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This paper is dedicated to the memory of

Professor Irving Kaplansky

Abstract. There is a question attributed to Irving Kaplansky concerning the

solvability of the quadratic equation x2 − py2 = a in the case that the prime
p = a2 + (2b)2. This question was answered in the affirmative by Mollin

[1], although according to [3], this result is implicit in the work of Gauss and

Legendre. The proof appearing in [1] was later simplified in [4], and it was also
shown therein that Kaplansky’s question was a special case of a more general

result. Using the method of proof in [4], Mollin [2] has recently extended the

results of [4], but upon further consideration, it appears that there is a more
general phenomenon occurring, and also, that one of the assumptions in the

main theorem of [2] is unnecessary. In this paper we prove this generalization,

and eliminate one of the assumptions stated in the main result of [2]. The
proof is again based on the method described in [4].

1. Introduction

In an earlier article [4], the author generalized a result of Mollin, and at the
same time, simplified the method of proof. Recently, Mollin has used this same
elementary approach to further the results of [4]. The purpose of this present
paper is to extend the results of [2]. The method remains the same as in [4], with
the appropriate modifications described in [2] in order to deal with parity issues.

Theorem 1.1. Let d ≡ 1 (mod 4) be a positive integer, and assume that n =
a2 + db2 for positive integers a, b with a odd and (n, a) = 1. Assume further that
there is a positive integer c, with (a, c) = 1 for which the equation

X2n− Y 2d = c2

is solvable in coprime positive integers X,Y . Then there exists a (possibly trivial)
factorization rs of nd, and a divisor f of σc, for which the equation

rx2 − sy2 = af

is solvable in positive integers x, y, where σ = 2 if n is odd and c is even, and σ = 1
otherwise.
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4 P.G. WALSH

For simplicity, Theorem 1 only deals with the case d ≡ 1 (mod 4). A similar state-
ment holds for the other cases, which we leave as an exercise for the reader.

We note that Theorem 1 not only extends the result of [2], which dealt with the
particular case d = 1, but moreover removes an unnecessary assumption contained
in the statement of the main theorem in [2]. Specifically, it is assumed therein that
the quadratic equation X2 − nY 2 = −1 is solvable. As the conclusion of the main
theorem in [2] does not place any restriction on the constructed factors r and s of n,
there is no need, during the course of the proof, to multiply by a unit of norm −1.
Therefore, we do not need to include an analogous assumption (that the quadratic
equation x2n − y2d = 1 be solvable in positive integers x, y) in the statement of
Theorem 1 above.

2. Proof of Theorem 1

Let (T,U) be coprime positive integers which satisfy T 2n − U2d = c2, and let
α be defined α = T

√
n + U

√
d. Let β =

√
n + b

√
d, and define integers u, by

u = Tn+ Ubd, v = Tb+ U . Then

αβ = (Tn+ Ubd) + (Tb+ U)
√
nd = u+ v

√
nd

is an element in Z[
√
nd] with norm a2c2.

Let g = (u, v), then clearly g divides c2, but in fact, g divides c. We provide the
details for this assertion, as the reasoning in [2] appears to be flawed. Suppose
that p is a prime dividing g, with pµ properly dividing g (µ > 0), and such that
pµ does not divide c. Note that p divides c because pµ divides c2. It follows that
pµ divides both u and v, hence p2µ divides u2 − v2nd = a2c2. By assumption, p2µ

does not divide c2, and so p must divide a, contradicting the fact that (a, c) = 1.
We conclude that g divides c, and from the equation u2 − v2nd = a2c2, we deduce
that

(1) (u/g)2 − a2(c/g)2 = ((u/g) + a(c/g))((u/g)− a(c/g)) = (v/g)2nd.

We now break up the argument into three cases, depending on the relative parities
of n and c. We note that n and c cannot both be even, as this would contradict
either (n, a) = 1 or (T,U) = 1.

Case 1: c even, n odd.

In this case, as n, a and d are odd, and n = a2 + db2, it follows that b is even. Also,
the assumption that c is even implies that T and U are odd (as they are coprime),
whence it follows that both u and v are odd, which by equation (1) implies that
there are integers A,B, r, s, with v/g = AB and nd = rs, satisfying

(u/g) + a(c/g) = A2r, (u/g)− a(c/g) = B2s,

from which it follows that
A2r −B2s = af,

with f = 2(c/g).

Case 2: c odd, n even.
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In this case, since d ≡ 1 ( mod 4) and (a, b) = 1, it follows that n ≡ 2 ( mod 4), and
that b is odd. By considering the equation T 2n− U2d = c2 modulo 4, it is readily
verified that both T and U are odd. We conclude that u = Tn + Ubd is odd, and
that v = Tb+ U is even. Therefore, there are integers A,B, r, s, with nd = rs and
v/g = 2AB, satisfying

(u/g) + a(c/g) = 2A2r, (u/g)− a(c/g) = 2B2s,

from which it follows that
A2r −B2s = af,

with f = c/g.

Case 3: c odd and n odd.

Since d ≡ 1 (mod 4), it follows that n ≡ 1 (mod 4), and again by considering the
equation T 2n − U2d = c2 modulo 4 we deduce that T is odd and that U is even.
Therefore, in this case we find again that u = Tn+Ubd is odd and that v = Tb+U
is even, and the rest of the proof for this case follows as in the previous case.
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ON THE INSTABILITY OF SOLUTIONS TO A CERTAIN CLASS
OF NON-AUTONOMOUS AND NON-LINEAR ORDINARY
VECTOR DIFFERENTIAL EQUATIONS OF SIXTH ORDER

CEMIL TUNÇ

Abstract. The aim of the present paper is to establish a new result, which
guarantees the instability of zero solution to a certain class of non-autonomous

ordinary differential equations of sixth order. Our result improves some known

results in the literature for non- autonomous case (see, [20,Theorem 4], [31,
Theorem 1]).

1. Introduction

Consider the non-autonomous and non-linear vector differential equation of sixth
order:

(1)
X(6)+AX(5) +BX(4) + C

...
X + Φ(t,X, Ẋ, Ẍ,

...
X,X(4), X(5))Ẍ

+Ψ(X)Ẋ +H(t,X, Ẋ, Ẍ,
...
X,X(4), X(5))X = 0,

in which t ∈ <+ , <+ = [0,∞) and X ∈ <n ; A , B and C are constant n × n
-real symmetric matrices; Φ , Ψ and H are continuous n × n -symmetric real
matrix functions depending, in each case, on the arguments shown in (1). Let
J (Ψ(X)X |X ) denote the linear operator from the matrix function Ψ(X) to the
matrix

J (Ψ(X)X |X ) =

(
∂

∂xj

n∑
k=1

ψikxk

)
= Ψ(X) +

(
n∑
k=1

∂ψik
∂xj

xk

)
,

where (x1, x2, ..., xn) and (ψik) are components of X and Ψ , respectively. It is
assumed that the matrix J (Ψ(X)X |X ) exists and is symmetric and continuous.
From the relevant literature, it can be followed that, so far, many problems about
the instability of solutions of various scalar and vector linear or nonlinear differen-
tial equations of third-, fourth-, fifth-, sixth-, seventh and eighth order have been
investigated by researchers. For some papers carried out on the topic, one can refer
to the book of Reissig et al [15] and the papers of Bereketoğlu [2], Ezeilo ([3], [4],
[5], [6], [7]), Liao and Lu [9], Li and Yu [10], Li and Duan [11], Lu and Liao [12],
Lu [13], Sadek ([16], [17]), Skrapek ([18], [19]), Tejumola [20], Tiryaki ([21], [22],
[23]), Tunç ([24], [25], [26], [27], [28], [29], [30], [31], [32]), C.Tunç and E. Tunç
([33], [34], [35], [36]), C. Tunç and H. Sevli [37], E. Tunç [38] and the references
listed therein. Throughout all the papers mentioned above the Lyapunov’s second
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(or direct) method [14] is used as a basic tool to prove the result established there,
and it will be also used to verify our result, which will be given hereafter. The
motivation for the present work has been inspired especially by the papers in [20],
[31] and the papers mentioned above. It should be noted that in [20], Tejumola
investigated the instability of the trivial solution of the following sixth order scalar
nonlinear differential equation of the type

x(6) + a1x
(5) + a2x

(4) + a3
...
x + ϕ4(x, ẋ, ẍ,

...
x , x(4), x(5))ẍ

+ϕ5(x)ẋ+ ϕ6(x, ẋ, ẍ,
...
x , x(4), x(5)) = 0.

He proved a result on the subject. Recently, in [31], Tunç investigated the instability
of the trivial solution of sixth order nonlinear vector differential equation of the form

X(6)+AX(5) +BX(4) + C
...
X + Φ(X, Ẋ, Ẍ,

...
X,X(4), X(5))Ẍ

+Ψ(X)Ẋ +H(X, Ẋ, Ẍ,
...
X,X(4), X(5))X = 0.

Clearly, (1) is a non-autonomous differential equation, that is, (1) is different from
the above equations and ones considered in the literature, see also the papers men-
tioned above.

Throughout this paper, the symbol 〈X,Y 〉 is used to denote the usual scalar

product in <n , that is, 〈X,Y 〉 =
n∑
i=1

xiyi , thus 〈X,X〉 = ‖X‖2 , and λi(A) ,

(i = 1, 2, ..., n) , are the eigenvalues of the n× n - matrix A .
We take into consideration, in place of (1), the equivalent differential system

(2)

Ẋ = Y, Ẏ = Z, Ż = S, Ṡ = T, Ṫ = U,

U̇ = −AU −BT − CS − Φ(t,X, Y, Z, S, T, U)Z

−Ψ(X)Y −H(t,X, Y, Z, S, T, U)X,

which was obtained as usual by setting Ẋ = Y , Ẍ = Z ,
...
X = S , X(4) = T ,

X(5) = U by (1).

2. Preliminaries

In order to reach our main result, we will give a basic theorem for the general
non-autonomous differential system and two well-known lemmas which play an
essential role in the proof of our main result. Consider the differential system

(3) ẋ = f(t, x), x(t0) = x0, t ≥ 0,

where f ∈ C[R+ × S(ρ), <n] and S(ρ) = [x ∈ <n : |x| < ρ] . Assume, for
convenience that a solution x(t) = x(t, t0, x0) of (3) exists and is unique for t ≥ t0
and f(t, 0) = 0 so that we have trivial solution x = 0 . Let K denote a class of
the functions as K = [σ ∈ C[[t0, ρ),<+]] such that σ(t) is strictly increasing and
σ(0) = 0 .

Now, we state the following fundamental instability theorem.
Theorem1. Assume that there exists a t0 ∈ <+ and an open set U ⊂ S(ρ) such

that
V ∈ C1[[t0,∞)× S(ρ), <+] for (t, x) from [t0,∞)× U ,
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(i) 0 < V (t, x) ≤ a (|x|) , a ∈ K ;
(ii) either V ′(t, x) ≥ b (|x|) , b ∈ K , K = [σ ∈ C[[t0, ρ),<+]] such that σ(t) is

strictly increasing and σ(0) = 0 or V ′(t, x) = CV (t, x) + ω(t, x) , where C > 0 and
ω ∈ C[[t0,∞)× U,<+] ;

(iii) V (t, x) = 0 on [t0,∞) × (∂U
⋂
S(ρ)) , ∂U denotes boundary of U and

0 ∈ ∂U .
Then the trivial solution x = 0 of system (3) is unstable.
Proof. See Lakshmikantham et al. [Theorem 1.1.9, 8].
Lemma 1. Let A be a real symmetric n× n -matrix and
a′ ≥ λi(A) ≥ a > 0 (i = 1, 2, ..., n) , where a′ , a are constants.
Then

a′ 〈X,X〉 ≥ 〈AX,X〉 ≥ a 〈X,X〉

and

a′2 〈X,X〉 ≥ 〈AX,AX〉 ≥ a2 〈X,X〉

Proof. See Bellman[1].
Lemma 2. Let Q , D be any two real n × n commuting symmetric matrices.

Then
(i) the eigenvalues λi(QD) , (i = 1, 2, ..., n) , of the product matrix QD are real

and satisfy
max

1≤j,k≤n
λj(Q)λk(D) ≥ λi(QD) ≥ min

1≤j,k≤n
λj(Q)λk(D) ;

(ii) the eigenvalues λi(Q + D) , (i = 1, 2, ..., n) , of the sum of matrices Q and
D are real and satisfy{

max
1≤j≤n

λj(Q) + max
1≤k≤n

λk(D)
}
≥ λi(Q+D) ≥

{
min

1≤j≤n
λj(Q) + min

1≤k≤n
λk(D)

}
,

where λj(Q) and λk(D) are, respectively, the eigenvalues of matrices Q and D .
Proof. See Bellman[1].

3. Main result

We establish the following theorem:
Theorem 2. In addition to the basic assumptions imposed on A , B , C , Φ ,

Ψ and H that appeared in (2), we assume that the following conditions hold:There
are constants a1 , a2 and a5 such that
λi(A) ≥ a1 > 0 , λi(B) ≤ a2 < 0 , |λi(Ψ(X)| ≤ a5 , ( a5 > 0 ),
and
λi(H(t,X, Y, Z, S, T, U)) < 1

4a2
[λi(Φ(t,X, Y, Z, S, T, U))]2 , (i = 1, 2, ..., n) ,

for all t ∈ <+ and X , Y , Z , S , T , U ∈ <n .
Then the zero solution of the system (2) is unstable.
Remark. It should be noted that there is no restriction on the eigenvalues of

the matrix C in the system (2).
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Proof. To prove Theorem 2, we construct a scalar differentiable Lyapunov
function V0 = V0(t,X, Y, Z, S, T, U) . This function, V0 , is defined as follows:

V0 = 〈X,U〉+ 〈X,AT 〉+ 〈X,BS〉+ 〈X,CZ〉

− 〈Y, T 〉 − 〈Y,AS〉 − 〈Y,BZ〉+ 〈Z, S〉 − 1
2 〈Y,CY 〉

+ 1
2 〈Z,AZ〉+

1∫
0

〈Ψ(σX)X,X〉 dσ.

Clearly, V0(t, 0, 0, 0, 0, 0, 0) = 0 on [t0,∞) . Now, subject to the assumptions of
Theorem 2, it is a straightforward calculation to see that

V0(t, 0, 0, ε, ε, 0, 0) = 1
2 〈ε,Aε〉+ 〈ε, ε〉

≥ 1
2 〈ε, a1ε〉+ 〈ε, ε〉

= ( 1
2a1 + 1) ‖ε‖2 > 0

for all arbitrary, ε 6= 0 , ε ∈ <n . In view of the function V0 = V0(t,X, Y, Z, S, T, U)
, the assumptions of Theorem 2, the properties of symmetric matrices, Lemma 1,
Lemma 2 and Cauchy-Schwarz inequality |〈X,Y 〉| ≤ ‖X‖ ‖Y ‖ , one can easily
obtain that there is a positive constant K1 such that

V0(t,X, Y, Z, S, T, U) ≤ K1

(
‖X‖2 + ‖Y ‖2 + ‖Z‖2 + ‖S‖2 + ‖T‖2 + ‖U‖2

)
.

These show that assumption (i) of Theorem 1 holds.
Now, let (X,Y, Z, S, T, U) = (X(t), Y (t), Z(t), S(t), T (t), U(t)) be an arbitrary

solution of system (2). By an elementary differentiation along the solution paths
of the system (2), it can be verified that

(4)

V̇0 = d
dtV0(t,X, Y, Z, S, T, U) = −〈Φ(t,X, Y, Z, S, T, U)Z,X〉

− 〈H(t,X, Y, Z, S, T, U)X,X〉

− 〈BZ,Z〉+ 〈S, S〉 − 〈Ψ(X)Y,X〉

+ d
dt

1∫
0

〈Ψ(σX)X,X〉 dσ.

Check that
(5)

d
dt

1∫
0

〈Ψ(σX)X,X〉 dσ =
1∫
0

〈Ψ(σX)X,Y 〉 dσ +
1∫
0

〈σJ (Ψ(σX)X |σX )Y,X〉 dσ

=
1∫
0

〈Ψ(σX)X,Y 〉 dσ +
1∫
0

σ 〈J (Ψ(σX)X |σX )X,Y 〉 dσ

=
1∫
0

〈Ψ(σX)X,Y 〉 dσ +
1∫
0

σ ∂
∂σ 〈Ψ(σX)X,Y 〉 dσ

= σ 〈Ψ(σX)X,Y 〉
∣∣1
0 = 〈Ψ(X)X,Y 〉 .
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Combining the estimate (5) with (4), we deduce that

V̇0 = −〈Φ(t,X, Y, Z, S, T, U)Z,X〉 − 〈H(t,X, Y, Z, S, T, U)X,X〉

− 〈BZ,Z〉+ 〈S, S〉
.

Hence, the assumptions of Theorem 2 and the fact 〈S, S〉 = ‖S‖2 imply that

V̇0 ≥ −〈Φ(t,X, Y, Z, S, T, U)Z,X〉 − 〈H(t,X, Y, Z, S, T, U)X,X〉 − a2 〈Z,Z〉

= −a2

∥∥∥Z + 1
2a2

Φ(t,X, Y, Z, S, T, U)X
∥∥∥2

− 〈H(t,X, Y, Z, S, T, U)X,X〉

+ 1
4a2
〈Φ(t,X, Y, Z, S, T, U)X, Φ(t,X, Y, Z, S, T, U)X〉

≥ − 〈H(t,X, Y, Z, S, T, U)X,X〉

+ 1
4a2
〈Φ(t,X, Y, Z, S, T, U)X,Φ(t,X, Y, Z, S, T, U)X〉 > 0.

Thus, the assumptions of the theorem imply that V̇0(t) ≥ K2 ‖X‖2 for all t ≥ 0
, where K2 is a positive constant, say infinite inferior limit of the function V̇0 .
Besides, V̇0 = 0 (t ≥ 0) necessarily implies that X = 0 for all t ≥ 0 , and therefore
also that Z = Ẏ = 0 , S = Ÿ = 0 , T =

...
Y = 0 , U = Y (4) = 0 for all t ≥ 0 . Hence

X = Y = Z = S = T = U = 0 for all ≥ 0.

Therefore, subject to the assumptions of the theorem the function V0 has the
entire the criteria of Theorem 1, Lakshmikantham et al. [Theorem 1.1.9, 8]. Thus,
the basic properties of the function V0(t,X, Y, Z, S, T, U) , which are proved just
above verify that the zero solution of the system (2) is unstable, see also Laksh-
mikantham et al. [Theorem 1.1.9, 8]. The system of equations (2) is equivalent to
differential equation (1) and the proof of Theorem 2 is now complete.
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Abstract. In this paper, we introduce and consider a new class of Wiener-

Hopf equations involving the nonlinear operator and nonexpansive operators,
which is called the implicit Wiener-Hopf equations. Essentially using the pro-

jection technique, we establish the equivalence between the implicit Wiener-

Hopf equations and quasi variational inequalities. Using this alternative equiv-
alent formulation, we suggest and analyze an iterative method for finding the

common element of the set of fixed points of nonexpansive mappings and the

set of solutions of the quasi variational inequalities. We also study the conver-
gence criteria of iterative methods under some mild conditions. Our results

include the previous results as special cases and may be considered as an im-
provement and refinement of the previously known results.

1. Introduction

Quasi variational inequalities are being used as a mathematical programming
tool in modelling various equilibrium problems in economics, operations research,
optimization, regional, ecology and network analysis, see [1-33]. It is well known
that the quasi variational inequalities include variational inequalities, implicit com-
plementarity problems and optimization problems as special cases. It combines
novel theoretical and algorithmic advances with new domain of applications. Anal-
ysis of these problems requires a blend of techniques from convex analysis, func-
tional analysis and numerical analysis. As a result of such interaction between
different branches of mathematical and engineering sciences, we now have a variety
of techniques to suggest and analyze various numerical methods including projec-
tion technique and its variant forms, auxiliary principle and Wiener-Hopf equations
for solving variational inequalities and related optimization problems. Essentially
using the projection technique, one can establish the equivalence between the vari-
ational inequalities and the Wiener-Hopf equations. This equivalence has played an
important and significant role in studying various problems associated with vari-
ational inequalities. Related to the quasi variational inequalities and the implicit
Wiener-Hopf equations, we have the problem of finding the fixed points of the non-
expansive mappings, which is the subject of current interest in functional analysis.
It is natural to consider a unified approach to these different problems.
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Motivated and inspired by the research going on in this direction, we first intro-
duce a new class of the Wiener-Hopf equations involving a nonexpansive operator
S, which is called the implicit Wiener-Hopf equations. Using the projection tech-
nique, we show that the implicit Wiener-Hopf equations are equivalent to the quasi
variational inequalities. We use this alternative equivalence to suggest and analyze
an iterative scheme for finding the common solutions of the variational inequali-
ties and nonexpansive mappings using the Wiener-Hopf equation technique. We
also prove the convergence criteria of these new iterative schemes under some mild
conditions. Since the quasi variational inequalities include variational inequalities
and the implicit(quasi) complementarity problems as special cases, results proved
in this paper continue to hold for these problems. In this respect, results proved in
this paper may be viewed as significant and improvement of the previously known
results.

2. Formulations and Basic Facts

Let H be a real Hilbert space, whose inner product and norm are denoted by
〈·, ·〉 and ‖ · ‖, respectively. Let K(u) be a closed and convex-valued set in H and
T : H −→ H be a nonlinear operator.

A quasi variational inequality consists in finding u ∈ K(u), such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ K(u).(1)

It is well known [1- 28] that a large class of obstacle, unilateral, contact, free,
moving, and equilibrium problems arising in economics, finance, physics, mathe-
matics, engineering and applied sciences can be studied in the unifying and general
framework of (1).

To convey an idea of the applications of the quasi variational inequalities, we
consider the second-order implicit obstacle boundary value problem of finding u
such that

(2)

−u′′ ≥ f(x) on Ω = [a, b]
u ≥M(u) on Ω = [a, b]
[−u′′ − f(x)][u−M(u)] = 0 on Ω = [a, b]
u(a) = 0, u(b) = 0.


where f(x) is a continuous function and M(u) is the cost (obstacle) function. The
prototype encountered [2] is

M(u) = k + inf
i
{ui}.(3)

In (3), k represents the switching cost. It is positive when the unit is turned on
and equal to zero when the unit is turned off. Note that the operator M provides
the coupling between the unknowns u = (u1, u2, . . . , ui). We study the problem (2)
in the framework of the quasi variational inequality approach. To do so, we first
define the set K(u) as

K(u) = {v : v ∈ H1
0 (Ω) : v ≥M(u), on Ω},(4)

which is a closed convex-valued set in H1
0 (Ω), where H1

0 (Ω) is a Sobolev (Hilbert)
space. One can easily show that the energy functional associated with the problem
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(2) is

I[v] = −
∫ b

a

(
d2v

dx2

)
vdx− 2

∫ b

a

f(x) (v) dx, ∀v ∈ K(u)

=
∫ b

a

(
dv

dx

)2

dx− 2
∫ b

a

f(x) (v) dx

= 〈Tv, v〉 − 2〈f, v〉(5)

where

〈Tu, v〉 =
∫ b

a

(
d2u

dx2

)
(v) dx =

∫ b

a

du

dx

dv

dx
dx(6)

〈f, v〉 =
∫ b

a

f(x)(v)dx.

It is clear that the operator T defined by (6) is linear, symmetric and positive. Using
the technique of Noor [13,14,20], one can show that the minimum of the functional
I[v] defined by (5) associated with the problem (2) on the closed convex-valued set
K(u) can be characterized by the inequality of type (1). See also [1-29] for the
formulation, applications, numerical methods and sensitivity analysis of the quasi
variational inequalities.

If K?(u) is the dual (polar) cone of the convex-valued cone K(u), then the quasi
variational inequalities (2.1) are equivalent to finding u such that

u ∈ K(u), Tu ∈ K?(u), and 〈u, Tu〉 = 0,(7)

which are called the quasi (implicit) complementarity problems. It is well known
that a wide class of problems arising in various branches of pure and applied sciences
can be studied via the implicit complementarity problems (7). For the applications,
numerical methods and physical formulation, see the references.

If the convex-valued set K(u) is independent of the solution u, that is, K(u) = K,
a closed convex set, then problem (1) is equivalent to finding u ∈ K, such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ K,(8)

which is known as the classic variational inequality introduced and studied by
Stampacchia [32] in 1964. For the state of the art in this theory; see [1- 33].

We also need the following well-known concepts and results.

Lemma 2.1. Let K(u) be a closed convex-valued set in H. Then, for a given
z ∈ H, u ∈ K(u) satisfies the inequality

〈u− z, v − u〉 ≥ 0, ∀v ∈ K(u),

if and only if

u = PK(u)z,

where PK(u) is the projection of H onto the closed convex-valued set K(u).
It is worth mentioning that the implicit projection operator PK(u) is not an

nonexpansive operator. This fact motivates us to consider the following assumption
on the projection operator PK(u) as:
Assumption 2.1. The projection operator PK(u) satisfies the following relation.

‖PK(u)w − PK(v)w‖ ≤ ν‖u− v‖, ∀v, u, w ∈ H,
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where ν > 0 is a constant.
We remark that Assumption 2.1 is true for the special case,

K(u) = m(u) +K,(9)

which appears in many important applications [2], where m is a point-to-point
mapping and K is a closed convex set in H. It is well known that

PK(u)w = Pm(u)+Kw = m(u) + PK [w −m(u)], ∀w, u ∈ H.(10)

We remark that if the mapping m(u) is a Lipschitz continuous with constant ν1 > 0,
then, from (9) and (10), we have

‖Pm(u)Kw − Pm(v)+Kw‖ = ‖m(u)−m(v) + PK [w −m(u)]− PK [w −m(v)]‖
≤ 2‖m(u)−m(v)‖ ≤ 2ν1‖u− v‖.

This shows that the projection operator Pm(u)+K is Lipschitz continuous with con-
stant 2ν1 > 0. and satisfies the Assumption 2.1 with ν = 2ν1.

We now show that the quasi variational inequalities (1) are equivalent to the
implicit fixed point problem. This result can be proved by using Lemma 2.1. See
also Noor [9].
Lemma 2.2. The function u ∈ K(u) is a solution of the quasi variational
inequality (1) if and only if u ∈ K(u) satisfies the relation

u = PK(u)[u− ρTu],

where ρ > 0 is a constant.
Lemma 2.2 implies that quasi variational inequalities and the fixed point prob-

lems are equivalent. This alternative equivalent formulation has played a signifi-
cant role in the studies of the quasi variational inequalities and related optimization
problems.

We now state the problem.
Remark 2.3. Let S be a nonexpansive mapping. We denote the set of the fixed
points of S by F (S) and the set of the solutions of the quasi variational inequalities
(2.1) by QV I(K,T ). If x∗ ∈ F (S)∩V I(K,T ), then x∗ ∈ F (S) and x∗ ∈ V I(K,T ).
Thus from Lemma 2.2, it follows that

x∗ = Sx∗ = PK(u)[x∗ − ρTx∗] = SPK(u)[x∗ − ρTx∗],(11)

where ρ > 0 is a constant.
This fixed point formulation is used to suggest the following iterative method

for finding a common element of two different sets of solutions of the fixed points
of the nonexpansive mappings and the variational inequalities.
Algorithm 2.1. For a given u0 ∈ K(u), compute the approximate solution xn
by the iterative schemes

un+1 = (1− an)un + anSPK(un)[un − ρTun],

where an ∈ [0, 1] for all n ≥ 0 and S is the nonexpansive operator. Algorithm 2.1
is also known as a Mann iteration. For the convergence analysis of Algorithm 2.1,
see Huang and Noor [24] and Noor [16,17].

Related to the variational inequalities, we have the problem of solving the Wiener-
Hopf equations. To be more precise, let QK(u) = I − SPK(u), where PK(u) is the
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projection of H onto the closed convex set K(u), I is the identity operator and S
is the nonexpansive operator. We consider the problem of finding z ∈ H such that

TSPK(u)z + ρ−1QK(u)z = 0,(12)

which is called the implicit Wiener-Hopf equation involving the nonexpansive op-
erator S. For S = I, the identity operator, we obtain the implicit Wiener-Hopf
equation, introduced by Noor [14]. If S = I, and K(u) = K, then the implicit
Wiener-Hopf equations (12) reduce to the original Wiener-Hopf equations consid-
ered and studied by Shi [31] in relation with the classical variational inequalities.
Using essentially the technique of the projection operator, one can establish the
equivalence between the Wiener-Hopf equations and variational inequalities. This
alternative equivalence has played a fundamental and basic role in developing some
efficient and robust methods for solving variational inequalities and related opti-
mization problems. The Wiener-Hopf equation technique has been used to study
the sensitivity analysis and asymptotical stability of the variational inequalities, see
[11-27,30,31]. It has been shown that the Wiener-Hopf equation technique is more
flexible and general than the projection method and its variant form.
Definition 2.1. An operator T : H → H is called µ-Lipschitzian if, there exists a
constant µ > 0, such that

||Tx− Ty|| ≤ µ||x− y||, ∀x, y ∈ H.

Definition 2.2. An operator T : H → H is called α-inverse strongly monotone (or
co-coercive ) if, there exists a constant α > 0, such that

〈Tx− Ty, x− y〉 ≥ α||Tx− Ty||2, ∀x, y ∈ H.

Definition 2.3. An operator T : H → H is called r-strongly monotone if, there
exists a constant r > 0 such that

〈Tx− Ty, x− y〉 ≥ r||x− y||2, ∀x, y ∈ H.

Definition 2.4. An operator T : H → H is called relaxed (γ, r)-cocoercive if, there
exists constants γ > 0, r > 0, such that

〈Tx− Ty, x− y〉 ≥ −γ||Tx− Ty||2 + r||x− y||2, ∀x, y ∈ H.

Remark 2.1. Clearly a r-strongly monotone operator or a γ-inverse strongly mono-
tone operator must be a relaxed (γ, r)-cocoercive operator, but the converse is not
true. Therefore the class of the relaxed (γ, r)-cocoercive operators is the most gen-
eral class, and hence definition 2.4 includes both the definition 2.2 and the definition
2.3 as special cases.
Remark 2.2. From definition 2.2, it follows that if T is α-inverse strongly
monotone (or co-coercive), then T is also Lipschitz continuous with constant 1

α .

Lemma 2.3 [34]. Suppose {δk}∞k=0 is a nonnegative sequence satisfying the
following inequality:

δk+1 ≤ (1− λk)δk + σk, k ≥ 0,

with λk ∈ [0, 1],
∑∞
k=0 λk =∞, and σk = o(λk). Then limk→∞ δk = 0.
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3. Main Results

In this section, we use the Wiener-Hopf equations to suggest and analyze an
iterative method for finding the common element of the nonexpansive mappings
and the variational inequalities QVI(T,K). For this purpose, we need the follow-
ing result, which can be proved by using Lemma 2.2. However, for the sake of
completeness, we include its proof.
Lemma 3.1. The element u ∈ K(u) is a solution of quasi variational inequality
(1) if and only if z ∈ H satisfies the implicit Wiener-Hopf equation (12), where

u = PK(u)z,(13)
z = u− ρTu,(14)

where ρ > 0 is a constant.
Proof. Let u ∈ K(u) be a solution of VI(K,T). Then, from Lemma 2.3 and
Remark 2.3, we have

u = SPK(u)[u− ρTu].(15)

Let

z = u− ρTu.(16)

Form (15) and (16), we have

u = SPK(u)z, z = u− ρTu,
from which, we have

z = SPK(u)z − ρTSPK(u)z,

which is exactly the implicit Wiener-Hopf equation (12), the required result. �
From Lemma 3.1, it follows that the quasi variational inequality (1) and the

implicit Wiener-Hopf equation (12) are equivalent. This alternative equivalent for-
mulation has been used to suggest and analyze a wide class of efficient and robust
iterative methods for solving variational inequalities and related optimization prob-
lems, see [3-16] and the references therein. We denote the set of the solutions of
the Wiener-Hopf equations by IWHE(H,T,S).

Using Lemma 3.1 and Remark 2.3, we now suggest and analyze a new iterative
algorithm for finding the common element of the solution sets of the quasi varia-
tional inequalities and nonexpansive mappings S and this is the main motivation
of this paper.
Algorithm 3.1. For a given z0 ∈ H, compute the approximate solution zn+1 by
the iterative schemes

un = SPK(un)zn(17)
zn+1 = (1− an)zn + an{un − ρTun}(18)

where an ∈ [0, 1] for all n ≥ 0 and S is a nonexpansive operator. For S = I,
the identity operator, Algorithm 3.1 reduces to the following iterative method for
solving quasi variational inequalities (1) and appears to be a new one.
Algorithm 3.2. For a given z0 ∈ H, compute the approximate solution zn+1 by
the iterative schemes

un = PK(un)zn

zn+1 = (1− an)zn + an{un − ρTun}.
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For an = 1 and S = I, the identity operator, Algorithm 3.1 collapses to the following
iterative method for solving quasi variational inequalities (1).
Algorithm 3.3. For a given z0 ∈ H, compute the approximate solution zn+1 by
the iterative schemes

un = PK(un)zn

zn+1 = un − ρTun.

If K(u) = K, the convex set in H, then Algorithms 3.1-3.3 reduce to the following
algorithms for solving variational inequalities (8) and nonexpansive mapping, which
are due to Noor and Huang [25].
Algorithm 3.4. For a given z0 ∈ H, compute the approximate solution zn+1 by
the iterative schemes

un = SPKzn

zn+1 = (1− an)zn + an{un − ρTun}

where an ∈ [0, 1] for all n ≥ 0 and S is a nonexpansive operator. For S = I,
the identity operator, Algorithm 3.4 reduces to the following iterative method for
solving variational inequalities (8) and appears to be a new one.
Algorithm 3.5. For a given z0 ∈ H, compute the approximate solution zn+1 by
the iterative schemes

un = PKzn

zn+1 = (1− an)zn + an{un − ρTun}.

For an = 1 and S = I, the identity operator, Algorithm 3.4 collapses to the following
iterative method for solving variational inequalities (2.8).
Algorithm 3.6. For a given z0 ∈ H, compute the approximate solution zn+1 by
the iterative schemes

un = PKzn

zn+1 = un − ρTun.

We now study the conditions under the approximate solution obtained from
Algorithm 3.1

Theorem 3.1. Let T be a relaxed (γ, r)-cocoercive and µ-Lipschitzian mapping
and S be a nonexpansive mapping such that F (S)∩IWHE(H,T, S) 6= ∅. Let {zn}
be a sequence defined by Algorithm 2.1, for any initial point z0 ∈ H. If Assumption
2.1 holds and

|ρ− r − γµ2

µ2
| ≤

√
(r − γµ2)2 − µ2ν(2− ν)

µ2
,(19)

r > γµ2 + µ
√
ν(2− ν), ν ∈ (0, 1),

an ∈ [0, 1] and
∑∞
n=0 an = ∞, then zn converges strongly to z∗ ∈ F (S) ∩

IWHE(H,T, S).
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Proof. Let z∗ ∈ H be a solution of F (S) ∩ IWHE(H,T, S). Then, from
Lemma 3.1, we have

u∗ = anSPK(u∗)z
∗(20)

z∗ = (1− an)z∗ + an{u∗ − ρTu∗}(21)

where an ∈ [0, 1] and u∗ ∈ K is a solution of QVI(K,I). To prove the result, we
need first to evaluate ||zn+1 − z∗|| for all n ≥ 0. From (18) and (21), we have

||zn+1 − z∗|| = ||(1− an)zn + an{un − ρTun}
−(1− an)z∗ − an{u∗ − ρTu∗}||

≤ (1− an)||zn − z∗||+ an||un − u∗ − ρ(Tun − Tu∗)||.(22)

From the relaxed (γ, r)-cocoercive and µ-Lipschitzian definition on T , we have

||un − u∗ − ρ(Tun − Tu∗)||2

= ||un − u∗||2 − 2ρ〈Tun − Tu∗, un − u∗〉+ ρ2||Tun − Tu∗||2

≤ ||un − u∗||2 − 2ρ[−γ||Tun − Tu∗||2 + r||un − u∗||2]
+ρ2||Tun − Tu∗||2

≤ ||un − u∗||2 + 2ργµ2||un − u∗||2 − 2ρr||un − u∗||2 + ρ2µ2||un − u∗||2

= [1 + 2ργµ2 − 2ρr + ρ2µ2]||un − u∗||2

= θ21‖un − u∗‖2,(23)

where

θ1 =
√

1 + 2ργµ2 − 2ρr + ρ2µ2.(24)

Combining (22) and (23), we have

‖zn+1 − z∗‖ ≤ (1− an)‖zn − z∗‖+ anθ1‖un − u∗‖.(25)

From (17), (20) and the Assumption 2.1., we have

‖un − u∗‖ ≤ an‖SPK(un)zn − SPK(u∗)z
∗‖

≤ ‖PK(un)zn − PK(un)z
∗‖+ ‖PK(un)z

∗ − PK(u∗)z
∗‖

≤ ν‖un − u∗‖+ ‖zn − z∗‖,

which implies that

‖un − u∗‖ ≤
1

1− ν
‖zn − z∗‖.(26)

From (25) and (26), we obtain that

||zn+1 − z∗|| ≤ (1− an)||zn − z∗||+ anθ‖zn − z∗‖
= [1− an(1− θ)]||zn − z∗||,

where

θ =

√
1 + 2ργµ2 − 2ρr + ρ2µ2

1− ν
< 1, using (19),

and hence by Lemma 2.3, limn→∞ ||zn − z∗|| = 0, completing the proof. �

We now prove the strong convergence of Algorithm 3.1 under the α-inverse
strongly monotonicity.
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Theorem 3.2. Let K(u) be a closed convex subset of a real Hilbert space H. Let
T be an α-inverse strongly monotonic mapping with constant α > . and S be a
nonexpansive mapping such that F (S) ∩ IWHE(H,T ) 6= ∅. If

|ρ− α| ≤ α(1− ν), ν ∈ (0, 1),(27)

then the approximate solution obtained from Algorithm 3.1 converges strongly to
z∗ ∈ F (S) ∩ IWHE(H,T ).

Proof. Let T be α-inverse strongly monotone with the constant α > 0, then T
is 1

α–Lipschitzian continuous. Consider

||un − u∗ − ρ[Tun − Tu∗]||2

= ||un − u∗||2 + ρ2||Tun − Tu∗||2 − 2ρ〈Tun − Tu∗, un − u∗〉
≤ ||un − u∗||2 + ρ2||Tun − Tu∗||2 − 2ρα||Tun − Tu∗||2

= ||un − u∗||2 + (ρ2 − 2ρα)||Tun − Tu∗||2

≤ ||un − u∗||2 + (ρ2 − 2ρα) · 1
α2
||un − u∗||2

=
(

1 +
(ρ2 − 2ρα)

α2

)
||un − u∗||2 = θ2‖un − u∗‖2,(28)

where

θ2 = (1 +
(ρ2 − 2ρα)

α2
)1/2.(29)

From (27), (28) and (29), we have

||zn+1 − z∗|| ≤ (1− an)||zn − z∗||+ an||un − u∗ − ρ(Tun − Tu∗)‖
≤ (1− an)||xn − x∗||+ anθ2||un − u∗||
= [1− an(1− θ3)]||zn − z∗||,

where

θ3 =

√
1 + ρ2−2ρα

α2

1− ν
< 1, using (26).

Therefore, it follows limn→∞ ||zn − z∗|| = 0 from Lemma 2.3, completing the
proof. �

4. Computational Aspects

In this paper, we have shown that the variational inequalities are equivalent to
a new class of Wiener-Hopf equations involving the nonexpansive operator. This
equivalence is used to suggest and analyze an iterative method for finding the
common element of set of the solutions of the variational inequalities and the set of
the fixed-points of the nonexpansive operator. It is worth mentioning that Pitonyak,
Shi and Schiller [30] and Noor, Wang and Xiu [28] used the Wiener-Hopf equations
technique to develop some very efficient and numerically implementable iterative
methods for solving variational inequalities and related optimization problems. The
results are encouraging and perform better than other methods. It is interesting to
use the techniques and ideas of this paper to develop other new iterative methods
for solving the quasi variational inequalities involving the nonexpansive operators.
This is another direction for future work.
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SOME VANISHING SUMS INVOLVING BINOMIAL
COEFFICIENTS IN THE DENOMINATOR

S.PURKAIT AND B.SURY

Abstract. We obtain expressions for sums of the form
∑m

j=0(−1)j
jd

(
m
j

)
(

n+j
j

) and

deduce, for an even integer d ≥ 0 and m = n > d/2, that this sum is 0 or
1
2

according as to whether d > 0 or not. Further, we prove for even d > 0

that
∑d

l=1 cl−1

(−1)l
(

n
l

)
l!

(l+1)
(

2n
l+1

) = 0 where cr = 1
r!

∑r
s=0(−1)s

(r
s

)
(r − s + 1)d−1.

Similarly, we show when d > 0 is even that
∑d

r=0 ar
r!

(
n

r+1

)
(

2n
r+1

) = 0 where ar =

(−1)d+r

r!

∑r
s=0(−1)s

(r
s

)
(r − s + 1)d.

Introduction

Identities involving binomial coefficients usually arise in situations where count-
ing is carried out in two different ways. For instance, some identities obtained by
William Horrace [1] using probability theory turn out to be special cases of the
Chu-Vandermonde identities. Here, we obtain some generalizations of the iden-
tities observed by Horrace and give different types of proofs; these, in turn, give
rise to some other new identities. In particular, we evaluate sums of the form∑m
j=0(−1)jjd (m

j )
(n+j

j ) and deduce that they vanish when d is even and m = n > d/2.

It is well-known [2] that sums involving binomial coefficients can usually be ex-
pressed in terms of the hypergeometric functions but it is more interesting if such a
function can be evaluated explicitly at a given argument. Identities such as the ones
we prove could perhaps be of some interest due to the explicit evaluation possible.
The papers [3], [4] are among many which deal with identities for sums where the
binomial coefficients occur in the denominator and we use similar methods here.

1. Horrace’s identities - other proofs and generalizations

We start with the identities in Horrace’s paper which he deduced using proba-
bility theory.

2000 Mathematics Subject Classification. 11B65, 05A19.
Key words and phrases. Binomial coefficients, difference operators.
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Lemma 1.1. For m ≥ 1, n ≥ 0; we have∑m
j=0(−1)j (m

j )
(n+j

j ) = n
n+m ; and∑m

j=1(−1)j−1j
(m

j )
(n+j

j ) = mn
(n+m)(n+m−1) .

The lemma can be easily deduced by induction or using the method of [3].

Remark 1.2. We give another expression for the left hand sides of these identities.
Recall the forward difference operator ∆ defined on a function f by (∆f)(x) =
f(x + 1) − f(x). As usual, one defines ∆k+1f = ∆(∆kf) etc. It is easily seen by
induction on m that

(∆mf)(x) =
m∑
r=0

(−1)r
(
m

r

)
f(x+m− r).

Now, the left hand side of the first identity of Lemma 1.1 is
m∑
j=0

(−1)j
(
m
j

)(
n+j
j

)
which is (∆mg)(0) where

g(x) =
n!

(m+ 1− x)(m+ 2− x) · · · (m+ n− x)
.

Now, one can express g(x) as a partial fraction
∑n
i=1

ai

m+i−x . Also, each aj can be
found by multiplying both sides by the product (m+1−x)(m+2−x) · · · (m+n−x)
and evaluating at x = m+ j; we have aj

∏
i 6=j(i− j) = n! for each j ≤ n. Now, we

compute (∆mg)(x) =
∑n
i=1(∆mgi)(x) where gi(x) = ai

m+i−x . Computing, we see
that

(∆mg)(0) = n!
n∑
i=1

m∑
r=0

∏
j≤n;j 6=i

1
j − i

(−1)r
(
m
r

)
r + i

which easily simplifies to

(∆mg)(0) = n

n∑
i=1

m∑
r=0

(−1)r+i−1
(
n−1
i−1

)(
m
r

)
r + i

.

It is worth noting that although the left hand sides of these identities can be thought
of as the action by the (m + n)-th difference operator, it does not give anything
new and merely reproduces the left hand sides again. Now, by Lemma 1.1, we get
(∆mg)(0) = n

m+n and we have the following corollary.

Corollary 1.3.
n∑
i=1

m∑
r=0

(−1)r+i−1
(
n−1
i−1

)(
m
r

)
r + i

=
1

m+ n
.

Doing the same process with the second identity in Lemma 1.1, we have :
n∑
i=1

m∑
r=0

(−1)r+i−1i
(
n−1
i−1

)(
m
r

)
r + i

=
mn

(m+ n)(m+ n− 1)
.

As a matter of fact, the identity of Corollary 1.3 can be proved in a much more
general form by another manner as follows.
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Lemma 1.4.∑
i1,··· ,ik

(−1)i1+···+ik
(
n1
i1

)
· · ·
(
nk

ik

)
i1 + i2 + · · ·+ ik + 1

=
1

n1 + n2 + · · ·+ nk + 1
.

Proof. Writing (1 − t)n1+···+nk = (1 − t)n1 · · · (1 − t)nk and integrating both sides
from 0 to 1 after expanding the right side binomially, we have the identity asserted.

�

2. A vanishing theorem

A natural generalization of Lemma 1.1 would be to consider the sums of the

form
∑m
j=1(−1)j−1jd

(m
j )

(n+j
j ) for various d > 1. We have the following result which

first shows how the roles of m and n are interchanged and then implies a vanishing
result when m = n. In between, we also adopt a method used in [3] for evaluating
sums where binomial coefficients appear in the denominator.

Theorem 2.1. Let θ be a polynomial and let m+ n > deg(θ). Then, the sum

Pm,n(θ) :=
m∑
j=0

(−1)j
θ(j)

(
m
j

)(
n+j
j

)
satisfies(

m+ n

n

)
Pm,n(θ) =

m∑
j=0

(−1)jθ(j)
(
m+ n

m− j

)
=

n∑
i=0

(−1)i−1θ(−i)
(
m+ n

n− i

)
+ θ(0).

Further, if θ is an even function and if m = n, then Pm,n(θ) = θ(0)/2.

In particular, for n > 2k ≥ 0,
∑n
j=0(−1)j

j2k(n
j)

(n+j
j ) = 0 if k > 0 and = 1

2 if k = 0.

Proof. Now Pm,n(θ) =
∑m
j=0(−1)j

θ(j)(m
j )

(n+j
j ) = (∆mΦ)(0) where

Φ(x) =
θ(m− x)n!

(m+ 1− x)(m+ 2− x) · · · (m+ n− x)
.

Now, we divide θ(x) by the polynomial
∏n
i=1(x+ i) and write

θ(x) = u(x)
n∏
i=1

(x+ i) + v(x)

and deg(v) < n.
Note that if u is not the zero polynomial, we have deg(u) < m by hypothesis. In
particular, (∆mu) is the zero polynomial.
Now, we expand in partial fractions as in Remark 1.2 :

v(m− x)n!
(m+ 1− x)(m+ 2− x) · · · (m+ n− x)

=
n∑
r=1

cr
m+ r − x

.

The coefficients cr are obtained easily as before; we get

ci =
v(−i)n!

(−1)i−1(i− 1)!(n− i)!
.
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Note that v(−i) = θ(−i) for all i = 1, · · · , n. Thus,

Pm,n(θ) = (∆mΦ)(0) = (∆mw)(0)

where w(x) = v(m−x)n!
(m+1−x)(m+2−x)···(m+n−x) =

∑n
r=1

cr

m+r−x .

For i = 1, · · · , n we evaluate (∆m 1
m+i−x )(0) =

∑m
r=0(−1)r (m

r )
r+i as in [3] as follows.

m∑
r=0

(−1)r
(
m
r

)
r + i

=
m∑
r=0

(−1)r
(
m

r

)∫ 1

0

(1− t)r+i−1dt

=
∫ 1

0

ti−1(1− t)mdt = β(i,m+ 1) =
(i− 1)!m!
(m+ i)!

.

Therefore,

Pm,n(θ) =
n∑
i=1

ci
(i− 1)!m!
(m+ i)!

=
n∑
i=1

v(−i)n!
(−1)i−1(i− 1)!(n− i)!

(i− 1)!m!
(m+ i)!

=
1(

m+n
n

) n∑
i=1

(−1)i−1v(−i)
(
n+m

n− i

)
=

1(
m+n
n

) n∑
i=1

(−1)i−1θ(−i)
(
n+m

n− i

)
because v(−i) = θ(−i) for all i = 1, · · · , n. which is Adding and subtracting the
term corresponding to i = 0, we get the expression asserted in the theorem, viz.,

Pm,n(θ) =
1(

m+n
n

) n∑
i=0

(−1)i−1θ(−i)
(
m+ n

n− i

)
+ θ(0).

Adding this expression and the expression 1

(m+n
n )

∑m
j=0(−1)jθ(j)

(
m+n
m−j

)
, it is evident

that when m = n and θ(i) = θ(−i) for all i, the sum is θ(0). Taking θ(x) = x2k,
the last statement follows. The proof is complete.

�

Remark 2.2. It is important to note that although Pm,n(θ) can be re-expressed as
a multiple of

∑m
j=0(−1)jθ(j)

(
m+n
m−j

)
, and hence, can be viewed as the effect of the

(m+n)-th order difference operator on a certain function, this does not give any new
information but merely reproduces the expression. Thus, it is indeed worthwhile to
view Pm,n(θ) rather as the effect of the m-th order difference operator on a certain
function.

We proved the vanishing of Pm,n(θ) when m = n and θ(j) = j2k, but did not
evaluate it for general m,n. As we will see, a natural method to evaluate it is to
evaluate and use the following sums:

Proposition 2.3. For m,n ≥ 1, d ≥ 0 we have

Td :=
m∑
j=0

(−1)j(j + 1)(j + 2) · · · (j + d)

(
m
j

)(
n+j
j

) =
d!
(
n
d+1

)(
m+n
d+1

) .
We also have

Sd :=
m∑
j=0

(−1)jj(j − 1) · · · (j − d+ 1)

(
m
j

)(
n+j
j

) =
(−1)dn

(
m
d

)
d!

(d+ 1)
(
m+n
d+1

) .
As usual, the convention is that the empty product (when d = 0 here) is understood
to be equal to 1.
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Proof. As we did in the proof of Theorem 2.1, we express the denominator
(
n+j
j

)
in terms of the beta function and evaluate the sums. We omit details.

�

Corollary 2.4.
m∑
j=0

(−1)jjd
(
m
j

)(
n+j
j

) =
d∑
l=1

cl−1

(−1)ln
(
m
l

)
l!

(l + 1)
(
m+n
l+1

)
where cr = 1

r!

∑r
s=0(−1)s

(
r
s

)
(r − s+ 1)d−1 for all 0 ≤ r < d− 1.

In particular, if d > 0 is even and < 2n, then
d∑
l=1

cl−1

(−1)l
(
n
l

)
l!

(l + 1)
(

2n
l+1

) = 0

with cl’s as above.
Similarly, we have

m∑
j=0

(−1)jjd
(
m
j

)(
n+j
j

) =
d∑
r=1

ar
r!
(
n
r+1

)(
m+n
r+1

)
where ar = (−1)d+r

r!

∑r
s=0(−1)s

(
r
s

)
(r − s+ 1)d for all 0 ≤ r < d.

In particular, if d > 0 is even and < 2n, then
d∑
r=1

ar
r!
(
n
r+1

)(
2n
r+1

) = 0

with ar’s as above.

Proof. Now
∑m
j=0(−1)jjd (m

j )
(n+j

j ) =
∑d
l=1 cl−1Sl where Sl is as above and where cl’

s are defined by jd =
∏d−1
k=0 ckj(j − 1) · · · (j − k).

If we write

xd =
d−1∏
k=0

ckx(x− 1) · · · (x− k)

then it is easy to determine ck’s recursively and we find that for 0 ≤ r < d− 1, we
have

r!cr =
r∑
s=0

(−1)s
(
r

s

)
(r − s+ 1)d−1.

Thus, Proposition 2.3 implies the first assertion.
Similarly, if we express xd =

∑d
r=0 ar(x + 1)(x + 2) · · · (x + r), then we have∑m

j=0(−1)jjd (m
j )

(n+j
j ) =

∑d
r=1 arTr. We may compute the ar’s recursively and find

that for 0 ≤ r < d, we get

(−1)d+rr!ar =
r∑
s=0

(−1)s
(
r

s

)
(r − s+ 1)d.

�
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THE NUMBER AND SUM OF NEAR m−EXTREMES

ENKELEJD HASHORVA AND JÜRG HÜSLER
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Abstract. Let {Xn, n ≥ 1} be a sequence of independent random variables
with common continuous distribution function F . In this article we discuss

distributional and asymptotical properties of the point process Nn,m(·) =∑n
i=1 1(Xn−m+1:n−Xi ∈ ·) driven by the mth upper order statistic Xn−m+1:n.

