1, . . . , ts be the ”colours” of (p) and [l], respectively. Let C(P ) = Kr

and C(L) = Ks are sets of colours for points and Lines
Let us refer to the graph I = I(n, r, s) defined by above equations as linguis-

tic graphs of triangular type over K of type (r, s, n). We assume that one of the
expressions fi, i = 1, 2, . . . , n has degree ≥ 2.
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The colour function π for such a graph is just a projection of tuples (p) ∈ P and
[l] ∈ L onto r and s last components, respectively. We assume that Nc(v) is the
operator of taking the neighbour of v of colour c in our parallelotopic graph.

The linguistic graphs naturally appear as induced subgraphs of Incidence Geome-
tries of Finite Simple Groups of Lie type. They play an important role in studies
of Large Schubert cell related to the geometry ([10], [11]). The following examples
are induced subgraphs of incidence geometries of rank 2. The theory of incidence
geometries corresponding to finite simple groups of Lie type the reader can find in
[2], [9]. Special dynamical systems related to linguistic graphs were introduced in
[15].

Example 1. Let P = {(x1, x2)|xi ∈ GF (q)}, L = {[y1, y2]|yi ∈ GF (q)}. Let us
define an incidence relation I1 as: (a, b)I1[x, y] if and only if y − b = xa. Let us
consider the function π : P ∪ L→ GF (q), such that π((x1, x2)) = x1, π([y1, y2]) =
y1. It is easy to check that π is a labelling for the graph I1. It is a linguistic graph
of type (1, 1, 1) over GF (q). This is the induced subgraph of the incidence graph
of the geometry for simple group A2(q) (classical Desargues projective plane).

Example 2. Let P = {(x1, x2, x3)|xi ∈ GF (q)}, L = {[y1, y2, y3]|yi ∈ GF (q)}. Let
us define an incidence relation I2 as: (a, b, c)I2[x, y, z] if and only if

y − b = xa and z − c = xb.
Let us assume that π((x1, x2, x3)) = x1 and π([y1, y2, y3]) = y1. It is clear,

that I2 defines a family of linguistic graphs over GF (q) with parameters (1, 1, 2).
This is the induced subgraph of the incidence graph of the geometry for simple
group B2(q) (classical regular generalised quadragon). So the girth of I2 (length of
minimal cycle) is at least 8.

Example 3. Let P = {(x1, x2, x3, x4, x5)|xi ∈ GF (q)}, L = {[y1, y2, y3, y4, y5]|yi ∈
GF (q)}. Let us define an incidence relation I3 as: (a, b, c, d, e)I3[x, y, z, u, v] if and
only if

y − b = xa

z − 2c = −2xb

u− 3d = −3xc

2v − 3e = 3zb− 3yc− ua

From the equations above, it follows that π : π((x1, x2, x3, x4, x5)) = x1 and
π([y1, y2, y3, y4, y5]) = y1 is a labelling for I3.

This is the induced subgraph of the geometry of groupG2(q) (generalised gexagon).
If charGF (q) > 3 then the girth of this graph is at least 12. Directly from the

equations above we can get that I3 is the linguistic graph with parameters (1, 1, 4)
over GF (q).

Example 4. Let GF (q2) be the quadratic extension of GF (q) and x → xq be
the Frobenius automorphism of GF (q2). Let P = {(x1, x2, x3)|x1 ∈ GF (q), x2 ∈
GF (q2), x3 ∈ GF (q)}, L = {[y1, y2, y3]|y1 ∈ GF (q2), y2 ∈ GF (q2), y3 ∈ GF (q)}.
Let us define the incidence relation I4 as: (a, b, c)I4[x, y, z] if and only if

y − b = xa

z − c = ay + ayq.
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It is clear that rules π((x1, x2, x3)) = x1 and π([y1, y2, y3]) = y1 define the
parallelotopic graph over GF (q2), It is a linguistic graph over Fq of the type it’s
parameters are (1, 2, 3).

Algorithm 2. Let us consider the sequence of linguistic graphs I1, I2, . . . , Id of
the same type (n, r, s) over commutative ring K.

Let Cj(P ) and Cj(L) be sets of colours for points and lines in the graph Ij . Let
ηj , j = 2, 3, . . . , d and ηj

′, j = 1, 2, . . . , d − 1 be the affine maps from C1(P ) to
Cj(P ) and Cj(L), respectively. Let us assume that ηd is an invertible affine map.

We need also an invertible affine transformations δ1and δ2 of the point set P1

and the point set Pd within the graphs I1 and Id, respectively.
We take general point x = (x1, x2, . . . xn+r) from P1 and compute v1 = δ1(x) and

the color c1 = π(v1). After that we are compute consequently colours cj
′ = η′j(c1),

j = 1, 2, . . . , d− 1, cj = ηj(c1), j = 2, 3, . . . , d. It allows us to compute the bijective
composition of δ1Nc′1

Nc2Nc′2
. . . Ncd−1

Nc′d−1
Ncdδ2. Let

u = δ1Nc′1
Nc2Nc′2

. . . Ncd−1
Nc′d−1

Ncdδ2(x).

The inverse of our map is the following one. We apply δ2
−1 to u and get

the vertex u′ of the graph of colour cd = ηd(π(v1)). The map ηd is invert-
ible. So we compute c1 and all colours cj and cj

′. It allows us to compute x

as Nc′d−1
Ncd−1

. . . Nc2Nc′1
Nc1δ1

−1(u′).

Remark 1. In case of regular linguistic graphs we can also add c′d = η′d(c1).

Example 5. Let us consider the following bipartite algebraic graph A = A(n,K)
(alternating graph) defined over commutative ring K by the following rules.

Partition sets P and L are two copies of the free module Kn. Brackets and paran-
thesis allow us to distinguish point p = (p1, p2, . . . , pn) and line l = [l1, l2, . . . , ln].
In case of even n = 2t point p is incident to line l if and only if the following
equations hold:

(1) l2s − p2s = l1p2s−1 for s = 1, 2, . . . t, t = [n/2]
(2) l2s−1 − p2s−1 = p1l2s−2 for s = 2, 3, . . . , d,

where d = t for even n and d=t+1 if n is odd.
The graph is a linguistic graphs of triangular type over K of type (1, 1, n− 1).

We announce here the following statement.

Proposition 1. If we set I1 = A(n,K), I2 = A(n,K), . . . , Id = A(n,K), n ≥ 2,
d ≤ n and nonidentical map ηd of K onto itself, then the algorithm 2 produces a
cubical map of Kn onto itself.