Further we derive some limiting results for related sums, which are of some

interest in insurance applications.

1. Introduction

Let {Xn, n ≥ 1} be a sequence of independent random variables with common
continuous distribution function F . By X1:n < · · · < Xn:n we denote the order
statistics of X1, . . . , Xn. Define the number of near m−extremes Kn(a,m), a >
0,m ∈ N by

Kn(a,m) :=
n∑
i=1

1(Xn−m+1:n − a < Xi ≤ Xn−m+1:n),

with 1(·) the indicator function. More generally, let

Nn,m(·) :=
n∑
i=1

1(Xn−m+1:n −Xi ∈ ·)(1)

denote the related point process defined on [0,∞) driven by the mth upper order
statistics. The marginal random variable Nn,m(T ) with T a Borel set of [0,∞) is
in other words the number of m−extremes falling into the Borel set T . Setting
T = [0, a) we have Nn,m(T ) = Kn(a,m).

The number of near m−extremes is dealt with in several papers. It was in-
troduced and carefully examined by Pakes and Steutel (1997) and Khmaladze et
al. (1997) (considering m = 1 only). Hashorva (2003, 2004) showed that studying
Kn(a,m) for dependent samples is of some relevance for insurance applications. Es-
timation of the tail coefficient based on the number of near m−extremes is further
discussed in Hashorva and Hüsler (2004). Recent papers on the topic are Balakr-
ishnan and Stepanov (2004, 2005), Dembinska et al. (2007), where new ideas and
results in connection with near extremes have been presented.

Point process approach was considered by Hashorva and Hüsler (2000) deriving
both distributional and asymptotical results for Nn,1(·).
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The main topic of this paper is the asymptotic behaviour of the near m−extreme
point process Nn,m(·). Special attention is given to Kn(a,m); we show weak con-
vergence of Kn(an,m), n ≥ 1 without supposing the iid assumption. Further we
discuss some asymptotic properties of sums of the near m−extremes (dealt with
initially in Pakes (2000)) defined by

Sn(a,m) :=
n∑
i=1

Xi1
(
Xi ∈ (Xn−m+1:n − a,Xn−m+1:n]

)
.(2)

It is well-known that asymptotic properties of the mth upper order statistic are
in some sense invariant to m. For example Xn−m+1:n converges almost surely for
any m > 1 to the upper endpoint of the distribution function F . We show in this
paper that similar invariance properties are demonstrated by the number of near
m−extremes.

Brief outline of the paper: We continue next with some preliminary results
followed by Section 3 where several asymptotical results for the iid setup are pre-
sented. In Section 4 we show that convergence in distribution for Kn(an,m) with
an → a ≥ 0 and m ∈ N holds under certain dependence assumptions on the random
sequence Xi, i ≥ 1.

2. Preliminaries

Write in the following lF , uF for the lower and the upper endpoint of the distri-
bution function F , respectively. We state now the following obvious lemma:

Lemma 1. Let {Xn, n ≥ 1} be independent random variables with common con-
tinuous distribution function F . The random variable Nn,m(T ) − 1(0 ∈ T ) with
T some Borel set of [0,∞) and n > m ≥ 1 has a mixed binomial distribution
B(n−m, p(T, x)) with mixing random variable Xn−m+1:n where

p(T, x) := P {x−W ∈ T |W ≤ x}, lF < x < uF ,

with W a random variable with distribution function F .

It is also easy to see that the joint conditional distribution of

Nn,m(T1)− 1(0 ∈ T1), . . . , Nn,m(Tk)− 1(0 ∈ Tk), k ≥ 2,

with T1, . . . , Tk Borel sets of [0,∞) given the mth upper order statistic is multino-
mial. This fact is crucial when dealing with both distributional and asymptotical
propertied of the point process Nn,m(·).

The law of the point process Nn,m(·) can be described via Markov kernels (see
Reiss (1993) for basic properties of Markov kernels). We have

L(Nn,m(·)− 1(0 ∈ ·)) =
∫

R
Gn(·, x) dL(Xn−m+1:n)(x),(3)

where Gn,m(·, x) d= B(n − m, p(·, x)), L(·) denotes the law of the corresponding

random element, and d= stands for equality of distribution functions. Referring to
Theorem 1.5.1 of Reiss (1989) the mth upper order statistic Xn−m+1:n possess the
F -density

n!Fn−m(x)(1− F (x))m−1

(n−m)!(m− 1)!
.(4)
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Application of Fubini’s Theorem for Markov kernels (see Reiss (1993)) yields further

E{Nn,m(T )} = 1(0 ∈ T ) +
∫

R

(∫
R
y dL(B(n−m, p(T, x)))(y)

)
dL(Xn−m+1:n)(x)

= 1(0 ∈ T ) + (n−m)E{p(T,Xn−m+1:n)}

= 1(0 ∈ T ) +
n!

(n−m− 1)!(m− 1)!

×
∫

R
P {x−X1 ∈ T |X1 ≤ x}Fn−m(x)(1− F (x))m−1 dF (x).(5)

Substituting we have

E{Kn(a,m)} = 1 +
n!

(n−m− 1)!(m− 1)!

×
∫

R
[F (x)− F (x− a)]Fn−m−1(x)(1− F (x))m−1 dF (x)(6)

for all n > m ≥ 1.
Alternatively, moments of the random variable Nn,m(T ), T ⊂ [0,∞) can be easily

derived from the expression of probability generating function (p.g.f) given below.

Lemma 2. Under the assumptions and the notation of Lemma 1 we have for any
integer m,n > m and s ∈ (0, 1)

E{sNn,m(T )−1(0∈T )} =
∫

R
[1− (1− s)p(T, x)]n−m dL(Xn−m+1:n)(x),(7)

where the distribution of the mth largest order statistic has F -density as in (4).

Certain assumptions on the tail asymptotic behaviour of the distribution function
F allow us to derive several limiting results. If F has upper endpoint uF =∞, and
the following limit

lim
x→∞

1− F (x+ a)
1− F (x)

= l(a) ∈ [0, 1](8)

exists for any a > 0, then as in Pakes and Steutel (1997) we call F a thin-tailed,
a thick-tailed, or a medium-tailed distribution whenever l(a), a > 0, is equal to 0,
1, or is strictly between 0 and 1 for all a > 0, respectively. Note in passing that
Balakrishnan and Stepanov (2005) mention that (8) holds for all a > 0 if and only
if (iff) it holds for two distinct constants a1, a2 such that a1/a2 is an irrational
number.

Examples of thin-tailed distribution functions are the half Normal law or the
Weibull one with parameter α > 1. Gamma family belongs to the medium-tailed
class, whereas Pareto distribution is a thick-tailed one.

The above tail asymptotic behaviour of F is related to the max-domain of at-
traction of F (see Pakes and Steutel (1997)).
It is well known (see e.g. Galambos (1987), Resnick (1987), Reiss (1989), Falk et
al. (2004), Kotz and Nadarajah (2005), de Haan and Ferreira (2006)) that the dis-
tribution function F belongs to the max-domain of attraction of an extreme value
distribution function H (write F ∈ MDA(H)) if

lim
t→∞

sup
x∈R

∣∣∣F t(q(t)x+ r(t))−H(x)
∣∣∣ = 0,(9)
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with q(t) > 0, r(t), t > 0, two measurable functions. The univariate distribution
functions H is either the Gumbel distribution Λ(x) = exp(− exp(−x)), x ∈ R, the
Weibull distribution Ψα(x) = exp(−|x|α), x < 0, α > 0, or the Fréchet distribution
Φα(x) = exp(−x−α), x > 0, α > 0.

3. Asymptotics in the IID-Setup

In this section we consider the iid-setup, i.e., Xi, i ≥ 1 are independent with
common continuous distribution function F . Convergence in distribution for both
Kn(a,m) and Sn(a,m) can be shown utilising the explicit expression in the right
hand side of (7), provided that F satisfies certain asymptotic conditions. For
instance Pakes and Steutel (1997), Li (1999), Balakrishnan and Stepanov (2004,
2005) make extensive use of (8).

We split this section in three parts beginning with some equivalent conditions
for (8). In the second part we discuss almost sure convergence and CLT for the
sum of near m−extremes Sn(a,m). In the last part we derive an approximation of
the point process for the interesting cases that F is in the Gumbel or the Weibull
max-domain of attraction.

3.1. Condition (8). We give next a general result which provides several equiv-
alent conditions to (8). Previous partial results can be found in Proposition 2.5.3
in Hashorva (1999), Theorem 1.1. of Li (1999), Theorem 2.1 in Balakrishnan and
Stepanov (2005).

Proposition 3. Let {Xn, n ≥ 1} be a sequence of iid random variables with con-
tinuous distribution function F with upper endpoint uF = ∞. Then the following
four statements are equivalent:
i) For any a > 0 the limit in (8) exists and l(a) ∈ (0, 1].
ii) For any a > 0 and any integer m, the discrete random variable Kn(a,m) con-
verges in distribution to some random variable K∗a,m, where K∗a,m−1 has a negative
binomial distribution with p.g.f

E{sK
∗
a,m−1} =

(
l(a)

1− s(1− l(a))

)m
, l(a) ∈ (0, 1].(10)

iii) For any a > 0 and any integer m

lim
n→∞

E{Kn(a,m)} = m[1− l(a)]/l(a) + 1, l(a) ∈ (0, 1](11)

holds.
iv) For any a > 0 we have

lim
n→∞

P {Kn(a, 1) = 1} = l(a) ∈ (0, 1].(12)

Moreover, for any a > 0 and any integer m we have Kn(a,m)
p→∞ iff l(a) = 0.

Proof. First note that

P {Kn(a, 1) = 1} = n

∫
R

Fn−1(x− a) dF (x), ∀a > 0, n > 1.
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Transforming the expression of the expectation in (5) we obtain

E{Kn(a,m)} − 1 = (n−m)E{[1− F (Xn−m+1:n − a)/F (Xn−m+1:n)]}
= n−m− (n−m)E{F (Xn−m+1:n − a)/F (Xn−m+1:n)}
= nE{[1− F (Xn−m:n−1 − a)]} −m
= nE{Fn−m:n−1(X1 + a)} −m.(13)

Statement i) implies that F is in the Gumbel max-domain of attraction. Further-
more, the scaling function q(t) can be choose to be constant in t. The proof follows
now using (7), the Gumbel max-domain of attraction of F , and applying Lemma 4
below with the function χ(·) constant and ρ = 1. �

The following lemma follows immediately form Lemma 2.5.1 in Hashorva (1999)
which is stated for multivariate distribution functions.

Lemma 4. Let F,G be two continuous univariate distribution functions with upper
endpoint∞, and let ρ ≥ 1, C ∈ [0,∞] be two given constants. If χ : [0,∞)→ [0,∞)
is a measurable function such that limx→0 χ(tx)/χ(x) = 1,∀t > 0, then the following
two statements are equivalent:
i) As n→∞ we have for any c ∈ [0,∞)

n

∫
R
Gn−c(x) dF (x) = (1 + o(1))

C

nρ−1
χ(1/n).(14)

ii) As x→∞
1− F (x)

(1−G(x))ρχ(1−G(x))
= (1 + o(1))

C

Γ(ρ+ 1)
.(15)

Remark 1. a) Imposing an additional technical condition on the distribution func-
tion F Balakrishnan and Stepanov (2005) show in Theorem 2.2 therein that the
almost sure convergence Kn(a,m)→ 1 is equivalent to l(a) = 1 for all a > 0. Note
that if l(a) = 1, then statement ii) in Proposition 3 means convergence in proba-
bility to 1.
b) Lemma 4 is motivated by Lemma 1.3 in Maller and Resnick (1984).

Our next result concerns the asymptotic approximation of the ratio of the number
and sum of near m−extremes. It subsumes Theorem 7.1 in Pakes (2000).

Proposition 5. Under the assumptions and the notation of Proposition 3

Sn(a,m)/Xn−m+1:n
d→ 1 +K∗a,m, n→∞(16)

holds for any a > 0 and any integer m, iff either of the statements i), ii), iii), iv)
in Proposition 3 hold.
Furthermore, for any a > 0 and any integer m the convergence in probability

Sn(a,m)/Xn−m+1:n
p→ ∞, n→∞(17)

is valid iff l(a) = 0, and

Sn(a,m)/Xn−m+1:n
p→ 1, n→∞(18)

holds iff l(a) = 1.



38 ENKELEJD HASHORVA AND JÜRG HÜSLER ALLIANZ SUISSE & UNIVERSITY OF BERN

Proof. For any positive a and any integer m

[Xn−m+1:n − a]Kn(a,m) ≤ Sn(a,m) ≤ Xn−m+1:nKn(a,m)

holds almost surely. Furthermore the almost sure convergence

Xn−m+1:n →∞, n→∞

implies
a/Xn−m+1:n → 0, n→∞,

thus the proof follows using Proposition 3. �

3.2. Almost Sure Convergence and CLT. Hashorva (1999) shows the conver-
gence in probability of

Kn(a,m)/n
p→ 1− F (uF − a), n→∞,

provided that the upper endpoint uF of F is finite. Since

lim
n→∞

E{Kn(a,m)/n} = 1− F (uF − a)

the convergence holds also in the rth (r > 0) mean. Almost sure convergence and
CLT for Kn(a,m) are stated in Hashorva and Hüsler (2004).
Next, we discuss some asymptotic properties for the sum of near m−extremes.

Proposition 6. Let {Xn, n ≥ 1} be a positive sequence of independent random
variables with continuous distribution function F . If both the lower and the upper
endpoint lF , uF of the distribution function F are finite, then for any a > 0 and
any integer m we have the almost sure convergence

S(a,m)/n a.s.→ E{X11(X1 > uF − a)}, n→∞.(19)

Proof. Since for any ε > 0

Xi1(uF −Xn−m+1:n > ε) ≤ uF1(uF −Xn−m+1:n > ε)→ 0, n→∞

almost surely, we have for all large n

S(a,m)/n ≤
n∑
i=1

Xi1(Xi > uF − a− ε)/n+ uF1(uF −Xn−m+1:n > ε)

and

S(a,m)/n ≥
n∑
i=1

Xi1(Xi > uF − a)/n− uF (m− 1)/n,

hence the proof follows by the Strong Law of Large Numbers. �

We show next the CLT for the sum of near m−extremes.

Proposition 7. Let {Xn, n ≥ 1} be as in Proposition 6 and suppose further that
the lower endpoint of F is non-negative and the upper endpoint uF is finite. Assume
that there exists a positive sequence {cn, n ≥ 1} such that

lim
n→∞

n lnF (uF − cn) = −∞,(20)

and for some positive constant a we have

lim
n→∞

√
n[F (uF − a)− F (uF − a− cn)] = 0,(21)
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with F (uF − a) ∈ (0, 1). If further σ2
a := Var(X11(uF − a ≤ X1 ≤ uF )) ∈ (0,∞),

then the convergence in distribution

[Sn(a,m)− nE{X11(X1 > uF − a)}]/
√
n

d→ W, n→∞(22)

holds with W a mean zero Gaussian random variable with variance σ2
a.

Proof. For any m ≥ 1, condition (20) implies
√
n1(Xn−m+1:n < uF − cn) = op(1)

as n→∞. Consequently (recall uF <∞)

Sn(a,m)/
√
n ≤

n∑
i=1

Xi1(uF −Xi < a+ cn)/
√
n+ op(1)

and

Sn(a,m)/
√
n ≥

n∑
i=1

Xi1(uF −Xi < a)/
√
n− uF (m− 1)/

√
n.

By (21)
n∑
i=1

Xi1(a ≤ uF −Xi < a+ cn)/
√
n = op(1), as n→∞,

thus the proof follows easily by applying the CLT for the random sequence Xi1(uF−
Xi < a), i ≥ 1 (see e.g. Kallenberg (1997)). �

3.3. Asymptotics for the point process. Finally we consider the asymptotic
behaviour of the point process Nn,m(·). Since this point process is driven by the
mth upper extreme order statistics, in order to deal with its asymptotic behaviour
we consider the case when F is in a max-domain of attraction of a univariate
distribution function H, assuming (9) holds with norming functions q(t), r(t).

We show first weak convergence of the scaled point process

N∗n,m(·) :=
n∑
i=1

1((Xn−m+1:n −Xi)/qn ∈ ·),

with qn := q(n) the norming constant from (9). The asymptotics for m = 1 is dealt
with in Hashorva (1999). As in that case, utilising the same arguments (see also
Theorem 1.2 in Hashorva and Hüsler (2000)) the scaled point process N∗n,m can be
approximated (n→∞) by a Cox process plus a point at 0. We have the following
result:

Proposition 8. Let {Xn, n ≥ 1} be a sequence of iid random variables with contin-
uous distribution function F satisfying condition (9). If the univariate distribution
function H is standard Gumbel or Weibull, then for all m ≥ 1

N∗n,m(·) d→ Nm(·) + 1(0 ∈ ·), n→∞,(23)

where Nm(·) is a Cox process with stochastic intensity

ν([a, b), X(m)
∗ ) = ln

(
H(X(m)

∗ − a)

H(X(m)
∗ − b)

)
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for 0 < a < b <∞. The mixing random variable X(m)
∗ has continuous distribution

function Hm given by

Hm(x) = H(x)
m−1∑
r=0

(− lnH(x))m

m!
, ∀x ∈ R.

The following corollary is immediate:

Corollary 9. Let {Xn, n ≥ 1} be a sequence of iid random variables with con-
tinuous distribution function F such that for all a > 0 condition (8) holds with
l(a) ∈ (0, 1). Then (9) holds with q(t) = q ∈ (0,∞), r(t), t > 0 and further for all
m ≥ 1

Nn,m(·) d→ Nm(·) + 1(0 ∈ ·), n→∞,(24)

where Nm(·) is a Cox process with stochastic intensity

ν([a, b), X(m)
∗ ) = ln

(
H(X(m)

∗ − a/c)
H(X(m)

∗ − b/c)

)
, 0 < a < b <∞

and the mixing random variable X(m)
∗ as in Proposition 8.

Note in passing that weak convergence of the unscaled point process Nn,m(·)
follows by the above result, since the scaling function is constant in Corollary 9.

4. Approximations in the case of dependence

Since we want to drop the iid assumption (which implies (7)), we follow here
a different approach which we motivate below. If the distribution function F sat-
isfies (9) with functions q(t) > 0, r(t), t ∈ R, we have the joint convergence in
distributions (n→∞)(

(Xn:n − rn)/qn, . . . , (Xn−l+1:n − rn)/qn
)

d→ (X(1)
∗ , . . . , X

(l)
∗ ),(25)

where qn = q(n) > 0, rn := r(n), n ≥ 1, and the random vector (X(1)
∗ , . . . , X

(l)
∗ ) has

the distribution function Hl with density function hl given by

hl(x) = H(xl)
l∏
i=1

H ′(xi)
H(xi)

, with xl < · · · < x2 < x1(26)

and x1, xl are such that H(x1), H(xl) ∈ (0, 1) (see e.g. Reiss (1989)). Hence for
0 < k ≤ n−m− 1, an = caqn(1 + o(1)), n ≥ 1, with ca > 0 some constant, we have

P {Kn(an,m) > k}
= P {Xn−m+1:n −Xn−m+1−k:n < an}
= P {(Xn−m+1:n − rn)/qn − (Xn−m+1−k:n − rn)/qn < ca(1 + o(1))}

[ since the convergence holds locally uniformly, we get ]

→ P {X(m)
∗ −X(m+k)

∗ ≤ ca} =: 1−H(m)(ca, k), n→∞.(27)

In deriving (27) we only needed (25), consequently at this point dropping the iid
assumption is possible. We need however to introduce mixing type conditions D
and D′ as in Leadbetter et al. (1983), see Corollary 3.2.
The next result generalises Theorem 2 and Theorem 3 of Li and Pakes (1998b). We
denote in the sequel by αH the lower endpoint of the distribution function H.
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Proposition 10. Assume that condition (25) holds for the sequence of random
variables {Xn, n ≥ 1} with continuous distribution function F , with constants qn >
0, rn and Hm as in (26). If an ∼ caqn, ca > 0, then for m, l ≥ 1 and any x ∈ R
such that H(x) ∈ (0, 1) we have

lim
n→∞

P {Kn(an,m) ≤ k, (Xn−l+1:n − rn)/qn ≤ x}

= P {X(m)
∗ −X(m+k)

∗ > ca, X
(l)
∗ ≤ x}

=: H(m)(ca, x, k, l), k ∈ N.(28)

The random sequence Kn(an,m) converges weakly to a positive non-degenerate ran-
dom variable K∗a,m with distribution function H(m)(ca, k) iff αH = −∞.
Further if for some j > m− 1

(Xj−m+1:n − rn)/qn
p→ x0, n→∞(29)

then we have

lim
n→∞

P {Kn(an,m) > n− j} = H(ca + x0)
m−1∑
r=0

(− lnH(ca + x0))r/r!.(30)

Proof. By the assumptions we have

lim
n→∞

P {Kn(an,m) ≤ k, (Xn−l+1:n − rn)/qn ≤ x}

= P {X(m)
∗ −X(m+k)

∗ > ca, X
(l)
∗ ≤ x},

hence the weak convergence of Kn(an,m) to a non-degenerated random variable
follows if we show further that

lim
k→∞

P {X(m)
∗ −X(m+k)

∗ > ca} = 1.

Since H is continuous, in light of (26) the limit distribution of the ith largest order
statistic is

P {X(i)
∗ ≤ x} = H(x)

i−1∑
r=0

(− lnH(x))r

r!
=: Hi(x), x : H(x) > 0,

hence we get for all x ∈ R such that H(x) > 0

lim
i→∞

P {X(i)
∗ ≤ x} = lim

i→∞
H(x)

i−1∑
r=0

(− lnH(x))r

r!
= H(x) exp(− lnH(x)) = 1.

Consequently, the monotonicity of the random sequence {X(i)
∗ , i ≥ 1} implies

X
(i)
∗

a.s.→ αH , as i→∞
and thus

lim
k→∞

P {X(m)
∗ −X(m+k)

∗ > ca} = 1− P {X(m)
∗ ≤ ca + αH} < 1

if and only if we have αH > −∞. Finally by (29) for any j fixed

P {Kn(an,m) > n− j}
= P {Xn−m+1:n −Xj−m+1:n < an}
= P {(Xn−m+1:n − rn)/qn − (Xj−m+1:n − rn)/qn < ca(1 + o(1))}

→ P {X(m)
∗ ≤ ca + x0}, n→∞,
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hence the proof is complete. �

In the above theorem we do not assume the independence of Xi, but only con-
dition (25). Next, we focus attention to stationary random sequences which sat-
isfy certain mixing type conditions. For the extreme value theory the distribu-
tional mixing conditions D3(un) for the long range dependence and D′(un) for
the local dependence are sufficient to assume (see Leadbetter et al. (1983)). Here
un = (uni) ∈ R3 with uni = qnxi + rn and any xi ∈ R, i ≤ 3, where qn and rn are
from (5). We mention these conditions which imply (25).

Condition D3(un): For any fixed p, q and integers 1 ≤ i1 < i2 < · · · < ip < j1 <
j2 < · · · < jq ≤ n with j1 − ip > `, and any kh, k

′
h′ ∈ {1, 2, 3} for h ≤ p, h′ ≤ q,

assume that∣∣∣P{Xih ≤ un,kh
, h ≤ p,Xjh′ ≤ un,k′h′ , h

′ ≤ q
}
− P

{
Xih ≤ un,kh

, h ≤ p
}

× P
{
Xjh′ ≤ un,k′h′ , h

′ ≤ q
}∣∣∣ ≤ αn,`,

where αn,` → 0 for some sequence ` = `(n) = o(n).

Condition D′(un): Assume that for k →∞

lim sup
n→∞

∑
1<i≤n/k

P{X1 > un, Xi > un} → 0.

Proposition 11. Let {Xn, n ≥ 1} be a stationary random sequence with distribu-
tion function F so that (9) holds. If also the conditions D3(un) and D′(un) are
satisfied for any x with H(x) ∈ (0, 1) and un = un(x) = qnx+ rn, then (28) holds.

Proof. The proof follows immediately from Theorem 5.5.1 of Leadbetter et al.
(1983). �
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INVERSE LIMITS OF H-CLOSED SPACES

IVAN LONČAR

Abstract. The main purpose of this paper is to study the non-emptiness and

H-closeness of inverse limits of H-closed spaces.

1. Introduction

An inverse system X = {Xa, pab, A} [4, p. 135] over a directed set A is a function
which attaches to each a ∈ A a space Xa and to each pair a, b ∈ A such that a ≤ b
a mapping pab : Xb → Xa such that

paa = identity, a ∈ A,

pabpbc = pac, a ≤ b ≤ c.

The inverse limit limX of the inverse system X = {Xa, pab, A} is the set of all
points {xa} of the Cartesian product Π{Xa : a ∈ A} satisfying pab(xb) = xa for
every a ≤ b.

For each inverse system X = {Xa, pab, A} we define [4, Proposition 2.5.1, p.135]

Xab = {{xa} ∈ Π{Xa : a ∈ A} : pab(xb) = xa, a ≤ b} .

Proposition 1. [4, Proposition 2.5.1, p.135]. The limit of an inverse system X =
{Xa, pab, A} of a Hausdorff spaces Xa is closed subset of the Cartesian product
Π{Xa : a ∈ A}.

For each inverse system X = {Xa, pab, A} we define [4, Theorem 3.2.13, p.188]

Za = {{xa} ∈ Π{Xa : a ∈ A} : pba(xa) = xb, b ≤ a}
In [4, Theorem 3.2.13, p.188] it is used that Za is closed in Π{Xa : a ∈ A}. This

is true if each Xa is Hausdorff.

Proposition 2. The family {Za : a ∈ A} has the finite intersection property.

Proof. This follows from the fact that for each pair a, b there is a c ∈ A such that
Zc ⊂ Za ∩ Zb [4, The proof of Theorem 3.2.13, p. 188]. �

Let (X, τ) be an arbitrary topological space. According to [17], a point x ∈ X is
said to be a θ-cluster point of a set A ⊂ X if and only if Cl V ∩A 6= ∅ whenever V
is an open neighbourhood of x. Let |A|θ denote the set of all θ-cluster points of A;
A is said to be θ- closed if and only if |A|θ = A. The above concepts are generally
used in the literature (see e.g. [14] and [2]).
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Proposition 3. [3, (2.3)]. A space X is Hausdorff if and only if for each p ∈ X,
|{p}|θ = {p}.

Proposition 4. [3, (2.4)]. A space is regular if and only if for every A ⊂ X,
|A|θ = Cl A.

In the sequel the following theorem frequently will be used.

Theorem 1.1. [6, Theorem 2]. In any topological space:
(a): the empty set and the whole space are θ-closed,
(b): arbitrary intersection and finite unions of θ-closed sets are θ-closed,
(c): Cl K ⊂ |K|θ for each subset K,
(d): a θ-closed subset is closed.

A subset A ⊂ X is said to be θ-open if X�A is θ-closed.A subset A ⊂ X is said
to be regular - open provided Int ( Cl (A)) = A.

A Hausdorff space X is H-closed [1] if it is closed in any Hausdorff space in which
it is embedded.

The following two characterizations are given in [1].

Proposition 5. [1, Theorem 1]. A Hausdorff space X is H-closed if and only if
every family {Uµ : Uµ is open in X, µ ∈ Ω} with the finite intersection property
has the property ∩{ Cl Uµ : µ ∈ Ω} 6= ∅.

Proposition 6. [1, Theorem 2]. A Hausdorff space X is H-closed if for each open
cover {Uµ : µ ∈ M} of X there exists a finite subfamily {Uµ1 , ..., Uµk

} such that
{ Cl Uµ1 , ..., Cl Uµk

} is a cover of X.

Proposition 7. [6]. A Hausdorff space X is H-closed if and only if for every
family {Aµ : Aµ ⊂ X, µ ∈ Ω } with the finite intersection property there exists a
point x ∈ X such that Cl V ∩ A 6= ∅ for every open set V containing x and every
Aµ.

The point x is called θ-accumulation point. From this characterizations it follows
the following lemma frequently used in the paper.

Lemma 1.2. If X is H-closed, then every family {Aµ, µ ∈ Ω } of θ-closed subsets
of X with the finite intersection property has a non-empty intersection ∩{Aµ, µ ∈ Ω
}.

Proof. Let X be H-closed and let {Aµ, µ ∈ Ω } be a family of θ-closed subsets of X
with the finite intersection property. By Proposition 7 we infer that there exists a
θ-accumulation point x such that Cl V ∩A 6= ∅ for every open set V containing x
and every Aµ. This means that x ∈ ∩{Aµ :, µ ∈ Ω } since each Aµ is θ-closed. �

Theorem 1.3. [2, (2.4), p.410]. Disjoint θ-closed subsets of an H-closed space are
contained in disjoint open subsets.

Lemma 1.4. If f : X → Y is a continuous mapping, then f−1(F ) is θ-closed in
X if F is θ-closed in Y .

Proof. If x ∈ X�f−1(F ), then f(x) /∈ F . There exists an open set U such that
f(x) ∈ U and Cl U ∩ F = ∅ since F is θ-closed in Y . The open set f−1(U)
contains x and Cl f−1(U)∩ f−1(F ) = ∅ since f−1( Cl U)∩ f−1(F ) = ∅. Hence, if
x ∈ X�f−1(F ), then x ∈ X�

∣∣f−1(F )
∣∣
θ
, and, consequently, f−1(F ) is θ-closed in

X. �
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A net {xµ : µ ∈ M} is eventually in a set A if and only if there exists a µ ∈ M
such that xν ∈ A for each ν ≥ µ [12, p. 65].

A net {xµ : µ ∈ M} is frequently in a set A if and only if for each µ ∈ M there
is a ν ≥ µ such that xν ∈ A.

A net in a topological space is said to θ-converge (θ-accumulate) [6, Definition
3] to a point x in the space if then net is eventually (frequently) in Cl (V ) for each
open set V about x.

The following two theorems are proved in [17, Lemmas 1, 2, 3]. See also [9].

Theorem 1.5. A point x in a topological space is in θ-closure of a subset K if and
only if there is a net xa in K which θ-converges to x (x

a
−−→

θ
x).

Theorem 1.6. A Hausdorff space is H-closed if and only if each net in the space
has a θ-convergent subnet.

In the sequel the following Proposition will be frequently used.

Proposition 8. [3, (2.7), p. 45]. A θ-closed subset of an H-closed space is H-closed.

2. Inverse limit of H-closed spaces and mappings with θ-closed graphs

In this Section we consider inverse limit of inverse systems X = {Xa, pab, A} of
H-closed spaces Xa and bonding mappings pab with θ-closed graphs. Such bonding
mappings pab are special case of multifunction considered in [11].

Let f : X → Y be a mapping. The graph G(f) of f is

G(f) = {(x, y) ∈ X × Y : y = f(x)}.
Theorem 2.1. [11, Theorem 2.3].The following statements are equivalent for spaces
X, Y , and multifunction Φ : X → Y :

(a): The multifunction Φ has a θ-closed graph G(Φ),
(b): For each (x, y) ∈ (X × Y )−G(Φ) there are sets V 3 x in X and W 3 y

in Y with Φ( Cl (V )) ∩ Cl (W ) = ∅.
Now we shall prove the following result concerning inverse limit of inverse systems

X = {Xa, pab, A} of H-closed spaces Xa and bonding mappings pab with θ-closed
graph.

Theorem 2.2. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and bonding mappings pab with θ-closed graphs. Then X = limX is
non-empty, θ-closed in Π{Xa : a ∈ A} and H-closed.

Proof. It is known that Π{Xa : a ∈ A} is H-closed [4, Problem 3.12.5 (d), p.
283]. Let us prove that Za = {(xb) ∈ ΠXa : pab(xa) = xb} is θ-closed for each
a ∈ A. To do this we shall prove that Π{Xa : a ∈ A}�Za is θ -open. Let
y = (ya) ∈ Π{Xa : a ∈ A}�Za. There exists b ≤ a such that pab(xa) 6= xb.
It follows from Theorem 2.1 that there exists a pair U, V of open sets such that
xa ∈ U , xb ∈ V and pba( Cl U) ∩ Cl V = ∅ since pba has a θ-closed graph.

Now Z = U × V × Π{Xc : c 6= a, b} is open set containing y with the property
Cl Z ⊂ Π{Xa : a ∈ A}�Za . This means that Π{Xa : a ∈ A}�Za θ-open, and,

consequently, Za is θ-closed. In order to prove that X = limX is non-empty
consider the family {Za : a ∈ A} of θ-closed sets Za. This family has the finite
intersection property (Proposition 2). By Lemma 1.2 we infer that ∩{Za : a ∈ A}
= limX is non-empty. Now, (b) of Theorem 1.1 implies that limX is θ-closed.
Finally, from Proposition 8 it follows that limX is H-closed. �
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3. Inverse limit of H-closed spaces and strongly continuous bonding
mappings

A mapping f : X → Y is said to be strongly continuous at x ∈ X [15] provided for
each neighborhood U of f(x) there is a neighborhood V of x such that f( Cl V ) ⊂
U . A mapping f : X → Y is said to be strongly continuous provided f is strongly
continuous at each point x ∈ X.

If Y is a regular space, then each continuous mapping f : X → Y is strongly
continuous.

Proposition 9. Let Y be a Hausdorff space. Every strongly continuous mapping
f : X → Y has a θ-closed graph.

Proof. Let x ∈ X and y ∈ Y such that y 6= f(x). There are open disjoint sets U, V
in Y such that y ∈ U and f(x) ∈ V. It is clear that Cl U ∩ V = ∅. Moreover,
there is an open set W containing x such that pab( Cl W ) ⊂ V since f is strongly
continuous. Now, for (x, y) ∈ (X×Y )−G{f) there are sets W 3 x in X and U 3 y
in Y with f( Cl (W )) ∩ Cl (U) = ∅. By Theorem 2.1 the proof is completed. �

Theorem 2.2 and Proposition 9 imply the following result.

Theorem 3.1. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and strongly continuous bonding mappings. Then X = limX is non-
empty. Moreover, X = limX is θ-closed in Π{Xa : a ∈ A} and H-closed.

4. Inverse limit of H-closed spaces and θ-closed bonding mappings

In this section we study the inverse systems X = {Xa, pab, A} with H-closed
spaces Xa and θ-closed bonding mappings pab.

A mapping f : X → Y is said to be θ-closed if f(F ) is θ-closed for each θ-closed
subset F ⊂ X.

Remark 4.1. In [16, Definition 4.1, p. 490] is given the following definition. A
function f is said to be θ-open if the image of every open set is θ-open. Similarly,
a function f is said to be θ -closed if the image of every closed set is θ-closed.

Lemma 4.2. Let f : X → Y be a continuous mapping. The following conditions
are equivalent:

(a): f is θ-closed,
(b): for every B ⊂ Y and each θ-open set U ⊇ f−1(B) there exists a θ-open

set V ⊇ B such that f−1(V ) ⊂ U .

Proof. The proof is similar to the proof of the corresponding theorem for closed
mappings [4, p. 52]. �

Now we are ready to prove the following theorem.

Theorem 4.3. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and θ-closed bonding mappings pab. Then X = limX is non-empty and

pa(X) = ∩{pab(Xb) : b ≥ a}

where pa : X → Xa, a ∈ A, is a natural projection.



INVERSE LIMITS ... 51

Proof. Let θa be a family of all non-empty θ-closed subsets of Xa and let Y be a
family of all collections Y = {Ya : Ya ∈ θa, a ∈ A} such that pab(Yb) ⊂ Ya. The
family Y is non-empty since X ∈ Y. For two collections Y = {Ya : Ya ∈ θa, a ∈ A}
and Z = {Za : Za ∈ θa, a ∈ A} we shall write Y ≥ Z if Ya ⊂ Za for every a ∈ A.
It is clear that (Y,≥) is a partially ordered set. The remaining part of the proof
consists of several steps.

Step 1. There exists a maximal element in (Y,≥). It suffices to prove that
(Y,≥) is inductive, i.e., if L = {Y λ : λ ∈ Λ} is a strictly increasing chain in (Y,≥),
then there is an element M ∈ (Y,≥) such that M ≥ Y λ for every λ ∈ Λ. We define
M = {Ma : Ma ∈ θa, a ∈ A} such that Ma = ∩{Y λ

a : λ ∈ Λ}. From Lemma 1.2
and Theorem 1.1 it follows that the set Ma is non-empty θ-closed subset of Xa.
Moreover, pab(Mb) ⊂ Ma.

Step 2. If Y = {Ya : Ya ∈ θa, a ∈ A} is a maximal element of (Y,≥), then
Ya = pab(Yb) for every pair a, b ∈ A such that a ≤ b. Let Z = {Za : Za ∈ θa, a ∈ A}
be a collection such that Za = ∩{pab(Yb) : b ≥ a}. Each pab(Yb) is θ-closed since
pab is θ-closed and Yb ∈ θb. By Lemma 1.2 and Theorem 1.1 it follows that the
set Za is non-empty θ-closed subset of Xa. In order to prove that Z ∈ (Y,≥) it
suffices to prove that pab(Mb) ⊂ Ma. If a ≤ b then pab(Zb) ⊂ ∩{pab(pbc(Yc)) : b ≤
c} = ∩{pac(Yc) : c ≥ b}. On the other hand, for every d ≥ a there is a c ∈ A such
that c ≥ b, d. It follows that pac(Yc) ⊂ pad(Yd). This means that

∩{pac(Yc) : c ≥ b} = ∩{pad(Yd) : c ≥ b} = Za.

Finally, we have Z ∈ (Y,≥). Moreover, Za ⊂ Ya for each a ∈ A. This means that
Z = Y since Y is maximal.

Step 3. If Y = {Ya : Ya ∈ θa, a ∈ A} is a maximal element of (Y,≥), then Ya

is one-point set for every a ∈ A. Let xa ∈ Ya. Define

Zb =
{

Yb ∩ p−1
ab (xa) if b ≥ a,

Yb if b � a.

Let us prove that Z = {Za : Za ∈ θa, a ∈ A}. From Proposition 3 and Lemma
1.4 it follows that p−1

ab (xa) is θ-closed. Then, by Theorem 1.1, we infer that each
Yb ∩ p−1

ab (xa) is θ-closed. It is easy to prove that pab(Zb) ⊂ Za. Hence, Z ∈ (Y,≥
). Now, Z = Y since Z ≥ Y and Y is maximal. This means Ya = {xa}.

Step 4. limX is non-empty. From Step 3 we have Z = {Za : Za ∈ θa, a ∈ A} =
{xa : a ∈ A} such that pab(xb) = xa for every pair a, b such that b ≥ a.

Step 5. Let us prove pa(X) = ∩{pab(Xb) : b ≥ a}. It is clear that pa(X) ⊂
∩{pab(Xb) : b ≥ a}. Let us prove that pa(X) ⊃ ∩{pab(Xb) : b ≥ a}. Let xa ∈
∩{pab(Xb) : b ≥ a}. This means that Yb = p−1

ab (xa) is non-empty for each b ≥ a.
Moreover, Yb is θ-closed (Proposition 3 and Lemma 1.4). For each b non-comparable
with a, let Yb = Xb. Now, we have a collection Y = {Ya : Ya ∈ θa, a ∈ A} which
is evidently in (Y,≥). There exists a maximal element Z = {Za : Za ∈ θa, a ∈ A}
in (Y,≥) such that Z ≥ Y . It follows that each Ya is some Za which is a point
za ∈ Xa (Step 3) since Z is maximal. The collections (za) is a point of limX.
Hence, pa(X) = ∩{pab(Xb) : b ≥ a}. �

QUESTION 1. Is it true that X = limX in Theorem 4.3 is H-closed?
QUESTION 2. Is every projection pa : limX → Xa θ-closed?
At the end of this section we consider the special kinds of θ-closed mappings.



52 IVAN LONČAR

A mapping f : X → Y has the inverse property provided f−1( Cl V ) =
Cl f−1(V ) for every open set V ⊂ Y .

Lemma 4.4. If f : X → Y is a closed mapping with the inverse property and if X
and Y are H-closed, then f is θ-closed.

Proof. Let F be a θ-closed subset of X. In order to prove that f(F ) is θ-closed we
shall prove that Y �f(F ) is θ-open. Let y ∈ Y �f(F ). Now, f−1(y) is θ-closed
subset of X (Lemma 1.4). Using Theorem 1.3 we obtain disjoint open sets U and
V such that F ⊂ U and f−1(y) ⊂ V. It follows that Cl V ∩ U = ∅. The closeness
of f imply the existence of an open set W about y such that f−1(W ) ⊂ V . We
infer that Cl f−1(W ) ⊂ Cl V . Moreover, f−1( Cl W ) ⊂ Cl V . It follows that
f−1( Cl W ) ∩ F = ∅, i.e., Cl W ∩ f(F ) = ∅. Hence, if y ∈ Y �f(F ), then y has a
neighborhood W such that Cl W ⊂ Y �f(F ), i.e., Y �f(F ) is θ-open and f(F ) is
θ-closed. �

Each open mapping has the inverse property [4, Exercise 1.4.C., p. 57] . Hence,
we have the following corollary.

Corollary 4.5. If f : X → Y is a closed and open mapping and if X and Y are
H-closed, then f is θ-closed.

Lemma 4.6. If X and Y are H-closed, then each strongly continuous mapping
f : X → Y is θ-closed.

Proof. Let us recall that f : X → Y is said to be strongly continuous at x ∈ X [15]
provided for each neighborhood U of f(x) there is a neighborhood V of x such that
f( Cl V ) ⊂ U . A mapping f : X → Y is said to be strongly continuous provided f
is strongly continuous at each point x ∈ X. Now, let us prove Lemma.

Let F be a θ-closed subset of X. We have to prove that f(F ) is a θ-closed
subset of Y . Suppose that it is not θ-closed. There is a point y ∈ | f(F )|θ�f(F ).
By Theorem 1.5 we infer that there is a net {ya : ya ∈ f(F ), a ∈ A} which θ-
converges to y. Now there is a net {xa : xa ∈ F, f(xa) = ya}. By Theorem 1.6 we
may assume that this net is θ-convergent to some point x ∈ X. From Theorem
1.5 it follows that x ∈ F since F is θ-closed. It is clear that f(x) is θ-limit of
{f(xa) : xa ∈ F} = {ya : ya ∈ f(F ), a ∈ A}. We infer that f(x) = y since, in the
opposite case, f(x) and y have disjoint neighborhoods U and V such that f(x) ∈ U
and there is a neighborhood W such that f( Cl W ) ⊂ U . This means that a net
{ya : ya ∈ f(F ), a ∈ A} is not eventually in Cl V . This is impossible. Hence,
f(x) = y From x ∈ F it follows that f(x) ∈ f(F ). Hence y ∈ f(F ) and f(F ) is
θ-closed. The proof is completed. �

Lemma 4.7. If Y is Urysohn and X H-closed, then each continuous mapping
f : X → Y is θ-closed.

Proof. Let F be a θ-closed subset of X. We have to prove that f(F ) is a θ-closed
subset of Y . Suppose that it is not θ-closed. There is a point y ∈ |f(F )|θ�f(F ). By
Theorem 1.5 we infer that there is a net {ya : ya ∈ f(F ), a ∈ A} which θ-converges
to y. Now there is a net {xa : xa ∈ F, f(xa) = ya}. By Theorem 1.6 we may assume
that this net is θ-convergent to some point x ∈ X. From Theorem 1.5 it follows
that x ∈ F since F is θ-closed. It is clear that f(x) is θ-limit of {f(xa) : xa ∈ F}
= {ya : ya ∈ f(F ), a ∈ A}. We infer that f(x) = y since in Urysohn space a net
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has only one θ-limit. From x ∈ F it follows that f(x) ∈ f(F ). Hence y ∈ f(F ) and
f(F ) is θ-closed. The proof is completed �

A function f : X → Y is almost closed [2] if for any set A ⊂ X we have
f(|A|θ) = |f(A)|θ.

Now we shall prove the following theorem.

Theorem 4.8. Each almost closed function is θ-closed.

Proof. If A is θ-closed, then A = |A|θ. Now we have f(|A|θ) = |f(A)|θ or f(A) =
|f(A)|θ. This means that f(A) is θ-closed. Hence f is θ-closed. �

Corollary 4.9. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and closed bonding mappings pab with the inverse property. Then X =
limX is non-empty and H-closed.

Proof. Lemma 4.4 and Theorem 4.3 imply the Corollary. H-closenes of limX it
follows from Theorems 3.3 and 3.7 of [5]. �

5. Inverse systems of nearly-compact spaces

We say that a space X is an Urysohn space ([7], [10]) if for every pair x, y, x 6= y,
of points of X there exist open sets V and W about x and y such that Cl V ∩
Cl W = ∅.

A Hausdorff space is nearly-compact [8] if every open cover if every open cover
{Uµ : µ ∈ M} has a finite subcollection {Uµ1 , ..., Uµn} such that Int Cl Uµ1 ∪ ...∪
Int Cl Uµn

= X. Every nearly-compact space is H-closed.

Lemma 5.1. [8]. A space X is nearly-compact if and only if it is H-closed and
Urysohn.

If X = {Xa, pab, A} is an inverse system of nearly-compact spaces, then θ-
closeness of bonding mappings pab in Theorem 4.3 follows from Lemma 4.7, but
we shall give the alternate proof of the following theorem.

Theorem 5.2. Let X = {Xa, pab, A} be an inverse system of non-empty nearly-
compact spaces Xa. Then X = limX is non-empty, θ-closed in Π{Xa : a ∈ A} and
nearly-compact.

Proof. Let us observe that Π{Xa : a ∈ A} is H-closed [4, Problem 3.12.5 (d), p.
283]. Let us prove that Ya = {(xb) ∈ ΠXa : pab(xa) = xb} θ-closed for each a ∈ A.
To do this we shall prove that ΠXa�Ya θ-open. Let y = (ya) ∈ ΠXa�Ya. There
exists b ≤ a such that pab(xa) 6= xb. It follows that there exists a pair U, V of open
sets such that xb ∈ U , pab(xa) ∈ V and Cl U ∩ Cl V = ∅ since Xb is Urysohn.
Moreover, there is an open set W containing xa such that pab( Cl W ) ⊂ Cl V.
Now Z = U × W × Π{Xc : c 6= a, b} is open set containing y with the property
Cl Z ⊂ ΠXa�Ya. This means that To ΠXa�Ya θ-open, and, consequently, Ya

is θ-closed. In order to prove that X = limX is non-empty consider the family
{Ya : a ∈ A} of θ-closed sets Ya. This family has the finite intersection property
(Proposition 2). By Lemma 1.2 we infer that ∩{Ya : a ∈ A} = limX is non-empty.
It is θ-closed by Theorem 1.1 and H-closed by Proposition 8. Moreover, limX is
Urysohn and, consequently, nearly-compact. �
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6. Inverse systems with semi-open bonding mappings

A mapping f : X → Y is said to be semi-open provided Int f(U) 6= ∅ for each
non-empty open U ⊂ X.

Theorem 6.1. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and semi-open bonding mappings. Then X = limX is non-empty and
H-closed.

Proof. The proof is broken into several steps.
Step 1. By virtue of [13, Theorem 2, p. 10] we can assume that A is cofinite,

i.e., for each a ∈ A the set of all predecessors of a is finite set.
Step 2. The sets

Za = {{xa} ∈ ΠXa : pab(xb) = xa, a ≤ b}

have non-empty interior. Let a1, ..., ak be a set of all predecessors of a. If U ⊂ Xa

is open set, then Int pa1a(U)× ...× Int paka(U)× U × Π{Xb : b /∈ {a1, ..., ak, a}}
is an open set contained in Za. Hence, Int Za is non-empty for each a ∈ A.

Step 3. The family { Int Za : a ∈ A} has the finite intersection property. This
follows from the fact that for each pair a, b there is a c ∈ A such that Zc ⊂ Za∩Zb

and, consequently, Int Zc ⊂ Int Za ∩ Int Zb.
Step 4. ∩{ Cl Int Za : a ∈ A} is non-empty. This follows from Proposition 5.
Step 5. Now limX = ∩ {Za : a ∈ A} ⊃ ∩{ Cl Int Za : a ∈ A}. This means

that limX is non-empty and the proof of non-emptiness is completed.
Step 6. X = limX is H-closed. Let U = {Uµ : µ ∈ M} be a maximal family of

open sets of X with the finite intersection property. From the definition of topology
on X it follows that there is an a(µ) ∈ A such that Int fa(µ)(Uµ) is non-empty.
By virtue of the semi-openness of pab we infer that Int fa(Uµ) 6= ∅ for every a ∈ A
and every µ ∈ M . This means that a family { Int fa(Uµ) : µ ∈ M} is a family with
the finite intersection property. Let us prove that this family is maximal. If U is
an open set which intersects every set Int fa(Uµ), µ ∈ M, then p−1

a (U) ∈ U since
p−1

a (U) intersects every Uµ. This means that U ∈ { Int fa(Uµ) : µ ∈ M}. Hence,
{ Int fa(Uµ) : µ ∈ M} is maximal. From the H-closeness of Xa and Proposition
5 it follows that there is a point xa = ∩{ Cl Int fa(Uµ) : µ ∈ M}. It is obvious
that pab(xb) = xa for every b ≥ a.Now, x = (xa : a ∈ A) is a point of limX and
x ∈ ∩{ Cl Uµ) : µ ∈ M}. By Proposition 5 limX is H-closed and the proof is
completed. �

We close this Section with some corollaries of Theorem 6.1.

Corollary 6.2. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and open bonding mappings. Then X = limX is non-empty and H-
closed.

Remark 6.3. For another proof of this corollary see [18].

A mapping f : X → Y is an irreducible mapping if the set f#(U) = {y ∈ Y :
f−1(y) ⊂ U} is non-empty for every non-empty open se U ⊂ X. If f : X → Y
is a closed and irreducible mapping, then f#(U) is open and non-empty. Hence, a
closed and irreducible mapping is semi-open. Theorem 6.1 now gives the following
corollary.
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Corollary 6.4. Let X = {Xa, pab, A} be an inverse system of non-empty H-closed
spaces Xa and closed irreducible bonding mappings. Then X = limX is non-empty
and H-closed.
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ON GENERALIZED QUASI-CONVEX FUNCTIONS

KHALIDA INAYAT NOOR

Abstract. In this paper, we introduce and study a class Q̃k(α, β, ρ, γ) of

analytic functions in the unit disc. This class generalizes the concept of quasi-

convexity. Inclusion results, distortion theorem and some other properties of
this class are investigated.

1. Introduction

Let P̃ (γ) denote the class of functions p of the form

p(z) = 1 + c1z + c2z
2 + . . . ,(1)

which are analytic in the unit disc E = {z : |z| < 1} and which satisfy the condition
|argp(z)| ≤ πγ

2 for some γ(γ > 0) in E. We note that P̃ (1) ≡ P is the class of
analytic functions with positive real part. It can easily be shown that the class
P̃ (γ) is a convex set.

Let Vk(ρ), k ≥ 2, 0 ≤ ρ < 1, be the class of functions of analytic and locally
univalent in E, f(0) = 0, f ′(0) = 1 and satisfying the condition∫ 2π

0

∣∣∣∣{Re
(zf ′(z))′

f ′(z)
− ρ}/(1− ρ)

∣∣∣∣ dθ ≤ kπ.(2)

When ρ = 0, we obtain the class Vk, (k ≥ 2) of functions of bounded boundary
rotation. It can easily be shown that f ∈ Vk(ρ) if and only if there exists a function
f1 ∈ Vk such that

f ′(z) = (f ′1(z))1−ρ
.(3)

We note that V2 ≡ C ⊂ S?, where C and S? are respectively the classes of convex
and starlike univalent functions in E.

We now introduce the following classes of analytic functions.
Definition 1.1. Let f : f(z) = z +

∑∞
n=2 anzn be analytic in E. Then, for

0 ≤ ρ < 1, 0 ≤ γ ≤ 1, f ∈ T ?
k (ρ, γ) if and only if there exists a function

g ∈ Vk(ρ) such that, for z ∈ E, f ′(z)
g′(z) ∈ P̃ (γ).

We note that T ?
2 (ρ, γ) = K̃(ρ, γ) ⊂ K̃(γ), where K̃(γ) is the class of strongly

close-to-convex functions.
Definition 1.2. Let α, β ≥ 0, (α + β 6= 0), and let f be analytic in E with

f(0) = 0, f ′(0) = 1. Then f ∈ Q̃k(α, β, ρ, γ) for z ∈ E, if and only if there
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58 KHALIDA INAYAT NOOR

exists a g ∈ Vk(ρ) such that{
α

α + β

f ′(z)
g′(z)

+
β

α + β

(zf ′(z))′

g′(z)

}
∈ P̃ (ρ), for some γ > 0.(4)

The class Q̃2(α, 0, 0, γ) consists of strongly close-to-convex functions. Also Q̃2(0, 1, 0, 1) ≡
C? is the class of quasi-convex functions introduced in [1]. Also see [2,3]. For
β = (1− α), g ∈ V2(0) ≡ C, we obtain the class of strongly α-quasi-convex func-
tions discussed in [7]. The case ρ = β = 0, α = γ = 1 gives us the class Tk which
was introduced and investigated in [4]. We also refer to [5] for more details.

2. Main Results

Theorem 2.1. Let f be analytic in E with f(0) = f ′(0) − 1 = 0. Then
f ∈ Q̃k(α, β, ρ, γ) if and only if{

α

α + β
f(z) +

β

α + β
zf ′(z)

}
∈ T ?

k (ρ, γ), for z ∈ E.

Proof. The proof follows immediately from the definition of these classes. �

Theorem 2.2. For β > 0, f ∈ Q̃k(α, β, ρ, γ) if and only if there exists
F ∈ T ?

k (ρ, γ) such that

f(z) =
α + β

β
z
−α
β

∫ z

0

t
α
β−1F (t)dt.(5)

Proof. From (2.1), we have

F (z) =
α

α + β
f(z) +

β

α + β
zf ′(z),

and, using Theorem 2.1, we prove the result. �

Theorem 2.3. Let f ∈ Q̃k(α, β, ρ, γ), α, β > 0. Then, for |z| = r (0 < r <
1), we have

|f(z)| ≥ α + β

2A

[
1
α
− r

−α
β

β
G(

(
α

β
,A, B,−r

)]
,

where

A =
(

k

2
− 1

)
(1− ρ) + γ + 1, B = A +

α

β
,(6)

G denotes the hypergeometric function and it is known to be analytic in E. This
result is sharp as can be seen from the function f0 ∈ Q̃k(α, β, ρ, γ), α, β > defined
by

f0(z) =
(α + β)

β(k + 2γ)
z
−α
β

∫ z

0

ξ
α
β−1

{
1−

(
1− ξ

1 + ξ

) k
2 +γ

}
dξ.(7)

Proof. We consider the straight line Γ joining 0 to f(z) = Reiφ. Γ is the image of
a Jordan arc Γ in E connecting 0 to z = reiθ. The image of Γ under the mapping∣∣∣z α

β f(z)
∣∣∣ will consist of many line-segments emanating from the origin each of length

r
α
β R =

∣∣∣z α
β f(z)

∣∣∣ =
∫

Γ

∣∣∣∣ d

dξ
[ξ

α+β
β f(ξ)]

∣∣∣∣ |dξ|.
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Since f is in Q̃k(α, β, ρ, γ), there exists F ∈ T ?
k (ρ, γ) such that

d

dξ

[
ξ

α
β f(ξ)

]
=

1
β

f
α
β−1F (ξ).

Thus, if t = |ξ|, we deduce that

r
α
β R =

α + β

β

∫
Γ

∣∣∣ξ α
β−1F (ξ)

∣∣∣ |dξ|.(8)

Now, for F ∈ T ?
k (ρ, γ), we have

|F (z)| ≥ 1
2A

[
1−

(
1− r

1 + r

)A
]

,(9)

where A is defined by (2.2) and we have used (1.3) together with a result proved
in [7]. Using (2.5) in (2.4), we have

R = |f(z)| ≥ r
−α
β (α + β)
−2βA

∫ r

0

t
α
β−1

[
1−

(
1− t

1 + t

)A
]

dt

=
(α + β)

2A

[
1
α
− 1

β
r
−α
β

∫ r

0

t
α
β−1(1− t)A(1 + t)−Adt

]
=

(α + β)
2A

[
1
α
− r

−α
β

β
.G(

α

β
,A, B,−r)

]
.

This completes the proof. �

Letting r −→ 1 in Theorem 2.3, we obtain the following result.
Theorem 2.4. Let f ∈ Q̃k(α, β, ρ, γ), (α, β > 0). Then f(E) contains the

schliht disc

|z| < α + β

(k − 2)(1− ρ) + 2γ + 2
.

We now have the following.
Theorem 2.5. A function f ∈ Q̃k(α, β, 0, γ) for α, γ >, β ≥ 0 belongs to

T ?
2 (0, γ) for z ∈ E.

Proof. For β = 0, Q̃2(α, 0, 0, γ) = T ?
2 (0, γ) and the result is obvious. We shall

assume that β > 0.
Form (2.1), we note that, for f ∈ Q̃2(α, 0, 0, γ),

f(z) = φα,β(z) ? F (z),

where F ∈ T ?
2 (0, γ) and

φα,β(z) =
∞∑

n=1

[
(α + β)

β(n− 1) + α + β

]
zn.

Since φα,β(z) is convex in E, see [8] and it is known that the class T ?
2 (0, γ) is closed

under convolution with convex functions [6], we conclude that f ∈ T ?
2 (0γ). �

Using Theorem 2.1 and Theorem 2.5, we can easily show that the class Q̃2(α, β, 0, γ)
is also closed under convolution with convex functions.

Theorem 2.6. Let
α1

α1 + β1
<

α

α + β
,

β1

α1 + β1
<

β

α1 + β1
.
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Then, for z ∈ E, Q̃2(α, β, 0, γ) ⊂ Q̃2(α1, β1, 0, γ).
Proof. Let f ∈ Q̃2(α, β, 0, γ). Then , for z ∈ E,

α1

α1 + β1

f ′(z)
g′(z)

+
β1

α1 + β1

(zf ′(z))′

g′(z)
=

(
1− β1(α + β)

β(α1 + β1)

)
f ′(z)
g′(z)

+
β1(α + β)
β(α1 + β1)

[
α

α + β

f ′(z)
g′(z)

+
β

α + β

(zf ′(z))′

g′(z)

]
= 1− β1(α + β)

β(α1 + β1)
H1(z) +

β1(α + β)
β(α1 + β1)

H2(z) = H(z),

and since P̃ (γ) is a convex set, it follows that H ∈ P̃ (γ), z ∈ E. This implies that
f ∈ Q̃2(α, β, 0, γ). �
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RIEMANN HYPOTHESIS: A NUMERICAL TREATMENT OF
THE RIESZ AND HARDY-LITTLEWOOD WAVE

STEFANO BELTRAMINELLI AND DANILO MERLINI

Abstract. We present the results of numerical experiments in connection

with the Riesz and the Hardy-Littlewood criteria for the truth of the Riemann
Hypothesis (RH). The coefficients ck of the Pochhammer expansion for the re-

ciprocal of the Riemann Zeta function depend in our model on two parameters.

The “critical functions” ckka (where a is some constant), whose behaviour is
concerned with the possible truth of the RH, are analysed at relatively large

values of k. Some cases are numerically investigated up to larger values of k,

i.e. k = 109 and more.
The ck we obtain in such a region have an oscillatory behaviour, which we

call the Riesz and the Hardy-Littlewood wave. A special case is then studied

numerically in some range of the critical strip. The numerical results give
some evidence that the critical function is bounded for R(s) > 1

2
and such

an “evidence” is stronger in the region R(s) > 3
4

where the wave seems to
decay slowly. This give further support in favour of the absence of zeros of

the Riemann Zeta function in some regions of the critical strip (R(s) > 3
4
)

and a (weaker) support in the direction to believe that the RH may be true

(R(s) > 1
2
).

The amplitudes and the wavelength of the wave obtained by our numerical

treatment are then compared with those formulated by Baez-Duarte in his

analytical approach. The agreement is satisfactory.
Finally for another special case we found that the wave appears to be

bounded even though one parameter in our model grows to infinity. Our

analysis suggests that RH may barely be true and it is argued that an absolute
bound on the amplitudes of the waves in all cases, should be given by | 1

ζ( 1
2+ε)

−

1|, with ε arbitrarily small positive, i.e. equal to 1.68477. . . .

1. Introduction

Following recent works concerning the study of some well known functions ap-
pearing in the original criteria of Riesz, Hardy and Littlewood and involving the
Riemann Hypothesis (RH), there is new interest in the direction of numerical exper-
iments, where the calculations use the ideas of some modern works on the subject.
These ideas concern the expansion of the reciprocal of the Riemann Zeta function
in terms of the so called Pochhammer polynomials Pk, whose coefficients ck play a
central role also in the asymptotic region of very large k.

1991 Mathematics Subject Classification. 11M26.
Key words and phrases. Riemann’s Zeta function, Riemann Hypothesis, Criteria of Riesz,
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Here we are concerned with the discrete version of the Riesz criterion which
has also been studied numerically: the first numerical experiments have been an-
nounced and reported for the Riesz case. It has been found that the function ck
has an oscillatory behaviour in a region of relatively high k, in agreement with an
asymptotic formula given by Baez-Duarte and involving the non-trivial zeros of the
Zeta function. The agreement appears satisfactory even if only the contribution of
few non-trivial zeros has been used.

In our previous paper, appeared in the first Number of this Journal, a two pa-
rameters family (parameter α and β) of Pochhammer’s polynomials was introduced.
This allowed the starting investigation of ck at low values of k, but in various cases
and in the so called “strong coupling” regime (high β). After the initial study at
low k, our computations using the formula containing the Möbius function were
easily extended to larger and larger k (up to a billion) in the strong coupling limit,
with the appearance of macro-oscillations in ck extending to larger k. This is a
symptom that using such a limit the RH may eventually barely be true. In this
paper we continue the numerical experiments partially using our Poisson formula
already established in and which is well suited for numerical purposes.

After the formulation of the model and the definition of the statement “critical
function” in Section 2, we then give in Section 3 an asymptotic formula (the Baez-
Duarte formula) to compute it. This formula involves the trivial and not-trivial
zeros of the Riemann Zeta function. The next three sections are dedicated to the
numerical experiments. Our aim is twofold: first we will analyse the correctness
of this asymptotic formula and second we will investigate the behaviour of the
critical function whose boundedness will ensure the truth of the RH. In Section 4
the amplitudes of what we call the Riesz and Hardy-Littlewood wave are calculated
in some cases using the Baez-Duarte formula. We then present our results for these
different models up to values of k equal to one billion and observe oscillations in
all cases. These oscillations are compatible with the calculated amplitudes: the
agreement with the asymptotic formula of Baez-Duarte is satisfactory. In Section
5, we concentrate our study in more details by considering a special new model
already proposed where α = 7

2 and β is increasing starting with the value equal to
4. The results show in a concrete way the “transition” from the low coupling to the
“strong coupling regime”: at low values of β (β = 4) we obtain up to 7 oscillation
with values of k extending up to a billion. These start to deform continuously with
increasing values of β approaching the infinite β limit. In such a regime, the wave
is absorbed in a macroscopic region with an amplitude whose strength should be
finite as already noted in our previous work. Also in these cases the agreement with
the asymptotic formula is satisfactory. In Section 6 we analyse the behaviour of
the critical function in the critical strip and the contribution to it of the non-trivial
zeros. Moreover, the possibility that in an ideal numerical experiment (using an
arbitrarily large but finite maximum value of n, say N in the formula with the
Möbius function) the amplitude of the waves at finite β values should be bounded,
is commented in Section 7.

2. The model

The starting point of this work is the representation of the reciprocal of the
Riemann Zeta function by means of the Pochhammer polynomials Pk(s) (where s is
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a complex variable, s = σ+it), whose coefficients ck have been introduced by Baez-
Duarte for the Riesz case (α = β = 2). For the study of the coefficients ck, some
recent analytical as well as numerical results have been obtained [1, 2, 3, 4, 5, 6, 7].

Using the Baez-Duarte approach, the representation of 1
ζ(s) may be obtained

for a family of two parameters Pochhammer polynomials (parameters α > 1 and
β > 0) and by [3] we have:

(2.1)
1
ζ(s)

=
∞∑

k=0

ck(α, β)Pk(s;α, β)

where

Pk(s;α, β) :=
k∏

r=1

(
1−

s−α
β +1

r

)
(2.2)

(2.3) ck(α, β) :=
∞∑

n=1

µ(n)
nα

(
1− 1

nβ

)k
and P0(k;α, β) = 1.

In (2.3) the Möbius function of argument n is given by:

µ(n) =


1, if n = 1
(−1)k

, if n is a product of k distinct primes
0, if n contains a square.

One has for R(s) = σ > 1:

(2.4)
1
ζ(s)

=
∞∑

n=1

µ(n)
ns

,

so another explicit formula for the ck(α, β) is obtained from (2.3) using the binomial
coefficients and reads:

(2.5) ck(α, β) =
k∑

j=0

(−1)j

(
k

j

)
1

ζ(α+ βj)

As β is increasing, one may also use (especially) in the context of numerical
experiments, the formula recently obtained [3] and given by:

(2.6) ck(α, β) ∼=
∞∑

n=1

µ(n)
nα

e−
k

nβ

In such an approximation we have that

(2.7) ck(α, β) ∼=
∞∑

p=0

cp(α, β)
kp

p!
e−k

which shows the emergence of a Poisson like distribution for the coefficients ck(α, β).
This should be a very satisfactory approximation [3].

We recall that an important inequality due to Baez-Duarte [1, 2] concerning the
Pochhammer polynomials of complex argument z is given by:

(2.8) |Pk(z)| ≤ Ck−R(z)
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Table 1. The expected decay of ck for different values of α and
β (σ = 1

2 )

α β decay of |ck| Note
2 2 k−

3
4 The case of Riesz

1 2 k−
1
4 The case of Hardy-Littlewood

2 6 k−
1
4 Same decay as the Hardy-Littlewood case but nu-

merically more convenient
7
2 4 k−

3
4 Same decay as the Riesz case, intensive calcula-

tions are given below
3 3 k−

5
6 If the Zeta function has no zero for R(s) > 3

4 then
ck(3, 3) should decay at least as k−

3
4

4 4 k−
7
8 Since from the Prime Number Theorem there is

no zero for R(s) ≥ 1 the ck(4, 4) decays at least
as k−

3
4

2 4 k−
3
8 Another interesting case for calculations

The above inequality applied to our two parameters family of Pochhammer’s
polynomials with complex argument z = s−α

β + 1 gives:

(2.9)
∣∣∣∣Pk(

s− α

β
+ 1;α, β)

∣∣∣∣ ≤ Ck−(σ−α
β +1)

So that ζ(s) in (2.1) will be different from zero and thus the RH will be true for
R(s) = σ > 1

2 if the sequence ck decays, at large k, as (see [3]):

(2.10) |ck| ≤ Ak−
α−σ

β

We will also consider the “critical function” ψ defined by:

(2.11) ψ(k;α, β, σ) := ckk
α−σ

β

which from (2.10) is expected to be bounded by a constant A.
We now recall two original cases given in pionnering works by Riesz [8] and by

Hardy-Littlewood [9]. Setting σ = 1
2 in (2.10), for α = β = 2 (Riesz case) we have

that |ck| ≤ Ak−
3
4 and for α = 1, β = 2 (Hardy-Littlewood case), |ck| ≤ Ak−

1
4 .

Other interesting cases for which we will carry out intensive numerical experiments
to be presented below are summarized in Table 1.

A limiting delicate case analysed in [3] is the one where α = 1
2 + δ and β

grows to infinity. Here of course we do not have absolute convergence to 1
ζ(s)

(ck may nevertheless be analysed) and from (2.10) we have that the ck should
be smaller than a constant for all k. This is what we verified with numerical
experiments (not presented here) with values of k up to a billion. The value of
the constant has been proposed in our previous work [3] and the conjecture was
that |ck| ≤ | 1

ζ( 1
2 )
− 1| ∼= 1.68477. However the situation is delicate (α < 1) since

Littlewood [9] has shown that, assuming RH is true,
∞∑

n=1

µ(n)

n
1
2 +ε

is convergent for all

ε strictly greater than zero.
The general situation is that the “critical function” ckk

α−σ
β should be bounded

by a constant in absolute value as k → ∞. In fact the sequence starts at zero
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for k = 0, reaches a minimum, then starts to increase and then begins to oscillate
with a “constant “ amplitude as k → ∞ as we will see in the experiments. In
the previous work [3] we have analysed ck in various cases but only for moderately
values of k, i.e. for k not exceeding 1000, with exception of some cases at large
values of β, where k reached the value of a half billion. ck was found to have only
negative values in the range considered and increasing with k. Presently, we know
of recent numerical experiments in the Riesz case carried out by K. Maslanka [6]
(k up to 106), J. Cislo and M. Wolf [4] (k up to 106) and M. Wolf (k up to 109)
where the calculations indicate that the sequence ck becomes of oscillatory type,
thus assuming positive and negative values. In fact two or three oscillations with
a wavelength related in first approximation to the first zero of the Riemann Zeta
function has been seen. Here it should be remarked that this situation for the Riesz
case is not in contraddiction with our strong coupling limit (β large) cited above
(see discussion below for the case α = 7

2 and β increasing).
In few of these new finding, we want first analyse (in an analytical context)

such a behaviour and we call this general phenomena the Riesz and the Hardy-
Littlewood wave. This will be analysed using an interesting result of Baez-Duarte,
i.e. an expression giving ck for k →∞.

3. The Riesz and the Hardy-Littlewood wave

For the Riesz case, in connection with the Mellin inversion formula, the Riesz
function is given (see [8] and [10]) explicitly by:

(3.1) F (x) =
∞∑

k=1

(−1)k+1
xk

(k − 1)!ζ(2k)

Using the calculus of residues F(x) is obtained by an integration and is given by:

(3.2) F (x) =
i

2π

a+i∞∫
a−i∞

Γ(1− s)xs

ζ(2s)
ds

where 1
2 < a < 1.

Recently Baez-Duarte [2], with an ingenious method found in particular an ex-
pression for the reciprocal of the Pochhammer polynomial given by:

(3.3)
1

Pk(s)
=

k∑
j=1

(−1)j

(
k

j

)
j

s− j

and one has uniformely on compact subsets:

(3.4) lim
k→∞

Pk(s)ks =
1

Γ(1− s)

Moreover he was able to obtain an explicit formula connecting ck and the set
of all trivial and non-trivial zeros (let ρ denote a complex Zeta zero) under the
assumption of simple zeros. For the Riesz case and for sufficiently large k the
expression is given by:

(3.5) −2kck−1 =
∑

ρ

1
ζ ′(ρ)Pk(ρ

2 )
+ o(1)
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Table 2. The “amplitude” of ψ for different values of α and β,
calculated with (3.8)

α β The function The amplitude
2 2 |ψ(k; 2, 2, 1

2 )| = |k 3
4 ck| 0.0000777506

1 2 |ψ(k; 1, 2, 1
2 )| = |k 1

4 ck| 0.0000292558
2 6 |ψ(k; 2, 6, 1

2 )| = |k 1
4 ck| 0.0210433

7
2 4 |ψ(k; 7

2 , 4,
1
2 )| = |k 3

4 ck| 0.00841095
3 3 |ψ(k; 3, 3, 1

2 )| = |k 5
6 ck| 0.00215622

4 4 |ψ(k; 4, 4, 1
2 )| = |k 7

8 ck| 0.00984936
2 4 |ψ(k; 2, 4, 1

2 )| = |k 3
8 ck| 0.00524454

o(1) can be written explicitly in terms of the trivial zeros. It should be said
that formula (3.5) of Baez-Duarte is very nice and may be used to control our
numerical computations at large k to be presented below. Apparently (3.5), with
some precautions, may be extended to our general model with parameters α, β
(2.1) and should read:

(3.6) −βkck−1 =
∑

ρ

1
ζ ′(ρ)Pk(ρ−α

β + 1)
+ o(1)

Then using (3.4) in (3.6) we can compute for large k the following approximated
expression for the “critical function” (we call it the Riesz and the Hardy-Littlewood
wave) ψ:

(3.7) ψ(k;α, β, σ) = k
α−σ

β ck ∼= ψnt(k;α, β, σ) + ψt(k;α, β, σ)

where ψnt and ψt are the contributions of the non-trivial respectively trivial zeros
of the Zeta function. They are given by:

(3.8) ψnt(k;α, β, σ) =
1
β

∑
ρ

k
ρ−σ

β Γ(α−ρ
β )

ζ ′(ρ)

and

(3.9) ψt(k;α, β, σ) =
1
β

∞∑
n=1

k−
2n+σ

β Γ(α+2n
β )

ζ ′(−2n)

We concentrate our numerical research on three topics: the amplitude of the
Riesz and the Hardy-Littlewood wave in the long wavelength limit (k large) for the
special case σ = 1

2 , the case where we steadily increase the parameter β and finally
its behaviour for different values of σ (that is inside the critical strip).

4. Numerical experiments: the “amplitude” of the critical function

In the limit of large k, one may consider to neglect the contribution of the trivial
zeros in (3.7) [2]. To prepare the comparison of (3.8) with the numerical results
we write it explicitly for the various cases we will treat. In order to obtain an
estimate for the amplitude of the wave in the long wavelength limit (k large) we
will use in (3.8) only the first zero and its complex conjugate up to 10 decimals (β
small). Setting the first derivative of (3.8) to zero and solving the equation with
Mathematica, we obtain the data in Table 2.
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The values for the amplitude of the waves in Table 2 will be compared with the
results of the numerical experiments performed for the various cases using (2.3).

Our numerical experiments was carried out in more cases using the Möbius
function in (2.3) up to n = 106 and we calculated ck until k = 106 or k = 108

with a sample interval of 2500 for the k-axis. The general situation is that at
moderately values of k (until some thousand) the wave given by the experimental
results starts with zero amplitude, after a minimum with a negative value, increases
and seems to stabilize at large values of k with oscillations displaced at larger and
larger wavelength (proportional to log k) and with an amplitude which seems to
saturate to a constant value (given in a good approximation) by the values in Table
2. Below (Figure 1) we first give the plot of the wave for the Riesz case (α = β = 2).
As already remarked in [2], the first intensive calculations by K. Maslanka, J. Cislo
and M. Wolf indicate the appearance of oscillations with the first one in the region
k = 20000. Our results obtained with (2.3) confirm for such values the asymptotic
limit for the wave with an amplitude in agreement with the constant obtained above
(A ∼= 0.000078).

0.25 0.5 0.75 1 k@106D
-0.00025

-0.0002
-0.00015

-0.0001
-0.00005

0.00005

ck * k
3����4

Figure 1. The wave k
3
4 ck for the Riesz case α = β = 2

Figure 2 and Figure 3 concern two cases of special interest since the decays of
ck are expected to be the same as for the Hardy-Littlewood case and for the Riesz
case. In both cases there is agreement with the “amplitude” A ∼= 0.0210433 and
A ∼= 0.008411 given above but the amplitudes are respectively 1000 and 100 time
bigger than in the first case.

In Figure 4 and Figure 5 we give the plots of k
5
6 ck(3, 3) and k

7
8 ck(4, 4) where

the amplitudes are still found to be in agreement with the theoretical values given
above in Table 2.

The next special case is the one with α = 2 and β = 4. Again, the experimentally
detected amplitude agrees well with the theoretical value calculated above, i.e.
A = 0.0052445 (Figure 6).

5. Numerical experiments: β increasing

For α = 7
2 we will now present the plots of the waves for an increasing sequence

of β values i.e. 4, 8, 12, and 20 (in order to investigate the “infinite beta limit”
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Figure 2. The wave k
1
4 ck for the case α = 2, β = 6
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Figure 3. The wave k
3
4 ck for the case α = 7

2 , β = 4

already introduced in our previous work [3]). We will compute the function

(5.1) ψ(k;
7
2
, β,

1
2
) = k

3
β ck(

7
2
, β)

which will also be compared with the expression given by the Baez-Duarte formula
(3.8) in the asymptotic region k → ∞, i.e. ψnt(k; 7

2 , β,
1
2 ). Here we will take

into account only the contribution of the groundstate of the spectrum i.e. ρ =
1
2 + 14.134725141i and its complex conjugate ρ. It is then convenient to introduce
the new variable x = log k. This allow us to control more efficiently the wavelength
and the amplitude of the wave in the region to be considered (x runs from 8 to 22,
so k up to 3.6× 109).

In the Figures 7-10 we present our numerical results for increasing β values,
which we call the “strong coupling limit”. In the range log k > 10 the two waves
are walking close together arm in arm at least for β = 4 (Figure 7). This confirms
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Figure 4. The wave k
5
6 ck for the case α = β = 3
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Figure 5. The wave k
7
8 ck for the case α = β = 4

that the contribution of the first zero (ρ = 1
2 + 14.134725141i and ρ) appears to be

dominant at low values of β.
At the same time one can see that in this case |ck| itself is smaller than (ck is

not the critical function!):

(5.2)
∣∣∣∣ 1
ζ( 7

2 )
− 1
∣∣∣∣ ∼= 0.11247897

at least for the case β = 4 as already discussed in our previous work [3] concerning
only very low values of k. Figure 11 confirms this behaviour also for large values of
k. In this example the region of annihilation of the “eincoming“ wave extends up
to larger and larger values of k. It should be noted that for the critical function ψ
(5.1) the situation is more delicate since the value of a possible bound on ψ depends
on β.
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Figure 6. The wave k
3
8 ck for the case α = 2, β = 4
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Figure 7. The wave k
3
4 ck (lowest curve) and the approximation

ψnt (highest curve), α = 7
2 and β = 4

6. Numerical experiments: the critical function in the critical strip

As above, in this numerical study it is convenient to introduce the variable
x = log k, in term of which we define the critical function corresponding to α and
β. With the help of (2.6), this is given in the next calculations by:

(6.1) ψ(x;α, β, σ) = e
α−σ

β x
2000∑
n=1

µ(n)
nα

e−
ex

nβ =: ψσ(x)

2000 is the maximum argument N used in these experiments. For the special case
we treat (α = 15

2 and β = 4) ψ will be calculated up to x = 30 (this corresponds
to k = e30 = 1.06865× 1013).

Before we present the results of our numerical experiments for various values of
σ (for σ = 1, 7

8 ,
3
4 ,

5
8 ,

1
2 ,

3
8 ,

3
10 ) it is important to give the explicit expression of the

contribution of the non-trivial (ψnt) and also of the trivial zeros (ψt) to the critical
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11.5 15 18.5 22
log k

-0.30

-0.25

-0.20

-0.15

-0.10

-0.05

0.05

ck  k
3

8 and Ψnt

Figure 8. The wave k
3
8 ck (lowest curve) and the approximation

ψnt (highest curve), α = 7
2 and β = 8
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Figure 9. The wave k
3
12 ck (lowest curve) and the approximation

ψnt (highest curve), α = 7
2 and β = 12

function defined above for the general case α and β. For the non-trivial zeros at σ,
it is given by:

(6.2) ψnt(x;α, β, σ) =
1
β

2∑
j=1

e
iI(ρj)

β xΓ(−ρj−α
β )

ζ ′(ρj)

where ρj is a non-trivial zero of ζ(s). In our experiments we will limit to the
contribution of the first two lower zeros given experimentally by ρ1 = 1

2 +14.134725i
and ρ2 = 1

2 + 21.022040i and the complex conjugate of them. The corresponding
contribution will be denoted by r1(x) (from ρ1 and ρ1) and r2(x) (from ρ2 and ρ2).
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Figure 10. The wave k
3
20 ck (lowest curve) and the approximation

ψnt (highest curve), α = 7
2 and β = 20
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Figure 11. ck( 7
2 , β) for β = 4, 8, 12, 16, 24 (from left to right)

The contribution of the trivial zeros ρ = −2n to the critical function is given by:

(6.3) ψt(x;α, β, σ) =
1
β

20∑
n=1

e−
2n+σ

β xΓ(α+2n
β )

ζ ′(−2n)

where a summation until N = 20 will be sufficient.
So, in our calculations we will set α = 15

2 and β = 4 in the above formulas, for
any value of σ we shall consider. The contribution ψt for σ will be indicated with
gσ(x). Below we present the results of our numerical experiments performed using
Mathematica. The fluctuation’s errors in the Möbius function around the maximum
index N = 2000 will be specified in Section 7.

In Figure 12 we present the plot of the two functions ψ(x; 15
2 , 4,

1
2 )− g1/2(x) and

r1(x) + r2(x) up to x = 30 which shows not only a good agreement but also the
oscillatory behaviour of the contribution of the first two non-trivial zeros. Note
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that for the Riesz case (α = β = 2), the contribution of the trivial zeros to the ck
have been treated by K. Maslanka using the Rice integrals [6].

5 10 15 20 25 30
logk

-0.03

-0.02

-0.01

0.01

0.02

0.03

0.04

Figure 12. Plot of ψ1/2(x)−g1/2(x) [red] and r1(x)+r2(x) [green]
up to x = 30

In the next Figure 13 we present the plots of some critical functions ψσ corre-
sponding to different values of σ using (6.1) and this without any comparison with
the Baez-Duarte asymptotic expansion considered above. It is to be noted that
all functions ψσ has the same zeros and we observe that there is a well marked
evidence that for σ > 1

2 increasing to 1 the amplitudes decay while for σ < 1
2 the

amplitudes grow. These functions have been indicated with ψ1, ψ7/8, ψ3/4, ψ5/8,
ψ1/2, ψ3/8, ψ3/10 respectively.

It should be said that ψ3/8 and ψ3/10, we have considered, have no relation with
the representation of 1

ζ(s) which is valid only for R(s) > 1
2 . The two functions help

only to visualize that ψ1/2 is the borderline for the critical functions decaying for
R(s) > 1

2 as suggested by our numerical experiments up to x = 30. It should also
be added that from the duality relation (Riemann’s symmetry of the Zeta function),
given by:

(6.4)
1

ζ(1− s)
= πs− 1

2
Γ( 1−s

2 )
Γ( s

2 )
1
ζ(s)

it follows that the right hand side of (6.4) ensures a representation of 1
ζ(s) via the

Pochhammer polynomials in the region 0 < R(s) < 1
2 .

Here there is more evidence that the amplitude of the wave at σ = 1
2 is decreasing

with x = log k. The experiments of Figure 13 give in any cases a stronger evidence:
for σ > 3

4 the amplitudes of the waves are decaying, and thus are bounded in
amplitude by a constant. This is a symptom of the absence of non-trivial zeros in
the critical segment 3

4 < σ < 1.
In Figure 14 we present the result for a special case where we allow a slower

decrease in the critical function (see addendum in the exponent of the critical
function), which is the same as to say that we ask only for a slower decay of ck, at
σ = 1

2 i.e. of the type ck = A log k

k
7
4

for the case considered. This is not the same as
to ask that the RH is true or that the RH is true with non-trivial zeros which are
simple [2]. It is a case in between the two.
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Figure 13. Plot of ψσ for σ = 1, 7
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2 ,
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8 ,
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10 up to x = 30, in

order of increasing amplitudes



RH: THE RIESZ AND THE HARDY-LITTLEWOOD WAVE 75

In this case the critical function (indicated with ψ1/2+) is explicitly given by:

(6.5) ψ1/2+(x) = e
7
4 x−log x

2000∑
n=1

µ(n)
n

15
2
e−

ex

n4

15 20 25 30
logk
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-0.001

0.001
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Ψ1�2+

Figure 14. Plot of ψ1/2+

In the last experiment we set σ = 3
4 and compare ψ3/4 with the asymptotic

expression of Baez-Duarte: for the trivial zeros we set σ = 3
4 in the above formula,

for the non-trivial zeros (the two we consider) we keep the same value of I(ρ1,2)
but we assume that their real part is R(ρ1,2) = 3

4 . The plot in Figure 15 of the
function ψ3/4(x) and of g3/4(x) + r1(x) + r2(x) are clearly different: in ψ3/4 there
is the trace via the Möbius function of where the non-trivial zeros are located and
thus the amplitude is decaying. In the second function, the two considered zeros are
supposed to have R(s) = 3

4 and the wave which appears seems to have a constant
amplitude as in the case ψ1/2 which of course would be sufficient to ensure the truth
of the RH.

5 10 15 20 25 30
log k

-0.3

-0.2

-0.1

0.1

Figure 15. Plots of the functions ψ3/4(x) [red] and g3/4(x) +
r1(x) + r2(x) [green]
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In the next Section we analyse a (weak) stability property of our results obtained
with N = 2000 in the Möbius function and give some indications why the waves for
σ = 3

4 should be decaying, thus ensuring more credibility on the absence of zeros
of the Riemann Zeta function in the segment 3

4 < σ < 1.

7. Numerical considerations

In the context of the numerical experiments performed so far, it is helpful to
obtain a crude inequality concerning a bound on the critical function. This is
simply obtained by setting |µ(n)| = 1 in (2.3). We consider the critical function
for σ = 1

2 given by:

k
α− 1

2
β ck ∼= k

α− 1
2

β

N∑
n=1

µ(n)
nα

(
1− 1

nβ

)k

=: ψk(α, β,N)

where N is the maximum value of the argument in the Möbius function considered
in an ideal numerical experiment (N finite). Introducing the variable x = log k we
have that:

|ψk(α, β,N)| ≤ e
α− 1

2
β x(ζ(α)− 1)elog(1− 1

Nβ )ex

For large N we have:

|ψk(α, β,N)| ≤ (ζ(α)− 1) e
α− 1

2
β x− 1

Nβ ex

As an example we consider the case α = 7
2 and β = 4 (Section 4). Remembering

that from Table 2 the amplitude calculated only with the first non-trivial zero is
about 0.008411, we may ask: for what N and k, |ψk(α, β,N)| is bounded by the
value 0.008411? For example the inequality is satisfied for the followig pairs:

N = 1000 and x > 31, or
N = 106 and x > 60.

As a second example we consider the Riesz case (α = β = 2). From Table 2, the
amplitude (still restricting to the contribution of the first zero) is 0.000078. The
inequality is satisfied as follows:

N = 1000 and x > 17, or
N = 106 and x > 31, or
N = 109 and x > 87.2.

This inequality may be helpful to control the numerical computations in the
experiments.

Another numerical consideration will be the following. We consider the critical
function ψ3/4(x) obtained with N = 2000 (maximum argument in the Möbius
function appearing in the Baez-Duarte definition of the ck). We will suppose that
the numerical results are given with good accuracy. We now ask: if we increase N
from 2000 up to 106 in a ideal experiment, what will be the change of the critical
function in the range x < 30?

ψ3/4(x;N = 2000) = e
27
16 x

2000∑
n=1

µ(n)
n

15
2
e−

ex

n4

ψ3/4(x;N = 106) = e
27
16 x

106∑
n=1

µ(n)
n

15
2
e−

ex

n4
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The difference ∆ between the two functions is bounded by:

∆ ≤ e
27
16 x

106∑
n=2000

1
n

15
2
e−

ex

1024

If we ask that ∆ will be smaller than say 10−6 time 0.015 which is about the
value of the amplitude of the wave in the range x ≤ 30, obtained with N = 2000,
we have:

∆ ≤ e
27
16 xe−

ex

1024 (ζ(
15
2

)− ζ(
15
2

;N = 2000)) ≤ 0.015 · 10−6

The difference between the Zetas is estimated to:
∞∫

2000

1
x

15
2
dx =

2
13

2000−
13
2 =

2
65

10−26

and the inequality takes the form:

27
16
x− e

x
1024 + log(

2
65

)− 26 log(10) + 6 log(10)− log(0.015) ≤ 0

with the solution x ≤ 27. Thus for x ≤ 27, the amplitudes will change at most 10−6

time of its value 0.015. This shows some stability in the numerical experiments as
N increases in a ideal experiment. Of course this is independent of how many zeros
are employed in the Baez-Duarte estimation.

The third remark deals with the formula for the ck we have used in our experi-
ments and given by [3]:

ĉk =
∞∑

n=1

µ(n)
nα

e−
k

nβ

instead of the correct formula:

ck =
∞∑

n=1

µ(n)
nα

(
1− 1

nβ

)k

Again, as above, the crude inequality |µ(n)| ≤ 1 may be used to show that the
difference between the two sequences becomes smaller as k get bigger and depends
on α and β. In fact it behaves unconditionally as:

(7.1)
C

k
α+β−1

β

To see this, let ∆ = |ĉk − ck| then:

∆ ≤
∞∑

n=1

|µ(n)|
nα

(
e−

k

nβ −
(

1− 1
nβ

)k
)
≤

∞∑
n=1

1
nα

(
e−

k

nβ −
(

1− 1
nβ

)k
)

since e−
k

nβ ≥ (1− 1
nβ )k. Passing to the continuous variable x, the contribution of

the second integral is given by [3]:
∞∫
1

1
xα

(
1− 1

xβ

)k

dx =
1
β

Γ(α−1
β )Γ(k + 1)

Γ(α−1
β + k + 1)
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while the first is given by:
∞∫
1

e−
k

xβ

xα
dx =

1

βk
α−1

β

Γ(
α− 1
β

)

Using Stirling’s formula, at large k the difference behaves like:

∆ ≤ C

k
α+β−1

β

.

For the model under consideration the decay is as C

k
21
8

and is stronger then in
the usual Riesz case (α = β = 2) where an early more detailed calculation gives a
decay like C

k
3
2

[4].
Finally it should be added that the general upper bound for ∆ is related to the

discrete derivative of the Baez-Duarte coefficients given by:

ck(α, β)− ck+1(α, β) =
∞∑

n=1

µ(n)
nα

((
1− 1

nβ

)k

−
(

1− 1
nβ

)k+1
)

=
∞∑

n=1

µ(n)
nα

(
1− 1

nβ

)k (
1− 1 +

1
nβ

)
= ck(α+ β, β)

which unconditionally are bounded by C

k
α+β−1

β

as above.

In the same way

− d

dk

∞∑
n=1

µ(n)
nα

e−
k

nβ =
∞∑

n=1

µ(n)
nα+β

e−
k

nβ

which gives the same decay since the function is equal to ck(α+ β, β) as above.
At large k we also have [3]:

ck ≈
∞∑

p=0

cpk
pe−k

p!

a Poisson like distribution for the coefficients ck.

8. Conclusions

In this work, we have used the expansion in terms of the Pochhammer polynomi-
als for the reciprocal of the Zeta function. Our expansion contains two parameters
α and β so that our analysis was possible for different functions, called “critical
functions”. The boundedness of the critical function would ensure the truth of the
RH.

In a numerical context we have first presented an extensive treatment of the
critical functions via the Möbius function. Then we have compared the amplitudes
of the “Riesz, Hardy and Littlewood waves” using an extension of the formula of
Baez-Duarte (the formula contains the contribution of the trivial and non-trivial
zeros of the Riemann Zeta function): the agreement with the treatment using the
Möbius function seems satisfactory even if we have considered only very few zeros
in the Baez-Duarte formula for the coefficients ck.

For a special case where α = 7
2 and β = 4, we have then considered different

values of R(s), i.e. values in the critical segment from 1 to 3
10 : the critical functions
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appear decaying, starting from the right border R(s) = 1 to reach near R(s) = 1
2 a

behaviour still bounded, with oscillations of a nearby constant amplitude. This is
not in contradiction with the possible truth of the RH. Finally we have remarked
some stability property of the amplitudes of the waves involved in the experiments
in the asymptotic region (increasing values of log k).

The numerical results up to a maximum value of log k = 30 (i.e. k = 1.06865×
1013) go more in the direction to believe that the critical functions do not increase
with log k and that they should reach a behaviour with a stable amplitude of the
waves which is smaller that the maximum conjectured value given by 1.68477. . . .

In the context of validity of our numerical results, our analysis gives further
indication that the RH may barely be true as indicated by our two parameter
models in the week as well as in the “strong coupling regime”.

So the open question is still the following: the critical function at large value
of k is growing, stabilizing to a “periodic pure wave” with constant amplitude or
decaying with a zero amplitude? From the results of our numerical treatment we
are more in favour of the last two cases.
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OSCILLATION OF NONAUTONOMOUS SECOND ORDER
NEUTRAL DELAY DYNAMIC EQUATIONS ON TIME SCALES

H. A. AGWO

Abstract. In this paper, we establish some new oscillation criteria for nonau-

tonomous second order neutral delay dynamic equation with several delays

(x(t)− r(t)x(τ(t)))44 + H(t, x(h(t))) + G(t, x(g(t))) = 0,

on a time scale T. The results not only can be applied on neutral differential

equations when T = R, neutral delay difference equations when T = N and for

neutral delay q− difference equations when T =qN for q > 1, but also improved
most previous results.

1. Introduction

A time scale T is an arbitrary nonempty closed subset of the real numbers R.
On any time scale T, we defined the forward and backward jump operators by

(1.1) σ(t) := inf{s ∈ T : s > t} and ρ(t) := sup{s ∈ T : s < t},
A point t ∈ T, t > inf T is said to be left-dense if ρ(t) = t, right-dense if

t > sup T and σ(t) = t, left-scattered if ρ(t) < t and right-scattered if σ(t) > t. The
graininess function µ : T → [0,∞), is defined by µ(t) := σ(t) − t. For the function
f : T → R the (delta) derivative is defined by

(1.2) f4(t) :=
f(σ(t))− f(t)

σ(t)− t
,

f is said to be differentiable if its derivative exists. A useful formula is

(1.3) fσ := f(σ(t)) = f(t) + µ(t)f4(t),

If f, g are differentiable, then fg and the quotient f
g (where ggσ 6= 0) are differen-

tiable with

(1.4) (fg)4 = f4g + fσg4 = fg4 + f4gσ,

and

(1.5)
(

f

g

)4
:=

f4g − fg4

ggσ
.

If f4(t) ≥ 0, then f is nondecreasing.
A function f : [a, b] → R is said to be right-dense continuous if it right contin-

uous at each right-dense point and there exists a finite left limit at all left-dense
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points. The set of all right-dense continuous functions is denoted by Crd . A
function f : T → R is called regressive, if 1 + µ(t)f(t) 6= 0 for all t ∈ T. The
set of all functions f : T → R which are regressive and rd−continuous will be
denoted by R. We define the set R+ of all positively regressive elements of R by
R+ = {f ∈ R : 1 + µ(t)f(t) 6= 0, t ∈ T}. A function F with F4 = f is called an
antiderivative of f and then we define

(1.6)
∫ b

a

f(t)4t = F (b)− F (a),

where a, b ∈ T. It is well known that rd-continuous functions possess antiderivatives.
A simple consequence of formula (2.3) is

(1.7)
∫ σ(t)

t

f(s)4s = µ(t)f(t),

and infinite integrals are defined as

(1.8)
∫ ∞

a

f(t)4t = lim
b→∞

∫ b

a

f(t)4t.

In the recent years, the theory of time scales has received a lot of attention
which was introduced by Stefan Hilger in his Ph.D. thesis in 1988 in order to unify
continuous and discrete analysis (see [10]). In fact there has been much activities
concerning the oscillation and nonoscillation of solutions of dynamic equations on
time scales (or measure chains). We refer the reader to recent papers [1-3, 7, 11,
13-18] and the references cited therein. A book on the subject of time scales, by
Bohner and Peterson [5] summarizes and organizes much of time scales calculus,
see also the book by Bohner and Peterson [4] for advances in dynamic equations
on time scales. For oscillation of first-order neutral delay dynamic equations with
a negative coefficient on the neutral term, Mathsen et. al. [14] considered the
equation

(1.9) (x(t)− r(t)x(τ(t)))4 + α(t)x(h(t)) = 0.

and the authors posed the following question. What can be said about even order

equations

(x(t)− r(t)x(τ(t)))4
2n

+ α(t)x(h(t)) = 0

and various generalization?. Recently Saker in [16] considered the equation

(1.10) (x(t)− r(t)x(τ(t)))44 + α(t)x(h(t)) = 0.

Also, recently Liu et. al. [13] considered the equation

(1.11) (x(t)− r(t)x(τ(t)))4 + H(t, x(h(t))) + G(t, x(g(t))) = 0

on a time scale T and established some oscillation criteria, which in the special case
when T = R involve some oscillation criteria for neutral delay differential equations.
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In this paper, we are concerned with the oscillation of the second-order nonlinear
dynamic equation

(1.12) (x(t)− r(t)x(τ(t)))44 + H(t, x(h(t))) + G(t, x(g(t))) = 0

on a time scale T. Since we are interest in asymptotic behavior of solutions, we
will suppose that the time scale T under consideration is not bounded above, i.e.
it is a time scale interval of the form [t0,∞)T = [t0,∞) ∩ T. Through this paper,
we assume that:

(H1) r ∈ Crd(T, R+), h and g ∈ Crd(T, T), τ(t) < t, h(t) < t, g(t) < t ,
lim

t→∞
τ(t) = ∞, lim

t→∞
h(t) = ∞, lim

t→∞
g(t) = ∞ and 0 ≤ r(t) ≤ r < 1, Crd(T, S)

denotes the set of all functions f : T → S -( S is a time scale)- which are right-dense
continuous on T.

(H2) H(t, u), G(t, v) ∈ C(T× R, R) for each t ∈ T which are nondecreasing in u
and v, uH(t, u) > 0 for u 6= 0 and vG(t, v) > 0 for v 6= 0.

(H3) |H(t, u)| ≥ α(t) |u|λ and |G(t, v)| ≥ β(t) |v|λ , where α(t), β(t) ≥ 0 and
0 ≤ λ = p

q ≤ 1 with p, q are odd integers.
By a solution of equation (1.12), we mean a nontrivial real value function x(t)

which has the properties (x(t) − r(t)x(τ(t)) ∈ C2
rd[tx,∞), tx > t0 and satisfying

equation (1.12) for all t > tx. Our attention is restricted to those solutions of
equation (1.12) which exist on some half line [tx,∞) and satisfy sup{|x(t)| : t >
t1} > 0 for any t1 > tx.

A solution x(t) of (1.12) is said to be oscillatory if it is neither eventually positive
nor eventually negative. Otherwise it is called nonoscillatory. The equation itself
is called oscillatory if all its solutions are oscillatory.

Note that if T = R, we have σ(t) = ρ(t) = t, f∆(t) = f
′
(t), and (1.10), (1.12)

become respectively, the second-order neutral delay differential equations

(1.13) [x(t)− r(t)x(τ(t)]
′′

+ α(t)x(h(t)) = 0

and

(1.14) [x(t)− r(t)x(τ(t)]
′′

+ H(t, x(h(t))) + G(t, x(g(t))) = 0.

For oscillation of equation (1.13) Graef et.al. [8] proved that , if α > 0, 0 ≤
r(t) < 1 and

(1.15)
∫ ∞

t0

α(s)ds = ∞

then every unbounded solution of (1.13) oscillates. Note that condition (1.15) can
not be applied for the second order neutral equation

[x(t)− r(t)x(τ(t)]
′′

+
γ

(t− h)2
x(t− h) = 0,

where γ > 0, 0 ≤ r(t) < 1. Also, Dzurina and Mihalikova in [6] considered the
equation (1.5) when r(t) = r where r is constant and gave the following oscillation
criteria. If
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(1.16)
∫ ∞

t0

(α(s)h(s)
1− rn+1

1− r
− 1

4h(s)
)ds = ∞,

then, every solution of equation (1.13) oscillates.
If T = Z, we have σ(t) = t + 1, µ(t) = 1, f∆ = ∆f, and (1.12) becomes the

second-order neutral delay difference equation

(1.17) ∆2 [x(t)− r(t)x(τ(t))] + H(t, x(h(t))) + G(t, x(g(t))) = 0.

If T =hZ, h > 0, we have σ(t) = t + h, µ(t) = h, f∆ = ∆hf = f(t+h)−f(t)
h and

(1.4) becomes the second-order neutral delay difference equation

(1.18) ∆2
h [x(t)− r(t)x(τ(t))] + H(t, x(h(t))) + G(t, x(g(t))) = 0.

If T=qN = {t : t = qn, n ∈ N, q > 1}, we have σ(t) = qt, µ(t) = (q − 1)t,
x∆

q (t) = x(qt)−x(t)
(q−1)t , and (1.3) becomes the second order q−neutral delay difference

equation

(1.19) ∆2
q [x(t)− r(t)x(τ(t))] + H(t, x(h(t))) + G(t, x(g(t))) = 0.

This paper is organized as follows: In Section 2, we establish some new sufficient
conditions for oscillation of (1.12). In Section 3, we present some illustrative ex-
amples to show that our results are not only new but also improved many previous
results.

2. Main results

In this section, we establish some sufficient conditions for the oscillation of equa-
tion (1.12). For the remainder of the paper we assume that δ−1(t) is the inverse of
the function δ(t) exists and satisfies δ−(n+1)(t) = t + nδ

Theorem 2.1. Assume that H1−H3 hold. Then every solution of (1.12) oscil-
lates, if

(2.1)
∫ ∞

t5

{α(s)(r(h(s))τ(h(s)))λ + β(s)(r(g(s))τ(g(s)))λ}4s = ∞.

Proof. Suppose to the contrary that equation (1.12) has a nonoscillatory solu-
tion x(t). We may assume without loss of generality that there exists t1 ≥ t0 such
that x(t) > 0, x(τ(t)) > 0 and x(δ(t)) > 0 where δ = min{h, g} for all t > t1. Set

(2.2) y(t) = x(t)− r(t)x(τ(t)),

Then, it follows from equation (1.12) we have

(2.3) y44(t) = −H(t, x(h(t)))−G(t, x(g(t))) for all t > t1.

Now (H2) with x(δ(t)) > 0 implies that y∆∆(t) < 0. Thus y∆(t) is strictly decreas-
ing. Now, we prove that y∆(t) > 0 on the interval [t1, ∞)T. Assume not. Then
there exists t2 ≥ t1 such that y∆(t2) = C < 0. Then, since y∆∆(t) < 0, we have

(2.4) y∆(t) ≤ y∆(t2) = C, for t ≥ t2,

and therefore

(2.5) y∆(t) ≤ C for all t ≥ t2.
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Integrating the last inequality from t2 to t, we obtain

(2.6) y(t) = y(t2) +
∫ t

t2

y∆(s)∆s ≤ y(t2) + C(t− t2),

and consequently y(t) → −∞ as t → ∞ which implies that there exists c > 0 and
t3 ≥ t2 such that y(t) < −c for t ≥ t3. Then, we have from (3.2) that

(2.7) x(t) < −c + r(t)x(τ(t)) ≤ −c + rx(τ(t)), for t ≥ t3,

which implies that x(δ−1(t3)) < −c + rx(t3). Thus

(2.8) x(δ−(n+1)(t3)) ≤ −c
n∑

i=0

ri + rn+1x(t3) ≤ −c + rn+1x(t3),

and so x(δ−(n+1)(t3)) < 0 for large n, which contradicts the fact that x(t) > 0
for all t ≥ t1. Hence y∆(t) > 0 and this implies that y(t) is strictly increasing on
[t1,∞). We prove now that y(t) > 0 for t ≥ t2 where t2 is large enough. Suppose
not. Then there exists a t3 ≥ t1 with y(t3) < 0. Now, since y(t) is strictly increasing
then y(t) > 0 for t ≥ t3 (for if there exists a t4 > t3 with y(t4) > 0, then y(t) > 0
for t ≥ t4, but we are assuming that y(t) > 0 for t large enough is not true). Then
from (2.2) that x(t) < rx(τ(t)), for t ≥ t3. Thus x(τ−1(t)) ≤ rx(t) and this implies
after iteration that x(δ−(n+1)(t)) ≤ rn+1x(t) → 0 for large n, since 0 < r < 1 and
so x(δ−(n+1)(t)) < 0 again, which contradicts the fact that x(t) > 0 for all t ≥ t1.
Then, we have

(2.9) y(t) > 0, y∆(t) > 0, y∆∆(t) < 0 for t ≥ t1.

Since y∆∆(t) < 0 and y(t) > 0, then

y(t) = y(t4) +
∫ t

t4

y4(s)4s > (t− t4)y4(t) > kty4(t) for t >
t4

(1− k)
:= t5,

0 < k < 1.

Now y(t) > 0 implies that y(t) < x(t) and x(t) > r(t)x(τ(t)).Since H(t, x) and
G(t, x) are nondecreasing in x , we get

0 = y∆∆(t) + H(t, x(h(t))) + G(t, x(g(t)))

≥ y∆∆(t) + H(t, r(h(t))x(τ(h(t)))) + G(t, r(g(t))x(τ(g(t))))

≥ y∆∆(t) + H(t, r(h(t))y(τ(h(t)))) + G(t, r(g(t))y(τ(g(t))))

≥ y∆∆(t) + α(t)(r(h(t))y(τ(h(t))))λ + β(t)(r(g(t))y(τ(g(t))))λ

≥ y∆∆(t) + α(t)(kr(h(t))τ(h(t))y4(τ(h(t))))λ

+β(t)(kr(g(t))τ(g(t))y4(τ(g(t))))λ

From nondecreasing property of τ(t), we have τ(h(t)) < τ(t) < t and nonincreasing
of y4(t) implies that

y4(τ(h(t))) ≥ y4(τ(t)) ≥ y4(t).
and

y4(τ(h(t))) ≥ y4(τ(t)) ≥ y4(t).
Hence,
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0 ≥ y∆∆(t) + α(t)(kr(h(t))τ(h(t))y4(τ(h(t))))λ

+ β(t)(kr(g(t))τ(g(t))y4(τ(g(t))))λ

≥ y∆∆(t) + [α(t)(kr(h(t))τ(h(t)))λ + β(t)(kr(g(t))τ(g(t)))λ](y4(t))λ.