Let Cj(P ) and Cj(L) be sets of colours for points and lines in the graph Ij . Let
ηj , j = 2, 3 . . . , d and j = 1, 2 . . . , d and ηj

′, j = 2, 3 . . . , d be the affine maps from
C1(P ) to Cj(L) and Cj(L), respectively. Let us assume that ηd is an invertible
affine map. We implement the key exchange algorithm in the case K = Fq with the
base b = f−1Af where f is a cubical map as in Proposition 1 and A is a linear map
corresponding to Singer cycle of order qn − 1. Alternatively we can use different
cubical map defined in [12], [14], [16], [7]. Obviously the order of b is qn − 1 and
degree of each bk is bounded by 9.

2.1. Symbolic computations on flags of linguistic graphs. Let us consider
a tactical configuration of order (s, t) for biregular bipartite simple graphs with
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bidegrees s + 1 and r + 1. It corresponds to incidence structure with the point
set P , line set L and symmetric incidence relation I. Its size can be computed as
|P |(s+ 1) or |L|(t+ 1). For the simplicity we choose t = s

Directed graph is an irreflexive binary relation φ ⊂ V × V , where V is the set of
vertices (see [1]).

Let us introduce two sets

id(v) = {x ∈ V |(v, x) ∈ φ},

od(v) = {x ∈ V |(x, v) ∈ φ}
as sets of inputs and outputs of vertex v. Regularity means the cardinality of these
two sets (input or output degree) are the same for each vertex.

Let Γ be regular directed graph, E(Γ) be the set of arrows of graph Γ.
Let F = {(p, l)|p ∈ P, l ∈ L, pIl} be the totality of flags for the regular tactical

configuration T with partition sets P (point set) and L (line set) and incidence
relation I. We define the following irreflexive binary relation φ on the set F : Let
(P,L, I) be the incidence structure corresponding to regular tactical configuration
of order t.

Let F1 = {(l, p)|l ∈ L, p ∈ P, lIp} and F2 = {[l, p]|l ∈ L, p ∈ P, lIp} be two copies
of the totality of flags for (P,L, I). Brackets and parenthesis allow us to distinguish
elements from F1 and F2. Let DF (I) be the directed graph (double directed flag
graph) on the disjoint union of F1 with F2 defined by the following rules:

(i) (l1, p1)→ [l2, p2] if and only if p1 = p2 and l1 6= l2,
(ii) [l2, p2]→ (l1, p1) if and only if l1 = l2 and p1 6= p2.

Let Γ be a directed graph as above on the set of vertices F1 ∪ F2.
Let us assume that additionally we have a parallelotopic colouring π on T . Then

we assume that π[l, p] = π(l) and π(l, p) = π(p).
Then for each vertex v of double directed graph and each colour c we have unique

vertex u such that π(u) = c and v → u. We assume that Nc(v) = u.

Algorithm 3. Let us consider the sequence of regular linguistic graphs I1, I2,
. . ., Id of the same type (r, r, n) over commutative ring K. Suppose that N i

c(v),
i = 2, , 3 . . . , d be the sequence of the operators taking the neighbour of v of colour
c in graph Ii. Let ηi, i = 2, 3, . . . , d be the sequence of affine maps of Kr into Kr.
We take ηd as inveritable map.

We need also an invariable affine transformations δi, i = 1, 2 of the free module
Kn+2r into itself.

We take the general flag x = (x1, x2, . . . , xn+2r) from F1 and the colour c1 ∈ Kr

and compute N2
c2(x) = v ∈ F2. After we compute the consequently colours ci =

η2(c1), i = 2, 3, . . . , d.
It allow us to compute symbolically the map f = δ1N

3
c3N

4
c4 · · ·N

d−1
cd−1

Nd
cd
δ2 of the

free module Kn+2r into itself. The output of our algorithm is the flag w = f(v).
Constructing an inverse mapping to f , we assume that the vertices which belong

to F1 now belong to F2 and vice versa, vertices belonging to F2 now belong to F1.
The map ηd is inveritable, so we compute c1 and cj , j = 2, 3, . . . , d. It allows as to

compute v as δ−1
2 Nd−1

cd−2
Nd−2

cd−3
· · ·N3

c2N
2
c1δ
−1
1 (w).

Remark 2. The above algorithm can be easily generalised on the sequence of bireg-
ular linguistic graphs of the same type (r, s, n).
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Table 1. Time of public key generation

d = 10 d = 20 d = 30 p = 40 d = 50 d = 60

n = 10 7 7 8 15 15 16
n = 20 54 125 195 265 343 421
n = 30 304 742 1234 1703 2234 2805
n = 40 1109 3696 6414 9109 12284 14812
n = 50 2750 8937 17039 24976 33374 41164
n = 60 6101 21312 43961 69453 96421 121267
n = 70 11371 40726 84625 143094 202750 268320
n = 80 23007 82937 175320 309960 455890 601187
n = 90 46062 166320 354429 631469 947328 1262682
n = 100 929625 293641 641305 1110305 1752766 244981

Proposition 2. If we set I1 = A(n,K), I2 = A(n,K), . . . , Id = A(n,K), n ≥ 2,
d ≤ n and nonidentical map ηd of K onto itself, then the algorithm 2 also produces
a cubical map of Kn onto itself.

3. Time evaluation of the generation of the map f

The parameter n is the dimension of point space F2k
n of our graph. Below you

can find time evaluation tables for symbolic computations of f in cases of finite
fields K = F2k , k ∈ {8, 16, 32} .

All the tests were run on a computer with parameters:

• AMD Athlon 1.46 GHz processor
• 1 GB RAM memory
• Windows XP operating system.

The table ?? presents the time (in milliseconds) of the generation of the symbolic
base depending on the number of variables (n) and the size of parameter (d). In
fact we ignore the restriction d < n. In all cases the base is a cubical map. We
use sparse linear transformations δi, i = 1, 2 of kind x1 → a1x2 + a2x3 + . . . , anxn,
xj → xj , j = 2, 3, . . . where ai are fixed nonzero field elements.

4. Remarks on the bk as a public rule

The transformation b or bk can be used as a public rules. Hence the process
of straightforward computation of b for chosen point p can be done in polynomial
time O(n10). But the adversary having only a standard formula for b, has a very
hard task to solve the system of n equations in n variables of degree 9 . We know
that the variety of solution has the dimension 0. Therefore, general algorithm for
finding the solution of system of polynomials cubic equations has exponential time
9O(n).
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SOME COMPUTATION PROBLEMS ARISING IN FONTAINE THEORY

RADU GABA AND BENJAMIN JUSTUS

Abstract. In this note we construct special types of rings Amax,n which are used in sequel work to define
new types of families of continuous Fontaine sheaves. We also study the maps θn and qn providing explicit

description of their kernels. Finally, we implement an algorithm which leads to the computation of these

kernels.

1. Introduction

Let us fix a prime integer p and a finite extension K of Qp with residue field k and ring of integers OK
and denote by GK the Galois group of K over K where K is a fixed algebraic closure of K. Write K0 for the
maximal unramified extension of Qp in K. Also let X be a smooth, proper and connected scheme over K and
denote by XK the geometric generic fiber of X.