(2.10)

Then

α(t)(kr(h(t))τ(h(t)))λ + β(t)(kr(g(t))τ(g(t)))λ ≤ − y44(t)
(y4(t))λ

.

Integrating the above inequality from t5 to ∞, we get

∫ ∞

t5

{α(s)(r(h(s))τ(h(s)))λ + β(s)(r(g(s))τ(g(s)))λ}4s

≤ −
∫ ∞

t5

y44(s)
(y4(s))λ

4s.

= lim
t→∞

∫ y4(t)

y4(t5)

4s

sλ

=
∫ 0

y4(t5)

4s

sλ
< ∞.

But ∫ ∞

t5

{α(s)(r(h(s))τ(h(s)))λ + β(s)(r(g(s))τ(g(s)))λ}4s = ∞,

so, equation (1.12) has no eventually positive solution. Similarly, we can prove
that equation (1.12) has no eventually negative solution. Thus equation (1.12) is
oscillatory.

Theorem 2.2. Assume that H1−H3 hold. Then every solution of (1.12) oscil-
lates, if the inequality

(2.11) z4(t) + [α(t)(kr(h(t))τ(h(t)))λ + β(t)(kr(g(t))τ(g(t)))λ]zλ(τ(t)) ≤ 0,

has no eventually positive solution.
Proof. Assume to the contrary that equation (1.12) has a nonoscillatory solu-

tion x(t). Following the same steps used in the proof of Theorem 2.1, until to get
(1.10). Putting z(t) = y4(t) in (2.10) we get (2.11) which have a positive solu-
tion. Consequently if (2.11) has no eventually positive solution, then all solutions
of (1.12) are oscillatory. This completes the proof of the theorem.

Theorem 2.2 reduces the question of oscillation of (1.12) to that of the absence
of eventually positive solutions of the dynamic inequality (2.11).

Theorem 2.3 Assume that H1−H2 hold and |H(t, u)| ≥ α(t) |u| and |G(t, v)| ≥
β(t) |v| ,where α(t), β(t) ≥ 0. If

(2.12)
∫ ∞

t5

{α(s)(r(h(s))τ(h(s))) + β(s)(r(g(s))τ(g(s)))}4s = ∞.

Then , every solution of
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(2.13) (x(t)− r(t)x(τ(t)))44 + α(t)x(h(t)) + β(t)x(g(t)) = 0

is oscillatory.
Proof. The proof follows directly from the Theorem 2.1. So we omitted it.

3. Examples

In this section, we give some examples to illustrate our main results.

Example 3.1. Consider the following second order neutral delay dynamic equa-
tion

(3.1) (x(t)− 1
c
x(γ1t))44 +

(2 + sin t)
tα

xλ(γ2t) +
(3 + cos t)

tβ
xλ(γ3t) = 0, t ∈ T,

where T is a time scale, with c > 1, 0 ≤ λ = p
q ≤ 1 , p, q are odd integers, α1, α2 ∈

[λ, λ + 1] and γ1, γ2, γ3 ∈ (0, 1). In equation (1.12) r(t) = 1
c , τ(t) = γ1t, h(t) =

γ2t, g(t) = γ2t, H(t, x(h(t)) = (2+sin t)
tα1 xλ(h(t)) and G(t, x(g(t)) = (3+cos t)

tα2 xλ(g(t)).
(i.e. α(t) = (2+sin t)

tα1 and β = (3+cos t)
tα2 ). Then we have∫ ∞

t5

{α(s)(r(h(s))τ(h(s)))λ + β(s)(r(g(s))τ(g(s)))λ}4s

=
∫ ∞

t5

{ (2 + sin s)
sα1

((
1
c
)(γ1γ2s))λ +

(3 + cos s)
sα2

((
1
c
)(γ1γ3s))λ}4s

≥
∫ ∞

t5

{ 1
sα1

((
1
c
)(γ1γ2s))λ +

1
sα2

((
1
c
)(γ1γ3s))λ}4s

= (
γ1γ2

c
)λ

∫ ∞

t5

4s

sα1−λ
+ (

γ1γ3

c
)λ

∫ ∞

t5

4s

sα2−λ
= ∞ for α1, α2 ∈ [λ, λ + 1].

Hence, by Theorem (2.1) every solution of equation (3.1) oscillates.
Example 3.2. Consider the following second order neutral delay dynamic equa-

tion

(3.2) (x(t)− e−
1
λ (t−τ)x(t− τ))44 + xλ(t− h1) +

1
e−t + 1

xλ(t− h2) = 0, t ∈ T,

where T is a time scale, where 0 ≤ λ = p
q ≤ 1 , p, q are odd integers, τ, h1, h2 > 0,

r(t) = e−
1
λ (t−τ), τ(t) = t − τ, h(t) = t − h1, g(t) = t − h2,H(t, x(h(t)) = xλ(h(t))

and G(t, x(g(t)) = 1
e−t+1xλ(g(t)). (i.e. α(t) = 1 and β = 1

e−t+1 ). Then we have∫ ∞

t5

{α(s)(r(h(s))τ(h(s)))λ + β(s)(r(g(s))τ(g(s)))λ}4s

=
∫ ∞

t5

{e− 1
λ (t−τ−h1)(t− τ − h1)}λ4s

+
∫ ∞

t5

1
e−s + 1

(e−
1
λ (t−τ−h2)(t− τ − h2))λ}4s

≥ 3
2
(
λ

e
)λ

∫ ∞

t5

4s = ∞.
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Therefore, by Theorem (2.1), equation (3.2) is oscillatory.
Example 3.3. Consider the following specific second order neutral delay dy-

namic equation

(3.3) (x(t)− 1
2
x(t− τ))44 +

γ

(t− h)2
xλ(t− h) = 0, t ∈ T,

where T is a time scale, where τ, h > 0, r(t) = 1
2 , τ(t) = t − τ, h(t) = t −

h, H(t, x(h(t)) = x(h(t)) and G(t, x(g(t)) = 0.(i.e. α(t) = γ
(t−h)2 , γ > 0 and

β(t) = 0). Then we have

∫ ∞

t5

{α(s)(r(h(s))τ(h(s))) + β(s)(r(g(s))τ(g(s)))}4s

=
∫ ∞

t5

γ(s− τ − h)
2(s− h)2

4s

=
γ

2

∫ ∞

t5

1
s− h

(1− τ

s− h
)4s = ∞.

Hence, by Theorem 2.3, every solution of equation (3.3) is oscillatory. This example
shows that the results by Dzurina and Mihalikova [6] in the case when T = R, is
not sharp, since by choosing n = ∞, we have

∫ ∞

t0

[
α(s)h(s)

1− rn+1

1− r
− 1

4h(s)

]
ds =

∫ ∞

t0

[
γ

s− h
(

1
1− 1

2

)− 1
4(s− h)

]
ds

=
∫ ∞

t0

[
2γ − 1

4

(s− h)

]
ds = ∞, if γ >

1
2
.

Also, the result by Saker not sharp for equation (3.3). For, in his results [Example
2.2, 16 ], it was proved that this equation is oscillatory if γ > 1

4 and Graef et. al.
[8] condition (1.15) can not be applied. Therefore our results are not only new but
also improve some previous results.
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BOUNDARY VALUE PROBLEMS FOR SECOND ORDER
CONVEX AND NONCONVEX DIFFERENTIAL INCLUSIONS

WITH INTEGRAL BOUNDARY CONDITIONS

MUSTAPHA LAKRIB

Abstract. We prove existence results for boundary value problems for sec-

ond order convex and nonconvex differential inclusions with integral boundary
conditions. The proofs use nonlinear alternatives of Leray-Schauder type and

a selection theorem due to Bressan and Colombo.

1. Introduction

This paper is concerned with the boundary value problem for a second order
ordinary differential inclusion with integral boundary conditions

x′′(t) ∈ F (t, x(t)), a.e. t ∈ J := [0, 1],(1.1)

x(0)− k1x
′(0) =

∫ 1

0

h1(x(s))ds, x(1) + k2x
′(1) =

∫ 1

0

h2(x(s))ds.(1.2)

In problem (1.1)-(1.2), F : J ×R → P(R) is a multivalued function with nonempty
compact values, P(R) is the class of all subsets of R and, for i = 1, 2, hi : R → R
are given functions and ki are nonnegative constants.

Boundary value problems with integral boundary conditions constitute an impor-
tant class of problems, because they include as special cases two, three, multi-point
and nonlocal boundary value problems. Such problems for second order differential
equations have been considered by many authors, for instance, see [3, 6, 8, 10, 12, 13]
and the references therein. As far as we know, there are few authors who study the
existence of solutions in the case of differential inclusions, among them we would
like to cite Brykalov [2] and Halidias and Papageorgiou [7]. In [2], existence results
for boundary value problems for differential inclusions with nonconvex right-hand
sides and monotone nonlinear (integral) boundary conditions was studied. The
technique of continuous selections of multivalued functions with decomposable val-
ues coupled with the method of monotone boundary conditions are used in these
investigations. In [7], the authors use the method of upper and lower solutions with
fixed point theorems to establish some existence results for second order differential
inclusions with Sturm-Liouville and periodic boundary conditions.

Recently, Rahmat in [12] have used the method of upper and lower solutions with
the method of generalized quasilinearization to study the existence of solutions of
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Key words and phrases. Differential inclusions, integral boundary value problems, fixed point

theorems, continuous selection, existence results.
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the boundary value problem for a second order differential equation with integral
boundary conditions of the form (1.2)

x′′(t) = f(t, x(t)), a.e. t ∈ J := [0, 1],(1.3)

x(0)− k1x
′(0) =

∫ 1

0

h1(x(s))ds, x(1) + k2x
′(1) =

∫ 1

0

h2(x(s))ds.(1.4)

Motivated by this work, we consider problem (1.1)-(1.2) which is the multivalued
form of problem (1.3)-(1.4). Our goal is to give some existence results for problem
(1.1)-(1.2). Our method of study is to convert problem (1.1)-(1.2) into a fixed point
problem. Then, we first apply the nonlinear alternative of Leray-Schauder type for
multivalued functions [11] to prove an existence result when F has convex values.
Next, we combine a continuous selection theorem [1] due to Bressan and Colombo
with the nonlinear alternative of Leray-Schauder type for single valued functions [4]
to prove the second existence result of this paper for F with nonconvex values. In
both cases, the conditions established on the multivalued function F are common
in the literature on differential equations and inclusions. In our main results, the
only condition we require on the functions hi, i = 1, 2, is continuity.

Let C(J,R) and L1(J,R) denote the Banach spaces of continuous and Lebesgue
integrable functions on J equipped with the normes ‖x‖ = max{|x(t)| : t ∈ J} and
‖x‖L1 =

∫ 1

0
|x(t)|dt, respectively. Consider AC1(J,R) the space of all continuous

functions whose first derivatives exist and are absolutely continuous on J .
By a solution of (1.1)-(1.2) we mean a function x ∈ AC1(J,R) whose second

derivative x′′ exists and is a member of L1(J,R), that is, there exists a function
v ∈ L1(J,R), v(t) ∈ F (t, x(t)) for almost every t ∈ J such that x′′(t) = v(t) almost
everywhere in J and x satisfies the conditions (1.2)

2. Preliminaries

In what follows we will enumerate some notions and results regarding single
valued and multivalued functions. Although many of these are available in a more
general framework, we will mention them only in the form we need in the present
paper.

We say that a subset A of L1(J,R) is decomposable if for all u, v ∈ A and
all I ⊂ J measurable, the function uχI + vχJ−I ∈ A, where χI stands for the
characteristic function of I.

For X a Banach space, P(X) is the class of all subsets of X.
LetX1 andX2 be Banach spaces andG : X1 → P(X2) be a multivalued function.

G is said to be closed (resp. convex and compact) valued if G(x) is closed (resp.
convex and compact) subset of X2 for each x ∈ X1. We say that G is lower semi-
continuous (in brief l.s.c.) if for every open subset A of X2, the set {x ∈ X1 :
G(x) ∩ A 6= ∅} is open. We say that G is upper semi-continuous (in brief u.s.c.) if
for every closed subset A of X2, the set {x ∈ X1 : G(x) ∩ A 6= ∅} is closed. G is
called continuous when it is l.s.c and u.s.c.

A multivalued function G : X1 → P(X2) (resp. A function G : X1 → X2) is said
to be completely continuous if G(A) is compact for all bounded subsets A of X1.
If X1 = X2, we say that G has a fixed point if there is x ∈ X1 such that x ∈ G(x)
(resp. x = G(x)).
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A multivalued function G : J → P(R) with nonempty compact convex values is
said to be measurable if for every y ∈ R, the function t→ d(y,G(t)) = inf{|y− x| :
x ∈ G(t)} is measurable.

A multivalued function G : J × R → P(R) (resp. A function G : J × R → R) is
said to satisfy Carathéodory’s conditions if

(i) t 7→ G(t, x) is measurable for each x ∈ R,
(ii) x 7→ G(t, x) is continuous almost everywhere in J .

Moreover, G is called L1-Carathéodory, if, in addition,
(iii) for each real number r > 0, there exists a function hr ∈ L1(J,R) such that

‖G(t, x)‖ = sup{|v| : v ∈ G(t, x)} ≤ hr(t) (resp. |G(t, x)| ≤ hr(t)) a.e. t ∈ J

for all x ∈ R with |x| ≤ r.

For each x ∈ C(J,R), define the set of selections of a multivalued function
G : J × R → P(R) that belong to L1(J,R) by

S1
G(x) = {v ∈ L1(J,R) : v(t) ∈ G(t, x(t)) a.e. t ∈ J}.(2.1)

Then we have the following lemma [9] due to Lasota and Opial.

Lemma 2.1. Let G : J × R → P(R) be an L1-Carathéodory multivalued function
with nonempty compact convex values. Then S1

G(x) 6= ∅ for each x ∈ R.

The following hypotheses on the multivalued function F : J × R → P(R) and
the functions hi, i = 1, 2, in problem (1.1)-(1.2) will be used throughout this work:

(C1) F is Carathéodory.
(C2) Each function hi : R → R, i = 1, 2, is continuous.
(C3) There exists an L1-Carathéodory function ψ : J × R+ → R+ such that

(i) |F (t, x)| ≤ ψ(t, |x|), for almost all t ∈ J and all x ∈ R,
(ii) ψ(t, x) is nondecreasing in x for almost all t ∈ J ,
as well as a constant M∗ > 0 such that
(iii) M∗ > sup

|u|≤M∗
|h1(u)|+ sup

|u|≤M∗
|h2(u)|+ C0‖ψ(·,M∗)‖L1 , where

C0 :=
(1 + k1)(1 + k2)

1 + k1 + k2
.

Remark 2.2. From conditions (C1) and (C3)-(i) we deduce that the multivalued
function F is L1-Carathéodory.

3. Main results

3.1. Convex case. In this section, we are concerned with the existence of solutions
for the problem (1.1)-(1.2) when the right hand side has convex values. So, we
suppose that F : J × R → P(R) in (1.1) is a multivalued function with nonempty
compact convex values.

We need the following result in the sequel.

Lemma 3.1. [9] Let F : J×R → P(R) be an L1-Carathéodory multivalued function
with nonempty compact convex values, and K : L1(J,R) → C(J,R) be a linear
continuous function. Then the operator, with nonempty compact convex values,
K ◦ S1

F : C(J,R) → P(C(J,R)) has a closed graph in C(J,R)× C(J,R).
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Our main existence theorem in this section (i.e. Theorem 3.3) is obtained via
the following nonlinear alternative of Leray-Schauder type for multivalued func-
tions [11].

Theorem 3.2. Let X be a Banach space, U an open and bounded subset of X with
0 ∈ U and Γ : U → P(X) a multivalued function. Suppose that

(i) Γx is nonempty, convex and closed for each x ∈ U ,
(ii) Γ has closed graph,
(iii) Γ is completely continuous.

Then, either
(A1) Γ has a fixed point in U , or
(A2) there exists x ∈ ∂U (the boundary of U) and λ ∈ (0, 1) with x ∈ λΓx.

Now, we are able to state and prove our main theorem.

Theorem 3.3. Suppose that conditions (C1)-(C3) are satisfied. Then problem
(1.1)-(1.2) has a solution on J .

Proof. To establish our result, we will apply Theorem 3.2 to the operator
Γ : C(J,R) → P(C(J,R)) defined, for any x ∈ C(J,R), by Γx the set of functions
y ∈ C(J,R) such that

y(t) = P (t) +
∫ 1

0

G(t, s)v(s)ds, t ∈ J, v ∈ SF (x),

where the function P : J → R is defined, for any t ∈ J , by

P (t) =
1

1 + k1 + k2

[
(1− t+ k2)

∫ 1

0

h1(x(s))ds+ (k1 + t)
∫ 1

0

h2(x(s))ds
]

(3.1)

and G : J × J → R, the Green function associated with problem (1.1)-(1.2), is
given by

G(t, s) =
−1

1 + k1 + k2

{
(k1 + t)(1− s+ k2), 0 ≤ t < s ≤ 1,
(k1 + s)(1− t+ k2), 0 ≤ s < t ≤ 1.

(3.2)

Note that |G(t, s)| ≤ C0 on J × J , where C0 is given in condition (C3)-(iii).
It is clear that Γ is well defined. By standard argument one can check that fixed

points of Γ are solutions to problem (1.1)-(1.2). It remains to show that Γ satisfies
all the conditions of Theorem 3.2.

Claim 1: Γx is nonempty and convex for each x ∈ C(J,R). This is an immediate
consequence of the fact that SF (x) is nonempty (see Lemma 2.1) and F (x) is convex,
respectively.

Claim 2: Γ has closed graph. So, let (xn)n be a sequence in C(J,R) and
x ∈ C(J,R) such that xn → x. Let yn ∈ Γxn such that yn → y. We will show that
y ∈ Γx.

Define the operator K : L1(J,R) → C(J,R) by

(Kv)(t) =
∫ 1

0

G(t, s)v(s)ds, v ∈ L1(J,R), t ∈ J.

We can easily see that K is well defined, linear and continuous. Let n ∈ N and
vn ∈ SF (xn) such that

yn(t) = Pn(t) +
∫ 1

0

G(t, s)vn(s)ds, t ∈ J.



CONVEX AND NONCONVEX DIFFERENTIAL INCLUSIONS 95

We have yn − Pn ∈ K ◦ SF (xn) and yn − Pn → y − P . By Lemma 3.1, K ◦ SF has
a closed graph, so that y − P ∈ K ◦ SF (x), that is,

y(t) = P (t) +
∫ 1

0

G(t, s)v(s)ds

for some v ∈ SF (x), which proves that y ∈ Γx.
Claim 3: Γx is closed for each x ∈ C(J,R). This assertion follows from Claim 2

by setting xn ≡ x.
Claim 4: Γ is completely continuous on C(J,R). To show this, we first show

that Γ maps bounded sets into bounded sets. Let B be a bounded subset of C(J,R).
Then there exists a constant r > 0 such that ‖x‖ ≤ r for all x ∈ B. Let x ∈ B,
y ∈ Γx and v ∈ SF (x) such that, for t ∈ J ,

y(t) = P (t) +
∫ 1

0

G(t, s)v(s)ds.

Conditions (C2) and (C3) yield

|y(t)| ≤ |P (t)|+ C0

∫ 1

0

|F (s, x(s))|ds

≤ sup
|u|≤r

|h1(u)|+ sup
|u|≤r

|h2(u)|+ C0‖ψ(·, r)‖L1 := η,

which implies that y is uniformly bounded with a uniform bound η. This finish to
prove that ΓB is bounded.

Next we show that Γ maps bounded sets into equicontinuous sets. Let B be a
bounded subset of C(J,R) as above. Let x ∈ B, y ∈ Γx and t, τ ∈ J . Then

|y(t)− y(τ)| ≤ |P (t)− P (τ)|+
∫ 1

0

|G(t, s)−G(τ, s)||F (s, x(s))|ds

≤ |P (t)− P (τ)|+
∫ 1

0

|G(t, s)−G(τ, s)|ψ(s, q)ds

≤ |P (t)− P (τ)|+ ‖G(t, ·)−G(τ, ·)‖L1‖ψ(·, q)‖L1 .

In view of the continuity of P and G, and by use of the Lebesgue’s convergence
theorem, the right hand side tends to zero as τ → t. So ΓB is equicontinuous.

The results above, together with the Arzelá-Ascoli Theorem, allow us to conclude
that, for any bounded subset B of C(J,R), ΓB is relatively compact. Hence, Γ is
completely continuous.

Now take M∗ as in condition (C3)-(iii), set

U = {x ∈ C(J,R) : ‖x‖ < M∗}

and consider the operator Γ : U → P(C(J,R)). From Theorem 3.2 it follows that
either the operator inclusion x ∈ Γx has a solution (i.e. problem (1.1)-(1.2) has a
solution) or there exists x ∈ ∂U and λ ∈ (0, 1) such that x ∈ λΓx.

Claim 5: The second alternative above does not occur. Let x be a solution of
x ∈ λΓx with λ ∈ (0, 1) and suppose that ‖x‖ = M∗. Then, for t ∈ J and some
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v ∈ SF (x),

|x(t)| =
∣∣∣∣λ(

P (t) +
∫ 1

0

G(t, s)v(s)ds
)∣∣∣∣

≤
∫ 1

0

|h1(x(s))|ds+
∫ 1

0

|h2(x(s))|ds+ C0

∫ 1

0

ψ(s, |x(s)|)ds

≤ sup
|u|≤M∗

|h1(u)|+ sup
|u|≤M∗

|h2(u)|+ C0‖ψ(·,M∗)‖L1 .

Consequently

M∗ ≤ sup
|u|≤M∗

|h1(u)|+ sup
|u|≤M∗

|h2(u)|+ C0‖ψ(·,M∗)‖L1 ,

which contradicts condition (C3)-(iii). The conclusion of our theorem is straight-
forward from Theorem 3.2. �

Hereafter, we discuss a special case to illustrate how condition (C3)-(iii) can be
satisfied.

Let us suppose that, for each i = 1, 2, the function hi is continuous and there
exist αi, βi, xi ≥ 0, with α1 + α2 < 1, such that |hi(x)| ≤ αix + βi, for all x ≥ xi.
Also, suppose that there exist a nondecreasing continuous eventually α3-sublinear
function ψ : R+ → R+, with α3 <

1−(α1+α2)
C0‖p‖L1

, and a function p ∈ L1(J,R+) such

that ψ(t, x) = p(t)ψ(x), for all x ≥ 0.
Let ε > 0 be such that

α3 <
1− (α1 + α2)− ε

C0‖p‖L1

and set
q(x) = β1 + β2 + (α1 + α2 − 1)x+ C0‖p‖L1ψ(x), x ≥ 0.

As ψ is eventually α3-sublinear, there exists x3 > 0 such that, for all x ≥ x3,
ψ(x) ≤ α3x and then

q(x) ≤ β1 + β2 + (α1 + α2 − 1)x+ C0‖p‖L1α3x

≤ β1 + β2 + (α1 + α2 − 1)x+ C0‖p‖L1
1− (α1 + α2)− ε

C0‖p‖L1
x

= β1 + β2 − εx.

Thus, for x > max{x3,
β1+β2

ε }, we see that q(x) < 0, i.e.

q(x) = β1 + β2 + (α1 + α2 − 1)x+ C0‖p‖L1ψ(x) < 0

or

x > β1 + β2 + (α1 + α2)x+ C0‖p‖L1ψ(x).

This implies that

x > sup
|u|≤x

|h1(u)|+ sup
|u|≤x

|h2(u)|+ C0‖ψ(·, x)‖L1 ,

whenever

x > max
{
x1, x2, x3,

β1 + β2

ε

}
.

Therefore, if hi, i = 1, 2 and ψ are as above, we can always find a constant M∗ > 0
satisfying condition (C3)-(iii). Hence, we have the following corollary.
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Corollary 3.4. Assume that (C1) holds. In addition, assume that the following
conditions (C2’) and (C3’) are satisfied.

(C2’) Each function hi : R → R, i = 1, 2, is continuous and there exist constants
αi, βi, xi ≥ 0, with α1+α2 < 1, such that |hi(x)| ≤ αix+βi, for all x ≥ xi.

(C3’) There exist a continuous nondecreasing function ψ : R+ → R+ which is
eventually α3-sublinear, with α3 <

1−(α1+α2)
C0‖p‖L1

, and a function p ∈ L1(J,R+)
such that

|F (t, x)| ≤ p(t)ψ(|x|), for almost all t ∈ J and all x ∈ R.
Then problem (1.1)-(1.2) has a solution on J .

3.2. Nonconvex case. Suppose that the multivalued function F : J ×R → P(R)
in (1.1) has nonempty compact (nonconvex) values. We assign to F the multivalued
operator F : C(J,R) → P(L1(J,R)) defined by F(x) = S1

F (x), where S1
F (x) is given

by (2.1). We say that F is of lower semi-continuous type (in brief l.s.c. type) if the
operator F has property (BC), that is,

1) F is l.s.c.,
2) F has nonempty closed and decomposable values.

The following selection result [1] due to Bressan and Colombo and Lemma 3.6
below are of great importance in the proof of Theorem 3.8.

Lemma 3.5. Let F : C(J,R) → P(L1(J,R)) be a multivalued operator which has
property (BC). Then F has a continuous selection, that is, there exists a continuous
function (single valued) f0 : C(J,R) → L1(J,R) such that f0(x) ∈ F(x) for all
x ∈ C(J,R).

Lemma 3.6. [5] Let F : J × R → P(R) be a multivalued function with nonempty
compact values. Assume (C1) and (C3)-(i) hold. Then F is of l.s.c. type.

For the proof of Theorem 3.8, we rely on the well-known Leray-Schauder non-
linear alternative for single valued functions [4].

Theorem 3.7. Let X be a Banach space and U an open and bounded subset of X
with 0 ∈ U . Suppose that Γ : U → X is a continuous and completely continuous
operator. Then, either

(i) Γ has a fixed point in U , or
(ii) there exists a x ∈ ∂U (the boundary of U) and a λ ∈ (0, 1) with x = λΓx.

Now, our main result of this section reads as follows.

Theorem 3.8. Assume that conditions (C1), (C2) and (C3) hold. Then problem
(1.1)-(1.2) has a solution on J .

Proof. By Lemma 3.6 together with Lemma 3.5, the multivalued operator F defined
above has a continuous selection f0 : C(J,R) → L1(J,R) such that f0(x) ∈ F(x)
for all x ∈ C(J,R). By analogy with the single valued case, we denote f(·, x(·)) =
f0(x)(·), for any x ∈ C(J,R).

Consider then the problem

x′′(t) = f(t, x(t)), a.e. t ∈ J,(3.3)

x(0)− k1x
′(0) =

∫ 1

0

h1(x(s))ds, x(1) + k2x
′(1) =

∫ 1

0

h2(x(s))ds.(3.4)
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It is clear that if x ∈ AC1(J,R) is a solution of (3.3)-(3.4), then x is a solution to
the problem (1.1)-(1.2).

Integrating (3.3) on [0, t] for t ∈ J , problem (3.3)-(3.4) becomes equivalent to
the integral equation x(t) = (Γx)(t) where the operator Γ : C(J,R) → C(J,R) is
given by

(Γx)(t) = P (t) +
∫ 1

0

G(t, s)f(s, x(s))ds, x ∈ C(J,R), t ∈ J,

where the functions P and G are as in (3.1) and (3.2), respectively.
We will prove that Γ fulfills the hypotheses of Theorem 3.7.
We first show that Γ is continuous. To this end, let {xn} with xn → x in C(J,R).

After some standard calculations we obtain, for t ∈ J ,

|(Γxn)(t)− (Γx)(t)| ≤ ‖h1(xn(·))− h1(x(·))‖L1 + ‖h2(xn(·))− h2(x(·))‖L1

+C0‖f(·, xn(·))− f(·, x(·))‖L1 .
(3.5)

Let B = {u ∈ C(J,R) : ‖u‖ ≤ r} for some r > 0 such that ‖xn‖, ‖x‖ ≤ r, for all
n ∈ N. Since, by (C3)-(i),

|f(s, xn(s))− f(s, x(s))| ≤ 2ψ(s, r), a.e. on J,

then by the continuity of h1, h2 and f in its second variable and the Lebesgue’s
convergence theorem, from (3.5) we deduce that Γxn → Γx; which completes the
proof that Γ is continuous.

Now, as the proofs that Γ is completely continuous and that the second alter-
native in Theorem 3.7 is deactivate follow the same lines as in the proof that the
operator Γ in the proof of Theorem 3.3 possesses the same property and that the
second alternative in Theorem 3.2 does not occur, they are omitted.

The conclusion of our theorem follows immediately by Theorem 3.7. �
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A NOTE ON INEQUALITIES IN MULTIFUNCTIONAL
ANALYTIC SPACES

SONGXIAO LI AND ROMI SHAMOYAN

Abstract. A general method“weighted method” will be presented which al-

lows to extend various inequalities for one function case to inequalities for

multifunctional case in the unit disk, unit ball and polydisk.

1. Introduction

Let n ∈ N and Cn = {z = (z1, ..., zn) |zk ∈ C, 1 ≤ k ≤ n} be the n-dimensional
space of complex coordinates. Let Un be the unit polydisk of Cn, i.e. Un = {z ∈
Cn| |zk| < 1, 1 ≤ k ≤ n}, Tn the distinguished boundary of Un. We use m2n

to denote the volume measure on Un given by m2n(Un) = 1. We use m2n,α =∏n
i=1(1 − |zi|2)αm2n to denote the weighted measure on Un. dm1 is the standard

Lebesgue measure on T . Let H(Un) be the space of all bounded holomorphic
functions on Un. We write as usual (see [1,10]) z · w = (z1w1, . . . , znwn), z, w ∈
Cn; eiθ = (eiθ1 , . . . , eiθn), dθ = dθ1 · · · dθn. When we write 0 ≤ ~r < 1, where
~r = (r1, . . . , rn), this means that 0 ≤ ri < 1 (i = 1, . . . , n). The Hardy space
Hp(Un) (0 < p <∞) on Un can be defined in a standard way as following:

Hp(Un) = {f ∈ H(Un) :
1

(2π)n
sup

0≤~r<1

∫
[0,2π]n

|f(~r · eiθ)|pdθ <∞}.

For ~α > −1, 0 < p <∞, recall that the weighted Bergman space Ap
~α(Un) consists

of all holomorphic functions on the polydisk satisfying the condition

‖f‖p
Ap

~α

=
∫

Un

|f(z)|p
n∏

i=1

(1− |zi|2)αidm2n <∞.

Let Bn be the unit ball in Cn and dv be the normalized Lebesgue measure of Bn

(i.e. v(Bn) = 1). The boundary of Bn will be denoted by S and is called the unit
sphere in Cn. The surface measure on S will be denoted by dσ. We denote the
class of all holomorphic functions on the unit ball by H(Bn). Let z = (z1, . . . , zn)
and w = (w1, . . . , wn) be points in Cn, we write

〈z, w〉 = z1w̄1 + · · ·+ znw̄n, |z| =
√
|z1|2 + · · ·+ |zn|2.

The Hardy space Hp(Bn) (0 < p <∞) on Bn is defined by (see [16])

Hp(Bn) = {f ∈ H(Bn) : ‖f‖Hp(Bn) = sup
0≤r<1

Mp(f, r) <∞},
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102 SONGXIAO LI AND ROMI SHAMOYAN

where

Mp(f, r) =
(∫

S

|f(rζ)|pdσ(ζ)
)1/p

, r ∈ (0, 1).

For real parameter α > −1 we consider the weighted volume measure dvα(z) =
(1−|z|2)αdv(z). Suppose 0 < p <∞ and α > −1, recall that the weighted Bergman
space Ap

α on the unit ball consists of those functions f ∈ H(Bn) for which

‖f‖p
Ap

α
=

∫
Bn

|f(z)|pdvα(z) <∞.

For f ∈ C1(Bn), the invariant gradient ∇̃f is defined by (∇̃f)(z) = ∇(f ◦ϕz)(0),
where ∇f is the complex gradient of f , i.e.

∇f(z) =
(
∂f

∂z1
(z), . . . ,

∂f

∂zn
(z)

)
.

For f ∈ H(Bn) and z ∈ B, set

Qf (z) = sup
w∈Cn\{0}

|〈∇f(z), w̄〉|
(Hz(w,w))1/2

,

where Hz(w,w) is the Bergman metric on Bn, i.e.

Hz(w,w) =
n+ 1

2
(1− |z|2)|w|2 + |〈w, z〉|2

(1− |z|2)2
.

The Bloch space B, which was introduced by Timoney (see [14, 15]), is the space
of all f ∈ H(Bn) for which

‖f‖B = sup
z∈Bn

Qf (z) <∞.

It is well known that f ∈ B if and only if supz∈Bn
(1− |z|2) |∇f(z)| <∞.

For 1 < p <∞, recall that the Möbius invariant Besov space Bp consists of those
holomorphic functions f for which Qf is p-integrable function with respect to the
invariant measure dλ(z). Here dλ(z) = (1 − |z|2)−n−1dv(z) is a Möbius invariant
measure, that is for any ψ ∈ Aut(Bn) and f ∈ L1(Bn),∫

Bn

f(z)dλ(z) =
∫

Bn

f ◦ ψ(z)dλ(z).

From [2], we know that for n ≥ 2, the Besov space is nontrivial if and only if p > 2n.
The following inequality is a direct consequence of diagonal-mapping Theorem

(see [1,12]) and the subharmonicity of |f(z)|p,∫
U

|f(z, · · ·, z)|p(1− |z|2)α1+···+αn+2n−2dm2(z) ≤ C‖f‖p
Ap

~α

,(1)

where 0 < p <∞, ~α = (α1, · · ·, αn) > −1, j = 1, · · ·, n, f ∈ H(Un).
If we put f = f1 · · · fn in (1), then we get new inequality, i.e.∫

U

n∏
i=1

|fi(z)|p(1− |z|2)α1+···+αn+2n−2dm2(z)

≤ C

∫
Un

n∏
i=1

|fi(zi)|p
n∏

k=1

(1− |zk|2)αkdm2n(z).(2)

Running from one function to n different functions in this simple example we see,
the appearance of the certain weight. More concretely the additional weight (1 −
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|z|2)2n−2 appeared in our inequality with the addition of the amount of functions.
The main goal of this note is to try to understand the connection of this weight with
the structure of the Bergman space or other holomorphic function spaces, then try
to generalize this effect and to find other cases where the similar change will occur
during the very natural process of addition of the amount of functions in various
inequalities for one holomorphic function, i.e. to generalize (2) and get various
generalizations of the known theorem from one functional case to multifunctional
case, that is to get estimate for more general expression of the type |f1|q1 ···|fk|qk , 0 <
qj <∞, j = 1, · · ·, k.

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A � B means that there is a
positive constant C such that B/C ≤ A ≤ CB.

2. Main result

We propose a general method which we call “weight method”. The main tool is
the following vital theorem.

Theorem A. Let µ be a positive Borel measure on Y , Xi, Y be any quasi normed
spaces, β, qi ∈ (0,∞), i = 1, · · ·, k. If

sup
z∈Y

|fi|qi(1− |z|2)β ≤ C‖fi‖qi

Xi
, i = 1, 2, · · ·, k.(3)

and ∫
Y

|f1(z)|q1dµ(z) ≤ C‖f1‖q1
X1
,

then ∫
Y

k∏
i=1

|fi|qi(1− |z|2)βk−βdµ(z) ≤ C‖f1‖q1
X1
· · · ‖fk‖qk

Xk
.(4)

Proof. We use induction. For k = 1, we are lead to have the estimate∫
Y

|f1|q1dµ(z) ≤ C‖f1‖q1
X1
.

This is obvious. Assume that (4) is true for k, let us prove that (4) is also true for
k + 1. We have∫

Y

k+1∏
i=1

|fi(z)|qi(1− |z|2)βk−β(1− |z|2)βdµ(z)

≤
(

sup
z∈Y

|fk+1(z)|qk+1(1− |z|2)β
)( ∫

Y

k∏
i=1

|fi|qi(1− |z|2)βk−βdµ(z)
)

≤ C
(

sup
z∈Y

|fk+1(z)|qk+1(1− |z|2)β
) k∏

i=1

‖fi‖qi

Xi

≤ C
k+1∏
i=1

‖fi‖qi

Xi
.

Remark 1. Uniform estimates are known for functions from many holomorphic
spaces in the unit disk, polydisk, unit ball (see [1, 3, 10, 16] and references therein).
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Hence we can put instead of Xi various spaces including Bergman, Hardy, BMOA,
Qp, mixed norm spaces, Lipschitz and holomorphic Lizorkin Triebel classes (see
[7, 8, 9, 11, 13]). Using these uniform estimates(analogues of (3)) and the one
functional result we will get the multifunctional generalization of many concrete
one functional inequalities (for example from recent Zhu’s book [16]) by simple
induction as we did in Theorem A. On that way a certain weight of the type
(1− |z|2)t, with some fixed t, depending on the structure of the quasi norm of the
space, will appear. We will give below two simple concrete examples for Hardy and
weighted Bergman spaces in the unit disk, then turning our attention to the case
of the unit ball Bn.

For 0 < p <∞, α > −1, f ∈ Ap
α, z ∈ U , we have (see [3])

|f(z)| ≤
C‖f‖Ap

α

(1− |z|2)(2+α)/p
.

Let Y = U. From Theorem A, we obtain the following corollaries immediately.

Corollary 1. Assume that fi ∈ Aqi
α , qi ∈ (0,∞), α ∈ (−1,∞), i = 1, · · ·, k, i ∈ N.

Then the following inequality holds.∫
U

( k∏
i=1

|fi(z)|qi

)
(1− |z|2)2k−2(1− |z|2)kαdm2(z) ≤ C

k∏
i=1

‖fi‖qi

A
qi
α
.(5)

Corollary 2. Assume that fi ∈ Hpi , pi ∈ (0,∞), i = 1, · · ·, k, i ∈ N. Then the
following inequality holds.∫

U

k∏
i=1

|fk(z)|pi(1− |z|2)k−1dm1(z) ≤ C
k∏

i=1

‖fi‖pi

Hpi .(6)

Remark 2. As we noticed in Corollary 1 for Bergman spaces the transferring from
one function case to k function case needs the addition of (1− |z|2)2k−2, for Hardy
space as the Corollary 2 shows the weight is (1− |z|2)k−1.

3. Multifunctional inequalities in higher dimension

The same approach can be developed much further, clearly we can easily note
that the main part of our method is based on uniform estimates of function |f(z)|, f ∈
X ⊂ H(U) (or even in more general form X ⊂ H(Ω), where Ω is the unit ball or
the polydisk in Cn). The next aim is to show that Corollaries 1 and 2 are also true
for the unit ball and polydisk, uniform estimates that we used in the disk for Hardy
space Hp and Bergman space Ap

α should be transferred to unit ball. The following
inequalities are well known.

|f(z)| ≤
C‖f‖Ap

α

(1− |z|2)(n+1+α)/p
, 0 < p <∞, α > −1, f ∈ Ap

α, z ∈ Bn

and

|f(z)| ≤ C‖f‖Hp

(1− |z|)n/p
, 0 < p <∞, f ∈ Hp, z ∈ Bn.

A big amount of results in the unit ball from [16] can be extended from one
functional case to multifunctional case using addition of some weight and induction
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and some simple multifunction of ideas that we used above. For f ∈ H(Bn),
0 < p <∞, α > −1, we have (see, e.g. [16])∫

Bn

|f(z)|pdvα(z) ≤ C

∫
Bn

|∇̃f(z)|pdvα(z) = A1(f);

∫
Bn

|f(z)|pdvα(z) ≤ C

∫
Bn

|∇f(z)|p(1− |z|2)pdvα(z) = A2(f);

∫
Bn

|f(z)|pdvα(z) ≤ C

∫
Bn

|Rf(z)|p(1− |z|2)pdvα(z) = A3(f).

Here Rf denotes the radial derivative of f , that is, Rf(z) =
∑n

j=1 zj
∂f
∂zj

(z). Now
we have the following generalization.

Theorem 1. The following equalities hold.∫
Bn

|f1|p1 · · · |fk|pk(1− |z|2)k(n+1)−(n+1) × (1− |z|2)α1 · · · (1− |z|2)αkdv(z)

≤ C

k∏
i=1

Aj(fi), j = 1, 2, 3,(7)

where 0 < pi <∞, αi > −1, fi ∈ Api
αi
, i = 1, · · ·, n.

Sketch of Proof. All inequalities in theorem 1 can be proved similarly. We use
induction and the estimate

|f(z)| ≤
C‖f‖A

pi
αi

(1− |z|2)(n+1+αi)/pi
, 0 < pi <∞, αi > −1, fi ∈ Api

αi
, i = 1, · · ·, n

and proceed similarly as in the proof of Theorem A. Note that in the unit disk we
have weight 2k − 2 and in ball k(n+ 1)− (n+ 1).

The following inequality is contained in [16]. For every p ∈ (1,∞) there exists a
positive constant C such that∫

S

|f(τξ)|pdσ(ξ) ≤ C

∫
S

|f(ξ)|pdσ(ξ) ≤ C

∫
S

|Ref(ξ)|pdσ(ξ), τ ∈ (0, 1)(8)

for all f ∈ Hp(Bn) with f(0) = 0. Again based on induction and the one functional
result we have the following extension of (8).

Theorem 2. For every pi ∈ (1,∞), there exists a positive constant C such that( ∫
S

k∏
i=1

|fi(τξ)|pidσ(ξ)
)
(1− τ)n(k−1) ≤ C

k∏
i=1

∫
S

|Refi(ξ)|pidσ(ξ),(9)

for all fi ∈ Hpi with fi(0) = 0, i = 1, · · ·, k, where τ ∈ (0, 1).

Proof. Let k = 1. Then we have one functional result, i.e. (8). Suppose
the result is true for the case of k, let us prove the case of k + 1. Since for any
f ∈ Hpi , i = 1, · · ·, k + 1,

sup
z∈Bn

|f(z)|(1− |z|2)n/pi ≤ C‖f‖Hpi � C

∫
S

|f(ξ)|pdσ(ξ),
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we have( ∫
S

k+1∏
i=1

|fi(τξ)|pidσ(ξ)
)
(1− τ)nk

≤ C
(

sup
ξ∈S

|fk+1(τξ)|pk+1(1− |τξ|2)n
)
·
( ∫

S

k∏
i=1

|fi(τξ)|pidσ(ξ)
)
(1− τ)n(k−1)

≤ C
(

sup
z∈Bn

|fk+1(z)|pk+1(1− |z|2)n
)
·
( k∏

i=1

∫
S

|Refi|pidσ(ξ)
)

≤ C

∫
S

|fk+1(ξ)|pk+1dσ(ξ) ·
( k∏

i=1

∫
S

|Refi|pidσ(ξ)
)

≤ C
k+1∏
i=1

∫
S

|Refi|pidσ(ξ), τ ∈ (0, 1).

The following result is also contained in [16]. For every p ∈ [1,∞) and α > −1,
there exists a positive constant C such that∫

Bn

|f(z)|pdvα(z) ≤ C

∫
Bn

|Ref(z)|pdvα(z)(10)

for all f ∈ H(Bn) with f(0) = 0. Again based on induction and the one functional
result we have the following extension of (10).

Theorem 3. For every pi ∈ [1,∞), there exists a positive constant C such that∫
Bn

k∏
i=1

|fi(z)|pi(1− |z|2)
n+1+α

p (k−1)dv(z) ≤ C
k∏

i=1

∫
Bn

|Refi(z)|pidvα(z),(11)

for all fi ∈ H(Bn) with fi(0) = 0, i = 1, · · ·, k.

Let

β(z, w) =
1
2

log
1 + |ϕz(w)|
1− |ϕz(w)|

be the Bergman metric between two points z and w in Bn. The following results
can be found in [16].

Lemma 1. Let f ∈ H(Bn) and 1 ≤ p ≤ ∞. Then f ∈ Bp if and only if

|f(z)− f(w)| ≤ Cp(β(z, w))1/q,

where 1/p+ 1/q = 1.

Using Lemma 1 and ideas we used on Theorem A we can get various multifunc-
tional generalizations of theorems from [16]. We give several examples for Besov
spaces.

Theorem 4. Let

λn =
{

1 , n = 1
2n , n > 1 .

Let fi ∈ H(Bn), i = 1, . . . , k, k ∈ N, λn < p < ∞, 0 < q < ∞ such that
1
p + 1

q = 1. Then the following statements holds.
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(1) ∫
Bn

∫
Bn

∏k
i=1 |fi(z)− fi(w)|p(1− |z|2)p/2(1− |w|2)p/2(β(z, w))(pk−p)/q

|w − Pw(z)− (1− |w|2)1/2Qw(z)|p
dλ(z)dλ(w)

≤ C
k∏

i=1

‖fi‖p
Bp
,

where Pw is the orthogonal projection into the space spanned by w and Qw = I−Pw.

(2) ∫
Bn

∫
Bn

∏k
i=1 |fi(z)− fi(w)|p(1− |z|2)p/2(1− |w|2)p/2(β(z, w))(pk−p)/q

|w − z|p
dλ(z)dλ(w)

≤ C
k∏

i=1

‖fi‖p
Bp
.

(3) ∫
Bn

∫
Bn

∏k
i=1 |fi(z)− fi(w)|p(1− |z|)α(1− |w|)α(β(z, w))(pk−p)/q

|1− 〈z, w〉|2(n+1+α)
dv(z)dv(w)

≤ C

k∏
i=1

‖fi‖p
Bp
,

where α > −1.

(4) Let wr(f)(z) = sup{|f(z) − f(w)| : w ∈ D(z, r)}, where D(z, r) = {w ∈ Bn :
β(w, z) < r}. If r > 0, then

wr(f1 · · · fk)(z) = sup
w∈D(z,r)

|f1(z)− f1(w)| · · · |fk(z)− fk(w)| × (β(z, w))(k−1)/q

≤ C

k∏
i=1

‖fi‖Bp .

Remark 3. When k = 1, the results in (1), (3) and (4) were proved in [6] (or see
[16]) and the result in (2) was proved in [5].

It should be noted that many so called multifunctional inequalities can be de-
livered in a prepared form from various inequalities from polydisk function theory
(see, e.g. [1]). The simple idea is to cut one analytic function in the polydisk to n
pieces, f(z1, · · ·, zn) = f1(z1) · · · fn(zn). But in this case the amount of functions
will always be equal to the dimension and all qi in |f1|q1 · · · |fn|qn will be equal to
each other. We will give two examples.

Proposition 1. (Extension of Riesz inequality) Let 2 ≤ p ≤ q < ∞, k = (k1, · ·
·, kn), kj ∈ N, j = 1, · · ·, n. Then∫ 1

0

· · ·
∫ 1

0

n∏
i=1

(1− |zi|)kiq+qp−1

∣∣∣∣∂k1f1(z1)
∂zk1

1

∣∣∣∣q · · · ∣∣∣∣∂knfn(zn)
∂zkn

n

∣∣∣∣qd|z1| · · · d|zn|

≤
n∏

i=1

∫
T

|fi(ξ)|pdm1(ξ).
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The proof of Proposition 1 is a direct consequence of a polydisk version of M.
Riesz inequality (see [1]).

Theorem 5. Let µ be a Borel measure in Un, k = (k1, k2, · · ·, kn) ∈ Zn
+, kj 6= 0,

1 ≤ j ≤ n, 4l(w) = {z ∈ Un : 1 − lj < |zj | < 1; |argwj − argzj | < lj/2},
l = (l1, · · ·, ln), 0 < lj < 1, j = 1, · · ·, n, w ∈ Tn. Then the following two assertions
are equivalent

1)∫
Un

∣∣ ∂k1

∂zk1
1

f1(z1)
∣∣p · · · ∣∣ ∂kn

∂zkn
n

fn(zn)
∣∣pdµ(z) ≤ C

n∏
k=1

∫
T

|fk(ξ)|pdm1(ξ),

if fk ∈ Hp(U), 2 ≤ p <∞, k = 1, · · ·, n.
2) µ(4l(w)) ≤ Clk1p+1

1 · · · lknp+1
n , 2 ≤ p <∞, kj ∈ Z+, j = 1, · · ·, n.

Proof. The implication 1 ) ⇒ 2 ) is a direct consequence of using test function

fj(zj) =
( 1− τ2

j

1− τjzj

)1/p

, 0 < |τj | < 1, zj ∈ U, 1 ≤ j ≤ n.

The reverse was proved in a book of Djrbashian and Shamoian (see [1]) even for
all f ∈ Hp(Un)(we need only those f ∈ Hp(Un) such that f = f1 · · · fn, where
fk ∈ Hp(U), k = 1, · · ·, n.).

Remark 4. It should be point out that there are concrete cases when the addition
of the amount of functions does not change the structure of the equalities and
inequalities, so we just add functions without any additional weight. For example,
since∫

Bn

|∇̃f(z)|pdvα(z) ≤ C

∫
Bn

|f(z)|pdvα(z), 0 < p <∞, α > −1, f ∈ H(Bn),

we get∫
Bn

|∇̃(f1(z) · · · fn(z))|pdvα(z) ≤ C

∫
Bn

n∏
i=1

|fi(z)|pdvα(z), 0 < p <∞, α > −1.

Hence the addition of the amount of functions does not mean that the addition
weight will always appear.

Remark 5. Apparently(since these all ideals and proofs are not complicated) the
similar “weight effects” will also appear in inequalities for several functions for
Hardy, Bergman classes in various domains G in Cn, the classical weight (1−|z|2)t

must be replaced in this case by dist(z, ∂G), the distance from a point in G to the
boundary of the domain, see [4].
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NUMERICAL BLOW-UP AND ASYMPTOTIC BEHAVIOR FOR
A SEMILINEAR PARABOLIC EQUATION WITH A NONLINEAR

BOUNDARY CONDITION

DIABATE NABONGO AND THÉODORE K. BONI

Abstract. This paper concerns the study of the numerical approximation for

the following initial-boundary value problem:

(P )

8<
:

ut(x, t) = uxx(x, t) + aup(x, t), 0 < x < 1, t > 0,

ux(0, t) = 0, ux(1, t) + buq(1, t) = 0, t > 0,

u(x, 0) = u0(x) > 0, 0 ≤ x ≤ 1,

where a > 0, b > 0 and p > q > 1. We show that under some conditions,

the solution of a semidiscrete form of (P ) either decays uniformly to zero or

blows up in a finite time. When the blow-up occurs, we estimate the semidis-
crete blow-up time and prove that under some assumptions, the semidiscrete

blow-up time converges to the real one when the mesh size goes to zero. When

the semidiscrete solution goes to zero as t goes to infinity, we give its asymp-
totic behavior. Finally, we give some numerical experiments to illustrate our

analysis.

1. Introduction

Consider the following initial-boundary value problem:

ut(x, t) = uxx(x, t) + aup(x, t), 0 < x < 1, t > 0,(1)

ux(0, t) = 0, ux(1, t) + buq(1, t) = 0, t > 0,(2)

u(x, 0) = u0(x) > 0, 0 ≤ x ≤ 1,(3)

where a > 0, b > 0, p > q > 1, u0 ∈ C2([0, 1]),

u
′′

0 (x) + aup
0(x) > 0 in [0, 1],(4)

u
′

0(0) = 0, u
′

0(1) + buq
0(1) = 0.(5)

The particularity of this kind of problem is that the solution u of (1)–(3) may
develop singularities in a finite time. In other words, under some assumptions, there
exists a finite time T such that ‖u(·, t)‖∞ < +∞ for t ∈ (0, T ) but limt→T ‖u(·, t)‖∞ =
+∞ where ‖u(·, t)‖∞ = supx∈[0,1] |u(x, t)|. In this case, we say that the solution u
blows up in a finite time and the time T is called the blow-up time of the solution u.
When T is infinite, we say that the solution u exists globally. The theoretical study
of blow-up and asymptotic behavior of solutions for semilinear parabolic equations
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Key words and phrases. semidiscretizations, semilinear parabolic equation, asymptotic behav-

ior, convergence.
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with nonlinear boundary conditions has been the subject of investigation of many
authors (see [2]–[5], [7], [13], [14] and the references cited therein).
The fact that p > 1, q > 1 and the condition (5) ensure the local in time existence
and the uniqueness of the solution of (1)–(3) which is regular (see for instance [2],
[3], [7], [9], [13]).
Since a > 0, b > 0, p > q > 1, under the condition given in (4), it is also proved
that the solution u of (1)–(3) blows up in a finite time and we have an upper bound
of the blow-up time (see [2], [3], [7]).
Finally, it is shown that the solution u of (1)–(3) exists globally and decays uni-
formly to zero for small initial data (see [2], [4], [7]).

In this paper, we are interesting in the numerical study of (1)–(3). Let I be
a positive integer and define the grid xi = ih, 0 ≤ i ≤ I, where h = 1/I.
We approximate the solution u of the problem (1)–(3) by the solution Uh(t) =
(U0(t), U1(t), . . . , UI(t))T of the following semidiscrete equations

d

dt
Ui(t) = δ2Ui(t) + a(Ui(t))p, 0 ≤ i ≤ I − 1, t > 0,(6)

d

dt
UI(t) = δ2UI(t) + a(UI(t))p − 2b

h
(UI(t))q, t > 0,(7)

Ui(0) = ϕi > 0, 0 ≤ i ≤ I,(8)

where

δ2Ui(t) =
Ui+1(t)− 2Ui(t) + Ui−1(t)

h2
, 1 ≤ i ≤ I − 1,

δ2U0(t) =
2U1(t)− 2U0(t)

h2
, δ2UI(t) =

2UI−1(t)− 2UI(t)
h2

.

For the initial data ϕh = (ϕ0, ..., ϕI)T , one may take ϕi = u0(xi), 0 ≤ i ≤ I but
this is not necessary. In fact, we shall see later that if ϕh is close to u0(x), then
the semidiscrete solution Uh(t) approaches the continuous one (see Theorem 3.2
below).

We need the following definition.

Definition 1.1. We say that the solution Uh of (6)–(8) blows up in a finite time
if there exists a finite time Th such that

‖Uh(t)‖∞ < +∞ for t ∈ [0, Th) but limt→Th
‖Uh(t)‖∞ = +∞,

where ‖Uh(t)‖∞ = max0≤i≤I |Ui(t)|. The time Th is called the semidiscrete blow-up
time of the solution Uh(t).

In this paper, under some assumptions on the initial data, we show that the
solution Uh(t) of (6)–(8) either blows up in a finite time or exists globally and
decays uniformly to zero. In the case where the blow-up occurs, we show that the
semidiscrete blow-up time converges to the real one when the mesh size goes to
zero. When the solution decays uniformly to zero, we give its asymptotic behavior.

Our work was motived by the papers in [1], [6] and [11]. In [1] and [11], the
authors have studied numerical blow-up for semilinear parabolic equations with
Dirichlet boundary conditions. In this paper, the results obtained in the case of
blow-up solutions generalize those found in [1] and [11] but this is not a simple
generalization because of the nonlinearity of boundary conditions. Let us illustrate
this fact. In the case where the semidiscrete solution blows up in a finite time, for
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the convergence of the semidiscrete blow-up time, our proof is based on an idea of
Friedman and McLeod in [8] and on the construction of an upper solution. In [1],
an upper solution has been also used to prove the convergence of the semidiscrete
blow-up time but in the present paper, because of the nonlinearity of boundary
conditions, the upper solution constructed is not usual. Indeed, we construct a
continuous upper solution and show after a semidiscretization that the discrete
version of the above solution is a good candidate as an upper solution for the
semidiscrete problem. Let us also notice that in [11], the author has proved the
convergence of the discrete blow-up time for a solution which blows up in Lp norm
with 1 ≤ p < +∞. This condition is restrictive because in general, one deals
with solutions which blow up in L∞ norm. In [6], the phenomenon of extinction is
investigated using some semidiscrete and discrete schemes (we say that a solution
extincts in a finite time if it reaches the value zero in a finite time).

The rest of the paper is written in the following manner. In the next section, we
prove some lemmas about the discrete maximum principle. In the third section, we
show that under some assumptions, the solution Uh(t) of (6)–(8) blows up in a finite
time and estimate its semidiscrete blow-up time. We also prove that the blow-up
time of the semidiscrete problem converges to the one of the continuous problem
when the mesh size goes to zero. In the fourth section, we show that the solution
of the semidiscrete problem goes to zero for small initial data and determine its
asymptotic behavior. Finally in the last section, we construct two schemes and
give some numerical results.

2. Properties of the semidiscrete scheme

In this section, we give some lemmas which will be used later.
The following lemma is a semidiscrete form of the maximum principle.

Lemma 2.1. Let ah(t) ∈ C0([0, T ),RI+1) and let Vh(t) ∈ C1([0, T ),RI+1) such
that

d

dt
Vi(t)− δ2Vi(t) + ai(t)Vi(t) ≥ 0, 0 ≤ i ≤ I, t ∈ (0, T ),(9)

Vi(0) ≥ 0, 0 ≤ i ≤ I.(10)

Then we have Vi(t) ≥ 0 for 0 ≤ i ≤ I, t ∈ (0, T ).

Proof. Let T0 < T and introduce the vector Zh(t) = eλtVh(t) where λ is such that
ai(t) − λ > 0, 0 ≤ i ≤ I, t ∈ [0, T0]. Let m = min0≤i≤I,0≤t≤T0 Zi(t). Since for
i ∈ {0, ..., I}, Zi(t) is a continuous function, there exists t0 ∈ [0, T0] such that
m = Zi0(t0) for a certain i0 ∈ {0, ..., I}. It is not hard to see that

dZi0(t0)
dt

= lim
k→0

Zi0(t0)− Zi0(t0 − k)
k

≤ 0,(11)

δ2Zi0(t0) =
2Z1(t0)− 2Z0(t0)

h2
≥ 0 if i0 = 0,(12)

δ2Zi0(t0) =
Zi0+1(t0)− 2Zi0(t0) + Zi0−1(t0)

h2
≥ 0 if 1 ≤ i0 ≤ I − 1,(13)

δ2Zi0(t0) =
2ZI−1(t0)− 2ZI(t0)

h2
≥ 0 if i0 = I.(14)
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Using (9), a straightforward computation reveals that

dZi0(t0)
dt

− δ2Zi0(t0) + (ai0(t0)− λ)Zi0(t0) ≥ 0.(15)

According to (11)–(15), we arrive at (ai0(t) − λ)Zi0(t0) ≥ 0, which implies that
m = Zi0(t0) ≥ 0. Therefore, Vh(t) ≥ 0 for t ∈ [0, T0] and we have the desired
result. �

Another version of the maximum principle for semidiscrete equations is the fol-
lowing comparison lemma.

Lemma 2.2. Let Vh(t), Uh(t) ∈ C1([0,∞),RI+1) and f ∈ C0(R×R,R) such that
for t ∈ (0,∞)

dVi(t)
dt

− δ2Vi(t) + f(Vi(t), t) <
dUi(t)
dt

− δ2Ui(t) + f(Ui(t), t), 0 ≤ i ≤ I,(16)

Vi(0) < Ui(0), 0 ≤ i ≤ I.(17)

Then we have Vi(t) < Ui(t), 0 ≤ i ≤ I, t ∈ (0,∞).

Proof. Define the vector Zh(t) = Uh(t)− Vh(t). Let t0 be the first t > 0 such that
Zh(t) > 0 for t ∈ [0, t0) but Zi0(t0) = 0 for a certain i0 ∈ {0, ..., I}. We observe
that

dZi0(t0)
dt

= lim
k→0

Zi0(t0)− Zi0(t0 − k)
k

≤ 0,

δ2Zi0(t0) =
Zi0+1(t0)− 2Zi0(t0) + Zi0−1(t0)

h2
≥ 0 if 1 ≤ i0 ≤ I − 1,

δ2Zi0(t0) =
2Z1(t0)− 2Z0(t0)

h2
≥ 0 if i0 = 0,

δ2Zi0(t0) =
2ZI−1(t0)− 2ZI(t0)

h2
≥ 0 if i0 = I,

which implies that dZi0 (t0)

dt − δ2Zi0(t0)+ f(Ui0(t0), t0)− f(Vi0(t0), t0) ≤ 0. But this
inequality contradicts (16) and the proof is complete.

�

3. Blow-up solutions

In this section, under some assumptions, we show that the solution Uh of (6)–(8)
blows up in a finite time and estimate its semidiscrete blow-up time. In addition,
we prove that the semidiscrete blow-up time converges to the real one when the
mesh size goes to zero.
We need the following result.

Lemma 3.1. Let Uh ∈ RI+1 such that Uh ≥ 0. Then we have

δ2Uq
i ≥ qUq−1

i δ2Ui, 0 ≤ i ≤ I.

Proof. Apply Taylor’s expansion to obtain

δ2Uq
0 = qUq−1

0 δ2U0 + (U1 − U0)2
q(q + 1)
h2

θq−2
0 ,

δ2Uq
i = qUq−1

i δ2Ui + (Ui+1 − Ui)2
q(q + 1)

2h2
θq−2

i + (Ui−1 − Ui)2
q(q + 1)

2h2
ηq−2

i

if 1 ≤ i ≤ I − 1,
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δ2Uq
I = qUq−1

I δ2UI + (UI−1 − UI)2
q(q + 1)
h2

ηq−2
I ,

where θi is an intermediate value between Ui and Ui+1 and ηi the one between Ui−1

and Ui. Use the fact that Uh ≥ 0 to complete the proof.
�

Now let us state a result on blow-up.

Theorem 3.1. Let Uh be the solution of (6)–(8). Suppose that there exists a
positive constant A such that

δ2ϕi + aϕp
i ≥ Aϕq

i , 0 ≤ i ≤ I.(18)

Then the solution Uh of (6)–(8) blows up in a finite time Th
b with the following

estimation

Th
b ≤ 1

A

‖ϕh‖1−q
∞

(q − 1)
.(19)

Proof. Let (0, Th
b ) be the maximal time interval on which ‖Uh(t)‖∞ < +∞. Our

aim is to show that Th
b is finite and satisfies the above inequality. Introduce the

vector Jh(t) defined as follows

Ji =
d

dt
Ui −AUq

i , 0 ≤ i ≤ I.(20)

A direct calculation yields
d

dt
Ji − δ2Ji =

d

dt
(
d

dt
Ui − δ2Ui)−AqUq−1

i

d

dt
Ui +Aδ2Uq

i .

From Lemma 3.1 δ2Uq
i ≥ qUq−1

i δ2Ui which implies that

d

dt
Ji − δ2Ji ≥

d

dt
(
d

dt
Ui − δ2Ui)−AqUq−1

i (
d

dt
Ui − δ2Ui), 0 ≤ i ≤ I.

It follows from (6)–(7) that
d

dt
Ji − δ2Ji ≥ apUp−1

i Ji, 0 ≤ i ≤ I − 1,

d

dt
JI − δ2JI ≥ (−2qb

Uq−1
I

h
+ apUp−1

I )JI .

The relation (18), implies that Jh(0) ≥ 0. It follows from Lemma 2.1 that Jh(t) is
nonnegative, which implies d

dtUi ≥ AUq
i , 0 ≤ i ≤ I. We observe that

dUi

Uq
i

≥ Adt, 0 ≤ i ≤ I.(21)

Integrating these inequalities over (t, Th
b ), we arrive at

Th
b − t ≤ 1

A

(Ui(t))1−q

(q − 1)
, 0 ≤ i ≤ I.(22)

Let i0 such that ‖Uh(t)‖∞ = Ui0(t). If we replace i by i0 and the time t by 0 in the
above inequalities, we get the following estimation Th

b ≤ 1
A
‖Uh(0)‖1−q

∞
(q−1) . This implies

that the solution Uh(t) blows up in a finite time because the quantity on the right
hand side of the above inequality is finite. Use the fact that ‖Uh(0)‖∞ = ‖ϕh‖∞
to complete the rest of the proof. �
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Remark 3.1. The inequalities (22) imply that

Th
b − t0 ≤

1
A

‖Uh(t0)‖1−q
∞

(q − 1)
if 0 < t0 < Th

b .

Remark 3.2. Let us notice that the condition (18) is the discrete version of the
one given in (4) for the continuous solution.

In the following theorem, we show that for each fixed time interval [0, T ] where
u is defined, the solution Uh(t) of (6)–(8) approximates u when the mesh parameter
h goes to zero.

Theorem 3.2. Assume that (1)-(3) has a solution u ∈ C4,1([0, 1]× [0, T ]) and the
initial condition at (8) satisfies

‖ϕh − uh(0)‖∞ = o(1) as h→ 0,(23)

where uh(t) = (u(x0, t), ..., u(xI , t))T . Then, for h sufficiently small, the problem
(6)–(8) has a unique solution Uh ∈ C1([0, T ],RI+1) such that

max
0≤t≤T

‖Uh(t)− uh(t)‖∞ = O(‖ϕh − uh(0)‖∞ + h2) as h→ 0.(24)

Proof. The problem (6)–(8) has for each h, a unique solution Uh ∈ C1([0, Th
q ),RI+1).

Let t(h) the greatest value of t > 0 such that

‖Uh(t)− uh(t)‖∞ < 1 for t ∈ (0, t(h)).(25)

The relation (23) implies that t(h) > 0 for h sufficiently small. Let t∗(h) =
min{t(h), T}. By the triangle inequality, we obtain

‖Uh(t)‖∞ ≤ ‖u(·, t)‖∞ + ‖Uh(t)− uh(t)‖∞ for t ∈ (0, t∗(h)),

which implies that Uh(t) is bounded on the interval (0, t∗(h)). Let eh(t) = Uh(t)−
uh(x, t) be the error of discretization. Using Taylor’s expansion, we have for t ∈
(0, t∗(h)),

d

dt
ei(t)− δ2ei(t) =

h2

12
uxxxx(x̃i, t) + apξp−1

i ei(t),

d

dt
eI(t)− δ2eI(t) =

2
h
qθq−1

I eI +
2h2

3
uxxx(x̃I , t) +

h2

12
uxxxx(x̃I , t)− apξp−1

I eI(t),

where θI is an intermediate value between UI(t) and u(xI , t) and ξi the one between
Ui(t) and u(xi, t). Since Ui(t) is bounded and u ∈ C4,1, there exist two positive
constants K and L such that

d

dt
ei(t)− δ2ei(t) ≤ L|ei(t)|+Kh2, 0 ≤ i ≤ I − 1,(26)

deI(t)
dt

− δ2eI(t) ≤
L|eI(t)|

h
+ L|eI(t)|+Kh2.(27)

Consider the function z(x, t) = e((M+1)t+Cx2)(‖ϕh − uh(0)‖∞ +Qh2) where M , C,
Q are constants which will be determined later. A direct calculation yields

zt(x, t)− zxx(x, t) = (M + 1− 2C − 4C2x2)z(x, t),

zx(0, t) = 0, zx(1, t) = 2Cz(1, t),

z(x, 0) = eCx2
(‖ϕh − uh(0)‖∞ +Qh2).
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By a semidiscretization of the above problem, we may choose M , C, Q large enough
that

d

dt
z(xi, t)− δ2z(xi, t) > L|z(xi, t)|+Kh2, 0 ≤ i ≤ I − 1,(28)

d

dt
z(xI , t)− δ2z(xI , t) >

L

h
|z(xI , t)|+ L|z(xI , t)|+Kh2,(29)

z(xi, 0) > ei(0), 0 ≤ i ≤ I.(30)

It follows from Lemma 2.2 that z(xi, t) > ei(t) for t ∈ (0, t∗(h)), 0 ≤ i ≤ I. By the
same way, we also prove that z(xi, t) > −ei(t) for t ∈ (0, t∗(h)), 0 ≤ i ≤ I, which
implies that

‖Uh(t)− uh(t)‖∞ ≤ e(Mt+C)(‖ϕh − uh(0)‖∞ +Qh2), t ∈ (0, t∗(h)).

Let us show that t∗(h) = T . Suppose that T > t(h). From (25), we obtain

1 = ‖Uh(t(h))− uh(t(h))‖∞ ≤ e(MT+C)(‖ϕh − uh(0)‖∞ +Qh2).(31)

Since the term in the right hand side of the above inequality goes to zero as h goes
to zero, we deduce that 1 ≤ 0, which is impossible. Consequently t∗(h) = T , and
we obtain the desired result. �

Remark 3.3. Let us notice that if for the semidiscrete scheme in (6)–(8) we take
as initial data ϕi = u0(xi), 0 ≤ i ≤ I, then we easily see that

uh(0) = (u(x0, 0), ..., u(xI , 0))T = (u0(x0), ..., u0(xI))T = ϕh.

In this case ‖ϕh−uh(0)‖∞ = 0 and the condition (23) is valid. We also observe that
if we take ϕi = u0(xi) + ih2, 0 ≤ i ≤ I then the condition (23) remains valid. The
advantage to choose this kind of initial data is that if for instance the initial data
u0 of the continuous problem is nondecreasing, taking ϕi = u0(xi)+ ih2, 0 ≤ i ≤ I,
we remark that ϕi+1 > ϕi, 0 ≤ i ≤ I − 1. This is sometimes very important when
we want to treat certain problems.

Now, we are in a position to prove the main result of this section

Theorem 3.3. Suppose that the problem (1)–(3) has a solution u which blows up
in a finite time Tb such that u ∈ C4,1([0, 1]× [0, Tb)) and the initial condition at (8)
satisfies

‖ϕh − uh(0)‖∞ = o(1) as h→ 0.

Assume that there exists a constant A > 0 such that

δ2ϕi + aϕp
i ≥ Aϕq

i , 0 ≤ i ≤ I.

Then the problem (6)–(8) has a solution Uh which blows up in a finite time Th
b and

lim
h→0

Th
b = Tb.

Proof. Letting ε > 0, there exists a positive constant N such that

1
A

x1−q

(q − 1)
≤ ε

2
<∞ for x ∈ (N,+∞).(32)

Since u blows up at the time Tb, there exists T1 such that |T1 − Tb| ≤ ε
2 and

‖u(·, t)‖∞ ≥ 2N for t ∈ [T1, Tb]. Let T2 = T1+Tb

2 , then supt∈[0,T2] |u(·, t)| <
∞. It follows from Theorem 3.2 that the problem (6)–(8) has a solution Uh(t)
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and supt∈[0,T2] |Uh(t) − uh(t)|∞ ≤ N . Applying the triangle inequality, we get
‖Uh(t)‖∞ ≥ ‖uh(t)‖∞ − ‖Uh(t) − uh(t)‖∞, which leads to ‖Uh(t)‖∞ ≥ N for
t ∈ [0, T2]. From Theorem 3.1, Uh(t) blows up at the time Th

b . We deduce from
Remark 3.1 and (32) that

|Th
b − Tb| ≤ |Th

b − T2|+ |T2 − Tb| ≤
ε

2
+

1
A

‖Uh(T2)‖1−q
∞

(q − 1)
≤ ε,

and the proof is complete. �

4. Asymptotic behavior

In this section, we show that for small initial data, the solution Uh of (6)–(8)
goes to zero as t→ +∞ and give its asymptotic behavior.

Theorem 4.1. Let Uh(t) be the solution of (6)–(8). There exists a constant C > 0
such that if the initial condition defined in (8) satisfies ‖ϕh‖∞ ≤ C then Uh(t) goes
to zero as t→ +∞. Moreover, the following relation holds

lim
t→∞

t
1

q−1 ‖Uh(t)‖∞ = C0,

where C0 = ( 1
b(q−1) )

1
q−1 .

The proof of the above theorem is based on the lemmas below. Introduce the
function

µ(x) = −λ(C0 + ε) + b(C0 + ε)q,

where λ = 1
q−1 . This function is crucial for the proof of the above theorem.

Let us state our first lemma which gives us an upper bound of the semidiscrete
solution.

Lemma 4.1. Let Uh be the solution of (6)-(8). There exists a positive constant C
such that if the initial condition defined in (8) satisfies ‖ϕh‖∞ ≤ C, then Uh goes
to zero when t tends to infinity. In addition for any ε > 0, there exist two positive
times T and τ such that

Ui(t+ τ) ≤ (C0 + ε)(t+ T )−λ + ϕi(t+ T )−λ−1, 0 ≤ i ≤ I,

where ϕi = − b
2 (C0 + ε)qi2h2.

Proof. Since µ(0) = 0 and µ′(0) = 1, let η > 0 such that µ(η) > 0. Define the
vector Wh such that

Wi(t) = (C0 + η)t−λ + ϕit
−λ−1, 0 ≤ i ≤ I.

Our idea is to show that the vector Wh is an upper solution of (6)-(8). A direct
calculation reveals that

dWi

dt
− δ2Wi + aW p

i = −λ(C0 + η)t−λ−1 − (λ+ 1)t−λ−2ϕi

+ at−λp((C0 + η) + t−λ−1)p − t−λ−1δ2ϕi, 0 ≤ i ≤ I − 1,
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dWI

dt
− δ2WI + aWP

I − 2b
h
W q

I = −λ(C0 + η)t−λ−1 − (λ+ 1)t−λ−2ϕI

+ at−λp((C0 + η) + ϕIt
−1)p +

+ t−λ−1δ2ϕI

− 2b
h
t−λ−1(C0 + η + ϕIt

−1)q,

because λq = λ+ 1. By the mean value theorem, we get
(C0 + η + ϕIt

−1)q = (C0 + η)q + χIt
−1 where χI(t) is a bounded function. We

deduce that
dWi

dt
− δ2Wi + aW p

i = t−λ−1(µ(η)− (λ+ 1)t−1ϕi

+ at−λp+λ+1(C0 + η + t−1ϕi)p),

dWI

dt
− δ2WI + aW p

I −
2b
h
W q

I = t−λ−1(−λµ(η)− (λ+ 1)t−1ϕI

+ at−λp+λ+1(C0 + η + t−1ϕI)p +
2b
h
χIt

−1),

we observe that −λp+ λ+ 1 = q−p
q−1 < 0. Since µ(η) > 0, there exists a time T > 0

such that
dWi

dt
− δ2Wi + aW p

i > 0, 0 ≤ i ≤ I − 1, t ≥ T,

dWI

dt
− δ2WI + aW p

I −
2b
h
W q

I > 0, t ≥ T,

Wi(T ) >
T−λC0

2
.

Suppose that Ui(0) < T−1C0
2 < Wi(T ). Let us introduce the vector Zh(t) such that

Zh(t) = Uh(t− T ). It is not hard to see that

dZi

dt
− δ2Zi + aZp

i = 0, 0 ≤ i ≤ I − 1, t ≥ T,

dZI

dt
− δ2ZI + aZp

I −
2b
h
Zq

I = 0, t ≥ T,

Zi(T ) = Ui(0) < Wi(T ), 0 ≤ i ≤ I.

We deduce from Comparison Lemma 2.2 that Uh(t− T )) ≤Wh(t) for t ≥ T . Since
Wh(t) decays to zero when t tends to infinity, we deduce that Uh(t) goes to zero
when t approaches infinity. Now introduce the vector Vh(t) defined as follows

Vi(t) = (C0 + ε)t−λ + ϕit
−λ−1, 0 ≤ i ≤ I.

By an analogous argument as in the proof of the first part of the lemma, we obtain
dVi

dt
− δ2Vi + aV p

i = t−λ−1(µ(ε)− (λ+ 1)t−1ϕi

+ at−λp+λ+1(C0 + ε+ t−1ϕi)p), 0 ≤ i ≤ I − 1,
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dVI

dt
− δ2VI + aV p

I − 2b
h
V q

I = t−λ−1(−λµ(ε)− (λ+ 1)ϕI

+ at−λp+λ+1(C0 + ε+ t−1ϕi)p +
2b
h
χit

−1).

Since µ(ε) > 0 and −pλ+ λ+ 1 < 0, there exists a positive time T such that
dVi

dt
− δ2Vi + aV p

i > 0, 0 ≤ i ≤ I − 1, t ≥ T,

dVI

dt
− δ2VI + aV p

I − 2b
h
V q

I > 0, t ≥ T,

Vi(T ) >
T−λC0

2
.

Since Uh(t) goes to zero as t approaches infinity, there exists a time τ > T such
that Ui(τ) < T−1C0

2 < Vi(T ). Let the vector Zh(t) such that Zh(t) = Uh(t+ τ −T ).
A routine computation reveals that

dZi

dt
− δ2Zi + aZp

i = 0, 0 ≤ i ≤ I − 1, t ≥ T,

dZI

dt
− δ2ZI + aZp

I −
2b
h
Zq

I = 0, t ≥ T,

Zi(T ) = Vi(τ) < Ui(T ).

It follows from Comparison Lemma 2.2 that Uh(t− T ) ≥ Vh(t), t ≥ T , which leads
us to the result. �

The following lemma establishes a lower bound of the solution Uh(t) of (6)–(8)

Lemma 4.2. For any ε > 0 there exists a positive time τ such that

Ui(t+ 1) ≥ (C0 − ε)(t+ τ)−λ + ψi(t+ τ)−λ−1, 0 ≤ i ≤ I,

where ψi = −b(C0−ε)q

2 i2h2.

Proof. Define the vector Wh such that

Wi(t) = (C0 − ε)t−λ + ψit
−λ−1, 0 ≤ i ≤ I.

As in the proof of Lemma 4.1, we find that
dWi

dt
− δ2Wi + aW p

i = t−λ−1(µ(−ε)− (λ+ 1)t−1ψi

+ at−λp+λ+1(C0 − ε+ t−1ψi)p), 0 ≤ i ≤ I − 1,

dWI

dt
− δ2WI + aW p

I −
2b
h
W q

I = t−λ−1(µ(−ε)− (λ+ 1)ϕIt
−1

+ at−λp+λ+1(C0 − ε+ t−1ψI)p +
2b
h
χIt

−1),

where χI(t) is a bounded function. Since µ(0) = 0 and µ
′
(0) = 1, we observe that

µ(−ε) < 0. Using the fact that −pλ + λ + 1 < 0, we deduce that there exists a
positive time τ such that

dWi

dt
− δ2Wi + aW p

i < 0, 0 ≤ i ≤ I − 1, t ≥ τ,
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dWI

dt
− δ2WI + aW p

I −
2b
h
W q

I < 0, t ≥ τ,

Since Wh(t) goes to zero when t approaches infinity, there exists a time T ≥ τ such
that Wh(T ) < Uh(1). Introduce the vector Zh(t) such that Zh(t) = Uh(t− τ + 1).
A straightforward computation gives

dZi

dt
− δ2Zi + aZp

i = 0, 0 ≤ i ≤ I − 1, t ≥ τ,

dZI

dt
− δ2ZI + aZp

I −
2b
h
Zq

I = 0, t ≥ τ,

Zi(τ) = Ui(1) > Wh(T ).

It follows from Comparison Lemma 2.2 that Uh(t− τ + 1)) ≥ Wh(t), t ≥ τ , which
leads us to the result. �

With the above lemmas, we are ready to prove the main result of this section.
Proof of Theorem 4.1. From Lemmas 4.1 and 4.2, we deduce that

(C0 − ε) ≤ lim
t→∞

inf(
Ui(t)
tλ

) ≤ lim
t→∞

sup(
Ui(t)
tλ

) ≤ (C0 + ε),

for any ε > 0 and we have the desired result. �

5. Numerical results

In this section, we give some numerical results. Firstly, we approximate the
solution u(x, t) of (1)–(3) by the solution U

(n)
h = (U (n)

0 , U
(n)
1 , . . . , U

(n)
I )T of the

following explicit scheme

U
(n+1)
i − U

(n)
i

∆tn
= δ2U

(n)
i + a(U (n)

i )p, 0 ≤ i ≤ I − 1,(33)

U
(n+1)
I − U

(n)
I

∆tn
=

2U (n)
I−1 − 2U (n)

I

h2
− 2b
h

(U (n)
I )q−1U

(n+1)
I + a(U (n)

I )p,(34)

U
(0)
i = φi > 0, 0 ≤ i ≤ I,(35)

where n ≥ 0, ∆tn = min{h2

2 ,
h2

‖U(n)
h ‖p−1

∞
}. Let us notice that the restriction on the

time step ∆tn ≤ h2

2 guarantees the positivity of the discrete solution.
Secondly, we approximate the solution u(x, t) of (1)–(3) by the solution U

(n)
h =

(U (n)
0 , U

(n)
1 , . . . , U

(n)
I )T of the following implicit scheme

δtU
(n)
i = δ2U

(n+1)
i + a(U (n)

i )p, 0 ≤ i ≤ I − 1,(36)

δtU
(n)
I = δ2U

(n+1)
I − 2b

h
(U (n)

I )q−1U
(n+1)
I + a(U (n)

I )p,(37)

U
(0)
i = φi > 0, 0 ≤ i ≤ I,(38)

where n ≥ 0, ∆tin = h2

‖U(n)
h ‖p−1

∞
.

The above equations may be rewritten in the following form

A(n)U
(n+1)
h = a(U (n)

h )p
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where A(n) is a tridiagonal matrix defined as follows

A(n) =



d0
−2∆tn

h2 0 0 · · · 0 0
−∆tn

h2 d1
−∆tn

h2 0 · · · 0 0
0 −∆tn

h2 d2
−∆tn

h2 0 · · · 0
...

...
. . . . . . . . .

...
...

0 0 · · · −∆t
h2 dI−2

−∆tn

h2 0
0 0 0 · · · −∆tn

h2 dI−1
−∆tn

h2

0 0 0 · · · 0 −2∆tn

h2 dI


,

with

di = 1 + 2
∆tn
h2

, 0 ≤ i ≤ I − 1,

dI = 1 + 2
∆tn
h2

+
2b
h
|U (n)

I |q−1∆tn.

We remark that the tridiagonal matrix A(n) satisfies the following properties

A
(n)
ii > 0, A

(n)
ij < 0, i 6= j,

|A(n)
ii | >

∑
i 6=j

|A(n)
ij |.

These properties imply that U (n)
h exists for all n and U

(n)
h ≥ 0 (See for instance

[6]).
We suppose that p = 3, q = 2, a = 1, b = 1. In the following tables, in rows, we
present the numerical blow-up times or numerical times, the numbers of iterations,
CPU times and the orders of the approximations corresponding to meshes of 16,
32, 64, 128. The order(s) of the method is computed from

s =
log((T4h − T2h)/(T2h − Th))

log(2)
.

5.1. Blow-up solutions. Here we take U (0)
i = 2 ∗ (hi)4. The numerical blow-up

time tn =
∑n−1

j=0 ∆tj is computed at the first time when ∆tn = |tn− tn−1| ≤ 10−16.

Table 1: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the implicit Euler
method.

I Tn n CPUt s
16 0.0012719 3150 0.6 -
32 0.0012669 11879 3 -
64 0.0012657 44690 31.6 2.06
128 0.0012654 167504 839.7 2.01

Table 2: Numerical blow-up times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler
method.
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I Tn n CPUt s
16 0.00126726 3138 1.40 -
32 0.00126571 11868 6.9 -
64 0.00126545 44680 11.4 2.58
128 0.00126539 167490 256.2 2.12

5.2. Solutions which go to zero. Here we take U (0)
i = 1

2 ∗ (hi)
1
4 . The numeri-

cal time tn =
∑n−1

j=0 ∆tj is computed at the first time when ‖t
1

q−1
n U

(n)
h −1‖∞ < 10−2.

Table 3: Numerical times, numbers of iterations, CPU times (seconds), and
orders of the approximations obtained with the implicit Euler method.

I Tn n CPUt s
16 0.655822 335 - -
32 0.654190 1339 0.5 -
64 0.654048 5358 3 3.53
128 0.653946 21431 55 0.47

Table 4: Numerical times, numbers of iterations, CPU times (seconds) and
orders of the approximations obtained with the explicit Euler method.

I Tn n CPUt s
16 0.654296 334 0.12 -
32 0.653808 1338 1 -
64 0.653730 5356 11.4 2.65
128 0.653661 21429 179 0.17
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EXTRAGRADIENT METHOD FOR EQUILIBRIUM PROBLEMS
AND VARIATIONAL INEQUALITIES

MUHAMMAD ASLAM NOOR, YONGHONG YAO, AND YEONG-CHENG LIOU

Abstract. In this paper, we suggest and analyze a new extragradient method

for finding a common element of the set of solutions of an equilibrium problem,

the set of fixed points of a nonexpansive mapping and the set of solutions of
some variational inequality. Furthermore, we prove that the proposed iterative

algorithm converges strongly to a common element of the above three sets. Our

result includes the main result of Bnouhachem, Noor and Hao [A. Bnouhachem,
M.A. Noor and Z. Hao, Some new extragradient methods for variational in-

equalities, Nonlinear Analysis (2008), doi:10.1016/j.na.2008.02.014] as a spe-
cial case.

1. Introduction

Equilibrium problems, which were introduced by Blum and Oettli [21] and Noor
and Oettli [22] in 1994, are being used as mathematical model for studying a wide
class of problems arising in various branches of pure and applied sciences. It has
been shown that equilibrium problems include variational inequalities, fixed point
problems and Nash equilibrium problems as special cases. In recent years, several
iterative methods including extragradient method and auxiliary technique have
been developed for solving equilibrium problems and variational inequalities, see
[16-25] and the references therein. Bnouhachem, Noor and Hao [15] has suggested
and analyzed an extragradient type method for solving variational inequalities.
Motivated and inspired by the on going research in this direction, we suggest and
analyze a new extragradient type method for finding the common element of the
set of solutions of the equilibrium problems, variational inequalities and fixed point
problems of nonexpansive mapping. The proposed iterative method is quite general
and include the recent methods as special cases. Our results can be viewed as a
significant improvement of the recently obtained results.

Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C → H be a nonlinear mapping. The classical variational inequality, denoted
by V I(T,C), is to find u∗ ∈ C such that

〈T (u∗), u− u∗〉 ≥ 0,∀u ∈ C,

which was introduced by Stampacchia [1] in 1964. Since then, the variational
inequality has been extensively studied in the literature. See, e.g., [2-11] and the
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references therein. Recall that a mapping T of C into H is called α-inverse-strongly
monotone if there exists a positive real number α such that

〈T (u)− T (v), u− v〉 ≥ α‖T (u)− T (v)‖2,∀u, v ∈ C.

It is obvious that any α-inverse-strongly monotone mapping T is 1
α Lipschitz con-

tinuous. A mapping S : C → H is said to be nonexpansive if

‖S(u)− S(v)‖ ≤ ‖u− v‖, ∀u, v ∈ C.

Denote the set of fixed points of S by Fix(S).

For finding an element of Fix(S) ∩ V I(T,C) under the assumption that a set
C ⊂ H is closed and convex, a mapping S of C into itself is nonexpasive and a
mapping T of C into H is α-inverse-strongly monotone, Takahashi and Toyoda [12]
introduced the following iterative scheme:

uk+1 = αkuk + (1− αk)S(PC [uk − ρkT (uk)]),∀k ≥ 0,(1)

where PC is the metric projection of H onto C, u0 = u ∈ C, {αk} is a sequence in
(0, 1), and {ρk} is a sequence in (0, 2α). They showed that, if Fix(S) ∩ V I(T,C)
is nonempty, then the sequence {uk} generated by (1) converges weakly to some
z ∈ Fix(S) ∩ V I(T,C). Recently, Nadezhkina and Takahashi [13] introduced a so-
called extragradient method motivated by the idea of Korpelevich [14] for finding a
common element of the set of fixed points of a nonexpansive mapping and the set of
solutions of a variational inequality problem. Zeng and Yao [11] introduced another
extragradient method for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of a variational inequality problem.
Further, Bnouhachem, Noor and Hao [15] introduced the following extragradient
iterative method:{

ũk = PC [uk − ρkT (uk)],

uk+1 = βkuk + (1− βk)S(αku + (1− αk)PC [uk − ρkT (ũk)]).
(2)

Under mild assumptions, they proved a strong convergence theorem for finding a
common element of the fixed points of a nonexpansive mapping S and the solution
set of the variational inequality for an α-inverse strongly monotone mapping T in
a Hilbert space.

Let F be an equilibrium bifunction of C × C into R, where R is the set of real
numbers. The equilibrium problem for F : C × C →R is to find u ∈ C such that

EP : F (u, v) ≥ 0 for all v ∈ C.

The set of solutions of the equilibrium problem is denoted by EP(F).
For solving the above equilibrium problem, some efforts have been made by many

authors. For the more details, please refer to [15-18] and the references therein.
Motivated and inspired by the works in the literature, in this paper, we intro-

duce an iterative algorithm based on extragradient method for finding a common
element of the set of solutions of an equilibrium problem, the set of fixed points
of a nonexpansive mapping and the set of solutions of some variational inequality.
Furthermore, we prove that the proposed iterative algorithm converges strongly to
a common element of the above three sets. Our result includes the main result
of Bnouhachem, Noor and Hao [A. Bnouhachem, M.A. Noor and Z. Hao, Some
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new extragradient methods for variational inequalities, Nonlinear Analysis (2008),
doi:10.1016/j.na.2008.02.014] as a special case.

2. Preliminaries

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖ and let C
be a closed convex subset of H. It is well known that, for any u ∈ H, there exists
unique y0 ∈ C such that

‖u− y0‖ = inf{‖u− y‖ : y ∈ C}.

We denote y0 by PC [u], where PC is called the metric projection of H onto C. The
metric projection PC of H onto C has the following basic properties:

(i) ‖PC [u]− PC [v]‖ ≤ ‖u− v‖ for all u, v ∈ H,
(ii) 〈u− v, PC [u]− PC [v]〉 ≥ ‖PC [u]− PC [v]‖2 for every u, v ∈ H,
(iii) 〈u− PC [u], v − PC [u]〉 ≤ 0 for all u ∈ H, v ∈ C,
(iv) ‖u− v‖2 ≥ ‖u− PC [u]‖2 + ‖v − PC [u]‖2 for all u ∈ H, v ∈ C.
Let T be a monotone mapping of C into H. In the context of the variational

inequality problem, it is easy to see from (iv) that

u ∈ V I(T,C) ⇔ u = PC [u− λT (u)], ∀λ > 0.

A set-valued mapping A : H → 2H is called monotone if, for all u, v ∈ H, f ∈ Au
and g ∈ Av imply 〈u−v, f −g〉 ≥ 0. A monotone mapping A : H → 2H is maximal
if its graph G(A) is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping A is maximal if and only if, for
(u, f) ∈ H×H, 〈u− v, f − g〉 ≥ 0 for every (v, g) ∈ G(A) implies f ∈ Au. Let T be
a monotone mapping of C into H and let NCv be the normal cone to C at v ∈ C;
i.e.,

NCv = {w ∈ H : 〈v − u, w〉 ≥ 0,∀u ∈ C}.

Define

Av =

{
T (v) + NCv, if v ∈ C,

∅, if v /∈ C.

Then A is maximal monotone and 0 ∈ Av if and only if v ∈ V I(T,C).

In this paper, for solving the equilibrium problems for an equilibrium bifunction
F : C × C →R, we assume that F satisfies the following conditions:

(C1) F (u, u) = 0 for all u ∈ C;
(C2) F is monotone, i.e., F (u, v) + F (v, u) ≤ 0 for all u, v ∈ C;
(C3) for each u, v, w ∈ C, limt↓0 F (tw + (1− t)u, v) ≤ F (u, v);
(C4) for each u ∈ C, v 7→ F (u, v) is convex and lower semicontinuous.
If an equilibrium bifunction F : C × C →R satisfies conditions (C1)-(C4), then

we have the following two important results. You can find them in [16].
Lemma 2.1 Let C be a nonempty closed convex subset of H and let F be an
equilibrium bifunction of C × C into R satisfies conditions (C1)-(C4). Let r > 0
and u ∈ C. Then, there exists v ∈ C such that

F (v, w) +
1
r
〈w − v, v − u〉 ≥ 0 for all w ∈ C.
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Lemma 2.2 Assume that F satisfies the same assumptions as Lemma 2.1. For
r > 0 and u ∈ C, define a mapping Γr : H → C as follows:

Γr(u) = {v ∈ C : F (v, w) +
1
r
〈w − v, v − u〉 ≥ 0,∀w ∈ C}.

Then the following hold:
(1) Γr is single-valued;
(2) Γr is firmly nonexpansive, i.e., for any u, v ∈ H,

‖Γru− Γrv‖2 ≤ 〈Γru− Γrv, u− v〉;

(3) Fix(Γr) = EP (F );
(4) EP (F ) is closed and convex.
We also need the following lemmas for proving our main results.

Lemma 2.3([19]) Let {uk} and {vk} be bounded sequences in a Banach space X
and let {βk} be a sequence in [0, 1] with 0 < lim infk→∞ βk ≤ lim supk→∞ βk < 1.
Suppose uk+1 = (1− βk)vk + βkuk for all integers k ≥ 0 and

lim sup
k→∞

(‖vk+1 − vk‖ − ‖uk+1 − uk‖) ≤ 0.

Then, limk→∞ ‖vk − uk‖ = 0.

Lemma 2.4([20]) Assume {ak} is a sequence of nonnegative real numbers such that
ak+1 ≤ (1 − γk)ak + δk, where {γk} is a sequence in (0, 1) and {δk} is a sequence
such that

(1)
∑∞

k=1 γk = ∞;
(2) lim supk→∞ δk/γk ≤ 0 or

∑∞
k=1 |δk| < ∞.

Then limk→∞ ak = 0.

3. Iterative algorithms

In this section, we suggest and analyze an iterative algorithm for finding a com-
mon element of the set of solutions of an equilibrium problem, the set of fixed points
of a nonexpansive mapping and the set of solutions of some variational inequality.
Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C × C →R satisfying (C1)-(C4). Let T be an α-inverse-strongly
monotone mapping of C into H and let S be a nonexpansive mapping of C into
itself such that Fix(S) ∩ V I(T,C) ∩ EP (F ) 6= ∅.
Algorithm 3.1 For fixed u ∈ C and given u0 ∈ C arbitrarily, find the approximate
solution {uk+1} by the iterative schemes:

F (vk, w) +
1
rk
〈w − vk, vk − uk〉 ≥ 0,∀w ∈ C,

ũk = PC [vk − ρkT (vk)],

uk+1 = βkuk + (1− βk)S(αku + (1− αk)PC [vk − ρkT (ũk)]),

(3)

where {αk} and {βk} are two sequences in (0, 1), {ρk} is a sequence in [0, 2α] and
{rk} is a sequence in (0,∞).

If we put F (u, v) ≡ 0 for all u, v ∈ C and rk = 1 for all k ≥ 0 in Algorithm 3.1,
then we have vk = PC [uk] = uk. Then we obtain the following iterative algorithm
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Algorithm 3.2 For fixed u ∈ C and given u0 ∈ C arbitrarily, find the approximate
solution {uk+1} by the iterative schemes:{

ũk = PC [uk − ρkT (uk)],

uk+1 = βkuk + (1− βk)S(αku + (1− αk)PC [uk − ρkT (ũk)]),

where {αk} and {βk} are two sequences in (0, 1), {ρk} is a sequence in [0, 2α] and
{rk} is a sequence in (0,∞).

If we put S ≡ I the identity operator in Algorithm 3.2. Then we obtain the
following iterative algorithm
Algorithm 3.3 For fixed u ∈ C and given u0 ∈ C arbitrarily, find the approximate
solution {uk+1} by the iterative schemes:{

ũk = PC [uk − ρkT (uk)],

uk+1 = βkuk + (1− βk)(αku + (1− αk)PC [uk − ρkT (ũk)]),

where {αk} and {βk} are two sequences in (0, 1), {ρk} is a sequence in [0, 2α] and
{rk} is a sequence in (0,∞).

Let {uk} be a sequence defined by (3). In the sequence, we will assume that the
algorithm parameters satisfy the following restrictions:

(R1) limk→∞ αk = 0 and
∑∞

k=0 αk = ∞;
(R2) 0 < lim infk→∞ βk ≤ lim supk→∞ βk < 1;
(R3) limk→∞ ρk = 0;
(R4) lim infk→∞ rk > 0 and limk→∞(rk+1 − rk) = 0.
In order to prove the strong convergence of Algorithm 3.1, we first prove the

following lemmas.
Lemma 3.1 The sequence {uk} is bounded.
Proof. Let u∗ ∈ Fix(S)∩ V I(T,C)∩EP (F ). Then, it is clear that u∗ = PC [u∗ −
ρkT (u∗)] = Γrk

u∗. First, we note that I − ρkT is nonexpansive for all ρk ∈ [0, 2α].
Indeed, by the α-inverse-strongly monotonicity of T , we have

‖(I − ρkT )u− (I − ρkT )v‖2 = ‖u− v‖2 − 2ρk〈T (u)− T (v), u− v〉
+ ρ2

k‖T (u)− T (v)‖2

≤ ‖u− v‖2 + ρk(ρk − 2α)‖T (u)− T (v)‖2

≤ ‖u− v‖2,

which implies that I − ρkT is nonexpansive. Set wk = PC [vk − ρkT (ũk)] for all
k ≥ 0. From the property (iv) of PC , we have

‖wk − u∗‖2 ≤ ‖vk − ρkT (ũk)− u∗‖2 − ‖vk − ρkT (ũk)− wk‖2

= ‖vk − u∗‖2 − 2ρk〈T (ũk), vk − u∗〉+ ρ2
k‖T (ũk)‖2

− ‖vk − wk‖2 + 2ρk〈T (ũk), vk − wk〉 − ρ2
k‖T (ũk)‖2

= ‖vk − u∗‖2 − ‖vk − wk‖2 + 2ρk〈T (ũk), u∗ − wk〉

= ‖vk − u∗‖2 − ‖vk − wk‖2 + 2ρk〈T (ũk)− T (u∗), u∗ − ũk〉

+ 2ρk〈T (u∗), u∗ − ũk〉+ 2ρk〈T (ũk), ũk − wk〉.

(4)

Using the fact that T is monotonic and u∗ is a solution of the variational inequality
problem V I(T,C), we have 〈T (ũk)−T (u∗), u∗− ũk〉 ≤ 0 and 〈T (u∗), u∗− ũk〉 ≤ 0.
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This together with (4) implies that

‖wk − u∗‖2 ≤ ‖vk − u∗‖2 − ‖vk − wk‖2 + 2ρk〈T (ũk), ũk − wk〉

= ‖vk − u∗‖2 − ‖vk − ũk‖2 − 2〈vk − ũk, ũk − wk〉

− ‖ũk − wk‖2 + 2ρk〈T (ũk), ũk − wk〉

= ‖vk − u∗‖2 − ‖vk − ũk‖2 + 2〈vk − ρkT (ũk)− ũk, wk − ũk〉

− ‖ũk − wk‖2.

(5)

By using the property (iii) of PC , we have 〈vk − ρkT (vk) − ũk, wk − ũk〉 ≤ 0.
Therefore, we get

〈vk − ρkT (ũk)− ũk, wk − ũk〉 = 〈vk − ρkT (vk)− ũk, wk − ũk〉

+ ρk〈T (vk)− T (ũk), wk − ũk〉

≤ ρk〈T (vk)− T (ũk), wk − ũk〉

≤ ρk‖T (vk)− T (ũk)‖‖wk − ũk‖

≤ ρk

α
‖vk − ũk‖‖wk − ũk‖.

(6)

Combining (5) and (6), we obtain

‖wk − u∗‖2 ≤ ‖vk − u∗‖2 − ‖vk − ũk‖2 − ‖ũk − wk‖2

+ 2
ρk

α
‖vk − ũk‖‖wk − ũk‖

≤ ‖vk − u∗‖2 − ‖vk − ũk‖2 − ‖ũk − wk‖2

+
ρ2

k

α2
‖vk − ũk‖2 + ‖wk − ũk‖2

= ‖vk − u∗‖2 + (
ρ2

k

α2
− 1)‖vk − ũk‖2.

(7)

Note that limk→∞ ρk = 0, we may assume without loss of generality that ρk < α.
Hence, from (7), we have

‖wk − u∗‖2 ≤ ‖vk − u∗‖2 = ‖Γrk
uk − Γrk

u∗‖2 ≤ ‖uk − u∗‖2.

From (3), we deduce that

‖uk+1 − u∗‖ = ‖βk(uk − u∗) + (1− βk)(S(αku + (1− αk)wk)− u∗)‖

≤ βk‖uk − u∗‖+ (1− βk)‖αk(u− u∗) + (1− αk)(wk − u∗)‖

≤ βk‖uk − u∗‖+ (1− βk)(αk‖u− u∗‖+ (1− αk)‖wk − u∗‖)

≤ (1− βk)αk‖u− u∗‖+ (1− (1− βk)αk)‖uk − u∗‖.

(8)

It follows from (8) induction that

‖uk − u∗‖ ≤ max{‖u− u∗‖, ‖u0 − u∗‖}, k ≥ 0.

Therefore {uk} is bounded. It is easy to prove that {ũk}, {vk} and {wk} are all
bounded.

Lemma 3.2 limk→∞ ‖uk+1 − uk‖ = 0.
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Proof. First, we estimate ‖wk+1−wk‖. Noting that PC and I − ρkT is nonexpan-
sive, we have

‖wk+1 − wk‖ = ‖PC [vk+1 − ρk+1T (ũk+1)]− PC [vk − ρkT (ũk)]‖

≤ ‖(vk+1 − ρk+1T (ũk+1))− (vk − ρkT (ũk))‖

= ‖(vk+1 − ρk+1T (vk+1))− (vk − ρk+1T (vk))

+ ρk+1(T (vk+1)− T (ũk+1)− T (vk)) + ρkT (ũk)‖

≤ ‖(vk+1 − ρk+1T (vk+1))− (vk − ρk+1T (vk))‖
+ (ρk+1 + ρk)M1

≤ ‖vk+1 − vk‖+ (ρk+1 + ρk)M1,

(9)

where M1 is some constant such that

sup{‖T (vk+1)− T (ũk+1)− T (vk)‖+ ‖T (ũk)‖, k ≥ 0} ≤ M1.

On the other hand, from vk = Γrk
uk and vk+1 = Γrk+1u

k+1, we have

F (vk, w) +
1
rk
〈w − vk, vk − uk〉 ≥ 0, ∀w ∈ C(10)

and

F (vk+1, w) +
1

rk+1
〈w − vk+1, vk+1 − uk+1〉 ≥ 0, ∀ w ∈ C.(11)

Putting w = vk+1 in (10) and w = vk in (11), we have

F (vk, vk+1) +
1
rk
〈vk+1 − vk, vk − uk〉 ≥ 0,(12)

and

F (vk+1, vk) +
1

rk+1
〈vk − vk+1, vk+1 − uk+1〉 ≥ 0.(13)

From the monotonicity of F , we have

F (vk, vk+1) + F (vk+1, vk) ≤ 0.

So, from (12) and (13), we can conclude that

〈vk+1 − vk,
vk − uk

rk
− vk+1 − uk+1

rk+1
〉 ≥ 0

and hence

〈vk+1 − vk, vk − vk+1 + vk+1 − uk − rk

rk+1
(vk+1 − uk+1)〉 ≥ 0.

Since lim infk→∞ rk > 0, without loss of generality, we may assume that there exists
a real number b such that rk > b > 0 for all k ∈ N . Then, we have

‖vk+1 − vk‖2 ≤ 〈vk+1 − vk, uk+1 − uk + (1− rk

rk+1
)(vk+1 − uk+1)〉

≤ ‖vk+1 − vk‖{‖uk+1 − uk‖+ |1− rk

rk+1
|‖vk+1 − uk+1‖}

and hence

‖vk+1 − vk‖ ≤ ‖uk+1 − uk‖+
M2

b
|rk+1 − rk|,(14)
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where M2 is a constant such that sup{‖vk+1 − uk+1‖, k ≥ 0} ≤ M2. Substituting
(14) into (9), we have

‖wk+1 − wk‖ ≤ ‖uk+1 − uk‖+ (ρk+1 + ρk)M1

+
M2

b
|rk+1 − rk|.

(15)

Define uk+1 = βkuk + (1− βk)xk,∀k ≥ 0. It follows that

xk+1 − xk =
uk+2 − βk+1u

k+1

1− βk+1
− uk+1 − βkuk

1− βk

= S(αk+1u + (1− αk+1)wk+1)− S(αku + (1− αk)wk).
(16)

It follows from (15) and (16) that

‖xk+1 − xk‖ − ‖uk+1 − uk‖

≤ ‖(αk+1u + (1− αk+1)wk+1)− (αku + (1− αk)wk)‖

− ‖uk+1 − uk‖

≤ αk+1(‖u‖+ ‖wk+1‖) + αk(‖u‖+ ‖wk‖)

+ (ρk+1 + ρk)M1 +
M2

b
|rk+1 − rk|,

which implies that lim supk→∞(‖xk+1−xk‖−‖uk+1−uk‖) ≤ 0. This together with
Lemma 2.3 implies that limk→∞ ‖xk − uk‖ = 0. Consequently limk→∞ ‖uk+1 −
uk‖ = limk→∞(1− βk)‖xk − uk‖ = 0.