In order to decide the nature of the GK-representation Hi
et(XK ,Qp), i ≥ 0 one needs to use ”comparison

isomorphisms theorems” i.e. theorems comparing p-adic étale cohomology of XK to other cohomology theories
associated to X. For example, if X has good reduction the cohomology theory we refer to is the crystalline
cohomology of the special fiber of a smooth proper model of X over OK . Denote this special fiber by X.

The crystalline comparison conjecture was formulated by J.-M. Fontaine in [Fo1] and proved by G. Faltings
in [Fa]:

Theorem 1.1. For every i ≥ 0 there is a canonical isomorphism of Bcris-modules, which respects the GK-
actions, the Frobenii and the filtrations

Hi
et(XK ,Qp)⊗Qp Bcris

∼= Hi
cris(X/OK)⊗OK

Bcris,

where Bcris is the crystalline period ring defined by J.-M. Fontaine in [Fo1].
In [AI] a new method of attacking comparison isomorphisms is supplied provided K = K0 i.e. K is

unramified over Qp.
One defines the Faltings’s topology XK on the smooth proper model of X over OK (see [AI] for details).
A. Iovita and F. Andreatta are defining in [AI] new sheaves of rings A∇cris and Acris on XK and they prove

the following:

Theorem 1.2. Hi
et(XK ,Qp)⊗Qp

Bcris
∼= Hi(XK ,A∇cris)⊗Acris

Bcris
∼= Hi

cris(X,K0)⊗K0
Bcris.

This article deals with the construction of certain families of rings (Amax,n)n≥1, (A′max,n)n≥1. The construc-
tion of these rings are carried out in section 4. We study the maps θn, qn, q̄n and provide explicit description
of their kernels in section 3. In section 5, we discuss algorithms which allow us to compute the kernels of θn
and qn. The details of the computational experiments and relevant results are included in the same section.
We begin in section 2 by recalling some basic facts of Fontaine theory and set out the notations that are used
throughout the paper. In the appendix, the readers will find an algorithm which was used in the paper.

One uses the rings Amax,n to construct a family of sheaves of rings (A∇max,n)n≥1 on Faltings’s topology
XK associated to X and a smooth, proper model of it and study their properties, most important the lo-
calization over small affines (see [Ga] for details). The second family of rings namely (A′max,n)n≥1 is used to

define the sheaves of rings (A′∇max,n)n≥1 which are related to the first family of sheaves via the isomorphism
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A∇max,m/p
nA∇max,m

∼= A′∇max,n for m ≥ n+ 2 (see [Ga], Lemma 3.2.5) and which plays a key role in proving the
localization over small affines theorem (see [Ga], Theorem 3.2.7).

The rings Amax,n will also be used in sequel work to define a Riemann-Hilbert correspondence between
p-adic locally constant sheaves on X and F -isocrystals on the special fiber of the fixed smooth model of X
over OK .

The first four sections of the paper were written by the first author while the next three were the joint work
of both authors.

2. Notations and Background

Let us fix as before a prime integer p, a finite extension K of Qp with residue field k and an algebraic

closure of K, K with residue field k. Denote by GK the Galois group of K over K, by OK the ring of integers
of K and by OK the ring of integers of K. Also denote by CK the completion of K for the p-adic topology.
It is an algebraically closed field and it has a p-adic valuation v normalized by v(p) = 1.

One defines the Fp-algebra:

R := lim←−OK/pOK ,
where the inverse limit is taken with respect to Frobenius. An element x ∈ R is then a sequence (xn)n∈N

of elements of OK/pOK satisfying xpn+1 = xn for all n. R is a perfect Fp-algebra of characteristic p and one
has a bijection from lim←−OK to lim←−OK/pOK which is defined by

(x(n))n≥0 7→ (x(n)(modp)).

The inverse of the map is:

(xn)n≥0 7→ (x(n))n≥0,

where x(n) = limm→∞ x̂n+m
pm

for arbitrary lifts x̂i ∈ OK of xi ∈ OK/pOK for all i ≥ 0, the limit being
independent of the choice of the lifts (see [Fo2], 1.2.2]).

The laws of multiplication and addition are given by the following formulae: for any x, y ∈ R and n ∈ N,

(xy)(n) = x(n)y(n)

(x+ y)(n) = lim
m→∞

(x(n+m) + y(n+m))p
m

One gives R a valuation by defining vR(x) = v(x(0)) for all x ∈ R. One can prove that vR is a valuation on
R and that R is vR-adically separated and complete with residue field k (see [BC], Lemma 4.3.3]).

Now for positive integers n ≥ 1, let Wn := Wn(OK/pOK) be the ring of Witt vectors of length n (on
OK/pOK valued points). We have a ring homomorphism:

θn : Wn −→ OK/p
nOK

(s0, ..., sn−1) 7−→
n−1∑
i=0

pis̃i
pn−1−i

where s̃i ∈ OK/pnOK are lifts of si. Denote by un : Wn+1 → Wn the homomorphism defined by
Frobenius composed with the truncation map (i.e. un sends (s0, s1, ..., sn) to (sp0, s

p
1, ..., s

p
n−1)). Also let

vn : OK/pn+1OK → OK/pnOK be the truncation map. We have that θn ◦ un = vn ◦ θn+1 for every n.
Furthermore one has a GK-equivariant morphism:

θ : lim←−
un

Wn(OK/pOK)→ lim←−
vn

OK/p
nOK = OCK

The inverse limit of the projective system (Wn(OK/pOK), un)n∈N is identified with the ring of Witt vectors

W(R) which we denote by A+
inf .
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3. Explicit kernel descriptions

We remark that Wn(R) ∼= A+
inf/p

nA+
inf since R is perfect and since for each n the projection map

πn : A+
inf →Wn(R)

(s0, s1, ..., sn, ...) 7→ (s0, s1, ..., sn−1).

has the kernel equal to:

{(s0, s1, ...sn, ...) ∈ A+
inf | s0 = s1 = ... = sn−1 = 0} = pnA+

inf .

We now describe the kernels of the maps θ and θn. The explicit kernel computations and related issues can
be found in section 5.

Choose p̃ ∈ R such that p̃(0) = p (so p̃ = (p, p1/p, p1/p
2

, ...)), p̃(n) = p1/p
n

). Then the element ξ :=

[p̃]− p ∈ A+
inf is a generator of ker(θ) (see [BC], Proposition 4.4.3). Also denote by p̃n := [p1/p

n−1

] ∈ Wn the

Teichmueller lift of p1/p
n−1 ∈ OK/pOK and let ξn := p̃n − p ∈ Wn. Remark that the sequence ξ = {ξn}n is

compatible since un(ξn+1) = ξn for all n ≥ 1 and that ξn is a generator of ker(θn) because of the following
proposition.

Let us first make the identification OK/pOK = OCK
/pOCK

.

Proposition 1. The ideal ker(θn) ⊆Wn(OCK
/pOCK

) is the principal ideal generated by ξn.

Proof. We have the following commutative diagram:

W(R)

θ

��

πn // Wn(R)
qn,n−1 // Wn(OCK

/pOCK
)

θnvvmmmmmmmmmmmmm

OCK
// OCK

/pnOCK

where the bottom map is the reduction modulo pn and the map qn,n−1 : Wn(R)→Wn(OCK
/pOCK

) is given
by

(s0, s1, ..., sn−1)
qn,n−17−→ (s

(n−1)
0 (modp), s

(n−1)
1 (modp), . . . , s

(n−1)
n−1 (modp))

with (s0, s1, ..., sn−1) ∈ Wn(R). Denote by fn := qn,n−1 ◦ πn and remark that it is a surjective ring
homomorphism. We first prove that the map induced by θ at the level of kernels namely θ|ker(fn) : ker(fn)→
ker(modpn) is surjective. For this, let s ∈ ker(modpn) = pnOCK

so s = pn · t for some t ∈ OCK
. Since θ

is surjective, we have that t = θ(r) for some r ∈ W(R) and hence s = pn · θ(r) = θ(pn) · θ(r) = θ(pn · r).
Moreover, pn · r ∈ pnW(R) ⊂ ker(fn). It follows that θ|ker(fn) is surjective.

The inclusion pnW(R) ⊂ ker(fn) follows easily: let w := (w0, w1, ...) ∈ W(R). We then have that

pn · w = (0, ..., 0︸ ︷︷ ︸
n

, wp
n

0 , wp
n

1 , ...) ∈ pnW(R) and consequently fn(pn · w) = qn,n−1(πn(0, ..., 0︸ ︷︷ ︸
n

, wp
n

0 , wp
n

1 , ...)) =

qn,n−1(0, ..., 0) = (0, ..., 0) hence pn · w ∈ ker(fn).
We apply now the Snake Lemma in the above diagram and since coker(θ|ker(fn)) = 0 we obtain that

the map induced by fn at the level of kernels namely ker(θ) → ker(θn) is surjective. Consequently, since
ker(θ) ⊆ W(R) is the principal ideal generated by ξ ([BC], Proposition 4.4.3), one obtains that the ideal
ker(θn) ⊆Wn(OCK

/pOCK
) is principal and generated by fn(ξ) = ξn. �

The following two propositions are results quoted in [AI] and left as exercises. We give here the complete
proof.

Proposition 2. The kernel of the projection map

q̄n : R = lim←−OK/pOK → OK/pOK

on the n+ 1-th factor of the limit is generated by p̃p
n

.
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Proof. For this, let x = (xm)m≥0 ∈ R. Then q̄n sends (xm)m≥0 to xn.
Remark that since

vR(x) = v(x(0)) = v((x(n))p
n

) = pnv(x(n)) n ≥ 0,

then

vR(x) ≥ pn ⇔ v(x(n)) ≥ 1⇔ x(n)(modp) = 0.

One obtains in this way a better description of ker(q̄n)

ker(q̄n) = {x ∈ R/vR(x) ≥ pn} = {x ∈ R/x(n)(modp) = 0}.

Now since vR(p̃p
n

) = v(pp
n

) = pn, it is true that (p̃p
n

) ⊆ ker(q̄n). For the other inclusion, let x ∈ ker(q̄n).
Subsequently, v(x(0)) ≥ pn hence x(0) = pp

n

y(0), for some y(0) ∈ OK . Since (x(n))n is compatible we have

that (x(1))p = x(0) = pp
n

y(0) and one obtains x(1) = pp
n−1

y(1), y(1) ∈ OK and moreover (y(1))p = y(0) (recall

that the multiplication in R (through the above mentioned bijection) is (st)(n) = (s)(n)(t)(n) and that OK is

normal). We construct in this way a compatible sequence y = (y(n))n ∈ R such that x = p̃p
n

y. �

The projection q̄n induces a ring homomorphism:

qn : Wn(R)→Wn(OK/pOK)

(s0, s1, ..., sn−1) 7→ (s
(n)
0 (modp), s

(n)
1 (modp), · · · , s(n)n−1(modp)).

Since qn is surjective, we have the isomorphism:

Wn(R)/ker(qn) ∼= Wn(OK/pOK) = Wn.

Denote by V : Wn(R)→Wn+1(R) the Verschiebung i.e.

V ((s0, s1, ..., sn−1)) = (0, s0, s1, ..., sn−1), (s0, s1, ..., sn−1) ∈Wn(R).

The following proposition describes the kernel of the map qn.

Proposition 3. The kernel of the ring homomorphism qn is the ideal generated by

{[p̃]p
n

, V ([p̃]p
n

), V 2([p̃]p
n

), · · · , V n−1([p̃]p
n

)}.

Proof. For n = 1 the statement is obvious by using Proposition 2. For n ≥ 2 we have the following commuta-
tive diagram:

0 // Wn−1(R)

qn−1

��

V ◦(∗)p // Wn(R)

qn

��

pr1◦(∗)1/p
n

// W1(R)

q1

��

// 0

0 // Wn−1(OK/pOK)
V // Wn(OK/pOK)

pr1 // W1(OK/pOK) // 0

where by pr1 we denote the projection map on the first component.
One can easily check the exactness of the second row so we omit it. For the first one, remark that (V ◦

(∗)p)((s0, s1, ..., sn−2)) = (0, sp0, s
p
1, ..., s

p
n−2), si ∈ R, 0 ≤ i ≤ n−2, and that (pr1◦(∗)1/p

n

)((0, sp0, s
p
1, ..., s

p
n−2)) =

pr1((0, s
1/pn−1

0 , s
1/pn−1

1 , ..., s
1/pn−1

n−2 )) = 0.
On the other hand, V ◦ (∗)p is injective since Verschiebung is injective and (∗)p is bijective due to the

fact that R is perfect. Similarly, pr1 ◦ (∗)1/pn remains surjective (for s0 ∈ W1(R), we have that (pr1 ◦
(∗)1/pn)((sp

n

0 , s1, ..., sn−1)) = s0, where (sp
n

0 , s1, ..., sn−1) ∈Wn(R)).

Take now (s0, s1, ..., sn−1) ∈ ker(pr1 ◦ (∗)1/pn) so s
1/pn

0 = 0. Since R is perfect it follows that s0 = 0 and

consequently (s0, s1, ..., sn−1) = (V ◦ (∗)p)((s1/p1 , s
1/p
2 , ..., s

1/p
n−1)) hence ker(pr1 ◦ (∗)1/pn) ⊆ Im(V ◦ (∗)p).