Lemma 3.3 limk→∞ ‖S(ũk)− ũk‖ = 0.
Proof. Since uk+1 = βkuk + (1− βk)S(αku + (1− αk)wk), we have

‖uk − S(wk)‖ ≤ ‖uk − uk+1‖+ ‖uk+1 − S(wk)‖

≤ ‖uk − uk+1‖+ βk‖uk − S(wk)‖+ (1− βk)αk‖u− wk‖,

that is

‖uk − S(wk)‖ ≤ 1
1− βk

‖uk − uk+1‖+ αk‖u− wk‖.

It follows that

lim
n→∞

‖uk − S(wk)‖ = 0.(17)

Since Γrk
is firmly nonexpansive, we have

‖vk − u∗‖2 = ‖Γrk
uk − Γrk

u∗‖2

≤ 〈Γrk
uk − Γrk

u∗, uk − u∗〉

= 〈vk − u∗, uk − u∗〉

=
1
2
(‖vk − u∗‖2 + ‖uk − u∗‖2 − ‖uk − vk‖2)

and hence

‖vk − u∗‖2 ≤ ‖uk − u∗‖2 − ‖uk − vk‖2.(18)
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By (3), we have

‖uk+1 − u∗‖2 = ‖βk(uk − u∗) + (1− βk)[S(αku + (1− αk)wk)− u∗]‖2

≤ βk‖uk − u∗‖2 + (1− βk)‖αku + (1− αk)wk − u∗‖2

≤ βk‖uk − u∗‖2 + (1− βk)(αk‖u− u∗‖2

+ (1− αk)‖wk − u∗‖2)

= βn‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

+ (1− βk)(1− αk)‖wk − u∗‖2.

(19)

From (7) and (19), we have

‖uk+1 − u∗‖2 ≤ βk‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

+ (1− βk)(1− αk)‖vk − u∗‖2

+ (1− βk)(1− αk)(
ρ2

k

α2
− 1)‖vk − ũk‖2

≤ βk‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

+ (1− βk)(1− αk)‖uk − u∗‖2

+ (1− βk)(1− αk)(
ρ2

k

α2
− 1)‖vk − ũk‖2.

Then we derive

(1− βk)(1− αk)(1− ρ2
k

α2
)‖vk − ũk‖2

≤ βk‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

+ (1− βk)(1− αk)‖uk − u∗‖2 − ‖uk+1 − u∗‖2

≤ (1− βk)αk‖u− u∗‖2 + ‖uk − u∗‖2 − ‖uk+1 − u∗‖2

≤ (1− βk)αk‖u− u∗‖2 + (‖uk − u∗‖+ ‖uk+1 − u∗‖)‖uk − uk+1‖.

(20)

It is clear that lim infk→∞(1 − βk)(1 − αk)(1 − ρ2
k

α2 ) > 0. So, from (R1) and (20),
we have

lim
k→∞

‖vk − ũk‖ = 0.(21)

From (18) and (19), we have

‖uk+1 − u∗‖2 ≤ βk‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

+ (1− βk)(1− αk)‖vk − u∗‖2

≤ βk‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

+ (1− βk)(1− αk)(‖uk − u∗‖2 − ‖uk − vk‖2)

≤ ‖uk − u∗‖2 + (1− βk)αk‖u− u∗‖2

− (1− βk)(1− αk)‖uk − vk‖2,
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that is

(1− βk)(1− αk)‖uk − vk‖2

≤ (1− βk)αk‖u− u∗‖2 + ‖uk − u∗‖2 − ‖uk+1 − u∗‖2

≤ (1− βk)αk‖u− u∗‖2 + (‖uk − u∗‖+ ‖uk+1 − u∗‖)× ‖uk+1 − uk‖,

which implies that

lim
k→∞

‖uk − vk‖ = 0.(22)

Since

‖S(ũk)− ũk‖ ≤ ‖S(ũk)− S(wk)‖+ ‖S(wk)− uk‖+ ‖uk − vk‖+ ‖vk − ũk‖

≤ ‖ũk − wk‖+ ‖S(wk)− uk‖+ ‖uk − vk‖+ ‖vk − ũk‖

= ‖PC [vk − ρkT (vk)]− PC [vk − ρkT (ũk)]‖+ ‖S(wk)− uk‖

+ ‖uk − vk‖+ ‖vk − ũk‖

≤ ρk‖T (vk)− T (ũk)‖+ ‖S(wk)− uk‖

+ ‖uk − vk‖+ ‖vk − ũk‖.

This together with (R3), (17), (21) and (22) implies that limk→∞ ‖S(ũk)− ũk‖ = 0.

Lemma 3.4 lim supk→∞〈u−z0, wk−z0〉 ≤ 0, where z0 = PΩ(u) and Ω = Fix(S)∩
V I(T,C) ∩ EP (F ).
Proof. First, we show that lim supk→∞〈u − z0, S(ũk) − z0〉 ≤ 0. To show this
inequality, we can choose a subsequence {ũkj} of {ũk} such that

lim
j→∞

〈u− z0, S(ũkj )− z0〉 = lim sup
k→∞

〈u− z0, S(ũk)− z0〉.

Since {ũkj} is bounded, there exists a subsequence {ũkji} of {ũkj} which converges
weakly to z. Without loss of generality, we can assume that ũkj → z weakly. From
‖S(ũk)− ũk‖ → 0, we obtain S(ũkj ) → z weakly.

First we show z ∈ EP (F ). By vk = Γrk
uk, we have

F (vk, w) +
1
rk
〈w − vk, vk − uk〉 ≥ 0, ∀w ∈ C.

From the monotonicity of F , we have 1
rk
〈w− vk, vk − uk〉 ≥ −F (vk, w) ≥ F (w, vk)

and hence 〈w − vkj , vkj−ukj

rkj
〉 ≥ F (w, vkj ). Since vkj−ukj

rkj
→ 0 and vkj → z weakly,

from the lower semi-continuity of F (u, v) on the second variable v, we have

F (w, z) ≤ 0,∀w ∈ C.

For t with 0 < t ≤ 1 and w ∈ C, let wt = tw + (1 − t)z. Since w ∈ C and z ∈ C,
we have wt ∈ C and hence F (wt, z) ≤ 0. So, from the convexity of equilibrium
bifunction F (u, v) on the second variable v , we have

0 = F (wt, wt) ≤ tF (wt, w) + (1− t)F (wt, z) ≤ tF (wt, w).

Hence F (wt, w) ≥ 0. Then, we have F (z, w) ≥ 0,∀w ∈ C. This indicates that
z ∈ EP (F ).
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Second, we show that z ∈ V I(T,C). Set

Av =

{
T (v) + NCv, if v ∈ C,

∅, if v /∈ C.

Then A is maximal monotone. Let (v, u) ∈ G(A). Since u − T (v) ∈ NCv and
ũk ∈ C, we have

〈v − ũk, u− T (v)〉 ≥ 0.

On the other hand, from ũk = PC [vk − ρkT (vk)], we have

〈v − ũk, ũk − (vk − ρkT (vk))〉 ≥ 0

and hence

〈v − ũk,
ũk − vk

ρk
+ T (vk)〉 ≥ 0.

It follows that

〈v − ũkj , u〉 ≥ 〈v − ũkj , T (v)〉

− 〈v − ũkj ,
ũkj − vkj

ρkj

+ T (vkj )〉

= 〈v − ũkj , T (v)− ũkj − vkj

ρkj

− T (vkj )〉

= 〈v − ũkj , T (v)− T (ũkj )〉+ 〈v − ũkj , T (ũkj )− T (vkj )〉

− 〈v − ũkj ,
ũkj − vkj

ρkj

〉

≥ 〈v − ũkj , T (ũkj )− T (vkj )〉 − 〈v − ũkj ,
ũkj − vkj

ρkj

〉

which implies that 〈v − z, u〉 ≥ 0. We have z ∈ A−1(0) and hence z ∈ V I(T,C).
Thirdly, we prove that z ∈ Fix(S). Assume that z /∈ Fix(S). Since ũkj ⇀ z

and z 6= S(z), by Opial’s condition we have

lim inf
j→∞

‖ũkj − z‖ < lim inf
j→∞

‖ũkj − S(z)‖

≤ lim inf
j→∞

(‖ũkj − S(ũkj )‖+ ‖S(ũkj )− S(z)‖)

≤ lim inf
j→∞

‖ũkj − z‖,

which is a contradiction. Then we get z ∈ Fix(S). Hence, we deduce that z ∈
Fix(S) ∩ V I(T,C) ∩ EP (F ). Therefore, from the property (iii) of PC , we have

lim sup
k→∞

〈u− z0, wk − z0〉 = lim sup
k→∞

〈u− z0, S(ũk)− z0〉

= lim
j→∞

〈u− z0, S(ũkj )− z0〉

= 〈u− z0, z − z0〉 ≤ 0.

(23)
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4. Strong convergence

Now we prove the strong convergence of Algorithm 3.1.

Theorem 4.1 The sequence {uk} defined by (3) converges strongly to z0 = PΩ(u).
Proof. From (3), we have

‖uk+1 − z0‖2 ≤ βk‖uk − z0‖2 + (1− βk)‖S(αku + (1− αk)wk)− z0‖2

≤ βk‖uk − z0‖2 + (1− βk)‖αk(u− z0) + (1− αk)(wk − z0)‖2

≤ βk‖uk − z0‖2 + (1− βk)[(1− αk)‖wk − z0‖2

+ 2αk〈u− z0, αk(u− z0) + (1− αk)(wk − z0)〉]

≤ βk‖uk − z0‖2 + (1− βk)[(1− αk)‖uk − z0‖2

+ 2αk〈u− z0, αk(u− z0) + (1− αk)(wk − z0)〉]

= [1− (1− βk)αk]‖uk − z0‖2 + 2(1− βk)α2
k‖u− z0‖2

+ 2(1− βk)αk(1− αk)〈u− z0, wk − z0〉

= [1− (1− βk)αk]‖uk − z0‖2 + (1− βk)αk

{
2αk‖u− z0‖2

+ 2(1− αk)〈u− z0, wk − z0〉
}

.

(24)

Note that lim supk→∞

{
2αk‖u − z0‖2 + 2(1 − αk)〈u − z0, wk − z0〉

}
≤ 0. Hence,

by Lemma 2.4 and (24), we conclude that the sequence {uk} converges strongly to
z0. This completes the proof.

It is clear that the following conclusion holds.
Theorem 4.2 Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T be an α-inverse-strongly monotone mapping of C into H and let S be a
nonexpansive mapping of C into itself such that Fix(S) ∩ V I(T,C) 6= ∅. Let {uk}
be the sequence defined by Algorithm 3.2. If the algorithm parameters satisfy con-
ditions (R1)-(R3), then the sequence {uk} converge strongly to PFix(S)∩V I(T,C)(u).
�
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Developments of the last few decades in digital communications have created
a close link between mathematics and areas of computer science and electrical
engineering. A collaboration between such areas now seems very natural due to
problems which require deep knowledge and expertise in each area. A special
role in such collaboration has played algebra and some of its branches such as
algebraic geometry, computational algebra, group theory, etc. As a result of such
cooperation now we have disciplines such as coding theory and cryptography which
are considered a mix of mathematics, computer science, and electrical engineering.

Coding theory is one of the most important and direct applications of information
theory. It is a branch of electrical engineering, digital communication, mathematics,
and computer science designing e�cient and reliable data transmission methods,
so that redundancy in the data can be removed and errors induced by a noisy
channel can be corrected. It started with Shannon, Hamming, and many others
in the mid 20-th century and became one of the most active areas of research for
most of the second half of the 20-th century. Algebraic coding theory was the main
direction of coding theory, even though recently other ways of coding have been
developed. For more details in coding theory a wonderful source is [2] among many
other publications.

Cryptology, is the science of hiding information, and historically has received
much attention from the public. As a science was also put in solid background in
the second half of the 20-th century. It is a mixture of theoretical mathematics
and computer science which focuses more in areas such as number theory, algebraic
geometry, graph theory, algorithm analysis, etc. There have been many conferences
and publications which have explored the common ground among such areas; some
of the more recent ones are [6, 7].
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This special issue came out of the conference "New Challenges in Digital Com-
munications" which was organized at the University of Vlora, during April 27 - May
9, 2008. This was funded by a NATO grant as a "Advanced Study Institute"; see
[4], [5] for details. The conference focused precisely on connections between algebra,
algebraic geometry, number theory, graph theory, and related areas of mathematics
with coding theory and cryptography.

There were over 130 participants in the conference from all over the world. We
want to thank NATO, the University of Vlora, and the Albanian Ministry of Science
and Education for providing the funding of such conference. Special thanks to all
the sta� of the University of Vlora who were involved in all organizational tasks of
the conference, especially the Department of Mathematics and the Department of
Computer Science and Electrical Engineering, and the Vlora Conference Center at
the University of Vlora.

Most of the papers focus on coding theory and some others in cryptography.
While such topics were the main focus of the conference, we did accept papers which
explore more theoretical aspects such as computational group theory, computational
algebraic geometry, etc. There are overall 13 papers in this volume which cover a
wide range of topics. There is also a proceedings volume of the conference which
will be published by NATO. This volume will contain all the lectures which were
held during the Advanced Study Institute; see [3].

We hope that such collection of papers will serve the scienti�c community in
mathematics, computer science, and electrical engineering and foster closer relations
among such communities. It is our intention to organize yearly conferences in Vlora
in similar topics and with similar goals.

Acknowledgements: We sincerely thank all the authors for their contributions
of this special issue. We also thank the anonymous referees for all their work going
through all the papers. Our �nal thanks to NATO for sponsoring such conference.

1. Aspektet algjebrike te komunikacioneve dixhitale

Zhvillimet e dekadave të fundit në fushën e komunikimit dixhital kanë krijuar një
lidhje të ngushtë midis matematikës dhe fushave të inxhinierisë kompjuterike dhe
elektrike. Një bashkëpunim ndërmjet këtyre fushave tashmë duket tepër natyral në
sajë të problemeve që kërkojnë njohuri të thella dhe ekspertizë në secilën fushë. Një
rol të vecantë në një bashkëpunim të tillë ka luajtur algjebra dhe disa nga degët
e saj të tilla si gjeometria algjebrike, algjebra kompjuterike, teoria e grupeve, etj.
Si rezultat i një bashkëpunimi të tillë tani disponojmë disiplina të tilla si teoria
e kodeve dhe kriptogra�a, të cilat janë konsideruar si përzierje e matematikës,
inxhinierisë se shkencave kompjuterike dhe elektrike.

Teoria e kodeve është një nga aplikimet më të rëndësishme dhe të drejtpërdrejta
të teorisë së infomacionit. Ajo është një degë e inxhinierisë elektrike, komunikimit
dixhital, matematikës dhe shkencave kompjuterike, që përdor metoda e�cente dhe
të besueshme të transmetimit të të dhënave, në mënyrë që të eleminohen humbjet
në informacionet dhe të korrigjohen gabimet e induktuara nga një kanal zhurme.
Kjo degë ka �lluar me Shannon, Hamming dhe shumë të tjerë në mes të shekullit
XX dhe u bë një nga fushat më aktive të kërkimit për pjesën më të madhe të
gjysmës së shekullit XX. Teoria e kodeve algjebrike ishte një nga drejtimet kryesore
të teorisë së kodeve, edhe pse së fundmi mënyra të tjera kodimi janë zhvilluar. Për
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më shumë detaje në teorinë e kodeve një burim i mrekullueshëm është : [2] midis
publikimeve të tjera.

Kriptologjia është shkenca e fshehjes së informacionit, dhe historikisht ka qenë
në vëmendjen e publikut. Si shkencë gjithashtu ka marrë formën e plotë në gjys-
mën e dytë të shekullit XX. Ajo është një kombinim i matematikës teorike dhe
shkencës kompjuterike, e cila fokusohet me shumë në fusha të tilla si teoria e num-
rave, gjeometria algjebrike, teoria e grafeve, analiza algoritmike, etj. Janë zhvilluar
shumë konferenca dhe ka patur mjaft publikime të cilat kanë eksploruar bazën e
përbashkët midis këtyre fushave; ndër më të fundit janë [6, 7].

Ky numër i vecantë i revistës Albanian J. Math. rezultoi nga konferenca "S�da
të reja në Komunikimin Dixhital", e cila u organizua pranë Universitetit të Vlorës,
gjatë periudhës 27 Prill- 9 Maj, 2008. Ajo u �nancua nga një grant i NATO-s
si "Instituti i Studimeve të Avancuara"; për detaje shih [4], [5]. Konferenca u
përqëndrua saktësisht në lidhjet midis algjebrës, gjeometrisë algjebrike, teorisë së
numrave, teorisë së grafeve, dhe fushave të tjera të matematikës të lidhura me
teorinë e kodeve dhe kriptogra�në.

Në konferencë kishte më shumë se 130 pjesëmarrës nga e gjithë bota. Ne duam
të falënderojmë NATO-n, Universitetin e Vlorës dhe Ministrinë e Arsimit dhe
Shkencës shqiptare që na siguruan fondet për një konferencë të tillë. Një falën-
derim i vecantë shkon për gjithë sta�n e universitetit të Vlorës që mori pjesë në
detyrat organizative, vecanërisht Departamentin e Matematikës dhe të Shkencave
Kompjuterike dhe Elektrike, dhe Qendrën e Konferencave Vlorë pranë Universitetit
të Vlorës.

Pjesa më e madhe e artikujve përqëndrohen tek teoria e kodeve dhe disa prej
tyre në kriptogra�. Ndërsa këto tema ishin fokusi kryesor i konferencës, ne pranuam
edhe artikuj që eksploronin më shumë aspekte teorike të tilla si toeria e grupeve
llogaritëse, gjeometria algjebrike llogaritëse, etj. Janë gjithsej 13 artikuj në këtë
volum që mbulojnë një gamë të gjerë cështjesh. Gjithashtu, ekziston një volum i
punimeve të konferencës që do të publikohet nga NATO. Ky volum do të përmbajë
gjithë leksionet që u mbajtën gjatë Institutit të Studimeve të Avancuara; shih [3].

Ne shpresojmë që ky koleksion artikujsh do t'i shërbejë komunitetit shkencor
të matematikës. Shkencave kompjuterike dhe inxhinerisë elektrike dhe do t'i japë
zhvillim marrëdhënieve të ngushta midis këtyre komuniteteve. Qëllimi ynë është që
të organizojmë në Vlorë cdo vit konferenca të tilla me tema të ngjashme dhe me
objektiva të ngjashëm.

Ne falënderojmë sinqerisht të gjithë autorët për kontributin e tyre në këtë cështje
të vecantë. Ne falënderojmë gjithashtu shkruarësit anonimë të referencave për
punën e tyre mbi gjithë këto artikuj. Dhe falënderimi ynë �nal shkon tek NATO
për sponsorizimin e kësaj konference.
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Abstract. Let Cg be a general curve of genus g. If g ≥ 4 then the monodromy

group of a primitive cover Cg → P1 of degree n is either Sn or An, and both
cases actually occur (under suitable conditions on n for fixed g). For g = 3

also the groups GL3(2) and AGL3(2) occur. In the present paper we settle

the last possible case of AGL4(2). This requires new methods (which may
be of independent interest) studying the combinatorial structure of degenerate

covers.

1. Introduction

Let Cg be a general curve of genus g ≥ 2 (over C). Then Cg has a cover to P1 of
degree n if and only if 2(n− 1) ≥ g. This is a classical fact of algebraic geometry.
If Cg has a cover to P1 of degree n, then there is such a cover that is simple, i.e.,
has monodromy group Sn and all inertia groups are generated by transpositions.
The question arises whether Cg admits other types of covers to P1.

If there is a cover Cg → P1 branched at r points of P1 and g ≥ 2 then r ≥ 3g
(see Remark 2.2 below). Zariski [Za] used this to show that if g > 6 then there is
no such cover with solvable monodromy group. The condition r ≥ 3g was further
used by Guralnick to restrict the possibilities for the monodromy group G of a cover
Cg → P1 of degree n. Assume the cover does not factor non-trivially, i.e., G is a
primitive subgroup of Sn. (Knowledge of this case is sufficient to know all types of
covers Cg → P1; this was already observed by Zariski [Za], see [GM]). If further
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g > 3, then G = Sn or G = An. For g = 3 there are 3 additional cases, with
n = 7, 8, 16 and G = GL3(2), AGL3(2), AGL4(2), respectively. This was proved
by Guralnick and Magaard [GM] and Guralnick and Shareshian [GS], using the
classification of finite simple groups.

As noted in [GM], it was not known whether the case G = An actually occurs.
This was answered in the affirmative in [MV]. Also the cases GL3(2) and AGL3(2)
in genus 3 were settled in [MV]. Here we show that also the last remaining case
G = AGL4(2) occurs in genus 3. This case is more difficult and requires new
techniques which may be of independent interest.

Our proof is based on studying degenerations of covers of P1, i.e., coalescing of
branch points. In the usual description using the stable compactification of M0,r,
coalescing of branch points means that the lower P1 degenerates into a tree of
genus 0 curves. We describe certain such degenerations of P1 by the notion of a
multi-list. The multi-list describes how the branch points are grouped together (in
various levels of degeneration) such that the topological model of the degenerate P1

is obtained by shrinking to a point certain standard paths around blocks of branch
points. The points of the degenerate P1 that arise from the shrinking of such a path
are the nodes. In our formal approach we actually do not refer to this operation
of shrinking paths, but we use the reverse operation of replacing a node by a
tube.

Recall the usual group-theoretic data associated with a cover of P1 of degree
n: The tuple of branch cycles σ = (σ1, . . . , σr), where the σi are permutations
in Sn associated with the branch points (local monodromy). This data depends
only on the choice of a homotopy basis of P1 minus the branch points, and is
therefore uniquely determined up to braid group action. Given the degeneration
of P1 (described by a multi-list) and the tuple σ of branch cycles of the original
cover of P1, there is canonically associated a cover of the degenerate P1. This
degenerate cover is constructed recursively in section 3.7. We have transformed this
construction into a [GAP4] program which computes the combinatorial structure of
this degenerate cover: The genera of the irreducible components, and the way these
components are linked together. We further compute the analogous information for
the stable model of this covering surface. This is the information actually used in
the third part of the paper. We reproduce the GAP code in the appendix of this
paper. Thus section 2 is purely topological, extending parts of the usual topological
theory of covers of P1 to the case of covers a tree of P1’s. Section 2 together with
the GAP code in the Appendix is independent of the rest of the paper and may be
of interest or usefulness in itself.

In section 3 we complete the proof of our main result by a detailed study of a
descending chain of subvarieties in the boundary of the moduli space M3. These
subvarieties classify stable curves of topological type given by the above stable
models of covering surfaces.

2. Moduli dimension of a tuple in Sn

2.1. The Hurwitz space classifying covers of type σ. Let P1 = P1
C the Rie-

mann sphere. Let U (r) be the open subvariety of (P1)r consisting of all (p1, ..., pr)
with pi 6= pj for i 6= j, and Ur the quotient of U (r) by the action of Sr per-
muting p1, . . . , pr. Thus Ur is the configuration space, consisting of unordered
r-tuples of distinct points from P1. Consider a cover f : X → P1 of degree n,
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with branch points p1, ..., pr ∈ P1. Pick p ∈ P1 \ {p1, ..., pr}, and choose loops γi
around pi such that γ1, ..., γr is a standard generating system of the fundamental
group Γ := π1(P1 \ {p1, ..., pr}, p) (see [V], Thm. 4.27); in particular, we have
γ1 · · · γr = 1. Such a system γ1, ..., γr is called a homotopy basis of P1 \ {p1, ..., pr}.
The group Γ acts on the fiber f−1(p) by path lifting, inducing a transitive sub-
group G of the symmetric group Sn (determined by f up to conjugacy in Sn). It
is called the monodromy group of f . The images of γ1, ..., γr in Sn form a tuple
of permutations called a tuple of branch cycles of f .

Let σ1, ..., σr be elements 6= 1 of the symmetric group Sn with σ1 · · ·σr = 1,
generating a transitive subgroup. Let σ = (σ1, ..., σr). We call such a tuple admis-
sible. We say a cover f : X → P1 of degree n is of type σ if it has σ as tuple of
branch cycles relative to some homotopy basis of P1 minus the branch points of f .
The genus g of X depends only on σ (by the Riemann-Hurwitz formula); we write
g = gσ. The braid orbit of σ is the smallest set of tuples in Sn that contains σ
and is closed under (component-wise) conjugation and under the braid operations

(g1, ..., gr)Qi = (g1, . . . , gi+1, g
−1
i+1gigi+1 , . . . , gr)

for i = 1, ..., r − 1.
Let Hσ be the set of equivalence classes of covers of type σ. (We use the usual

notion of equivalence of covers, see [V], p. 67.) Let σ, σ′ be admissible tuples in Sn
of length r. Let f : X → P1 be a cover of type σ. Then f is of type σ′ if and only
if σ′ lies in the braid orbit of σ. In other words, we have Hσ = Hσ′ if and only if
σ′ lies in the braid orbit of σ (see [FrV], [V], Ch. 10).

Let Ψσ : Hσ → Ur be the map that maps the equivalence class of a cover to
the set of branch points. The Hurwitz space Hσ carries a natural structure of
irreducible quasiprojective variety such that Ψσ is an algebraic morphism, and an
unramified covering in the complex topology (see [FrV],[V], [BeRo]). We also have
the morphism

Φσ : Hσ → Mg

mapping the equivalence class of a cover f : X → P1 to the class of X in the moduli
space Mg (where g = gσ). Hence the image of Φσ, i.e., the locus of genus g curves
admitting a cover to P1 of type σ, is irreducible.

Definition 2.1. The moduli dimension of σ, denoted by mod-dim(σ), is the di-
mension of the image of Φσ; i.e., the dimension of the locus of genus g curves
admitting a cover to P1 of type σ. We say σ has full moduli dimension if
mod-dim(σ) = dimMg. Obviously, the moduli dimension of σ depends only on
the braid orbit of σ, hence we call it the moduli dimension of the braid orbit.

A curve is called a general curve of genus g if it corresponds to a point of
Mg that does not lie in any proper closed subvariety of Mg defined over Q̄ (the
algebraic closure of the rationals). Clearly, an admissible tuple σ has full moduli
dimension if and only if each general curve of genus gσ admits a cover to P1 of type
σ.

The following Remark gives the necessary condition for full moduli dimension
used by Guralnick, Fried and Zariski (cf. [MV], Remark 2.2).

Remark 2.2. Let σ be an admissible tuple of length r in Sn, and g := gσ ≥ 2. If
σ has full moduli dimension then r ≥ 3g.
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2.2. Group-theoretic consequences of the necessary criterion for full mod-
uli dimension. Let σ = (σ1, ..., σr) be an admissible tuple in Sn, and g := gσ ≥ 3.
Assume σ satisfies the necessary condition r ≥ 3g for full moduli dimension. As-
sume further σ generates a primitive subgroup G of Sn. If g ≥ 4 then G = Sn or
G = An by [GM] and [GS]. If g = 3 and G is not Sn or An then one of the following
holds (see [GM], Theorem 2):

(1) n = 7, G ∼= GL3(2)
(2) n = 8, G ∼= AGL3(2) (the affine group)
(3) n = 16, G ∼= AGL4(2)

The affine group AGLm(2) is the semi-direct product of GLm(2) with the group
of translations. We view it as permutation group on the 2m points of the affine
space (F2)m, on which it acts triply transitively. A transvection of AGLm(2) is
an involution that fixes a hyperplane of the corresponding affine space pointwise.

In cases (1) and (3), the tuple σ consists of 9 transvections of the respective
linear or affine group. In case (2), either σ consists of 10 transvections or it consists
of 8 transvections plus an element of order 2,3 or 4 (where the element of order 2
is a translation).

2.3. Braid orbits of full moduli dimension.

2.3.1. Braid orbits of 2-cycle tuples and 3-cycle tuples. Admissible tuples in Sn
of fixed length that consist only of transpositions form a single braid orbit (by
Clebsch 1872, see [V], Lemma 10.15). They correspond to the so-called simple
covers. Their braid orbit has full moduli dimension if and only if 2(n − 1) ≥ g,
where g = gσ (see the remarks in the Introduction).

Now consider admissible tuples in Sn, n ≥ 6, of fixed length that consist only
of 3-cycles. Such tuples generate An. Fried [Fr1] proved that such tuples exist and
form exactly two braid orbits (resp., one braid orbit) if g > 0 (resp., g = 0). In the
case g > 0, both braid orbits have full moduli dimension by [MV, Theorem 4.1].

It is to be expected that there is a wealth of braid orbits of full moduli dimension
whose tuples generate Sn or An. A classification seems hopeless.

2.3.2. Braid orbits of the exceptional tuples in genus 3. It was proved in [MV,
Remark 5.1] that the tuples in case (1) (i.e. 9 double transpositions in S7 generating
a group isomorphic to GL3(2)) form a single braid orbit. This braid orbit has full
moduli dimension by [MV, Theorem 5.2].

3. Covers of pinched surfaces

3.1. Pinched surfaces. A pinched surface R is a topological space which is ob-
tained from a disjoint union of compact Riemann surfaces R1, . . . , Rs by identifying
finitely many pairs of points (qµ, q′µ) (i.e., we identify qµ with q′µ for each µ). These
pairs are mutually disjoint. The common image of qµ and q′µ in R is denoted by
pµ. We denote the image of Rν in R by R̄ν . Each pµ is contained in at most two
R̄ν . It is allowed that R̄ν is linked to itself. The R̄ν are called the irreducible com-
ponents of R, and the pµ are called the nodes. A node is called to be a node of the
first, (resp. of the second) kind, if it lies on exactly one (resp. two) irreducible
components of R. A pinched surface is called non-singular if it has no nodes.
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3.2. Replacing a node by a tube. Let R be a pinched surface and p a node of R.
Then p has a neighborhood U that is homeomorphic to the union of two discs D1

and D2 that are linked at their midpoints. Let R̃ be the pinched surface obtained by
replacing U by a cylinder T whose two boundary circles coincide with the boundary
circles of D1 and D2. Obviously, the homeomorphism type of R̃ depends only on R
and p. We say R̃ is obtained by replacing the node p by a tube. There is a natural
continuous map π : R̃→ R mapping π−1(R \{p}) homeomorphically onto R \{p}.
Furthermore, π−1(p) is a circle which we call the waist-line of T .

3.3. The genus of a pinched surface. We return to the set-up of section 3.1.
The genus gν of the irreducible component R̄ν is the genus of the compact Riemann
surface Rν . The arithmetic genus g of a connected pinched surface is the genus
of the non-singular surface obtained by replacing the nodes by tubes. This genus
can be computed from the gν by the following formula. Let t be the number of
nodes. Then

(1) g = t + 1 +
s∑

ν=1

(gν − 1)

3.4. Stable pinched surfaces. An irreducible component of a pinched surface is
called exceptional, if it has genus 0, is linked to at most two other irreducible
components and has no node of the first kind.

A connected pinched surface R of genus g ≥ 2 is called stable if it has no
exceptional component. Such a surface of genus g = 1 is called stable, if it has no
exceptional component and at least one node.

The stable model of a pinched surface R of genus ≥ 2 is obtained by repeating
the following procedure until we obtain a stable pinched surface: Take an excep-
tional irreducible component and replace one of its nodes by a tube. The stable
model has the same genus.

3.5. Covers of pinched surfaces. Let S be a connected pinched surface and Ŝ
the non-singular surface obtained from S by replacing all nodes by tubes. Let
f̂ : R̂ → Ŝ be a cover of non-singular surfaces such that no branch point of f̂
maps to a node of S. Let T be a cylinder on Ŝ coming from a node of S. By
our assumption on f̂ , we may assume that T contains no branch point of f̂ . The
inverse image of T in R̂ is the disjoint union of cylinders Ti (because a cylinder is
homotopic to a circle). The waist-line W of T is homotopic to T , hence each Ti
contains exactly one component Wi of the inverse image of W. This Wi is a circle.
Shrinking each Wi to a point results in a pinched surface R. The cover f̂ : R̂→ Ŝ
induces a map f : R→ S. Each map R→ S obtained in this way is called a cover
of pinched surfaces. There is also a direct definition, see [BeRo, Def. 4.4].

Let S̃ be the pinched surface obtained by replacing a single node p of S by a
tube. Let R̃→ S̃ be the cover obtained from R̂→ Ŝ as in the previous paragraph.
In this situation we say that the cover R̃→ S̃ is obtained from R→ S by replacing
the node p by a tube.

3.6. Multi-lists. Let k be a non-negative integer. A multi-list P of level k is
defined as follows: If k = 0, then P is a positive integer. If k > 0, then P =
(P1, . . . , Pt), where Pi is a multi-list of level < k and one of the Pi has level k − 1.
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The integer tuple associated to P is defined as follows: If k = 0, then it is the
tuple (P ). If k > 0 and P = (P1, . . . , Pt) then the integer tuple associated with P
is the concatenation of the integer tuples associated with the Pi. We demand that
the integer tuple associated to P is a tuple of consecutive integers.

A multi-list of level 0 is called stable. A multi-list P = (P1, . . . , Pt) of level k > 0
is called stable, if t ≥ 2 and the Pi are stable for i = 1, . . . , t.

3.7. The cover associated to a multi-list and a tuple of permutations. Let
σ = (σ1, . . . , σr) be a tuple of permutations in Sn.

Let P = (P1, . . . , Pt) be a stable multi-list of level k ≥ 1 with associated integer
tuple (m,m + 1, . . . ,m′), where 1 ≤ m < m′ ≤ r. We define an associated cover
of pinched surfaces R → S, where S has genus 0 and carries a distinguished point
s0 which is not a node. This point s0 is ramified if and only if τ 6= 1, where
τ = (σm · · ·σm′)−1.

Let Pi1 , . . . , Pis be the entries of P of level ≥ 1. For j = i1, . . . , is let R(j) →
S(j) be the covering associated with the multi-list Pj of level ≤ k − 1 (defined by
induction).

Let S(0) be an additional sphere and choose t+ 1 distinct points p1, . . . , pt+1 on
S(0). The last of these points is the distinguished point s0 = pt+1. For i = 1, . . . , t
define τi = σk · · ·σk′ , where (k, k + 1, . . . , k′) is the integer tuple associated with
Pi.

Let R(0) be a cover of S(0) of type (τ1, . . . , τt, τ) (see [V]), that restricts to an
unramified cover of S(0) \ {p1, . . . , pt, pt+1}.

Define the cover R→ S as follows:

(1) The space S is obtained from the disjoint union of the S(j) (for j =
0, i1, . . . , is) by identifying the distinguished point of each S(j) with pj ∈
S(0).

(2) The space R is obtained from the disjoint union of the R(j) (for j =
0, i1, . . . , is) by linking R(0) to each R(j), j = i1, . . . , is, in the following
way: The points over pj , on R(0) as well as R(j), correspond to the orbits
of τj on {1, . . . , n}. We identify the points corresponding to the same orbit.

If P has associated integer tuple (1, . . . , r), then the associated cover R → S

arises from a cover R̂→ Ŝ of type σ (of non-singular surfaces) as in section 3.2.

Lemma 3.1. If σ generates a transitive subgroup of Sn, then R is connected.

Proof. By induction the connected components of R(i) are the orbits of the group
Hi, generated by σk, . . . , σk′ , where (k, k+ 1, . . . , k′) is the integer tuple associated
with Pi. The points over pi correspond to the orbits of τ . Those of these points
which lie in the same Hi-orbit belong to the same connected component. As Hi

is generated by σk, . . . , σk′ , this shows that the connected components correspond
to the orbits of the group generated by all of the σi. When this subgroup acts
transitive, then R is connected.

Remark 3.2. We have written a program in [GAP4] which computes the combi-
natorial structure of the covering surface R and its stable model R′. The input of
the program is the tuple σ and the multi-list P . The output yields the following
information for R as well as R′: The genera of the irreducible components, and the
links given by nodes of the first and second kind. For the convenience of the reader,
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we reproduce the GAP code in the appendix of this paper. For computing the genera
of the components of R and R′, we proceed as indicated in the following remark.

Remark 3.3. (Genus of the connected surface R)

Assume σ generates a transitive subgroup of Sn. Then the genus of the connected
pinched surface R can be computed by the formula (1) once the genera of the
irreducible components of R and the incidence relations are known. The incidence
relations can be read off from the algorithm constructing the cover R→ S in section
3.7. The genera can be computed step by step from the following procedure which
computes the genera of the components of R(0).

Let H be the subgroup of Sn generated by τ1, . . . , τt, τ . The components of R(0)

correspond to the H-orbits on {1, . . . , n}. Consider the component Ω corresponding
to the H orbit O. Let ν1, . . . , νt+1 be the restrictions of the generators of H to O.
By the Riemann-Hurwitz formula, the genus gΩ of Ω is given by

2(|O|+ gΩ − 1) =
t+1∑
i=1

Ind(νi)

where the index Ind(νi) is |O| minus the number of orbits of this permutation.

3.8. An example in genus 3: the group AGL4(2).

3.8.1. The tuple σ. Consider the following tuple σ = (σ1, . . . , σ9) in S16, where

σ1 := (2, 6)(3, 7)(10, 14)(11, 15)
σ2 := (2, 6)(3, 7)(10, 14)(11, 15)
σ3 := (2, 7)(3, 6)(9, 16)(12, 13)
σ4 := (1, 3)(6, 8)(10, 12)(13, 15)
σ5 := (2, 7)(4, 5)(10, 15)(12, 13)
σ6 := (2, 16)(4, 14)(6, 12)(8, 10)
σ7 := (1, 13)(3, 15)(6, 10)(8, 12)
σ8 := (1, 10)(2, 9)(5, 14)(6, 13)
σ9 := (1, 15)(2, 16)(3, 13)(4, 14)

We have σ1 · · ·σ9 = 1 and σ generates the group G = AGL4(F2) in its natural
action on F4

2, i.e. on 16 points. By the Riemann-Hurwitz formula we have gσ = 3
(cf. section 2.1 and section 2.2).

3.8.2. The multi-lists Pi. Consider the multi list

P = (((1, 2), 3), ((4, 5), 6), ((7, 8), 9))

The following sequence of multi-lists removes the singularities step by step

P0 := (((1, 2), 3), ((4, 5), 6), ((7, 8), 9))
P1 := ((1, 2, 3), ((4, 5), 6), ((7, 8), 9))
P2 := ((1, 2, 3), (4, 5, 6), ((7, 8), 9))
P3 := ((1, 2, 3), (4, 5, 6), (7, 8, 9))
P4 := (1, 2, 3, (4, 5, 6), (7, 8, 9))
P5 := (1, 2, 3, 4, 5, 6, (7, 8, 9))
P6 := (1, 2, 3, 4, 5, 6, 7, 8, 9)
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3.8.3. The associated covers. The construction of section 3.7 associates a sequence
of covers of pinched surfaces Ri → Si, i = 1, . . . , 6. The surface Si is a tree of
7 − i projective lines (i.e., spheres). Si+1 arises from Si by replacing a node by a
tube (two spheres of Si are joined by a tube and thereby merge into one sphere).
This implies the corresponding relation between the covering surfaces.

Remark 3.4. The cover Ri+1 → Si+1 arises from the cover Ri → Si by the process
of ”replacing a node by a tube” (see section 3.5).

For i = 0, . . . , 6 let R′i be the stable model of Ri. All Ri and R′i have (arithmetic)
genus 3 (see section 3.3 and 3.4).

R′0 : one component of genus 0 with 3 nodes of the second kind linking it
to 3 other components (which are mutually disjoint); each of the latter
has genus 0 and carries a node of the first kind.

R′1 : one component of genus 0 with 3 nodes of the second kind linking it
to 3 other components (which are mutually disjoint); two of the latter
have genus 0 and carry a node of the first kind; the third has genus 1.

R′2 : one component of genus 0 with 3 nodes of the second kind linking it
to 3 other components (which are mutually disjoint); one of the latter has
genus 0 and carries a node of the first kind; the two others have genus 1.

R′3 : three disjoint components of genus 1 linked by three nodes to a component
of genus 0

R′4 : three components of genus 1 linked by two nodes
R′5 : two components of genus 1, resp. 2, linked by a node
R′6 : one nonsingular component of genus 3

This information was computed by the program reproduced in the appendix (cf.
Remark 3.2). The combinatorial structure of the non-stable covering surfaces Ri is
much more complicated. From this it becomes apparent that it would have been
extremely tedious to do this computation by hand (although the final result, i.e.,
the structure of the R′i, is reasonably simple).

We describe the case i = 0. The surface R0 has 58 components of genus 0, the
maximal number of nodes on a component is 10. (Note that for any i, the surface
Ri has only nodes of the second kind. This is clear from the construction.)

4. The moduli-space of stable curves of genus g

The moduli spaceMg classifies stable curves over C of genus g. It is a projective
variety over C. We consider the set of complex points.

4.1. Covers of pinched surfaces and of algebraic curves.

Lemma 4.1. Let R→ S be a cover of pinched surfaces. Let e be a node of S. We
replace e by a tube and also all nodes of R which lie over e (as in section 3.2). This
gives a covering R′ → S′ of pinched surfaces of the same genera. Assume R → S
is a cover of algebraic curves over C of topological type R → S. Then there are
covers Rt → St, t ∈ [0, 1] of algebraic curves /C such that Rt → St is of topological
type R′ → S′ for t 6= 0, |t| < 1 and the following holds: Let pt be the point of Mg

that corresponds to the stable model of Rt. Then p0 = limt→0 pt in the complex
topology.
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Proof: Because of [Man, III.2.7(a),(b), 2.8 (d)], we get a family St, t ∈ [0, 1],
such that St is of type S for t = 0 and type S′ for t > 0. Because of the speciali-
sation theorem for the Kummerian fundamental group [BeRo, Proposition 7.14] or
[AsMaOd], the covering R → S deforms into a unique family Rt → St, t ∈ [0, 1].
Then Rt is of type R′ for t > 0.

4.2. The stratification of Mg by pinched surfaces. There is a stratification
of Mg by the topological type. Let R be a pinched surface of genus g. The stable
curves of genus g whose associated pinched surface is homeomorphic to R corre-
spond to the points of a locally closed subset Mg(R) of Mg (see [Man, III.2.8(d)];
that reference uses ”modular graphs” [Man, III Definition 2.4] instead of pinched
surfaces to describe the topological type of a stable curve).

Let R be a pinched surface of genus g. For any component c of R we define v(c)
as the number of nodes on c, with self-intersections counted twice. Then there is a
finite morphism ∏

c

Mg(c),v(c) →Mg(R)

(see [Man, III.2.8]). This shows that Mg(R) is irreducible and its dimension is
given by

dimMg(R) =
∑
c

(3g(c)− 3 + v(c))

Here we have used dimMg,r = 3g − 3 + r.
For the genus g we have the formula (1)

g = 1 +
∑
c

(g(c)− 1) + 1/2
∑
c

v(c)

For g ≥ 2 this implies

dimMg = 3g − 3 =
∑
c

(3g(c)− 3 + 3/2v(c))

Corollary 4.2.

codimMg(R) = 1/2
∑
v

c(v) = number of nodes of R.

Lemma 4.3. [Man, III.2.7(a),(b), 2.8 (d)] Let R and T be two pinched surfaces.
Then Mg(R) is contained in the boundary of Mg(T ) if T can be obtained from R
by replacing some nodes of R by tubes.

4.3. Full moduli dimension for AGL4(2). Let σ = (σ1, . . . , σ9), P , Ri and R′i
as in section 3.8. Let M(i) := M3(R′i), the locally closed, irreducible subset of
M3 classifying stable curves of topological type R′i. By Corollary 4.2 we have dim
M(i) = i, i = 0, . . . , 6.

By inspection we see that R′i+1 arises from R′i by replacing a node by a tube.
Therefore, M(i) is contained in the boundary of M(i+1) by Lemma 4.3.

Let Ω be the image in M3 of the Hurwitz space Hσ (see section 2.1). Let Ω̄ be
the Zariski-closure of Ω in M3. We want to show Ω̄ =M3.

Lemma 4.4. Assume R → S is a cover of algebraic curves over C of topological
type Ri → Si for some i = 0, . . . , 6. Then the stable model of R corresponds to a
point of Ω̄.
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Proof. For i = 6 this follows directly from the definition of Ω. Now assume
i = 5. By Remark 3.4 and Lemma 4.1, there are covers Rt → St, t ∈ [0, 1]
of algebraic curves /C such that the following holds: Rt → St is of topological
type R6 → S6 for t 6= 0, |t| < 1 and equals the given cover R → S for t = 0.
Furthermore, if pt denotes the point ofM3 that corresponds to the stable model of
Rt, then p0 = limt→0 pt in the complex topology. This proves the claim for i = 5.
By iterating this argument we conclude the proof.

Theorem 4.5. Each general curve of genus 3 has a cover to P1 with monodromy
group AGL4(2). More precisely, the tuple σ from section 3.8.1 (of nine transvec-
tions in AGL4(2)) has full moduli dimension.

Proof. It suffices to show that Ω̄ =M3 (cf. section 2.1). Recall that dimM(i) = i.
By Riemann’s Existence Theorem, there is a cover of algebraic curves over C of
topological type R0 → S0. It follows by Lemma 4.4 that M(0) ⊂ Ω̄. By Lemma
4.1 and because dim M(1) = 1 it follows that there is a Zariski-dense subset D
of points of M(1) which correspond to the stable model of an algebraic curve /C
covering another algebraic curve of type R1 → S1. By Lemma 4.4 we conclude that
M(1) ∩ Ω̄ is Zariski-dense in M(1). It follows that M(1) ⊂ Ω̄.

AssumeM(2) is not contained in Ω̄. Then the maximal dimension d of a compo-
nent of L :=M(2)∩ Ω̄ satisfies d < dimM(2) = 2. Since L is a locally closed subset
ofM3, each component of the complement of L in its closure has dimension strictly
less than d. Thus the closure of L would intersect M(1) in a Zariski-closed proper
subset. However, it follows from Lemma 4.1 and Lemma 4.4 that every point of D
lies in the closure of L. This contradiction shows that M(2) ⊂ Ω̄.

Continuing like this it finally follows thatM(6) ⊂ Ω̄. However,M(6) =M3, and
we are done.

APPENDIX: Computing the combinatorial structure of a
(pinched) covering surface given by a tuple of permutations
and a multi-list

Appendix A. Auxiliary subroutines

The first of the following subroutines computes the index of a permutation (i.e.,
the permutation degree minus the number of cycles). The second subroutine com-
putes the genus of any cover of P1 of type t (cf. section 2.1), where t generates a
transitive permutation group of degree n.

PermIndex:=function(p,deg)
return deg - Length(Orbits(Group(p),[1..deg]));

end;

OrbitGenus:=function(t,n)
if not IsTransitive(Group(t),[1..n]) then Print("Group intransitive");
return;
fi;

return 1-n+ Sum(List([1..Length(t)],
i->PermIndex(t[i],n)))/2 ;



THE COMBINATORICS OF DEGENERATE COVERS 155

end;

Appendix B. The combinatorial structure of certain pinched
surfaces arising as coverings

Here we transform the recursive construction of the covering R→ S from section
3.7 into a GAP program (cf. Remark 3.2). Let T be an r-tuple of permutations of
degree n.

If P is a multi-list with associated integer tuple 1, . . . , r, the command
IncidMatrix(n, T, P ) produces the following output: A pair whose first entry is
the genus of R, where R→ S is the covering constructed from T and P in section
3.7. The second entry is a list I of records, with each record corresponding to a
component C of R. The attributes of the record yield the genus of C, and the
positions in I of the components linked with C.

The main construction occurs in the subroutine RecursiveIncidMatrix, which
performs the recursive construction from section 3.7. Most users will not need to
call the routine
RecursiveIncidMatrix, because it is called automatically by IncidMatrix. For
completeness, we remark that in RecursiveIncidMatrix, the multi-list P is more
generally allowed to have integer tuple (m,m+ 1, . . . ,m′), where 1 ≤ m < m′ ≤ r.

RecursiveIncidMatrix:=function(n,T,P)
local dist, G, g, B, record, Perm, Perm1, perm, Orbs, Inc, I, Comp,
Laengen, ii, i, j, k, l, m, aux, NewOrb, R, s;
Perm:=[]; Orbs:=[]; Comp:=[]; Laengen:=[];
if not IsList(P) then return [ T[P], [], [] ];
fi;

s:=Length(P);
for i in [1..s] do
R:=RecursiveIncidMatrix(n,T,P[i]);
Add(Perm,R[1]);
Add(Orbs,R[2]);
Append(Comp, R[3]); Add(Laengen,Length(R[3]));
od;

perm:=Product(Perm);
Add(Perm, perm-̂1);
G:=Group(Perm);
NewOrb:= Orbits(G,[1..n]);
Construction of Comp = list of records, one for each component of the curve
It has attributes genus and I=list of back distances to incident entries of Comp
m:=Length(NewOrb);
for j in [1..m] do
B:=NewOrb[j];
g:=1-Length(B)+
Sum(List([1..s+1],
i->PermIndex(GeneratorsOfGroup(Action(G,B))[i],Length(B))))/2;

record:=rec(genus:=g, Inc:= []);
for i in [1..s] do



156 THE COMBINATORICS OF DEGENERATE COVERS

dist:=0;
for ii in [i+1..s] do
dist:=dist+ Laengen[ii];
od;

l:=Length(Orbs[i]);
for k in [1..l] do
I:=Intersection(NewOrb[j],Orbs[i][k]);
for aux in Orbits(Group(Perm[i]),I) do
Add(record.Inc,j+dist+l-k);
od;

od;
od;

Add(Comp,record);
od;

return [perm, NewOrb, Comp];
end;

--------------------------------------------------------------------
IncidMatrix:=function(n,T,P)
local k, I, II, j, s, r;
I:=RecursiveIncidMatrix(n,T,P)[3];
s:=Length(I);
for j in [1..s] do
II:= I[j].Inc;
r:=Length(II);
for k in [1..r] do
II[k]:= j-II[k];
Add(I[II[k]].Inc,j);

Incidence relation is made symmetric and absolute (i.e., no relative pointers)
od;

od;
return [ OrbitGenus(T,n), I];

end;

Appendix C. Computing the stable model of the covering surface

The routine StabMatrix has the same input as IncidMatrix. It computes the
same information with R replaced by its stable model R′.

StabMatrix:=function(n,T,P)
local g, f, flag, k, I, J, II, j, s, m;
II:= IncidMatrix(n,T,P);
I:= II[2];
s:=Length(I);
flag:=1;
now we make the corresponding curve stable if its arithmetic genus is > 1
if II[1]<2 then Print("Curve has genus <2, cannot be made stable");
fi;



THE COMBINATORICS OF DEGENERATE COVERS 157

while flag=1 do
flag:=0;
for j in [1..s] do
if I[j].genus=0 and Length(I[j].Inc)=1 then
k:=I[j].Inc[1];
I[k].Inc:= Filtered(I[k].Inc, x-> not x=j);
I[j].Inc:=[]; flag:=1;
fi;

if I[j].genus=0 and Length(I[j].Inc)=2 then
k:=I[j].Inc[1];
m:=I[j].Inc[2];
I[k].Inc:= Filtered(I[k].Inc, x-> not x=j);
I[m].Inc:= Filtered(I[m].Inc, x-> not x=j);
Add(I[k].Inc,m);
Add(I[m].Inc,k);
I[j].Inc:=[]; flag:=1;
fi;

od;
od;

now we delete those components with no incidences left
and re-label the other components and incidence lists
J:=[];
f:=[];
for j in [1..s] do
if (not I[j].Inc= []) or I[j].genus>0 then
Add(J,I[j]);
f[j]:= Length(J);
fi;

od;
m:=Length(J);
for k in [1..m] do
J[k].Inc:= List(J[k].Inc, x-> f[x] );
od;

now we compute the arithmetic genus of the stable curve
as a consistency check (It has to equal II[1]).
We use the formula in Harris-Morrison, p. 48.
g:= Sum(List(J, x-> -1 + x.genus + Length(x.Inc)/2)) + 1;
if g= II[1] then Print(" Arithmetic genus is correct");
else Print(" Mistake: Arithmetic genus is wrong");
fi;

return [ II[1], J];
end;
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Abstract. This note gives an explicit proof that the scalar subgroup of the

Clifford-Weil group remains unchanged when passing to the quotient represen-
tation filling a gap in [3]. For other current and future errata to [3] see

http://www.research.att.com/∼njas/doc/cliff2.html/.