One obtains that the first row is exact. Note that the first square diagram is exact since, for a choice of
si ∈ R, 0 ≤ i ≤ n− 2, we have:
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(s0, s1, ..., sn−2)

qn−1

��

V ◦(∗)p // (0, sp0, s
p
1, ..., s

p
n−2)

qn

��
(s

(n−1)
0 (p), s

(n−1)
1 (p), ..., s

(n−1)
n−2 (p))

V // (0, s(n−1)0 (p), s
(n−1)
1 (p), ..., s

(n−1)
n−2 (p))

Also the second square diagram commutes since, for a choice of si ∈ R, 0 ≤ i ≤ n− 1, we have:

(s0, s1, ..., sn−1)

qn

��

pr1◦(∗)1/p
n

// (s1/p
n

0 )

q1

��
(s

(n)
0 (p), s

(n)
1 (p), ..., s

(n)
n−1(p))

pr1 // (s(n)0 (p))

One applies further the induction hypothesis at the level of kernels in the main diagram. �

4. Constructing the rings Amax,n

Definition 1. Let A be a p-adically complete OK-algebra and T a variable. Define

A{T} := lim←−A[T ]/pnA[T ].

Also define

Amax,n := Wn[δ]/(pδ − ξn)

Amax := lim←−
n

Amax,n.

Using these definitions, we then have

Amax = A+
inf

{[
ξ

p

]}
= A+

inf{δ}/(pδ − ξ)

=

∑
i≥0

aiδ
i such that ai ∈ A+

inf and ai
i→∞−→ 0

 .

i.e. we recover the ring introduced by Colmez in [Col].
Let A′max,n := Wn[δ]/(pδ − ξn+1). (By ξn+1 we mean here the projection on the first n components of this

vector namely prn(ξn+1) = (p1/p
n

,−1, 0, ..., 0)︸ ︷︷ ︸
n

). Note that we also have that:

V i([p̃]p
n

) = pi([p̃]p
n

)p
−i

= pi[p̃]p
n−i

= pi(ξ + p)p
n−i

= pi(p(δ + 1))p
n−i

≡pi+p
n−i

δp
n−i

≡ 0(modpnAmax),

where for the first equality one uses the Witt coordinatization ((r0, r1, ...) =
∑
pn[rp

−n

n ] (or one computes it
directly)).

By using Proposition 3 one obtains that ker(qn) ⊆ pnAmax. We will use this fact in the proof of the
following:

Proposition 4.

Amax/p
nAmax

∼= A′max,n.

Proof. Since ker(qn) ⊆ pnAmax, we obtain that:
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Amax

pnAmax
= Amax/(p

n, ker(qn))Amax =
A+

inf{δ}/(pδ − ξ)
(pn, ker(qn))(A+

inf{δ}/(pδ − ξ))

=
A+

inf{δ}/(pδ − ξ)
(pn, ker(qn), pδ − ξ)A+

inf{δ}/(pδ − ξ)
∼= A+

inf [δ]/(p
n, ker(qn), pδ − ξ)A+

inf [δ]

∼=
A+

inf [δ]/p
nA+

inf [δ]

(pn, ker(qn), pδ − ξ)A+
inf [δ]/p

nA+
inf [δ]

∼=
(A+

inf/p
nA+

inf)[δ]

(ker(qn), pδ − ξ(modpn))(A+
inf [δ]/p

nA+
inf [δ])

.

By using now the isomorphisms of rings

A+
inf/p

nA+
inf
∼= Wn(R) and A+

inf [δ]/p
nA+

inf [δ]
∼= (A+

inf/p
nA+

inf)[δ]

one obtains that

Amax/p
nAmax

∼= Wn(R)[δ]/(ker(qn), pδ − ξ(modpn)).

Since Wn(R)/ker(qn) ∼= Wn and qn(ξ(modpn)) = prn(ξn+1), qn induces the isomorphism

Wn(R)[δ]/(ker(qn), pδ − ξ(modpn)) ∼= Wn[δ]/(pδ − prn(ξn+1)) =: A′max,n.

We obtain that Amax/p
nAmax

∼= A′max,n. �

Remark 1. One can also prove the previous proposition by showing that there is a surjective map Amax �
A′max,n whose kernel is pnAmax. One can prove (see [Ga], Lemma 3.2.5) that for any positive integers m > n
there is an isomorphism of rings Amax/p

nAmax
∼= Amax,m/p

nAmax,m.
Note that, via the isomorphism Amax/p

nAmax
∼= A′max,n, we have a surjective map of rings:

q′n : Amax/p
nAmax → Amax,n

sending prn(ξn+1)→ ξn, induced by Frobenius on Wn and that we also have a map:

un : Amax,n+1 → Amax/p
nAmax

sending ξn+1 → prn(ξn+1), induced by the natural projection Wn+1 →Wn.

One further uses the rings Amax,n to construct the family of sheaves (A∇max,n)n≥1 and study their properties
(see [Ga] for details).

5. Computing the kernels of θn and θ

As we have seen in section 3, computing of the kernels of the map θ (w.r.p θn) amounts to the task of
computing Witt vectors of finite length in the Witt ring A+

inf (w.r.p Wn). In this section, we present two
approaches that will facilitate the computation task at hand.

First let us recall some basic facts about Witt vectors. The readers may consult [Se, chapter 2] for more
details on the topic. Let p be a prime and n a positive integer. The n’th Witt polynomial is by definition

Wn(X0, . . . , Xn) = Xpn

0 + pXpn−1

1 + · · ·+ pn−1Xp
n−1 + pnXn.(1)

There exist polynomials Sn, Pn in Z[X0, . . . , Xn, Y0, . . . Yn] satisfying

Wn(S0, . . . , Sn) = Wn(X0, . . . , Xn) +Wn(Y0, . . . , Yn)(2)

and

Wn(P0, . . . , Pn) = Wn(X0, . . . , Xn) ·Wn(Y0, . . . , Yn).(3)

Let A be a commutative ring. Suppose a = (a0, a1 . . .) and b = (b0, b1, . . .) are elements of AN, set

a + b = (S0(a,b), S1(a,b), . . .)

a · b = (P0(a,b), P1(a,b), . . .).



SOME COMPUTATION PROBLEMS ARISING IN FONTAINE THEORY 219

p no. terms CPU time
11 2672 0.421s
19 22856 6.739s
23 48644 54.554s
29 121886 1102.459s
31 158812 2808.408s

Table 1. Polynomial S2 calculation for various p

The laws of composition defined above make AN into a commutative unitary ring (called the ring of Witt
vectors).