1. Introduction

All notations in this paper are introduced in detail in [3] and we refer to this book
for their definitions. One main goal of the book is to introduce a unified language to
describe the Type of self-dual codes combining the different notions of self-duality
and Types, that are well established in coding theory. The Type of a code is a finite
representation ρ = (V, ρM , ρΦ, β) of a finite form ring R = (R,M,ψ,Φ). The finite
alphabet V is a left module for the ring R and the biadditive form β : V ×V → Q/Z
defines the notion of duality. A code C of length N is then an R-submodule of V N

and the dual code is

C⊥ = {v ∈ V N |
N∑
i=1

β(vi, ci) = 0 ∀c ∈ C}.

c©2008 Aulona Press (Albanian J. Math.)

159



160 CLIFFORD-WEIL GROUPS OF QUOTIENT REPRESENTATIONS.

Additional properties of codes of a given Type are encoded in the R-qmodule ρΦ(Φ)
which is a certain subgroup of the group of quadratic mappings V → Q/Z. A code
C ≤ V N is isotropic, if C ≤ C⊥ and

N∑
i=1

ρΦ(φ)(ci) = 0 for all φ ∈ Φ and for all c ∈ C.

Given a finite representation ρ, one associates a finite subgroup C(ρ) of GL(C[V ]),
called the associated Clifford-Weil group (see Section 2). For certain finite form
rings (including direct products of matrix rings over finite Galois rings) it is shown
in [3, Theorem 5.5.7] that the ring of polynomial invariants of C(ρ) is spanned by the
complete weight-enumerators of self-dual isotropic codes of Type ρ. We conjecture
that this theorem holds for arbitrary finite form rings. It is shown in [3, Theorem
5.4.13, 5.5.3] that in general the order of the scalar subgroup

S(C(ρ)) = C(ρ) ∩ C∗ idC[V ]

is exactly the greatest common divisor of the lengths of self-dual isotropic codes of
Type ρ. The proof of this theorem uses the fact that the scalar subgroup of C(ρ)
remains unchanged when passing to the quotient representation. The aim of the
present note is to give a full proof of this statement, Theorem 1.

Throughout the note we fix an isotropic code C ≤ C⊥ ≤ V in ρ. Then the
quotient representation ρ/C is defined by

ρ/C := (C⊥/C, ρM/C, ρΦ/C, β/C),
where (ρM/C(m))(v + C,w + C) = ρM (m)(v, w), (ρΦ/C(φ))(v + C) = ρΦ(φ)(v),
and β/C(v + C,w + C) = β(v, w) for all v, w ∈ C⊥,m ∈M,φ ∈ Φ.

Theorem 1. Let R = (R,M,ψ,Φ) be a finite form-ring and let ρ = (V, ρM , ρΦ, β)
be a finite representation of R. Let C be an isotropic self-orthogonal code in ρ.
Then

S(C(ρ)) ∼= S(C(ρ/C)).

2. Clifford-Weil groups and hyperbolic counitary groups

The Clifford-Weil group C(ρ) associated to the finite representation ρ acts linearly
on the space C[V ] with basis [bv : v ∈ V ]. It is generated by

mr : bv 7→ brv for r ∈ R∗
dφ : bv 7→ exp(2πiρΦ(φ)(v))bv for φ ∈ Φ
he,ue,ve : bv 7→ 1

|eV |1/2
∑
w∈eV exp(2πiβ(w, vev))bw+(1−e)v e2 = e ∈ R symmetric.

Recall that the form-ring structure defines an involution J on R. Then an idempo-
tent e ∈ R is called symmetric, if eR and eJR are isomorphic as right R-modules,
which means that there are ue ∈ eReJ , ve ∈ eJRe such that e = ueve and eJ = veue.

The Clifford-Weil group C(ρ) is a projective representation of the hyperbolic
counitary group

U(R,Φ) = U(
(

0 0
1 0

)
,Mat2(R),Φ2).

The elements of U(R,Φ) are of the form

(1) X =
((

α β
γ δ

)
,

(
φ1 m

φ2

))
∈ Mat2(R)× Φ2
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such that (
γJα γJβ

δJα− 1 δJβ

)
= ψ−1

2

(
λ(φ1) m
τ(m) λ(φ2)

)
.

A more detailed definition of U(R,Φ) can be found in [3, Chapter 5.2].
It is shown in the book that U(R,Φ) is generated by the elements

d((r, φ)) =
((

r−J r−Jψ−1(λ(φ))
0 r

)
,

(
0 0

φ

))
with r ∈ R∗, φ ∈ Φ and

He,ue,ve =
((

1− eJ ve
−ε−1uJe 1− e

)
,

(
0 ψ(−εe)

0

))
,

where e = ueve runs through the symmetric idempotents of R.
To formalize the proofs we let F(R,Φ) denote the free group on

{d̃(r, φ), H̃e,ue,ve | r ∈ R∗, φ ∈ Φ, e = ueve symmetric idempotent in R}.

On these generators there are two group epimorphism:

π : F(R,Φ)→ U(R,Φ), d̃(r, φ) 7→ d((r, φ)), H̃e,ue,ve 7→ He,ue,ve

and

(2) p : F(R,Φ)→ C(ρ); d̃(r, φ) 7→ mrdφ, H̃e,ue,ve 7→ he,ue,ve .

Theorem 2. p(ker(π)) ⊆ S(C(ρ)).
If ρ is faithful (i.e. AnnR(V ) = 0 = ker(ρΦ)), then p(ker(π)) = S(C(ρ)).

This is essentially [3, Theorem 5.3.2]. However the calculations there were omit-
ted so we take the opportunity to give them here for completeness (also since there
are a few typos in the proof there). As in [3, Theorem 5.3.2] we define the associated
Heisenberg group E(V ) := V × V ×Q/Z with multiplication

(z, x, q) · (z′, x′, q′) = (z + z′, x+ x′, q + q′ + β(x′, z)).

Then E(V ) acts linearly on C[V ] by

(z, x, q) · bv = exp(2πi(q + β(v, z)))bv+x, (z, x, q) ∈ E(V ), v ∈ V.

This yields an absolutely irreducible faithful representation ∆ : E(V )→ GL|V |(C).

Lemma 3. The hyperbolic counitary group U(R,Φ) acts as group automorphisms
on E(V ) via((

α β
γ δ

)
,

(
φ1 m

φ2

))
(z, x, q)

= (αz + βx, γz + δx, q + ρΦ(φ1)(z) + ρΦ(φ2)(x) + ρM (m)(z, x)) .

If ρ is a faithful representation, then this action is faithful.

Also the associated Clifford-Weil group C(ρ) ≤ GL(C[V ]) acts on ∆(E(V )) ∼=
E(V ) by conjugation.

Lemma 4. For r ∈ R∗, φ ∈ Φ and (z, x, q) ∈ E(V ) we have

∆(d((r, φ))(z, x, q)) = (mrdφ)∆((z, x, q))(mrdφ)−1.
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Proof. The proof is an easy calculation.

d((r, φ))(z, x, q) = (r−Jz + r−Jψ−1(λ(φ))x, rx, q + ρΦ(φ)(x))

maps the basis element bv (v ∈ V ) to

exp(2πi(q + ρΦ(φ)(x) + β(v, r−Jz + r−Jψ−1(λ(φ))x)))bv+rx.

On the other hand

(mrdφ)∆((z, x, q))(mrdφ)−1(bv) =

= mrdφ exp(2πi(q − ρΦ(φ)(r−1v) + β(r−1v, z))(br−1v+x)

= exp(2πi(q − ρΦ(φ)(r−1v) + β(r−1v, z) + ρΦ(φ)(r−1v + x)))(bv+rx)

= exp(2πi(q + β(r−1v, z) + ρM (λ(φ))(r−1v, x)))(bv+rx)

which is the same as the above, since β(r−1v, z) = β(v, r−Jz) by definition of the
involution J and

ρM (λ(φ))(r−1v, x) = β(r−1v, ψ−1(λ(φ))x) = β(v, r−Jψ−1(λ(φ))x).

�

Lemma 5. For e = ueve a symmetric idempotent in R and (z, x, q) ∈ E(V )

∆(He,ue,ve(z, x, q)) = he,ue,ve∆((z, x, q))h−1
e,ue,ve .

Proof. The group E(V ) is generated by (z, 0, 0), (0, x, 0), (0, 0, q) where z ∈ eJV ∪
(1 − eJ)V , x ∈ eV ∪ (1 − e)V , q ∈ Q/Z and it is enough to check the lemma for
these 5 types of generators. For (0, 0, q) this is clear. Similarly, if z ∈ (1−eJ)V and
x ∈ (1− e)V , then both sides yield ∆((z, x, q)) as one easily checks. For z ∈ eJV ,
x ∈ eV , q ∈ Q/Z

He,ue,ve(z, x, q) = (vex,−ε−1uJe z, q + β(z,−εx)).

To calculate the right hand side, we note that according to the decomposition

V = eV ⊕ (1− e)V

the space C[V ] = C[eV ]⊗ C[(1− e)V ] is a tensor product and

he,ue,ve = (he,ue,ve)C[eV ] ⊗ idC[(1−e)V ] .

Moreover, the permutation matrix ∆((0, x, 0)) : bv 7→ bv+x for x ∈ eV is a tensor
product px ⊗ id and similarly the diagonal matrix ∆((z, 0, 0)) for z ∈ eJV is a
tensor product dz ⊗ id. It is therefore enough to calculate the action on elements
of C[eV ]. For z = eJz ∈ eJV , x = ex ∈ eV and v = ev ∈ eV, we get

he,ue,ve ◦∆((eJz, 0, 0)) ◦ h−1
e,ue,vebv =

= he,ue,ve(|eV |−1/2
∑
w∈eV

exp(2πi(β(−ε−1vJe εv, w) + β(w, eJz)))bw)

= |eV |−1
∑
w′∈eV

∑
w∈eV

exp(2πi(β(−ε−1vJe εv, w) + β(w, eJz) + β(w′, vew)))bw′ .

Now β(−ε−1vJe εv, w)+β(w, eJz)+β(w′, vew) = β(−ε−1vJe εv+ε−1z+ε−1vJe εw
′, w).

Hence the sum over all w is non-zero, only if −vJe εv + z + vJe εw
′ = 0 which implies
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that w′ = v − ε−1uJe z. Hence he,ue,ve ◦ ∆((eJz, 0, 0)) ◦ h−1
e,ue,vebv = bv−ε−1uJe z

. A
similar calculation yields

he,ue,ve ◦∆((0, ex, 0)) ◦ h−1
e,ue,vebv =

= he,ue,ve(|eV |−1/2
∑
w∈eV

exp(2πi(β(−ε−1vJe εv, w)))bw+ex)

= he,ue,ve(|eV |−1/2
∑
w∈eV

exp(2πi(β(−ε−1vJe εv, w − ex)))bw)

= he,ue,ve ◦ h−1
e,ue,ve(exp(2πi(β(ε−1vJe εv, ex)))bv)

= exp(2πi(β(v, vex)))bv.

�

Proof. (of Theorem 2) That p(ker(π)) ⊆ S(C(ρ)) follows from Lemma 4 and 5.
Assume now that ρ is faithful. Then by Lemma 3 the action of U(R,Φ) on E(V )
is faithful: Let s ∈ S(C(ρ)). Then there is some f ∈ F(R,Φ) with p(f) = s since
p is surjective. Moreover the action of π(f) ∈ U(R,Φ) and p(f) ∈ C(ρ) on E(V )
coincide, so π(f) acts trivially on E(V ) and therefore f ∈ ker(π).

�

Remark 6. Let ρ be faithful. Lemma 4 and 5 show that every element a ∈ C(ρ)
induces an automorphism α on E(V ) that is in U(R,Φ). The latter group acts
faithfully on E(V ) by Lemma 3 hence α ∈ U(R,Φ) is uniquely determined. This
defines a group epimorphism

ν : C(ρ)→ U(R,Φ), a 7→ α.

The kernel of ν is precisely the scalar subgroup S(C(ρ)). The inverse homomorphism
is

θ : U(R,Φ)→ C(ρ)/S(C(ρ)), u 7→ p(π−1(u))
which is well defined by Theorem 2.

For the calculations in Section 5 we need the following lemma.

Lemma 7. Let X ∈ U(R,Φ) be as in (1). If δ2 = δ then ι := 1− δ is a symmetric
idempotent of R.

Proof. We define uι = −ιγJ ιJ , vι = ιJβι and calculate

uιvι = −(1− δ)ε−1γJ(1− δJ)β(1− δ)
= −(1− δ)ε−1 γJβ︸︷︷︸

=αJεδ−ε

(1− δ) + (1− δ)ε−1γJ δJβ︸︷︷︸
=βJεδ

(1− δ)

= (1− δ)ε−1ε(1− δ) = 1− δ = ι

and

vιuι = −(1− δJ)β(1− δ)ε−1γJ(1− δJ)

= −(1− δJ)βε−1γJ︸ ︷︷ ︸
=αδJ−1

(1− δJ) + (1− δJ)β δε−1γJ︸ ︷︷ ︸
=γδJ

(1− δJ)

= −(1− δJ)(−1)(1− δJ) = 1− δJ = ιJ .

�



164 CLIFFORD-WEIL GROUPS OF QUOTIENT REPRESENTATIONS.

3. S(C(ρ)) ≤ S(C(ρ/C))

The Clifford-Weil group C(ρ/C) can be derived from C(ρ) by restricting the
operation of C(ρ) to a submodule of C[V ].

Lemma 8. The group C(ρ) acts on a submodule of C[V ] isomorphic to C[C⊥/C].
This yields a representation

res : C(ρ)→ GL(C[C⊥/C])

with res(C(ρ)) ≤ C(ρ/C). For the scalar subgroups we get ker(res) ∩ S(C(ρ)) = {1}
and hence S(C(ρ)) is isomorphic to a subgroup of S(C(ρ/C)).

Proof. Let Rep denote a set of coset representatives of C⊥/C. We define a
subspace

U := {
∑
v∈Rep

∑
c∈C

avbv+c | av ∈ C} ≤ C[V ].

This subspace is isomorphic to C[C⊥/C] via

f : C[C⊥/C]→ U,
∑
v∈Rep

avbv+C 7→
∑
v∈Rep

∑
c∈C

avbv+c.

So we have

res(x) = f ◦ x ◦ f−1 ∈ GL(U)

for x ∈ C(ρ). Particularly, if x = s · idC[V ] then res(x) = s · idC[C⊥/C] and hence the
restriction of res to the scalar subgroup of C(ρ) is injective.

We now will show that

?H f ◦ p(H̃e,ue,ve) ◦ f−1 = p/C(H̃e,ue,ve)

and

?d f ◦ p(d̃((r, φ))) ◦ f−1 = p/C(d̃((r, φ)))

where p : F(R,Φ) → C(ρ) and p/C : F(R,Φ) → C(ρ/C) denote the group homo-
morphisms as defined (2). So we have Im(res) ≤ C(ρ/C) = Im(p/C) which shows
the lemma.

To prove ?H let v + C ∈ C⊥/C and let T denote a set of coset representatives
of eC⊥/eC ∼= eC⊥/C. Then
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f−1 ◦ p(H̃e,ue,ve) ◦ f(bv+C) = f−1 ◦ p(H̃e,ue,ve)(
∑
c∈C

bv+c)

=f−1(
∑
c∈C
|eV |− 1

2

∑
w∈eV

exp(2πiβ(w, ve(v + c)))bw+(1−e)(v+c))

=f−1(|eV |− 1
2

∑
w∈eV

exp(2πiβ(w, vev))
∑

c′∈(1−e)C

·

·
∑
c∈eC

exp(2πiβ(w, vec))︸ ︷︷ ︸
=

 |eC|, w ∈ eC⊥,
0 otherwise.

bw+(1−e)(v+c′))

=f−1(
|eC|
|eV | 12

∑
w∈eC⊥

∑
c′∈(1−e)C

exp(2πiβ(w, vev))bw+(1−e)(v+c′))

=f−1(
|eC|
|eV | 12

∑
w∈T

∑
c′∈(1−e)C

∑
c∈eC

exp(2πiβ(w, vev))bw+c+(1−e)(v+c′))

=f−1(
|eC|
|eV | 12

∑
w∈T

exp(2πiβ(w, vev))
∑
c∈C

bw+(1−e)v + c)

=|eC⊥/C|− 1
2

∑
w∈eC⊥/C

exp(2πiβ/C(w, ve(v + C)))bw+(1−e)(v+C)

=p/C(H̃e,ue,ve)(bv+C).

To show ?d we note that ρΦ(φ)(c) = 0 for all c ∈ C and for all φ ∈ Φ and obtain

f−1 ◦ p(d̃((r, φ))) ◦ f(bv+C) = f−1 ◦ p(d̃((r, φ)))(
∑
c∈C

bv+c)

= f−1(p(d̃((r, 0)))
∑
c∈C

exp(2πiρΦ(φ)(v + c))bv+c)

= f−1(
∑
c∈C

exp(2πiρΦ(φ)(v))brv+rc)

= f−1(
∑
c∈C

exp(2πiρΦ(φ)(v))brv+c)

= exp(2πiρΦ/C(φ)(v + C))br(v+C))

= p/C(d̃((r, φ)))(bv+C).

�

4. The strategy.

Without loss of generality we now assume that ρ is faithful, that is,

ker(ρ) = (AnnR(V ), ker(ρΦ)) = (0, 0)

and let (I,Γ) = ker(ρ/C). We then define res : U(R,Φ)→ U(R/I,Φ/Γ) by

res(
((

α β
γ δ

)
,

(
φ1 m

φ2

))
) =

((
α+ I β + I
γ + I δ + I

)
,

(
φ1 + Γ m+ ψ(I)

φ2 + Γ

))
).
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By Remark 6 the epimorphism

ν : C(ρ)→ U(R,Φ) by ν(mrdφ) = d((r, φ)), ν(he,ue,ve) = He,ue,ve

for r ∈ R∗, φ ∈ Φ and symmetric idempotents e = ueve ∈ R is well defined and
its kernel is S(C(ρ)). Similarly ν : C(ρ/C) → U(R/I,Φ/Γ). Then ν ◦ p = π and
ν ◦ p/C = π/C, where π/C : F(R/I,Φ/Γ) → U(R/I,Φ/Γ) is the analogous group
epimorphism. Again the representation ρ/C of (R/I,Φ/Γ) is faithful so by Remark
6 the kernel of ν is S(C(ρ/C)).

We then have the following commutative diagram with exact rows and columns

1 1
↓ ↓

1 → ker(res)
ν|ker(res)→ ker(res) → Y ′ → 1

↓ ↓ ↓
1 → S(C(ρ)) → C(ρ) ν→ U(R,Φ) → 1

↓ ↓ res ↓ res
1 → S(C(ρ/C)) → C(ρ/C) ν→ U(R/I,Φ/Γ) → 1

↓ ↓ ↓
Y 1 1
↓
1

To see that all sequences are exact, we note that ν| ker(res) is injective, since
ker(res)∩S(C(ρ)) = 1. The homomorphisms res and res are surjective, since idem-
potents and units of R/I lift to idempotents and units of R. Moreover res◦ν = ν◦res
as one checks on the generators.

The claim of Theorem 1 is that Y is trivial. But this is fulfilled if and only if Y ′
is trivial, that is, if ν|ker(res) is an isomorphism since

|Y| = |S(C(ρ/C))|
|S(C(ρ))|

=
|C(ρ/C)| · |U(R,Φ)|
|U(R/I,Φ/Γ)| · |C(ρ)|

=
| ker(res)|
| ker(res)|

= |Y ′|.

5. The surjectivity of ν|ker(res)

During the proof of Theorem 1 some results on lifting symmetric idempotents
are needed, which are stated in the next two lemmata.

Lemma 9. Let R be an Artinian ring and I an ideal of R. If e ∈ I + radR ⊆ R
such that e2 ≡ e mod radR then there exists an idempotent e′ ∈ I such that e′ ≡ e
mod radR.

Proof. We choose x0 ∈ radR such that e0 := e + x0 ∈ I. Then e0 + radR
is an idempotent in R/ radR. Since radR is a nilpotent ideal of R [2, Theorem
4.9] constructs an idempotent e′ = f(e0) ∈ I for some polynomial f ∈ Z[X] with
f(0) = 0 such that e′ + radR = e0 + radR. �

By [2, Theorem 4.5] applied to an idempotent e ∈ R, the right-modules eR and
eJR are isomorphic, if and only if their quotients modulo radR are isomorphic.
Hence we find

Lemma 10. Let e+ radR ∈ R/ radR be a symmetric idempotent such that

e+ radR = ueve + radR, eJ + radR = veue + radR,
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ue + radR ∈ (eReJ) + radR, ve ∈ (eJRe) + radR. If e ∈ R is an idempotent then
e is symmetric as well. More precisely, there exist ũe ∈ eReJ , ṽe ∈ eJRe such that

e = ũeṽe, e
J = ṽeũe

and ṽe ≡ ve mod radR.

For the rest of this note, let

(3) X :=
((

α β
γ δ

)
,

(
φ1 m

φ2

))
∈ ker(res)

and let (I,Γ) := ker(ρ/C). In particular, α, δ ∈ 1 + I, β, γ ∈ I, φ1, φ2 ∈ Γ and
m ∈ ψ(I). We have to find some x ∈ ker(res) such that ν(x) = X.

Lemma 11. We have d(P (R,Φ)) ∩ ker(res) ⊆ Im(ν|ker(res)).

Proof. Let r ∈ R∗, φ ∈ Φ such that d((r, φ)) = ν(mrdφ) ∈ ker(res). Then
r ∈ 1+I and φ ∈ Γ. In particular r acts as the identity on C⊥/C and ρΦ/C(φ) = 0.
This implies that both mr and dφ ∈ ker(res). �

Lemma 12. Let δ be a unit. Then there exists x ∈ ker(res) such that ν(x) = X.

Proof. Since ker(res) is a normal subgroup of C(ρ) it suffices to show that
X is contained in the normal subgroup of U(R,Φ) generated by the elements
d(P (R,Φ)) ∩ ker(res). We show that there is φ ∈ Γ such that

X = d((δ, φ2))H1,1,1d((1, φ))H−1
1,1,1.

We have d((δ, φ2)) =
((

δ−J β
0 δ

)
,

(
0 0

φ2

))
and hence

d((δ, φ2))−1 =
((

δJ −δJβδ−1

0 δ−1

)
,

(
0 0
−φ2[δ−1]

))
.

We therefore find

d((δ, φ2))−1X =
((

δJα− δJβδ−1γ 0
δ−1γ 1

)
,

(
−φ2[δ−1γ] + φ1 m̃

0

))
for some m̃ ∈M . Since the upper right entry in the first matrix of this element of
U(R,Φ) is 0 we obtain m̃ = 0 and similarly δJα− δJβδ−1γ = 1 and we get

d((δ, φ2))−1X =
((

1 0
δ−1γ 1

)
,

(
−φ2[δ−1γ] + φ1 0

0

))
Furthermore,

H1,1,1 =
((

0 1
−εJ 0

)
,

(
0 ψ(−ε)

0

))
, H−1

1,1,1 =
((

0 −ε
1 0

)
,

(
0 ψ(−ε)

0

))
.

Then we have

(d((δ, φ2))−1X)H1,1,1 =
((

1 −εδ−1γ
0 1

)
,

(
0 m′

φ

))
,

with some m′ ∈M and

φ = {{ψ(−εδ−1γ) }} − φ2[δ−1γ] + φ1 ∈ Γ,

since −εδ−1γ ∈ I and φ1, φ2 ∈ Γ. Again m′ = 0 since the lower left entry in the
first matrix is 0. Hence

H−1
1,1,1d((δ, φ2))−1XH1,1,1 = d((1, φ)) ∈ ker(res)
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as claimed. �
We now conclude the proof of Theorem 1 by showing

Lemma 13. The map ν|ker(res) is surjective, that is, Im(ν|ker(res)) = ker(res).

Proof. We show that there exists a symmetric idempotent ι ∈ I such that

X =
((

α′ β′

γ′ δ′

)
,

(
φ′1 µ′

φ′2

))
︸ ︷︷ ︸

=:X′

Hι,uι,vι

and δ′ ∈ R∗. Since ι ∈ I = ker(ρ/C) the set ι(C⊥/C) = {0} and hence hι,uι,vι ∈
ker(res). By Lemma 12 X ′ ∈ Im(ν|ker(res)), so the same holds for X.

Now let us construct ι. The ring R/ radR is a direct sum of matrix rings over
skew fields. Thus there exist u1, u2 ∈ R∗ such that u1δu2 is an idempotent modulo
radR. After conjugating with u2 we obtain an idempotent ũδ + radR ∈ R/ radR
with ũ ∈ R∗. Since ũδ + (I + radR) ∈ R/(I + radR) is an idempotent as well
and δ ∈ 1 + I is a unit modulo I + radR, it follows that ũ ∈ 1 + (I + radR). We
can even assume that ũ ∈ 1 + I. If ũ = 1 + i + r with i ∈ I and r ∈ radR then
(1 + i)δ = (ũ − r)δ is an idempotent mod radR. Additionally, from ũ ∈ R∗ we
get 1 + i ∈ R∗, so we can assume ũ = 1 + i. Now d((ũ, 0)) ∈ ker(res), thus

X ∈ ker(res) ⇔ d((ũ, 0))X ∈ ker(res)

⇔
((

ũ−Jα ũ−Jβ
ũγ ũδ

)
,

(
φ1 µ

φ2

))
∈ ker(res)

Thus we can assume that δ + radR ∈ R/ radR is an idempotent.
In the hyperbolic counitary group U(R/ radR,Φ/Γ̃) there is

X̃ :=
((

α+ radR β + radR
γ + radR δ + radR

)
,

(
φ1 + Γ̃ µ+ ψ(radR)

φ2 + Γ̃

))
Lemma 7 says that e := (1 − δ) + radR is a symmetric idempotent of R/ radR;
more precisely, we may write e = ueve with

ue = −eε−1γJeJ + radR,
ve = eJβeJ + radR.

By Lemma 9 we obtain a symmetric idempotent

ι := e+ x = 1− δ + x ∈ I

with x ∈ radR ∩ I. We calculate the projection on the first component

π(XH−1
ι,uι,vι) =

(
α β
γ δ

)(
δJ − xJ −vJι ε
uJι δ − x

)
=
(
α′ β′

γ′ δ′

)
with δ′ = −γvJι ε + δ − δx. It remains to show that δ′ ∈ R∗. Lemma 10 gives
vι ≡ (1− δJ)β(1− δ) mod radR. Also δx ∈ rad(R), so it remains to show that

δ̃′ := −γ(1− δJ)βJε(1− δ) + δ ∈ R∗.
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We observe that δ̃′δ = −γ(1− δJ)βJε (1− δ)δ︸ ︷︷ ︸
=0

+δ2 = δ and

(1− δ)δ̃′ = −(1− δ)γ(1− δJ)βJε(1− δ) =

−(1− δ)γβJε(1− δ) + (1− δ)γδJβJε(1− δ)︸ ︷︷ ︸
=0, since γδJ=δεJγJ

= −(1− δ)γβJε+ (1− δ)γ βJεδ︸︷︷︸
=δJβ

=

−(1− δ) γβJε︸ ︷︷ ︸
=δεJαJε−1

+ (1− δ)γδJβ︸ ︷︷ ︸
=0

= 1− δ.

Particularly, (1− δ)(2− δ̃′) = 1− δ. Now we see that δ̃′ is a unit since

δ̃′(2− δ̃′) = δ̃′(δ + (1− δ))(2− δ̃′) = δ̃′ − δδ̃′ + δ = 1− δ + δ = 1.

�
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Abstract. Recently, CT burst errors originally defined for block codes have
been generalized to CT burst errors for array codes [6]. In order to establish a

Rieger’s type bound for array codes with respect to CT burst errors. Here, we
introduce a CT burst error weight enumerator whose coefficients represent the

number of CT burst errors of a particular weight. The method of obtaining

the CT burst error weight enumerator is obtained by generating function like
approach and it does not involve solving equations as presented in [6].

1. Introduction

In classical algebraic coding theory, block codes and their properties have been
investigated intensively. On the other hand, array codes have proven to be a good
resource for burst error correction. A burst error definition for block codes is given
in [1]. Burst error definitions for array codes as two dimensional objects differ. Re-
cently, Jain in [7] has introduced a type of burst error for two dimensional arrays.
Later, a new approach on enumerating for these type of errors is introduced in
[9]. Recently, Jain in [6] has further generalized this definition for array codes and
named these burst errors as CT (Chien-Tang) burst errors in [6]. Jain has inves-
tigated these array codes with respect to newly introduced non Hamming metric
called Rosenbloom-Tsfasmann (or shortly RT) metric and established a Rieger’s
type bound. In [6], enumeration of CT burst errors is based on solving some lin-
ear equations and further for each weight computation the computations have to
be carried out separately. Here in this paper, we introduce a novel approach for
computing the number of CT bursts that avoids solving equations and separate
computations. We introduce so called CT burst error weight enumerator and the
way how to obtain it. The coefficients of CT burst error weight enumerator give
the number of CT burst errors of a particular weight. This approach avoids solving
equations and repetition of computations.

Definition 1.1. A linear subspace of Matm×s(Fq) (the set of all m × s matrices
over the finite field with q elements) is called an array code.

Key words and phrases. Matrix Array Codes, Non Hamming Metric, CT Burst Errors, Weight

enumerator.
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Definition 1.2. [6] A CT burst of order pr or p× r (1 ≤ p ≤ m, 1 ≤ r ≤ s) in the
space Matm×s(Fq) is an m× s matrix in which all the nonzero entries are confined
to some p× r submatrix which has non zero first row and column.

Definition 1.3. (Non Hamming-RT weight)[10]
Let v = (v1, v2, . . . , vn) ∈ Fnq . The RT weight (or ρ-weight) of v is defined by

wN (v) =
{
max{i|vi 6= 0}, v 6= 0

0, v = 0.

Let A ∈ Matm×s(Fq), and Ai be the ith row of the matrix A. Then the RT
weight of the matrix A is the sum of the RT weight of its rows in other words
wN (A) =

∑m
i=1 wN (Ai).

The RT (non Hamming) metric for codes over fields is defined in [10] and some
bounds for the minimum distance are established. Some applications of this metric
to uniform distributions are given in [11]. Some recent work related to RT metric
has appeared in [2],[4],[5].

Let T p×rm×s(Fq) be the number of CT bursts of order pr. This number with a direct
computation is given in the following theorem.

Theorem 1.1. [6]

T p×rm×s(Fq) =


ms(q − 1), p = 1, r = 1,

m(s− r + 1)(q − 1)qr−1, p = 1, r ≥ 2
(m− p+ 1)s(q − 1)qp−1, p ≥ 2, r = 1,

(m− p+ 1)s(q − 1)qr(p−1)[qr − 1− (qr−1 − 1)q1−p], p ≥ 2, r ≥ 2.

Further, in [6] a formula for the number of CT bursts of a particular order and ρ-
weight less than or equal to a number is stated and proved in the following theorem.
It is also shown that this theorem enables to establish a Rieger’s type bound for
array codes with respect to CT burst errors.

Theorem 1.2. [6] The number of CT bursts of order pr (1 ≤ p ≤ m, 1 ≤ r ≤ s)
in Matm×s(Fq) having ρ-weight w or less (1 ≤ w ≤ ms) is given by

T p×rm×s(Fq, w) =


m×min(w, s)× (q − 1), p = 1, r = 1,

m×min(w − r + 1, s− r + 1)× (q − 1)qr−1, p = 1, r ≥ 2,
(m− p+ 1)T3, p ≥ 2, r = 1,
(m− p+ 1)T4, p ≥ 2, r ≥ 2.

where

T3 =
min(w,s)∑
j=1

p−1∑
η=0:ηj≤w−j

(
p− 1
η

)
(q − 1)η+1,

T4 =
min(w−r+1,s−r+1)∑

j=1

(Qpj,r −Q
p−1
j,r −Q

p
j+1,r−1 +Qp−1

j+1,r−1),

and

(1) Qpj,r =
∑

kj ,kj+1,...,kj+r−1

p!q
∑
l=0r−1(l+1)kj+l∏r−1

l=0 kj+1!
(
p−

∑r−1
l=0 kj+l

)
!

(
q − 1
q

)∑r−1
l=0 kj+l
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where kj , kj+1, . . . , kj+r−1 being nonnegative integers such that

r−1∑
l=0

kj+l ≤ p

r−1∑
l=0

(j + l)kj+l ≤ w.(2)

In Theorem 1.2, computing the number of CT burst errors of a particular order
is still a challenging task. In Equation 2, the two inequalities are first to be solved
in the set of natural numbers, then by using these ki solutions the numbers Qpj,r are
to be computed by the formulas in (1) and finally after having found the necessary
values, the formula in Theorem 1.2 is applied. In [6], some examples using this
approach are worked out explicitly. In the next sections, we introduce a new method
that is simpler than the method introduced in [6] and explained above. Further, by
using the new method, it does not only give the number of a particular CT burst
error weight but it also gives all spectra of the weights in a single computation.
The spectra of the number of burst errors shall be called the burst error weight
enumerator.

In Section 2, we give the computation method of burst errors of order p×r in the
space Matp×r(Fq). In Section 3, we give the computation method of burst errors
of order p× r in the space Matm×s(Fq) where 1 ≤ p ≤ m, 1 ≤ r ≤ s by making use
of the results obtained in Section 2. We conclude by several remarks.

2. Burst Error Weight Enumerator

In order to introduce the new counting approach for T p×rm×s(Fq) of CT burst errors
we need couple definitions.

We shall work on the space Matp×r(Fq) and consider only burst errors of or-
der p × r. Later, we shall consider burst errors of order p × r in the larger space
Matm×s(Fq) where 1 ≤ p ≤ m, 1 ≤ r ≤ s.

In this section, first we introduce the concept of generic burst errors. Next, we
present the method of computing the number of generic burst errors. Then, we
introduce a method for computing the number of burst errors by making use of
generic burst errors.

Definition 2.1. If A ∈ Matm×s(Fq) and wN (Ai) = αi, then the matrix A is said
to have a weight distribution of type (α1, α2, . . . , αm).

Definition 2.2. ( Hamming weight) If an element of Fq is not equal to zero than
its Hamming weight is equal to 1, otherwise 0. w(a) = 1 if a 6= 0 or else w(a) = 0.
Hamming weight of a codeword is the sum of Hamming weights of its coordinates.

Definition 2.3. A generic burst error A = (aij) of order p × r : A burst error of
order p× r with the following conditions:

(1) All entries are equal to 0 or 1.
(2) If the first entry of a row is nonzero then the Hamming weight of that row

is equal to 1 or 2.
(3) If the first entry of a row is zero then the Hamming weight of that row is

equal to 1.
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Let A = (aij) ∈ Matp×r(Fq) and Ai be the ith row of the matrix A. Let Ai =
(ai1, ai2, . . . , air). Since in our method of representing a matrix as a multivariable
term and also carrying information for the first column entries of the matrix is
crucial we associate a multivariable term x

w(ai1)
i X

wN (Ai)
i where w(ai1) = 1 if ai1 6= 0

and w(ai1) = 0 if ai1 = 0. We use capital letter variables for the entries different
from the first entry and small letter variable for the first entry only. In a natural
way, we extend this representation to the matrix A by taking the product of all
terms corresponding to the rows of A.

For example, the representation of the following matrices are given below:

Example 2.1.

A =

 0 1 0
1 0 0
0 0 1

 ↔ X2
1x2X

3
3 , B =

 1 0 0
0 0 0
0 1 0

 ↔ x1X
2
3 .

Since there is a correspondence between p multivariable polynomials and generic
burst errors of order p× r, it is possible to list these errors via multivariable poly-
nomials.

For simplification purpose, we set (x1, . . . , xp, X1, . . . , Xp) = (x̃, X̃).

Theorem 2.1. Let Xj = 1+
∑r
i=2X

i
j for all 1 ≤ j ≤ p. All generic bursts of order

p× r are obtained as terms of the following multi variable polynomial, say generic
polynomial:

G(x̃, X̃) = x1X1

r∏
j=2

(1 + xj)Xj +
(
X1 − 1

) r∑
j=2

xj
∏r
i=2(1 + xi)Xi

(1 + xj)
.

Proof: Let A = (aij) ∈ Matp×r(Fq) be a generic burst error. We split the
proof into two parts. First, if a11 = 1, then the corresponding p-variable terms
must all contain the multiples of x1 of order one. Thus, for the first row all possible
terms that contain x1 and a power of X2 greater than one are represented by
x1

(
1 +

∑r
i=2X

i
j

)
. Since there is no restriction on the rest of terms, these are all

obtained from the terms x1X1

∏r
j=2(1+xj)Xj . In the second case, if a11 = 0, then,

by definition of a generic burst, there must exist a1j = 1, for some 2 ≤ j ≤ p. Since
the term x1 does not exist, any multiple of the terms in the sum

∑r
i=2X

i
1 = X1−1

can exist and further at least one of xj (j ≥ 2) must exist. Hence, the corresponding

p-variable terms are obtained from the terms of
(
X1 − 1

)∑r
j=2

xj
∏r

i=2(1+xi)Xi

(1+xj)
.

Therefore, by adding these two group of possible terms, we have the result. �

Example 2.2. By applying Theorem 2.1, the following generic polynomial G gives
the term representation of A ∈M2×3(F2) generic burst errors of order 2×3 : (X1 =
X,X2 = Y, x1 = x, x2 = y)

G(x, y,X, Y ) = x(1 +X2 +X3)(1 + y)(1 + Y 2 + Y 3) + (X2 +X3)y(1 + Y 2 + Y 3).

Hence,
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G(x, y,X, Y ) = x+ xY 2 + xY 3 + xy + xyY 2 + xyY 3 + xX2 + xX2Y 2 + xX2Y 3

+ xX2y + xX2yY 2 + xX2yY 3 + xX3 + xX3Y 2 + xX3Y 3 + xX3y + xX3yY 2

+ xX3yY 3 +X2y +X2yY 2 +X2yY 3 +X3y +X3yY 2 +X3yY 3.

Theorem 2.2. Let G(x1, . . . , xp, X1, . . . , Xp) be the generic polynomial of generic
bursts of order p × r. Let xa1

1 x
a2
2 · · ·x

ap
p X

b1
1 X

b2
2 · · ·X

bp
p be a term of the generic

polynomial G where ai = 0 or ai = 1 and 2 ≤ bi ≤ r. Then, by substituting

(q − 1)
∑

(ai+bi)q
∑

max(bi−2,0)xa1
1 x

a2
2 · · ·xap

p X
b1
1 X

b2
2 · · ·Xbp

p

for xa1
1 x

a2
2 · · ·x

ap
p X

b1
1 X

b2
2 · · ·X

bp
p , we obtain a multivariable polynomial, say K.

Next, by substituting Xcj

j for xjX
cj

j if cj 6= 0 and Xj for xj otherwise in K, we
obtain a multivariable polynomial say H(X1, . . . , Xp). The coefficients of H corre-
sponding to the term Xc1

1 X
c2
2 · · ·X

cp
p give the number of all burst errors of order

p× r and type (c1, c2, . . . , cp) in the space Matp×r(Fq).

Proof: Let xa1
1 x

a2
2 · · ·x

ap
p X

b1
1 X

b2
2 · · ·X

bp
p be a term of the generic polynomial

G. The ith row is determined by the variables xi and Xi corresponding the first
and the last entries. If ai = 1, then the first entry of the ith row is not equal to
zero. Hence, there are q − 1 non zero elements in Fq for this entry. Similarly, if
bj 6= 0, then the entry (j, bj) of the burst error is not equal to zero. Hence, there
are q − 1 non zero elements in Fq for this entry, too. The entries between the first
and the last entry of the ith row can take any value of Fq. Thus, considering the
case bi = 0, there are qmax(bi−2,0) choices for these entries. Altogether, for the ith
row, there are (q− 1)ai+biqmax(bi−2,0) choices. Multiplying all terms corresponding
to the rows of the burst error, we obtain the coefficients of a polynomial K. Since
the term xjX

cj

j when cj 6= 0 corresponds to the jth row with the first and the cjth
entry nonzero, the ρ weight of the jth row is equal to cj , hence substituting Xj for
the term xjX

cj

j will protect this information when considered as a new term of a
polynomial. On the other hand if cj = 0, then only the term xj will appear, and
in this case by substituting Xj for xj will serve for our purpose. It is clear that
after these substitutions, the coefficients of the term Xc1

1 X
c2
2 · · ·X

cp
p in the new

multivariable polynomial say H will give the number of burst errors of order p× r
and type (c1, c2, . . . , cp) in the space Matp×r(Fq).

Definition 2.4. The multivariable polynomial H(X1, . . . , Xp) obtained in Lemma
2.2 is said to be the weight spectra burst error enumerator of burst errors of order
p× r.

Example 2.3. Let G be given as in Example 2.2. Then, by making necessary
substitutions given in Theorem 2.2, we have

H(X,Y ) =XY + 3X2Y 2 + 6X2Y 3 + 4X3Y + 12X3Y 3 + 2XY 2

+ 6X3Y 2 +X + 2X2Y + 2X3 + 4Y 3X +X2.

Definition 2.5. Let B be the set of all burst errors of order p× r. The polynomial,
Bp×r(t) =

∑
A∈B t

wN (A) =
∑p·r
i=1 bit

i is said to be the burst error weight enumerator
of bursts of order p× r in the space Matp×r(Fq).

The following corollary is straightforward:
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Corollary 2.1. Let H(X1, . . . , Xp) be the weight spectra burst error enumerator of
burst errors of order p × r. By setting X1 = X2 = · · · = Xp = t in H(X1, . . . , Xp)
we obtain Bp×r(t).

Example 2.4. Substituting t for both X and Y in Example 2.2, we obtain the burst
error weight enumerator

B2×3(t) = 12t6 + 12t5 + 11t4 + 6t3 + 2t2 + t.

Example 2.5. Let B be the set of all burst errors of order 4 × 2 in the space
Mat4×2(F2). Let X1 = X,X2 = Y,X3 = Z and X4 = W. Then,

G(x̃, X̃) = x(1 +X2)(1 + y)(1 + Y 2)(1 + z)(1 + Z2)(1 + w)(1 +W 2)

+X2(y(1 + Y 2)(1 + z)(1 + Z2)(1 + w)(1 +W 2) + z(1 + Z2)(1 + y)(1 + Y 2)·
· (1 + w)(1 +W 2) + (1 + y)(1 + Y 2)w(1 +W 2)(1 + z)(1 + Z2)).

Further, by applying necessary substitutions as pointed out in Corollary 2.1, we
obtain the burst error weight enumerator

B4×2(t) = 20t8 + 44t7 + 57t6 + 52t5 + 31t4 + 15t3 + 4t2 + t.

It is clear that the sum of the coefficients of order three or less it is equal to
T 4×2

4×2 (F2, 3) = 20.

This example is also worked out in [6]. In order to compute the value of
T 4×2

4×2 (F2, w) for a particular value of w, we need to apply the formula given in
[6] for each case separately. However, with this novel approach, we can compute
each value of w quite easily by adding the related coefficients of the weight enumer-
ator of burst errors. For instance, T 4×2

4×2 (F2, 4) = 51. This fact can be formalized
easily by the following corollary:

Corollary 2.2.

T p×rp×r (Fq, w) =
w∑
i=0

wi

where wi correspond to the coefficients of burst error weight enumerator.

3. Bursts in Larger Space

In this section we consider burst of errors of order p×r in the space Matm×s(Fq)
where 1 ≤ p < m and 1 ≤ r < s.

Lemma 3.1. Let A be a burst of order p × r in the space Matm×s(Fq) where
1 ≤ p < m and 1 ≤ r < s. If T p×r(Fq) is the number of burst of order p × r in
the space Matp×r(Fq), then T p×rm×s(Fq) = (s− r + 1)(m− p+ 1)T p×rp×r (Fq) gives the
number of burst of order p× r in the space Matm×s(Fq).

Proof: A burst of order p× r in the space Matm×s(Fq) is an A submatrix of a
matrix in Matm×s(Fq) with confined non zero entries in a submatrix of size p× r
with a nonzero first row and column. Hence, placing A as a submatrix of a matrix
of size m× s is possible in s− r+ 1 ways moving from the left to the right starting
from the position (1, 1) for both the matrix and the submatrix. Also, given any
possible position obtained above, there exist also m− p+ 1 movements downwards
for obtaining all possible submatrices. Thus, there exist (s − r + 1)(m − p + 1)
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positions that give raise to new submatrices for each burst error of order p × r in
the space Matp×r(Fq). Therefore, the number of burst of order p× r in the space
Matp×s(Fq) is (s− r + 1)(m− p+ 1)T p×rp×r (Fq).�

We naturally extend the definition of a generic burst error of order p× r in the
space Matp×r(Fq) to the space Matm×s(Fq). Further, we associate a multivariable
term x

jw(aij)
i X

wN (Ai)
i where aik = 0 for all 1 ≤ k < j to the ith row of matrix A.

Again, we extend this definition to a matrix as in Section 2.
For example, the representation of the following matrices via polynomial terms

are given below:

Example 3.1.

A =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 ↔ x3
2x

2
3x

3
4, B =


0 0 1 1
0 1 1 0
0 1 0 0
0 0 0 0

 ↔ x3
1X

4
1x

2
2X

3
2x

2
3.

Lemma 3.2. Let A be a burst of order p× r in the space of matrices Matp×r(Fq).
Let the term xa1

1 x
a2
2 · · ·x

ap
p X

b1
1 X

b2
2 · · ·X

bp
p represent the burst error A of type

(max(a1, b1),max(a2, b2), . . . ,max(ap, bp)). If s− r+ 1 > 0, then multiplying the
term xa1

1 · · ·x
ap
p X

b1
1 · · ·X

bp
p by x

w(a1)
1 · · ·xw(ap)

p X
w(b1)
1 · · ·Xw(bp)

p gives a new burst
error in the space Matm×s(Fq).

Definition 3.1. Let

H(X1, X2, . . . , Xp) =
∑

(i1,i2,...,ip)

h(i1, i2, . . . , ip)Xi1
1 X

i2
2 · · ·Xip

p

be a multi variable polynomial where h(i1, i2, . . . , ip) ∈ N. Then, we define an
operator T on multivariable polynomial H as follows:

T (H) =
∑

(i1,i2,...,ip)

h(i1, i2, . . . , ip)X
w(i1)(i1+1)
1 X

w(i2)(i2+1)
2 · · ·Xw(ip)(ip+1)

p .

Example 3.2. We consider the burst errors of order 2×2 in the space of matrices
Mat3×3(F2). Then,

G(X̃, Ỹ ) = x(1 +X2)(1 + y)(1 + Y 2) +X2(y(1 + Y 2)).
and

G(X̃, Ỹ ) = x+xY 2+xy+xyY 2+xX2+xX2Y 2+xX2y+xX2yY 2+X2y+X2yY 2.

There are 10 burst errors of order 2× 2 in the space of matrices Mat2×2(F2).
There is s−r = 1 movement to the right and obtaining 10 more bursts in the space

Mat3×3(F2). Hence, 20 burst errors in Mat3×3(F2). Since, m− p = 1, there is one
movement down. Thus, obtaining 20 more burst errors in Mat3×3(F2). Altogether,
there are (s− r+ 1)(m− p+ 1)× 10 = 4× 10 = 40 matrices in Mat3×3(F2). These
burst errors are explicitly listed in Example 3.1 in [6].

H(X,Y ) = 2X2Y + 3X2Y 2 + 2Y 2X +X2 + Y X +X

= (2X + 3X2)Y 2 + (2X2 +X)Y +X +X2.

T (H) = 2X3Y 2 + 3X3Y 3 + 2Y 3X2 +X3 + Y 2X2 +X2.
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H+T (H) = 2Y 2X+4X2Y 2+2X2Y+Y X+2Y 3X2+3Y 3X3+2Y 2X3+X+2X2+X3.

Setting X = Y = t in H + T (H), we obtain 3t6 + 4t5 + 4t4 + 5t3 + 3t2 + t. Thus,

W 2×2
3×3 (t) = 6t6 + 8t5 + 8t4 + 10t3 + 6t2 + 2t.

Hence, the number of burst errors of ρ-weight 3 or less is equal to T 2×2
3×3 (F2, 3) =

18.

4. Conclusion

The work presented here is an approach for enumerating burst errors. This gen-
erator function like approach can be applied to similar problems. Two dimensional
burst error concept in array codes is still an interesting problem. Depending on the
definition of burst errors in two dimensional arrays, enumeration of them in order
to establish bounds on parameters of codes is an important problem.
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1. Introduction

The classical transmission problem deals with the question how many possible
messages can we transmit over a noisy channel? Transmission means there is an
answer to the question ”What is the actual message?”

In the identification problem we deal with the question how many possible mes-
sages the receiver of a noisy channel can identify? Identification means there is an
answer to the question ”Is the actual message u?”. Here u can be any member of
the set of possible messages.

Allowing randomized encoding the optimal code size grows double exponentially
in the block length and somewhat surprisingly the second order capacity equals
Shannon’s first order transmission capacity (see [5]).

Thus, Shannon’s Channel Coding Theorem for Transmission is paralleled by
a Channel Coding Theorem for Identification. It seems natural to look for such
a parallel for sources, in particular for noiseless coding. This was suggested by
Ahlswede in [1].

Let (U , P ) be a source, where U = {1, 2, . . . , N}, P = {P1, P2, . . . , PN}, and let
C = {c1, c2, . . . , cN} be a binary prefix code (PC) for this source with ||cu|| as length
of cu. Introduce the random variable U with Prob(U = u) = pu for u = 1, 2, . . . , N
and the random variable C with C = cu = (c1, c2, . . . , cu||cu||) if U = u.

We use the PC for noiseless identification, that is user u wants to know whether
the source output equals u, that is, whether C equals cu or not. The user iteratively
checks whether C coincides with cu in the first, second, etc. letter and stops when
the first different letter occurs or when C = cu. The problem is: What is the
expected number LC(P, u) of checkings?

In order to calculate this quantity we introduce for the binary tree TC , whose
leaves are the codewords c1, c2, . . . , cN , the sets of leaves Cik(1 ≤ i ≤ N ; 1 ≤ k),
where Cik = {c ∈ C : c coincides with ci exactly until the k’th letter of ci}. If C
takes a value in Cuk, 0 ≤ k ≤ ||cu|| − 1, the answers are k times ”Yes” and 1 time
”No”. For C = cu we have

LC(P, u) =
||cu||−1∑

k=0

P (C ∈ Cuk)(k + 1) + ||cu||Pu.

Partially supported by RD491-09/2008 project, Veliko Tarnovo University.
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180 ON IDENTIFICATION FOR SOURCES EXTENDED TO MODEL WITH LIES

For a code C, the number LC(P ) = max1≥u≥N LC(P, u) is the expected number of
checkings in the worst case and L(P ) = minC LC(P ) is this number for the best
code.

2. Uniformly distributed sources

2.1. Construction of a prefix code. Let PN = { 1
N , . . . , 1

N }. We construct a
prefix code C in the following way. In each node (starting at the root) we split the
number of remaining codewords in proportion as close as possible to ( 1

2 , 1
2 ). It is

known [3] that for such code C
(1) lim

N→∞
LC(PN ) = 2

Example 1. Let N = 9, U = {1, 2, . . . , 9}, P1 = · · · = P9 = 1
9 . Then,

C = {000, 001, 010, 011, 100, 101, 110, 1110, 1111}

LC(P ) = LC(P, c8) =
4
9
.1 +

2
9
.2 +

1
9
.3 +

1
9
.4 +

1
9
.4 =

19
9
≈ 2, 111

LC(P, c9) = LC(P, c8); LC(P, c7) =
17
9

; LC(P, c5) = LC(P, c6) =
16
9

;

LC(P, c1) = LC(P, c2) = LC(P, c3) = LC(P, c4) =
15
9

In [2] was stated the problem to estimate an universal constant A = sup L(P )
for general distribution P = (P1, . . . , PN ). Here, we compute such constant for
uniform distribution and this code C.

Using decomposition formula for subtrees, we obtain the following recursion

(2) LCN
(PN ) =

dN
2 e
N

LCdN
2 e

(P d
N
2 e) + 1 , LC2(P 2) = 1

where Ct is the corresponding code with t codewords.
From (2) follows that the worst case for LC(PN ) is when N = 2k + 1, for any

integer k. We compute the exact value for LC(PN ) in this case.