Thus in order to compute a + b (w.r.p. a · b), one has to compute Sn(a,b) (w.r.p. Pn(a,b)) for all n.
In what follows, we present two approaches for computing Sn (w.r.p. Pn). For the sake of clarity, we have
chosen to focus on the computation of Sn. The computation of Pn follows in a similar line. The first approach
computes the polynomials Sn explicitly, the evaluation Sn(a,b) is achieved by evaluating Sn at a,b. The
second approach is to use the recursion formula (6) (derived below) to compute Sn(a,b) directly from the
already computed values S0(a,b), S1(a,b), . . . , Sn−1(a,b).

5.1. Polynomial Evaluation. In the first place, we may use (2) to explicitly compute the polynomial func-
tions S0, S1, S2, . . . , Sn successively in Z[X0, . . . , Xn, Y0, . . . Yn]. Sn(a,b) is then computed by evaluating Sn
at a,b.

For n ≤ 2, we have

S0 = X0 + Y0, S1 = X1 + Y1 +
1

p
(Xp

0 + Y p0 − (X0 + Y0)p) ;(4)

and

S2 = X2 + Y2 +
1

p

(
Xp

1 + Y p1 −
(
X1 + Y1 +

Xp
0 + Y p0 − (X0 + Y0)p

p

)p)
+
Xp2

0 + Y p
2

0 − (X0 + Y0)p
2

p2
(5)

....

In expanded form, the polynomial S1 has p + 1 terms. As we can see, the number of terms for Sn when
n > 1 gets large very quickly. It turns out that even in the case of S2, the computing becomes inefficient for a
small p. Experimentally, we carried out the task of computing the polynomial S2 explicitly for various small
p. The calculations are done using MAPLE 12 on a Dell laptop with a Intel Duo CPU at 2.10GHz and 4 GB
RAM. The table 5.1 summaries the experiment results.

We have for each p recorded the number of monomials of S2 in expanded form and the CPU time it took
to complete the calculation.

5.2. Recursion Formula. Alternatively, we may derive using definition (1) a recursion formula. More ex-
plicitly, we have for n ≥ 1

Sn = (Xn + Yn) +
1

p
(Xp

n−1 + Y pn−1 − S
p
n−1) + · · ·+ 1

pn
(Xpn

0 + Y p
n

0 − Sp
n

0 ),(6)



220 RADU GABA AND BENJAMIN JUSTUS

p CPU time
541 0.078s
1223 1.217s
2011 2.044s
3181 6.224s
4409 10.390s
5279 15.927s
6133 21.185s
7001 27.238s
7499 out of memory

Table 2. Recursive evaluation of S2

and

Pn =
1

pn

(
(Xpn

0 + · · · pnXn)(Y p
n

0 + · · ·+ pnYn)− (P p
n

0 + · · ·+ pn−1P pn−1

)
= (Xpn

0 Yn +Xpn−1

1 Y pn−1 + · · ·+XnY
pn

0 )

+
1

p
(Xpn

0 Y pn−1 + · · ·Xp
n−1Y

pn

0 )

...(7)

+
1

pn
(Xpn

0 Y p
n

0 )− 1

pn
P p

n

0 − · · · −
1

p
P pn−1

+ p(Xpn−1

1 Yn +Xpn−2

2 (Y pn−1 + pYn) + · · · ).

Example 5.1. As we have seen in Proposition 1, the kernel of θn is a principal ideal generated by ξn. Let

a = (p1/p
n

, 0, 0, . . . , 0) = (a0, a1, . . . , an)

b = (0,−1, 0, . . . , 0) = (b0, b1, . . . , bn).

Then using (6), for every n

ξn+1 := p̃n+1 − p = [p1/p
n

]− p = a+ b = (p1/p
n

,−1, 0, . . . , 0).

The recursion formula (6) can be coded. For instance, the reader will find in the appendix a MAPLE code
for the evaluation of Sn(a,b) with input Witt vectors a,b in a field characteristic p. Observe that in order
to compute Sj = Sj(a,b), one has to compute S0, S1, . . . , Sj−1 a priori. Therefore the complexity of the
algorithm is O(n2) for computing Sn. The table 5.2 summaries the experiment we carried out on the same
laptop with a Intel Duo CPU at 2.10GHz and 4GB RAM. We first randomly generate Witt vectors a,b. We
then evaluated S2(a,b) for various primes p using the MAPLE code provided in the appendix.

6. appendix

The following Maple code calculates Sn using formula (6).
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Algorithm 1 INPUT: prime p, positive integer n and Witt vectors a,b. Output: Sn(a,b).

1: S := proc(a, b, p, n)
2: if n = 1 then
3: (a1 + b1) mod p
4: else
5: add(pn−k−1 ∗ (ap

k

n−k + bp
k

n−k − S(a, b, p, n− k)p
k

, k = 1..n− 1))/pn−1 + (an + bn) mod p
6: end if ;
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IMPROVING THE TEACHING OF MATHEMATICS TO

STUDENTS OF SCIENCE AND ENGINEERING

M. B. MONAGAN AND J. F. OGILVIE

Abstract. To improve the teaching of mathematics to students of science
and engineering, an holistic approach strongly based on the use of software for

symbolic computation with numerical and graphical capabilities is advocated.

Within three semesters the quality and quantity of mathematics understood
and implementable by those students can be significantly enhanced with this

approach, which was tested during an accelerated course that covered all per-

tinent content within eight weeks.

1. Introduction

In 2010 most instructors of mathematics at the tertiary educational level employ,
to some but variable extent for purposes of illustration, software for symbolic com-
putation in their teaching of standard courses such as calculus and linear algebra
[1]. Software of this type certainly provides valuable facilities for such purposes
through its graphical capabilities, its algebraic operations and its capability of nu-
merical tests over wide ranges. There is, however, much more that is achievable for
pedagogical purposes through enlightened use of this software.

When those instructors merely teach the traditional courses in a manner slightly
modified to include illustrative demonstrations to students of science and engi-
neering [2], they fail the primary objective of those courses, which is to prepare
adequately their students for a technical career that lasts typically five to thirty
years after graduation; during all that period the graduate is challenged to ap-
ply his mathematical knowledge and expertise to solve problems in his profession.
Mathematics is the language of science and technology, but for all subjects other
than mathematics the required courses on particular topics in mathematics fall far
short of encompassing the full gamut of mathematical knowledge that is desirable
for the eventual practice of a technical profession. This enduring and persistent
application during a career far transcends the transitory tasks of drill and prac-
tice, exercises and examinations on particular topics that occupy the immediate
attention of both students and instructors within a particular teaching unit or se-
mester. Moreover, although those illustrations incontestably improve the teaching
and learning of mathematical concepts, that software can serve far more effectively
in the application to the mathematical component of technical problems during
that career, provided that a student becomes satisfactorily acquainted with its ca-
pabilities during the learning process. For these reasons we advocate a fundamental
reorientation of the teaching of mathematics for it to become based on software for
symbolic computation, such that both the learning of concepts and principles and

c©2010 Aulona Press (Albanian J. Math.)
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an implementation of those principles reinforces the mathematical capabilities of
the student to solve technical problems.

A major obstacle to the application of mathematics as a tool in a technical career
is that few academic programmes in subjects other than mathematics include the
broad range of mathematical topics that will arise within that technical career. Sta-
tistics and data analysis are commonly neglected, and even differential and integral
equations are afforded scant coverage in conventional curricula that require as little
as three semester courses in mathematics to support biology, chemistry or geology
as principal scientific disciplines, with somewhat more for students of physics, en-
gineering or computing. Complex analysis, graph theory, group theory, numerical
analysis and vector calculus are mere names that a student of science or engineering
might encounter as he or she proceeds through the typically required few courses
including differential, integral and multivariate calculus, and perhaps also linear
algebra, within the minimum degree requirements for other science subjects. For
students that seek to become specialist in mathematics, most degree programs have
some vague requirement of other science courses, presumably for cultural reasons,
to conform to regulations in a faculty of science, and perhaps some courses in com-
puting; in contrast, for students of science and engineering, courses in mathematics
to support their major subject are crucial. Whether a graduate in mathematics be-
comes employed as a teacher or in industry or commerce, those computer methods
can serve as the means to apply the mathematics for whatever purpose. For other
science subjects, courses in computing or modeling lack the tradition of mathemat-
ics as being an intrinsic component of common degree regulations, but computers
will likely play a large and increasing role in the application of mathematics during
a technical career.

All these deficiencies can be effectively remedied through the teaching of math-
ematics based on software for symbolic computation, including extensive graphical
and numerical capabilities and an interactive language, in a programme designed
holistically to include mathematical topics over a broad range. The duration of
such courses within a degree program in science might be as little as two semesters,
although realistically three semesters are preferable. The replacing of traditional
drill and practice, in particular for aspects of differential and integral calculus and of
linear algebra involving manual operations, by the use of computer software enables
a great saving of time, which can thus be devoted to increase the range and depth of
mathematical topics. Furthermore, the understanding of not only the mathemati-
cal concepts and principles but also their implementation with computer software,
including the associated limitations, can exceed that in conventional courses, with
or without software illustrations, because the details of methods of integration, for
instance, can obscure those principles for students who are confronted with the
necessity to solve formal mathematical exercises and problems on examinations for
the purpose of proceeding through their academic programs in other subjects. Al-
though the use of software for symbolic computation has been much discussed in
regard to particular traditional courses, such as calculus, few authors considered
implementing the total regiment of mathematics that students in service courses
require [3]. In that sense we advocate a possibly radical approach, but one that has
already been proved practicable (vide infra).
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2. Structure of curriculum

The use of software for symbolic computation inevitably involves learning the
language of particular software and thereby becoming acquainted with the program-
ming of computers. Although in the first instance one particular software would
likely be encountered, other software for computer algebra has similar design and
operation; for that reason, migrating from one software title to another is much
less onerous than an initial coming to grips with any particular software, and a
careful choice of a particular software to have a gentle learning curve can mitigate
the initial barrier. For these reasons we advocate the following approach to teach
mathematics with computer software, assuming that a student proceeds through
three, likely consecutive, semesters taught with the same software. In the first se-
mester, as a vehicle to become familiar with the basic commands and instructions,
the topics include

• arithmetic of integers, real and complex numbers,
• solution of equations and inequalities,
• factoring polynomials,
• elementary functions,
• plots of functions and data in two and three dimensions,
• descriptive geometry,
• trigonometry and
• transformation in complex space,

and differential calculus of a single independent variable includes

• limit,
• derivative,
• explicit and implicit differentiation, and
• differential.

Although much of this material might seem to repeat the content of preceding years
of mathematics in school in some environments, an instructor can take advantage of
this condition to review those topics, and to explore them from a mature outlook,
so to deepen their understanding, while the student learns how to invoke the corre-
sponding operations with the software. Arithmetic can, for example, here include
some discussion of number theory and primality, and trigonometry includes consid-
eration of both circular and hyperbolic functions. The first semester of traditional
university courses in mathematics is typically concerned mostly with differential
calculus; for that reason, at the end of that first semester the student pursuing the
new approach is at the same level as with the old approach, although he or she
has acquired valuable experience in use of the software as well as reinforcing the
understanding of preceding branches of mathematics.

In the second semester, the student proceeds through integral calculus,

• definite integral,
• indefinite integral,
• improper integral,
• numerical quadrature,

with appropriate geometric illustrations and applications of each topic, and multi-
variate calculus including analytic geometry,

• partial derivative,
• tangent plane and minimization,
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• multivariate Taylor and Fourier series,
• exact differential,
• multiple integration,

into linear algebra,

• matrix and determinant,
• matrix inverse and solving linear systems, and
• vector and orthogonality.

The third semester continues with linear algebra in

• eigenvalue and eigenvector,
• vector calculus,
• tensor,
• spreadsheet for mathematical applications,

and progresses through

• ordinary differential equation,
• systems of differential equations of first order,
• partial differential equation,
• integral equation,

into statistical topics,

• probability,
• distribution,
• analysis of variance,
• linear regression,
• non-linear regression, and
• linear and non-linear optimization,

for the treatment of real data. In the process of his or her intensive use of the
software, the student becomes, even unconsciously, acquainted with the mechanism
of the software, which implies an acquaintance with programming even though little
formal programming might at this stage seem to be involved in the use of the current
highly sophisticated software for computer algebra. Some basic programming skills
are valuable for applications in a technical career; learning a separate language,
such as Java or C++, is recommended.

In each of the three semesters, the formal teaching would preferably involve
about two hours per week of lecture demonstration of concepts and principles, with
another two hours of scheduled and supervised practice in a computer laboratory;
further practice and study by the student beyond those hours are naturally ex-
pected, for which purpose the software should be generally available in an accessible
computer laboratory or on the student’s own computer. As the progress through
a semester requires an intimate association of students with computers, so must
the assessment require the use of a computer, rather than attempting to test any
manual skills of the student. An instructor must be aware that, in almost all cases
outside the mathematical profession, the practice of mathematics by a scientist or
engineer within a few years of graduation has traditionally involved working not
manually but instead with extensive consultation of tables of numerical or algebraic
content, such as for integrals or differential equations; computer software that is far
more powerful than any single reference book or compilation makes such printed
tables obsolete.
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The advantage of our developed approach is that a student of science and engi-
neering can become proficient in the use of mathematical software to solve techni-
cal problems, based on a profound understanding of mathematical and statistical
concepts and principles and a practised knowledge of their implementation to solve
practical problems. A disadvantage of our approach is that initially a student might
have a manual ability less well developed than with traditional courses, but in any
case that ability fades rapidly after the completion of particular courses in which
it is developed. Another disadvantage might be the additional cost of operating
practical sessions, depending on the arrangements of physical and human resources
in a particular institution; such analogous laboratory sessions are an accepted and
essential component of teaching other science and engineering subjects.

Most mathematicians have been aware of the general ideas discussed above for
two or three decades; in that sense the present approach is not novel, but for the
teaching of such an integrated course a textbook of appropriate design would be a
great asset. Most instructors at university level teach the textbook to a greater or
lesser extent, and an assigned textbook has certainly inestimable value to a typical
undergraduate student. Many textbooks on particular branches of mathematics,
such as calculus or linear algebra, already exist (in printed form!) in which the
authors attempt some amalgam of traditional instruction and usage of software.
For a course based on computer software, the textbook should, however, have an
intrinsically electronic form, but pages or sections could be printed as desired. To
prove the practicality of the approach, such a textbook has been developed and
published [4]. Even though this book in the form of nine separate computer files is
designed particularly for chemistry, the didactic content of those files is nearly all
pure mathematics; at those points at which applications or examples in chemistry
seem appropriate, advantage is taken of the opportunity to include exercises or
illustrations with a chemical or physical theme, such as basic thermodynamic rela-
tions in multivariate differential calculus and standard differential equations to treat
the kinetics of chemical reactions. In conjunction with the accompanying software,
such a textbook is amenable even to self study, thus requiring neither instructor nor
classes, and any enterprising student who must suffer under the obsolescent format
of traditional courses would do well to supplement his class experience with such a
source. As this textbook has been composed from the point of view of a professor
of chemistry who seeks to have his students possess not only a broad and profound
knowledge of mathematical concepts and principles but also their implementation
to solve problems that arise in general, analytical, inorganic, organic, physical and
theoretical chemistry, including the treatment of numerical data from teaching and
research laboratories, the emphasis has been placed on functionality rather than
formality by way of theorems and proofs; recourse to contemporary mathematical
textbooks demonstrates that even mathematicians have mostly discarded a purely
axiomatic approach to teaching, especially in service courses. The participation
in the development of this book by professional mathematicians in various man-
ners has, however, assured that the electronic book has an internal cohesion and
a mathematical outlook consistent with almost a standard mathematical point of
view. The content of the book has been assembled in the light of the content of
traditional textbooks; practically no significant topic of calculus, linear algebra or
differential equations that appears in multiple standard textbooks is absent from
this electronic book. Numerical aspects, typically neglected in core courses taught
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by pure mathematicians but essential for practical applications in science and en-
gineering, have been included in a systematic manner.

We endorse the view that, to teach mathematics to students of science and
engineering, the instructors should generally be professionally qualified mathemati-
cians, because any student should be exposed to varied points of view from experts
in their particular subjects. For the book Mathematics for Chemistry, a mathe-
matician would have adequate scope to teach the mathematics without distraction
from chemical or physical digressions, but a student of chemistry could profitably
study the chemical examples and undertake the exercises with a chemical context.
We present here no example of this approach to the teaching of mathematical top-
ics; the best way to become acquainted with our approach is through scrutiny of
the book and the direct operation of its executable commands in a sequence for
any selected topic. The printed page here is an inadequate medium to convey the
power of this approach, but a few examples are mentioned elsewhere [5].

3. Practical implementation

Although three semesters are considered likely an optimal duration for the teach-
ing and learning of the pertinent material for students of science and engineering,
we are unaware of an actual implementation of such a programme, but intensive
teaching of the same material has been proved practicable within a smaller period.
For instance, a course, of title Mathematical Preparation for Analytical and Phys-
ical Chemistry, has been delivered in Universidad de Costa Rica that covered all
material outlined above within eight weeks; this course comprised three sessions per
week, each of duration four hours, of which the first 75 minutes (on average) was
occupied with lecture demonstration of the mathematical concepts and principles
and their implementation; the remaining time was devoted to supervised practice.
The prerequisite for this course entailed the equivalent of integral calculus but not
multivariate calculus. According to this regimen, during the first four weeks the
mathematics was formally a review of what the students had already encountered;
within this period the objective was to have the students become familiar with the
provided software (Maple 13) [6]. During the next four weeks new mathematics
was introduced, namely multivariate calculus, linear algebra, differential and inte-
gral equations and statistical topics, as outlined above. The criterion for successful
completion of this course was stated to be satisfactory fulfillment of 80 per cent of
the assigned exercises, which numbered 230 in total, so averaging ten per period.
Some exercises consisted of applications to chemistry, but most were purely math-
ematical in nature, designed to reinforce the concepts discussed during the lecture
and described at sufficient length in the assigned worksheets extracted from the
textbook [4]; some exercises comprised a single part devoted to the solution of a
particular problem by algebraic, numerical or graphical means, and other exercises
with multiple parts were designed to explore various aspects of a particular topic
through selected examples. For no student was the period of four hours sufficient
for the solution of these exercises; because most students had no other course or
formal activity during this summer season, they were able to allocate whatever
additional time was necessary for the work, either in the computer laboratory of
the course or on computers elsewhere to which they had access. The response to
this course by the students was unanimously positive: they felt not only that they
had learned much useful mathematics that they could apply in whatever chemical
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studies or technical activities might follow, but also, and more importantly, that
they had sufficiently mastered both the concepts and the software to an extent that
enabled them to implement therewith the mathematical operations to solve what-
ever technical problems might arise. The students would naturally rely on various
electronically stored materials, including the textbook, for additional guidance, just
as students of traditional courses rely on reference books and tables. A subsequent
survey, after one semester, of students who completed this course verified that they
applied the software in their study of chemistry and enhanced their understanding
of the chemical topics through an improved facility with the mathematical under-
pinning. The circumstances under which this course operated were atypical: even
though we recommend three semesters as an optimal duration of the total program
of content, the fact of the actual delivery within eight weeks and the emphatic suc-
cess of this course demonstrate the creative possibilities that teaching and learning
with computer software open.

Some universities in Europe operate on a block system whereby students devote
their attention to a single course for a few weeks. To cover all the content of the
above lists, this system is obviously applicable to teach the mathematics with the
available software and textbook in one, two or three such blocks.

4. Conclusion

To prepare for a productive technical career in this era of the computer whether
in developed or developing countries, students of science and engineering need more
and better education in mathematics and statistics than what they have been re-
ceiving within the traditional required courses. Symbolic computation within a
program designed to encompass a broad range of topics can provide not only that
improved and expanded learning within a similar number of semester courses but
also a means to enhance greatly the capability to solve technical problems. Depart-
ments of mathematics that fail to respond to these conditions are abdicating their
responsibility to provide timely and effective mathematical education for students
of science and engineering.
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