Theorem 1. supN LC(PN ) = 2 + log2(N−1)−2
N

Proof. If N = 2k + 1 then 2k codewords are in level k (the root is level 0) in
the binary tree TC and one codeword is in level k + 1 (if this codeword is w then
LC(PN , w) = LC(PN )). For every node in level i (0 ≤ i ≤ k − 1) we split 2k−i−1

codewords in the left side and 2k−i−1 + 1 codewords in the right side. Therefore,
P (C ∈ Cwi) = 2k−i−1

2k+1
, i = 0, . . . , k − 1. Then, for LC(PN ) we obtain

LC(PN ) = LC(PN , w) =
k∑

i=0

P (C ∈ Cwi)(i + 1) + ||cw||Pw

=
k−1∑
i=0

P (C ∈ Cwi)(i + 1) + P (C ∈ Cwk)(k + 1) + ||cw||Pw

=
k−1∑
i=0

2k−i−1

2k + 1
(i + 1) +

1
2k + 1

(k + 1) +
k + 1
2k + 1

=
2k

2k + 1

k−1∑
i=0

i + 1
2i+1

+
2(k + 1)
2k + 1
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=
2k

2k + 1
.
2k+1 − k − 2

2k
+

2k + 2
2k + 1

=
2k+1 − k − 2

2k + 1
+

2k + 2
2k + 1

=
2k+1 + 2 + k − 2

2k + 1
= 2 +

k − 2
2k + 1

But N = 2k+1 and k = log2(N−1). Then we obtain LC(PN ) = 2+ log2(N−1)−2
N . �

2.2. Average identification length. Also, in our work we consider the case
where not only the source outputs but the users occur at random. In addition
to the source (U , P ) and random variable U, we are given (V, Q),V ≡ U with ran-
dom variable V independent of U and defined by Prob(V = v) = Qv for v ∈ V .
The source encoder knows the value u of U but not that of V , which chooses the
user v with probability Qv. Again let C = {c1, . . . , cN} be a binary prefix code and
let LC(P, u) be the expected number of checkings on code C for user u.

Instead of LC(P ) = maxu∈U LC(P, u) we can consider the average number of
expected checkings (also called average identification length):

LC(P,Q) =
∑
v∈V

QvLC(P, v); L(P,Q) = min
C

LC(P,Q)

A special case is Q = P , where

LC(P, P ) =
∑
u∈U

PuLC(P, u); L(P, P ) = min
C

LC(P, P )

and for uniform distribution we have LC(PN , PN ) = 1
N

∑
u∈U LC(PN , u).

2.3. Results. We calculate exact values of LC(PN ) and LC(PN , PN ) for some
N and summarize them in Table 1. We know [3] that for N = 2k, LC(PN ) =
LC(PN , PN ) = 2− 2

N .

TABLE 1 - some exact values for uniform distribution, 2k < N < 2k+1, k ≥ 3

N LC(PN ) LC(PN , PN )

2k + 1 2 + log2(N−1)−2
N 2 + log2(N−1)−2

N2

2k + 2k−1 − 1 2 2− 5(N+1)−3log2( 2N+2
3

)

3N2

2k + 2k−1 2− 1
N 2− 5

3N

2k + 2k−1 + 1 2 + log2( N−1
12

)

N 2− (5N−2)−3log2( N−1
12

)

3N2

2k+1 − 1 2− 1
N 2− 2N−log2(N+1)+1

N2
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3. Extension to liar models

3.1. Identification and lies. Suppose that when user u iteratively checks whether
C coincides with cu in the first, second, etc. letter, for some reasons he obtains
wrong information in any position. Then, there is a lie(error) in this position of the
codeword. In this model with lies (we follow the idea in [4] but here no different
costs of the lies), the user knows only that the general number of lies is at most e
and no information for the positions of lies.

Let LC(P, u) = LC(P ) for any u ∈ U . In this case, we denote by LC(P ; e) the
expected number of checkings if there are at most e lies. Now, main question is:
What is the expected number of checkings if there are at most e lies?

We can see that the user needs of e + 1 the same answers (”Yes” or ”No”) to be
sure for the correct answer in any position. If the user has done 2e + 1 questions
for any position he gets exact information for the value in this position. Therefore,
there exists trivial upper bound

(3) LC(P ; e) ≤ (2e + 1)LC(P )

Clearly, this bound (3) can be improved by decreasing the number of remaining
lies. The algorithm described below can be used.

3.2. An Algorithm. To decrease the number of remaining lies the following algo-
rithm can be used for any u ∈ U :

Step 0: BEGIN i := 1, Checkings := 0, actual message := v;

Step 1: If i > ||cv|| then Step 3. Otherwise, check codeword position i until
e + 1 the same answers. Let t be the number of obtained answers ”Yes” and f be
the number of obtained answers ”No”;

Step 2: Checkings := Checkings + (t + f). If t > f , then e := e− f , i := i + 1,
Step 1. Otherwise, the actual message v 6= u;

Step 3: END.

By this algorithm, we obtain the following result.

Lemma 2. Let v be the current checked codeword and let i be the first position in
which cu and cv differ (if cu = cv then i = ||cu||). Then, the number of checkings
in the worst case is e(i + 1) + i.

Proof. We can see that the worst case with respect by e is when all lies(errors)
occur in position i. In this case

Checkings = (e + 1)(i− 1) + (2e + 1).1 = e(i + 1) + i.
If there is even one lie in any position m (1 ≤ m ≤ i − 1), for every position j

(m + 1 ≤ j ≤ i) the user needs of e the same answers. Then
Checkings = (m− 1)(e + 1) + (e + 2) + (i−m− 1)e + (2e− 1) = e(i + 1) + m <

e(i + 1) + i.
Therefore, this number e(i + 1) + i is the maximal number of checkings if this

algorithm is used. �

Example 2. Let N = 9, U = {1, 2, . . . , 9}, P1 = · · · = P9 = 1
9 , and e = 3
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Then
C = {000, 001, 010, 011, 100, 101, 110, 1110, 1111},

and
LC(P, c8) = LC(P, c9) = LC(P )

LC(P ; 3) ≤ 4
9
.7 +

2
9
.(4 + 7) +

1
9
.(4 + 4 + 7)

+
1
9
.(4 + 4 + 4 + 7) +

1
9
.(4 + 4 + 4 + 7) =

103
9

3.3. Results for liar models. Using Lemma 2, we prove our main result.

Theorem 3. LC(P ; e) ≤ (e + 1)LC(P ) + e

Proof. Let k = ||cu|| and Pui = P (C ∈ Cui). Then, in the worst case we obtain the
following

LC(P ; e) ≤
k−1∑
i=0

Pui(e(i + 2) + i + 1) + (e(k + 1) + k)Pu

= e

k−1∑
i=0

Pui(i + 2) + e(k + 1)Pu +
k−1∑
i=0

Pui(i + 1) + kPu

= e

k−1∑
i=0

(Pui(i + 1) + Pui) + e(k + 1)Pu + LC(P )

= e(
k−1∑
i=0

Pui(i + 1) + kPu) + e(
k−1∑
i=0

Pui + Pu) + LC(P )

= eLC(P ) + e.1 + LC(P ) = (e + 1)LC(P ) + e.

�
Let MC(P ; e) = (e + 1)LC(P ) + e. Then we have;

Corollary 4. For uniform distribution PN

lim
N→∞

MC(PN ; e) = 3e + 2

Proof. Follows from (1) and Theorem 3. �
Let consider other distribution P when all individual probabilities are powers of

1
2 , Pu = 1

2`u
, u ∈ U = {1, 2, . . . , N}. Since∑

u∈U

1
2`u

= 1

by Kraft’s theorem there is a prefix code C with codeword lengths ||cu|| = `u.
For such code C we know [2] that LC(P, u) = 2(1−Pu). Therefore, limN→∞ LC(P ) =

2 and by Theorem 3 we obtain the same result for this distribution P .

Corollary 5. limN→∞MC(P ; e) = 3e + 2

Also, for general distribution P = (P1, P2, . . . , PN ) we know that L(P ) ≤ 3 ([3],
Theorem 3). Therefore, for L(P ; e) (the expected number of checkings for the best
code C and at most e lies) we have

Corollary 6. L(P ; e) ≤ 4e + 3
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Abstract. Finite group rings carry a natural involution that defines a form

ring structure. We investigate the associated Clifford-Weil groups for the in-

decomposable representations of the groups of order 2, 3 and the symmetric
group Sym3 over the fields with 2 and 3 elements as well as suitable sym-

metrizations. An analogue of Kneser’s neighboring method is introduced, to
classify all self-dual codes in a given representation.

1. Introduction.

Let G be a finite group and K be a finite field. Then the group algebra KG is
a finite K-algebra with a natural K-linear involution

:
∑
g∈G

agg 7→
∑
g∈G

agg
−1.

This defines a form ring structure Rε(KG) on KG where ε = ±1; see Section 2).
A finite representation ρ of Rε(KG) consists of a finite KG-module V together

with a G-invariant non-degenerate K-bilinear form β : V × V → K which is sym-
metric, if ε = 1 and skew-symmetric if ε = −1. We do not deal with Hermitian
forms here, since in our examples K will be a prime field.

In this language, a self-dual code C of length N for the representation ρ (for
short, a code in ρ) is a KG-submodule of V N that is self-dual with respect to

βN : V N × V N → K,βN ((x1, . . . , xN ), (y1, . . . , yN )) =
N∑
i=1

β(xi, yi).
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The complete weight enumerator of a code C ≤ V N is

cwe(C) :=
∑
c∈C

N∏
i=1

xci ∈ C[xv | v ∈ V ]

and a homogeneous polynomial of degree N in |V | variables.
In Section 2 we will give explicit generators for a finite complex matrix group, the

associated Clifford-Weil group C(ρ) such that cwe(C) is invariant under all variable
substitutions defined by elements in C(ρ), hence cwe(C) ∈ Inv(C(ρ)) lies in the
invariant ring Inv(C(ρ)).

In fact the main results of [7] (Corollary 5.7.4 and 5.7.5) show that for a fairly
general class of form rings Inv(C(ρ)) is generated as a vector space over C by the
complete weight enumerators of self-dual codes in ρ. We conjecture that this is
true for arbitrary finite form rings (cf. [7, Conjecture 5.7.2]) and in particular also
for Rε(KG), but we do not know how to prove this for arbitrary finite group rings
KG.

We denote the cyclic group of order n by Zn and the symmetric group of degree
n by Symn. Moreover we let Fp be the field with p elements.

2. Rings with involution.

Rings with involution define certain form rings as explained below. We will apply
the theory developed in this section to group rings with the natural involution .

Let R be a ring with 1 and
J : R→ R, x 7→ xJ

an involution, i.e. a ring antiautomorphism of order 1 or 2. So (ab)J = bJaJ and
(aJ)J = a for all a, b ∈ R. Moreover let ε ∈ Z(R) be a central unit of R such
that εJε = 1. As explained in [7, Lemma 1.4.5] this setting defines a twisted ring
(R, id,M = R) where the twist τ on M = R is defined by

τ : R→ R, a 7→ aJε.

The quadrupel
R(R, J, ε) := (R, id,M = R,Φ = R)

is a form ring (see [7, Definition 1.7.1]) with mappings

{{ }} : M → Φ,m 7→ m and λ : Φ→M,φ 7→ φ+ φJε.

The R-qmodule structure on Φ is given by

φ[x] = xJφx for all φ ∈ Φ, x ∈ R.
A representation of the form ringR(R, J, ε) is given by a left R-module V together

with a non-degenerate biadditive form β : V × V → A into some abelian group A
such that

β(v, rw) = β(rJv, w) and β(v, w) = β(w, εv) for all v, w ∈ V, r ∈ R.
That β is non-degenerate means that it induces an isomorphism

β∗ : V → Hom(V,A), v 7→ (w 7→ β(w, v))

which is then an isomorphism of R-left-modules, where Hom(V,A) is an R-left-
module by

(rf)(v) := f(rJv) for all f ∈ Hom(V,A), r ∈ R, v ∈ V.
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The corresponding homomorphisms

ρM : R→ Bil(V,A), ρΦ : Φ→ Quad0(V,A)

are given by

ρM (m) : (v, w) 7→ β(v,mw), ρΦ(φ) : v 7→ β(v, φv).

2.1. Symmetric idempotents. An idempotent e2 = e ∈ R is called symmetric,
if eR ∼= eJR as right R-modules. In this case there are ue ∈ eReJ and ve ∈ eJRe
such that ueve = e and veue = eJ . A set of representatives of the R∗-conjugacy
classes of symmetric idempotents in R will be denoted by SymId(R).

2.2. The associated Clifford-Weil group. In coding theory one is mainly inter-
ested in finite alphabets V . We now assume that R is a finite dimensional algebra
over a finite field K such that the restriction of J is the identity on K. For any
representation ρ = (V, β) of the form ring R(R, J, ε) we may take the abelian group
A to be the field K and β∗ : V → V ∗ := HomK(V,K). Let p be the characteristic of
K and trace : K → Fp denote the trace from K into its prime field Fp. Identifying
Fp ∼= Z/pZ with 1

pZ/Z ≤ Q/Z the form β : V × V → K defines a biadditive form

β̃ : V × V → Q/Z, β̃(v, w) :=
1
p

trace(β(v, w))

which is again non-degenerate by the non-degeneracy of the trace form.
To define the associated Clifford-Weil group C(ρ) we index a basis (ev|v ∈ V ) of

C|V | by the elements of V . Then C(ρ) ≤ GL|V |(C) is the finite complex matrix
group

C(ρ) = 〈mr, dφ, he,ue,ve
: r ∈ R∗, φ ∈ R, e = ueve ∈ SymId(R)〉

where
mr : bv 7→ brv, dφ : bv 7→ exp(2πiβ̃(v, φv))bv

and

he,ue,ve
: bv 7→

1
|eV |1/2

∑
w∈eV

exp(2πiβ̃(w, vev))bw+(1−e)v.

2.3. Symmetrized weight enumerators. Very often certain elements of V share
the same property (for instance they have the same Hamming weight). Then one
might be interested in the symmetrized weight enumerators of the codes rather than
the complete weight enumerators. One way to obtain the ring spanned by these
symmetrized weight enumerators is of course to first calculate generators of the ring
of complete weight enumerators and then apply the appropriate symmetrization.
Since the ring spanned by the complete weight enumerators might be rather large,
it is very helpful to have shortcuts to this procedure. This is only possible, if the
action of the associated Clifford-Weil group commutes with the symmetrization.

Definition 2.1. Let G ≤ Sym(V ) be a group permuting the elements of V and
X0, . . . , Xn denote the G-orbits on V . Then the G-symmetrized weight enumerator
sweG(C) of a code C ≤ V N is the homogeneous polynomial in C[x0, . . . , xn] of
degree N ,

sweG(C) :=
∑
c∈C

n∏
i=0

x
ai(c)
i
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where ai(c) := |{j ∈ {1, . . . , N} | cj ∈ Xi}| for 0 ≤ i ≤ n. The V -Hamming weight
enumerator of C is

hweV (C) :=
∑
c∈C

xN−wV (c)ywV (c) ∈ C[x, y]

where the V -weight of c = (c1, . . . , cN ) ∈ V N is

wV (c) := |{i ∈ {1, . . . , N} | ci 6= 0}|.

There are certain symmetrizations that commute with the action of the associ-
ated Clifford-Weil group, for instance if one takes G to be a subgroup of the central
unitary group of R as defined and proven below. Usually the symmetization yield-
ing the V -Hamming weight enumerators does not commute with C(ρ) and one may
not expect that in general the V -Hamming weight enumerators of self-dual codes
in a given representation generate the invariant ring of a finite group (see the end
of Section 7.2 and [7, Section 5.8] for examples).

Definition 2.2. Let (R, J) be a ring with involution. Then the central unitary group

ZU(R, J) := {g ∈ Z(R) | ggJ = gJg = 1}.

Theorem 2.3. Let ρ := (V, β) be a finite representation of the form ring R(R, J)
and U ≤ ZU(R, J). Then

ρ(U) := 〈mu | u ∈ U〉
is in the center of C(ρ).

Proof. Clearly ρ(U) ≤ C(ρ) commutes with the generators mr for r ∈ R∗ since U
is central in R∗. For φ ∈ Φ, u ∈ U and v ∈ V we have

β(uv, φuv) = β(uv, uφv) = β(uJuv, φv) = β(v, φv)

so mu commutes with dφ. To see that mu commutes with the last type he,ue,ve of
generators of C(ρ) one has to note that ueV = eV since u is a central unit and that
β(uw, veuv) = β(w, vev) for all v, w ∈ V, u ∈ U . �

Remark 2.4. The theorem uses that {{ }} is surjective in our situation. In general
one has to replace ZU(R, J) by its subgroup

Uρ = {g ∈ ZU(R, J) | ρ(φ)(gv) = ρ(φ(v)) for all v ∈ V, φ ∈ Φ}

to obtain the same theorem as above.

Corollary 2.5. Let ρ := (V, β) be a finite representation of the form ring R(R, J)
and U ≤ ZU(R, J). Then U acts as permutations on the set V and the correspond-
ing symmetrization commutes with the action of C(ρ).

In this setup we can define the U -symmetrized Clifford-Weil group,

C(U)(ρ) ≤ GLn+1(C).

Generators for g(U) the symmetrized group may be obtained from the generators g
of C(ρ) as follows. If

g
∑
v∈Xi

ev =
n∑
j=0

aij(
∑
w∈Xj

ew)
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then

g(U)(xi) =
n∑
j=0

aij
|Xj |
|Xi|

xj .

Of course ρ(U) is in the kernel of this symmetrization C(ρ)→ C(U)(ρ).

Remark 2.6. The invariant ring of C(U)(ρ) consists of the U -symmetrized invari-
ants of C(ρ). In particular, if the invariant ring of C(ρ) is spanned by the complete
weight enumerators of self-dual codes in ρ, then the invariant ring of C(U)(ρ) is
spanned by the U -symmetrized weight-enumerators of self-dual codes in ρ.

2.4. Form group rings. Let G be a finite group and K be a finite field. Then the
group algebra KG is a finite K-algebra with a natural K-linear involution

:
∑
g∈G

agg 7→
∑
g∈G

agg
−1.

Since ε = 1 and ε = −1 are central units in KG, the construction of Section 2
defines a natural form ring structure Rε(KG) on KG where ε = ±1.

A representation of the form ring Rε(KG) is given by a finite KG-module V
together with a G-invariant non-degenerate K-bilinear form β : V × V → K which
is symmetric, if ε = 1 and skew-symmetric if ε = −1.

3. A method to enumerate all self-dual codes.

There is a very nice and efficient method to enumerate all self-dual codes in
a given length representation of a form ring. This is based on M. Kneser’s ideas
[4], described in [6] for codes over finite fields and in [5] for ZG-lattices. We often
apply it to find self-dual codes in representations of the finite form ring R(KG) and
therefore we will describe it in a fairly general setting adopted to this situation.

Let (V, ρM , ρΦ, β) be a finite representation of a form ring (R,M,ψ,Φ) as defined
in [7, Section 1]. In particular V is a finite left-module for the ring R and β :
V ×V → Q/Z a non-degenerate form on V which induces an R-module isomorphism

β∗ : V → V ∗ := Hom(V,Q/Z), w 7→ (v 7→ β(v, w)).

A self-dual code C in ρ is a R-submodule C ≤ V such that

C = C⊥ := {v ∈ V | β(c, v) = 0 for all c ∈ C}.

Let
M(V ) := {C ≤ V | C = C⊥}

denote the set of all self-dual codes in V .

Lemma 3.1. Let C ∈M(V ) and

? {0} = V0 < V1 < . . . < Vs = C < Vs+1 < . . . < Vt = V

be a composition series of V with simple R-left-module Si := Vi/Vi−1 (1 ≤ i ≤ t).
Then t = 2s and there is a bijection π : {1, . . . , s} → {s + 1, . . . , t} such that
(Si)∗ = Sπ(i).

Proof. The mapping β∗ : V → Hom(C,Q/Z), v 7→ (c 7→ β(v, c)) is an epimorphism
with kernel C⊥. Hence V/C = V/C⊥ ∼= Hom(C,Q/Z) = C∗. Now the lemma
follows since the composition factors of C∗ are the dual S∗ = Hom(S,Q/Z) of the
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composition factors S of C.
Alternatively one may choose Vt−i = V ⊥i in the composition series ?. Then

Vt−i/Vt−i−1 = V ⊥i /V
⊥
i+1
∼= (Vi+1/Vi)∗

and the lemma follows from the Jordan-Hölder theorem on the uniqueness of com-
position factors. �

Corollary 3.2. If M(V ) 6= ∅ then each simple composition factor S of V that is
isomorphic to its dual, S ∼= S∗, occurs with even multiplicity in every composition
series of V .

Corollary 3.3. Any two modules C,D ∈M(V ) have the same composition lengths:
`(C) = `(D) = s = `(V )/2.

Definition 3.4. Two self-dual codes C,D ∈ M(V ) are called neighbors, if the R-
module C/C∩D is simple. The neighbor-graph is the graph Γ with vertex setM(V ).
Two vertices C,D ∈M(V ) are connected, if C and D are neighbors.

Theorem 3.5. The neighbor graph Γ is connected.

Proof. We define a distance on the set M(V ). For C,D ∈M(V ) let

d(C,D) := `(C/(C ∩D))

be the number of composition factors of the factor module C/(C ∩ D). Then
clearly d(C,D) = 0 if and only if C = D and d(C,D) = d(D,C) by Corollary 3.3
and Jordan-Hölder. Also the triangle inequality follows easily from the fact that
the number of composition factors is well defined. Clearly d(C,D) ≤ `(C) = s for
all C,D ∈M(V )
We claim that this distance d(C,D) is the number of edges in any shortest path in
Γ connecting C and D, which shows that the diameter of Γ is bounded from above
by s and in particular that Γ is connected.
To prove this claim we proceed by induction on n := d(C,D). For n = 0 and n = 1
the claim is true by definition. Now assume that n ≥ 2. Then we construct a code
C1 ∈M(V ) such that

d(C,C1) = 1 and d(C1, D) = n− 1.

To this aim let U := C ∩D and choose D > U1 > U such that U1/U ∼= S is simple.
This is possible since the composition length n = `(D/U) ≥ 2. Then U = U1 ∩ C
and

S ∼= U1/(U1 ∩ C) ∼= (U1 + C)/C.

The module X := (U1 +C)⊥ < C = C⊥ is a submodule of C with C/X ∼= S∗. Put

C1 := X + U1 = (U1 + C)⊥ + U1.

Then

C⊥1 = (U1 + C) ∩ (U⊥1 ) ⊇ X + U1 = C1
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since U1 ⊆ D = D⊥ ⊆ U⊥1 . Comparing the composition lengths we get C⊥1 = C1 ∈
M(V ). Clearly d(C,C1) = 1. Moreover C1 ∩D = U1 and hence d(C1, D) = n− 1.

•
C + U1

S∗

????????
S

��������

•C

S∗ ???????? • C1

???????????????

S�������� • D

���������������

•
X

???????????????

• U1
S

��������

•
U

�

This provides an algorithm to enumerate all elements ofM(V ). Start with some
self-dual code C ∈M(V ). For all composition factors S of V calculate all non-zero
R-homomorphisms ϕ : C → S. Their kernels U := ker(ϕ) provide all submodules
U ≤ C such that C/U ∼= S. The neighbors D of C such that D ∩ C = U can be
obtained as full preimages of the self-dual submodules D/U of U⊥/U (not equal
to C/U). Continue with all neighbors until all codes in M(V ) have been found.
Usually one is only interested in representatives of equivalence classes of codes in
M(V ), so there is a certain group G acting on M(V ) that preserves submodules
and duality. Then it is enough to work with representatives of the G-orbits. More
details can be found in [3].

4. F2Z2

The Type of singly even self-dual codes over F2Z2 is one of the rare cases for
which the invariant ring of the associated Clifford-Weil group is a polynomial ring.
The Type of doubly even self-dual codes over F2Z2 is interesting because of the
connection to Type IV codes over Z4. The Gray image of a Type IV code over Z4

is a doubly even F2Z2-linear self-dual code (see [1], [2]) However not all such codes
are Gray images of a Type IV code over Z4.

Let Z2 = 〈a〉. Then F2Z2
∼= F2[x]/(x2) via (1 + a) 7→ x. In particular the unit

group (F2Z2)∗ = 〈a〉 ∼= Z2 and F2Z2 has just two indecomposable modules, the
simple module S = F2 and the projective module P = F2Z2. The representation ρS
with underlying module S defines C(ρS) = C(2I) the Clifford-Weil group associated
to the Type of singly even binary self-dual codes which is treated in detail in [7,
Section 6.3].
Z2 acts on the module P ∼= F2

2 via

a 7→ ρP (a) =
(

0 1
1 0

)
and the two non-degenerate a-invariant bilinear forms (with Gram matrices I2 and
ρP (a)) are in the same orbit under (F2Z2)∗ and hence define the same notion of
duality. We choose β to be the standard form with Gram matrix I2. Then with
respect to the basis

e(0,0), e(1,0), e(0,1), e(1,1)
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of C[P ] the associated Clifford-Weil group C(F2Z2) is generated by

ma :=


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , dφ := diag(1,−1,−1, 1), h1 =
1
2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


(φ = {{β }} ) has order 16 and is isomorphic to D8 × Z2, the direct product of the
dihedral group of order 8 and the cyclic group of order 2. C(F2Z2) is a real reflection
group and the invariant ring is the polynomial ring

Inv(C(F2Z2)) = C[p1, p2, p3, p4]

with
p1 = x+ t,

p2 = x2 + y2 + z2 + t2,

p3 = x2 + 2yz + t2,

p4 = x4 + y4 + z4 + t4 + 8xyzt+ 2x2t2 + 2y2z2

where we put x = x(0,0), y = x(1,0), z = x(0,1), t = x(1,1) for simplicity. These
polynomials are the complete weight enumerators of the codes Ci ≤ PN with
generator matrices

[(1, 1)],
[

(1, 0) (1, 0)
(0, 1) (0, 1)

]
,

[
(1, 1) (1, 1)
(1, 0) (0, 1)

]
,

and 
(1, 0) (0, 0) (0, 1) (1, 1)
(0, 1) (0, 0) (1, 0) (1, 1)
(0, 0) (1, 0) (1, 1) (0, 1)
(0, 0) (0, 1) (1, 1) (1, 0)

 .
For the module theoretic structure we get

C1
∼= S,C2

∼= C3
∼= P,C4

∼= P ⊕ P
(as F2Z2-modules). As binary codes, C2, C3 and C1 ⊥ C1 are equivalent, and C4

is equivalent to the extended Hamming code e8 of length 8.
To obtain the type of doubly even binary codes in PN , we may enlarge Φ and

obtain one additional generator dϕ := diag(1, i, i,−1), with i ∈ C, i2 = −1. The
group

CII(F2Z2) = 〈C(F2Z2), dϕ〉
has order 192 and Molien series

1 + λ4 + 2λ8

(λ4 − 1)3(λ12 − 1)
.

The invariant ring Inv(CII(F2Z2)) is a free module over the polynomial subring
R := C[p4, p5, p6, p7],

Inv(CII(F2Z2)) = R⊕Rq1 ⊕Rq2 ⊕Rq3

where p4 is as above, p5, p6, q1 are complete weight enumerators of further Z2-
structures of e8, q2 = cwe(e8 ⊗ P ), q3 is the complete weight enumerators of a
suitable Z2-structure on d+

16 and p7 is the weight enumerator of any Z2-structure
of the Golay code.
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To find the inequivalent doubly even codes in P 4 that are equivalent to e8 as
binary codes, we consider the automorphism group G = Aut(e8). There are 2 conju-
gacy classes of elements of order 2 inG which are conjugate to a = (1, 2)(3, 4)(5, 6)(7, 8)
in Sym8.

The a-invariant codes Ck have generator matrices (I4, Jk) with k = 1, . . . , 6,
where I4 is the 4× 4 unit matrix viewed as element of P 4×2 and

J1 =


(0, 1) (1, 1)
(1, 0) (1, 1)
(1, 1) (0, 1)
(1, 1) (1, 0)

 , J2 =


(1, 0) (1, 1)
(0, 1) (1, 1)
(1, 1) (0, 1)
(1, 1) (1, 0)

 , J3 =


(1, 0) (1, 1)
(0, 1) (1, 1)
(1, 1) (1, 0)
(1, 1) (0, 1)

 ,

J4 =


(1, 1) (1, 0)
(0, 1) (1, 1)
(1, 1) (0, 1)
(1, 0) (1, 1)

 , J5 =


(0, 1) (1, 1)
(1, 1) (1, 0)
(1, 1) (0, 1)
(0, 1) (1, 1)

 , J6 =


(1, 1) (1, 0)
(1, 0) (1, 1)
(1, 1) (0, 1)
(0, 1) (1, 1)

 .
with complete weight enumerators

cwe(C1) = p4 = x4 + 2x2t2 + 8xyzt+ y4 + 2y2z2 + z4 + t4

cwe(C2) = p5 = x4 + 2x2t2 + 2xy2t+ 4xyzt+ 2xz2t+ 2y3z + 2yz3 + t4

cwe(C3) = x4 + 2x2t2 + 4xy2t+ 4xz2t+ 4y2z2 + t4

cwe(C4) = x4 + 3xy2t+ 6xyzt+ 3xz2t+ y3z + yz3 + t4

cwe(C5) = p6 = x4 + 12xyzt+ y4 + z4 + t4

cwe(C6) = q1 = x4 + 4xy2t+ 4xyzt+ 4xz2t+ 2y2z2 + t4

For the secondary invariants of degree 8 one may take

q2 := cwe(e8 ⊗ P ) = x8 + y8 + z8 + t8 + 14(x4y4 + x4z4 + x4t4 + y4z4

+ y4t4 + z4t4) + 168x2y2z2t2

(where Z2 acts trivially on e8) and the weight enumerator of a Z2-structure of the
indecomposable Type II code d+

16 of length 16,

q3 = cwe(d+
16) = x8 + 4x6t2 + 2x5y2t+ 8x5yzt+ 2x5z2t+ 4x4y3z

+ 4x4y2z2 + 4x4yz3 + 6x4t4 + 4x3y2t3 + 32x3yzt3 + 4x3z2t3 + 8x2y4t2

+ 16x2y3zt2 + 24x2y2z2t2 + 16x2yz3t2 + 8x2z4t2 + 4x2t6 + 4xy5zt

+ 24xy4z2t+ 8xy3z3t+ 24xy2z4t+ 2xy2t5 + 4xyz5t+ 8xyzt5 + 2xz2t5 + 2y7z

+ 6y5z3 + 6y3z5 + 4y3zt4 + 4y2z2t4 + 2yz7 + 4yz3t4 + t8.

A corresponding generator matrix is

(1, 0) (0, 0) (0, 1) (0, 0) (0, 0) (0, 1) (0, 0) (0, 1)
(0, 1) (0, 0) (1, 0) (0, 0) (0, 0) (0, 1) (0, 0) (0, 1)
(0, 0) (1, 0) (1, 1) (0, 1) (0, 0) (0, 0) (1, 1) (1, 1)
(0, 0) (0, 1) (1, 1) (0, 1) (0, 0) (0, 1) (1, 1) (1, 0)
(0, 0) (0, 0) (0, 0) (1, 1) (0, 0) (0, 1) (0, 0) (0, 1)
(0, 0) (0, 0) (0, 0) (0, 0) (1, 0) (0, 1) (0, 1) (0, 1)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 1) (0, 1) (1, 0) (0, 1)
(0, 0) (0, 0) (0, 0) (0, 0) (0, 0) (1, 1) (0, 0) (1, 1)


The automorphism group of the extended binary Golay code G24 has one conju-

gacy class of elements that are conjugate in Sym24 to

a = (1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)(17, 18)(19, 20)(21, 22)(23, 24)



194 CLIFFORD-WEIL GROUPS FOR FINITE GROUP RINGS, SOME EXAMPLES.

yielding an F2Z2-structure of G24 with generator matrix (I12, J) where

J :=



(1, 0) (1, 1) (1, 0) (1, 1) (0, 0) (0, 1)
(0, 1) (1, 1) (0, 1) (1, 1) (0, 0) (1, 0)
(1, 1) (1, 0) (0, 1) (0, 0) (1, 1) (1, 0)
(1, 1) (0, 1) (1, 0) (0, 0) (1, 1) (0, 1)
(0, 0) (1, 1) (1, 0) (1, 0) (1, 1) (1, 0)
(0, 0) (1, 1) (0, 1) (0, 1) (1, 1) (0, 1)
(1, 0) (0, 1) (1, 1) (0, 1) (1, 0) (1, 0)
(0, 1) (1, 0) (1, 1) (1, 0) (0, 1) (0, 1)
(0, 1) (1, 0) (1, 0) (0, 1) (1, 0) (1, 1)
(1, 0) (0, 1) (0, 1) (1, 0) (0, 1) (1, 1)
(1, 1) (0, 0) (0, 1) (1, 1) (1, 0) (0, 1)
(1, 1) (0, 0) (1, 0) (1, 1) (0, 1) (1, 0)


whose complete weight enumerator yields the last generator

p7 = x12 + 15x8t4 + 14x6y4t2 + 64x6y3zt2 + 84x6y2z2t2 + 64x6yz3t2 + 14x6z4t2

+ 32x6t6 + 4x5y6t + 40x5y5zt + 92x5y4z2t + 112x5y3z3t + 92x5y2z4t + 40x5yz5t

+ 4x5z6t + x4y8 + 4x4y7z + 10x4y6z2 + 28x4y5z3 + 34x4y4z4 + 28x4y4t4 + 28x4y3z5

+ 128x4y3zt4 + 10x4y2z6 + 168x4y2z2t4 + 4x4yz7 + 128x4yz3t4 + x4z8 + 28x4z4t4

+ 15x4t8 + 24x3y6t3 + 112x3y5zt3 + 296x3y4z2t3 + 416x3y3z3t3 + 296x3y2z4t3

+ 112x3yz5t3 + 24x3z6t3 + 2x2y8t2 + 24x2y7zt2 + 76x2y6z2t2 + 168x2y5z3t2

+ 180x2y4z4t2 + 14x2y4t6 + 168x2y3z5t2 + 64x2y3zt6 + 76x2y2z6t2 + 84x2y2z2t6

+ 24x2yz7t2 + 64x2yz3t6 + 2x2z8t2 + 14x2z4t6 + 4xy6t5 + 40xy5zt5 + 92xy4z2t5

+ 112xy3z3t5 + 92xy2z4t5 + 40xyz5t5 + 4xz6t5 + 2y10z2 + 16y8z4 + y8t4 + 4y7zt4

+ 28y6z6 + 10y6z2t4 + 28y5z3t4 + 16y4z8 + 34y4z4t4 + 28y3z5t4 + 2y2z10 + 10y2z6t4

+ 4yz7t4 + z8t4 + t12.

5. F2 Sym3

The group ring F2 Sym3 = F2Z2 ⊕ F2×2
2 is the direct product of two blocks that

are invariant under the canonical involution. The first block is already dealt with
in Section 4. For the second block, we should note that the left modules of the
matrix ring R = F2×2

2 are of the form M = F2×1
2 ⊗ V for some F2-vector space V .

The self-dual R-submodules of M are of the form F2×1
2 ⊗ C = C(2) for a self-dual

binary code C ≤ V . The associated Clifford-Weil group is the real Clifford group
C2(2I) of genus 2 (see [7, Section 6.3]) of which the invariant ring is spanned by the
genus 2 complete weight enumerators of the self-dual binary codes.

6. F3 Sym3

F3 Sym3 has 6 indecomposable modules:

S+, S−, V+, V− = V+ ⊗ S−, P+, P− = P+ ⊗ S−
where S+ and S− are the two simple modules (with trivial character, respectively
the signum character), P+ and P− the two corresponding projective indecomposable
modules, P+ is just the natural permutation module of the symmetric group Sym3,
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and V+ = P+/ soc(P+), V− = P−/ soc(P−) are the two indecomposables with
composition length 2. Since V− ∼= HomF3(V+,F3), both modules V+ and V− do not
carry a Sym3-invariant non-degenerate bilinear form. F3 Sym3 acts on the simple
modules S+ and S− just as F3, so the self-dual codes in SN+ and SN− are the self-dual
ternary codes of length N . The corresponding Clifford-Weil group is described in
[7, Section 7.4.1]. The self-dual codes in PN+ are the same as the ones in PN− , so
it is enough to consider the representation ρP+ . The projective indecomposable
Sym3-module P+ is uniserial,

P+ > J(P+) > soc(P+) > 0

with composition factors (S+, S−, S+). The Clifford-Weil group C(P+) ≤ GL27(C)
has order 2839. Its invariant ring is far from being a polynomial ring. The Molien
series starts with

1 + 5λ4 + 40λ8 + 2321λ12 + 140997λ16 + . . . = f(λ)/N(λ)

with
N(λ) = (1− λ4)5(1− λ8)4(1− λ12)12(1− λ36)6

and a positive polynomial f of degree 376 with f(1) > 1022. So it is hopeless to
calculate the full invariant ring here. The 5 invariants of degree 4 are provided by
the complete weight enumerators p1, . . . , p5 of the codes C1, . . . , C5 with generator
matrices

(1, 1, 1) (0, 0, 0) (0, 0, 0) (0, 0, 0)
(0, 0, 0) (1, 1, 1) (0, 0, 0) (0, 0, 0)
(0, 0, 0) (0, 0, 0) (1, 1, 1) (0, 0, 0)
(0, 0, 0) (0, 0, 0) (0, 0, 0) (1, 1, 1)
(0, 1, 2) (0, 0, 0) (0, 1, 2) (0, 1, 2)
(0, 0, 0) (0, 1, 2) (0, 1, 2) (0, 2, 1)




(1, 1, 1) (1, 1, 1) (1, 1, 1) (1, 1, 1)
(1, 1, 1) (0, 0, 0) (0, 0, 0) (2, 2, 2)
(0, 0, 0) (1, 1, 1) (0, 0, 0) (2, 2, 2)
(1, 0, 0) (1, 0, 0) (0, 0, 0) (1, 0, 0)
(0, 1, 2) (0, 0, 0) (0, 1, 2) (0, 2, 1)
(0, 0, 0) (0, 1, 2) (0, 2, 1) (0, 2, 1)




(1, 0, 0) (2, 0, 0) (0, 0, 0) (2, 0, 0)
(0, 1, 0) (0, 2, 0) (0, 0, 0) (0, 2, 0)
(0, 0, 1) (0, 0, 2) (0, 0, 0) (0, 0, 2)
(0, 0, 0) (1, 0, 0) (2, 0, 0) (2, 0, 0)
(0, 0, 0) (0, 1, 0) (0, 2, 0) (0, 2, 0)
(0, 0, 0) (0, 0, 1) (0, 0, 2) (0, 0, 2)




(1, 0, 0) (2, 0, 0) (0, 0, 0) (2, 0, 0)
(0, 1, 0) (0, 2, 0) (0, 0, 0) (0, 2, 0)
(0, 0, 1) (0, 0, 2) (0, 0, 0) (0, 0, 2)
(0, 0, 0) (0, 0, 0) (1, 1, 1) (0, 0, 0)
(1, 2, 0) (0, 0, 0) (0, 2, 1) (1, 2, 0)
(0, 1, 2) (0, 0, 0) (0, 2, 1) (0, 1, 2)




(1, 0, 0) (1, 0, 0) (1, 1, 1) (1, 0, 0)
(0, 1, 0) (0, 1, 0) (1, 1, 1) (0, 1, 0)
(0, 0, 1) (0, 0, 1) (1, 1, 1) (0, 0, 1)
(1, 0, 0) (2, 0, 0) (2, 0, 0) (1, 1, 1)
(0, 1, 0) (0, 2, 0) (0, 2, 0) (1, 1, 1)
(0, 0, 1) (0, 0, 2) (0, 0, 2) (1, 1, 1)


Imposing the additional condition that the codes contain the all-ones vector 1,

one gets a Clifford-Weil group of order 28311 with Molien series

1 + 2λ4 + 10λ8 + 403λ12 + 16200λ16 + . . . = g(λ)/N1(λ)

with
N1(λ) = (1− λ4)2(1− λ8)7(1− λ12)12(1− λ36)6

and a positive polynomial g of degree 388 with g(1) > 1022. The two invariants of
degree 4 are p1 and p2.



196 CLIFFORD-WEIL GROUPS FOR FINITE GROUP RINGS, SOME EXAMPLES.

7. F3Z3

F3Z3 has 3 indecomposable modules: the simple module S ∼= F3, the projective
module P ∼= F3Z3 and P/ soc(P ) = V of composition length 2.

7.1. The 3-dimensional module P . The module P is just the restriction of the
F3 Sym3-module P+ to Z3. The associated Clifford-Weil group C(P ) has order 2535

and Molien series starting with

1 + 37λ4 + 9294λ8 + . . . .

The additional condition that the codes contain the all-ones vector yields a Clifford-
Weil group of order 2537 whose Molien series starts with

1 + 6λ4 + 911λ8 + 148842λ12 + . . . .

A system of representatives for the Sym4-equivalence classes of self-dual F3Z3-
codes in P 4 may be calculated as follows.

An F3Z3-code C in P 4 is a self-dual code in F12
3 , with the additional property

that a := (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12) is contained in the permutation group
P (C) of C.

Up to monomial equivalence, there exist three self-dual codes in F12
3 . Hence for

each of these three codes D we have to determine the set GD := {π ∈ Mon | a ∈
P (Dπ)}, whereMon is the group of monomial permutations on twelve points. Since
the condition a ∈ P (Dπ) is equivalent with πaπ−1 ∈ Aut(D), the set GD can be
determined with elementary calculations. Now GD consists of right cosets of the
subgroup

< (1, 4)(2, 5)(3, 6), (1, 4, 7, 10)(2, 5, 8, 11)(3, 6, 9, 12) >∼= Sym4

in Mon, hence may be reduced to a set of coset representatives. The union of the
reduced sets GD then yields a system of representatives for the Sym4-equivalence
classes of self-dual F3Z3-codes in P 4, consisting of 48 codes.

Since it is hopeless to calculate generators for the invariant ring here, it is useful
to apply the strategy described in Section 2.3 to obtain generators for the ring
spanned by the U -symmetrized weight enumerators of the codes, where U ∼= Z6 is
the full central unitary group of (F3Z3, ). U preserves the composition series

P > V > S > 0

and has 3 orbits X3, X4, X5 of length 6 on P −V (distinguished by their Hamming
weight) one orbit X2 of length 6 on V − S, one orbit X1 on S − {0} and the orbit
X0 = {0}. The symmetrized Clifford-Weil group C(U)(P ) has order 2434 and Molien
series starting with

1 + 3λ4 + 9λ8 + 34λ12 + . . . =
f

g

with

g(λ) = (1− λ36)(1− λ12)2(1− λ4)3

and
f(λ) = λ60 + 5λ56 + 17λ52 + 18λ48 + 25λ44 + 25λ40 + 32λ36+
26λ32 + 27λ28 + 31λ24 + 21λ20 + 11λ16 + 13λ12 + 3λ8 + 1.
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The 48 codes of length 4 yield four different symmetrized weight enumerators which
generate the 3-dimensional space of invariants of degree 4.

x4
0 + 72x4x3x5(x0 + x1) + 24(x0x

3
2 + x1(2x3

2 + x3
3 + x3

4 + x3
5))+

144x2(x3x
2
4 + x2

3x5 + x4x
2
5) + 8x0x

3
1,

x4
0 + 24x0(x

3
4 + x3

3 + x3
2 + x3

5) + 144(x2x3x
2
4 + x1x3x4x5

+ x2x4x
2
5 + x2x

2
3x5) + 8x0x

3
1 + 48x1x

3
2,

x4
0 + 8x3

0x1 + 24x2
0x

2
1 + 216x0x

3
2 + 32x0x

3
1 + 432x3

2x1 + 16x4
1,

x4
0 + 2x3

0x1 + 6x0(x0x
2
1 + x3

4 + x3
3 + x3

5) + +36(x0 + 2x1)(x3x4x5 + 2x3
2)+

12x1(x
3
3 + x3

4 + x3
5) + 108x2(x3x

2
4 + x4x

2
5 + x2

3x5) + 14x0x
3
1 + 4x4

1

7.2. The 2-dimensional module V . The 2-dimensional indecomposable F3Z3-
module V has an F3-basis with respect to which a acts as

A =
(

0 2
1 2

)
and an A-invariant bilinear form with Gram matrix

F =
(

0 2
1 0

)
.

There are no symmetric non-degenerated invariant forms on V , so here we need to
work with R−(F3Z3) and ε = −1. The associated Clifford-Weil group is isomorphic
to Z2 × Z3 × Z3 × Sym3 of order 108. The Molien series is

d(λ)/n(λ) = 1 + λ+ λ2 + 7λ3 + 11λ4 + 11λ5 + 49λ6 + 91λ7 + . . .

with denominator
n(λ) = (1− λ)(1− λ3)4(1− λ6)4

and numerator
d(λ) = 2λ25 + 4λ24 + 18λ22 + 22λ21 + 16λ20 + 43λ19 + 65λ18 + 89λ17+
83λ16 + 91λ15 + 123λ14 + 89λ13 + 78λ12 + 71λ11 + 59λ10+
45λ9 + 25λ8 + 26λ7 + 16λ6 + 4λ4 + 2λ3 + 1

The invariant of degree 1 is of course the weight enumerator p of the code C1 :=
C = 〈(1, 1)〉 ≤ V . There are 13 self-dual codes in V 3, one of which is C3. The other
yield 6 different weight enumerators providing in total seven invariants of degree
3, that are linearly independent. Generator matrices (I3|Ji) of 6 such codes with
distinct weight enumerators are as follows:

J1 =

 2) (0, 2)
1) (2, 0)
1) (2, 2)

 , J2 =

 1) (0, 1)
2) (1, 0)
1) (2, 2)

 , J3 =

 1) (2, 0)
2) (2, 1)
1) (2, 2

 ,

J4 =

 2) (1, 2)
1) (0, 2)
1) (1, 1)

 , J5 =

 2) (2, 1)
1) (0, 1)
1) (2, 2)

 , J6 =

 2) (1, 0)
1) (1, 2)
1) (2, 2)

 .
The submodule structure of V is V > S > 0 with S = 〈(1, 1)〉. So V = X0 ∪

X1 ∪X2 with X0 = {(0, 0)}, X1 = V − S = {(1, 0), (2, 0), (0, 1), (0, 2), (1, 2), (2, 1)},
X2 = S − {(0, 0)} = {(1, 1), (2, 2)}. This partition of V is the set of orbits of the
central unitary group of the group ring and hence the corresponding symmetrization
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commutes with the action of the Clifford-Weil group. The resulting symmetrized
Clifford-Weil group is generated by

d := diag(1, ζ3, 1) and h =

 1/3 2 2/3
1/3 0 −1/3
1/3 −1 2/3


has order 18 and is isomorphic to the complex reflection group G = Z3×Sym3. All
12 codes of length 3 that are 6= C3 have the same symmetrized weight enumerator

p3 := x3
0 + 6x0x

2
2 + 18x3

1 + 2x3
2.

The invariant ring of G is the polynomial ring C[p1, p3, p6], where p1 := x0 + 2x2 is
the symmetrized weight enumerator of C and

p6 = x6
0 + 30x4

0x
2
2 + 40x3

0x
3
2 + 90x2

0x
4
2 + 60x0x

5
2 + 486x6

1 + 22x6
2

the symmetrized weight enumerator of a suitable code of length 6, for instance C6

with generator matrix
(1, 0) (0, 2) (0, 2) (0, 2) (0, 2) (1, 0)
(0, 1) (0, 1) (0, 1) (0, 1) (0, 1) (1, 2)
(0, 0) (1, 1) (0, 0) (0, 0) (0, 0) (2, 2)
(0, 0) (0, 0) (1, 1) (0, 0) (0, 0) (2, 2)
(0, 0) (0, 0) (0, 0) (1, 1) (0, 0) (2, 2)
(0, 0) (0, 0) (0, 0) (0, 0) (1, 1) (2, 2)

 .
Continuing to symmetrize to obtain V -Hamming weight enumerators qi := pi(x, y, y) =
hweV (Ci) we will not obtain an invariant ring of a group. The subgroup of GL2(Q)
that stabilizes q1 and q3 is of order 2 and its invariant ring is

C[x+ 2y, x2 + 8y2]

which properly contains the ring spanned by q1, q3 and

q6 = (
1
3
q9
1q3 −

1
2
q6
1q

2
3 + q3

1q
3
3 +

1
6
q4
3)/(q3

1q3).

This shows that the assumption that the symmetrization commutes with the action
of the Clifford-Weil group is necessary.
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Abstract. In previous work we determined automorphism groups of cyclic

algebraic curves defined over fields of any odd characteristic. In this paper we
determine parametric equations of families of curves for each automorphism

group for such curves.

1. Introduction

Let Xg be an algebraic curve of genus g ≥ 2 defined over a algebraically closed
field of characteristic p 6= 2. If an automorphism group of a algebraic curve has nor-
mal cyclic subgroup such that the quotient space has genus zero, then such a curve
is called a cyclic curve. We have studied automorphism groups of cyclic curves
in [29], where we have listed all automorphism groups as well as ramification sig-
natures of corresponding covers. In this paper we give a corresponding parametric
equation for each family in [29].

In the second section we briefly introduce basic facts on cyclic curves and their
automorphism. Let G = Aut(Xg) automorphism group of given cyclic curve Xg,
the reduced automorphism group is Ḡ := Aut(Xg)/〈w〉, where Cn = 〈w〉 such that
g(XCn) = 0. This group Ḡ is embedded in PGL2(k) and therefore is isomorphic to
one of Cm, Dm, A4, S4, A5, a semi direct product of elementary Abelian group with
cyclic group, PSL(2, q), or PGL(2, q). Then, Ḡ acts on a genus 0 field k(x). We
determine a rational function φ(x) that generates the fixed field k(x)Ḡ in all cases
cf. Lemma 1.

In section three, we determine the ramification signature σ of the cover Φ(x) :
Xg → P1 with monodromy group G := Aut(Xg). Moduli spaces of covers Φ are
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Hurwitz spaces, which we denoted by Hσ. There is a map Φσ : Hσ →Mg, where
Mg is the moduli space of genus g algebraic curves. The image of this map is
a subvariety of Mg, which we denoted by H(G, σ). The dimension of H(G, σ) is
determined. Hence, we have

Xg
Cn−→ P1 Ḡ−→ P1

We list all possible automorphism groups, their signatures, and dimension of the
loci H(G, σ).

In the last section, we determine the equations of families of curves for a given
group. Using the rational function φ(x) we are able to determine parametric equa-
tion of each family H(G, σ). Since we know φ(x), we can find the branch points
and then determine the equation of the curve from these branch points. We list
corresponding equations of families of curves which we have listed in section three.

Throughout this paper we let g ≥ 2 be a fixed integer, X a genus g cyclic curve,
G = Aut(X ) and Cn / G such that g(XCn) = 0.

2. Preliminaries

Let Xg be genus g ≥ 2 cyclic curve defined over an algebraically closed field
k of characteristic p 6= 2. We take the equation of Xg to be yn = F (x), where
deg(F ) = 2g + 2. Let K := k(x, y) be the function field of Xg. Then K is a degree
n extension field of k(x) ramified exactly at d = 2g + 2 places α1, ..., αd of k(x).

Let G = Aut(K/k). Since k(x) is the only genus 0 subfield of degree n of K, then
G fixes k(x). Thus Gal(K/k(x)) = 〈w〉, with wn = 1. Then the group Ḡ := G/ 〈w〉
is called reduced automorphism group. By the theorem of Dickson, Ḡ is isomorphic
to one of the following: Cm, Dm, A4, S4, A5, PSL(2, q) and PGL(2, q), or a semi
direct product of elementary Abelian group with cyclic group, defined as

Km := 〈{σa, t|a ∈ Um}〉 , where Um := {a ∈ k|(a

pt−1
m −1∏
j=0

(am − bj)) = 0}

and t(x) = ξ2x, σa(x) = x+ a, for each a ∈ U , bj ∈ k∗ and ξ is a primitive 2m-th
root of unity; see [10]. Um is a subgroup of the additive group of k.

The group Ḡ acts on k(x) via the natural way. The fixed field is a genus 0 field,
say k(z). Thus z is a degree |Ḡ| rational function in x, say z = φ(x). The following
lemma determines rational functions for all Ḡ; see [29].

Let φ0 : Xg → P1 and φ : P1 → P1 be covers which correspond to the extensions
K/k(x) and k(x)/k respectively. Then, ψ := φ ◦ φ0 has monodromy group G :=
Aut(Xg). By basic covering theory, the group G is embedded in the group Sl,
where l = deg(ψ). There is an r-tuple σ := (σ1, ..., σr), where σi ∈ Sl such that
σ1, ..., σr generate G and σ1...σr = 1. The signature of Φ is an r-tuple of conjugacy
classes C := (C1, ..., Cr) in Sl such that Ci is the conjugacy class of σi. We can
find the signature of ψ0 : Xg → P1 by using the signature of φ : P1 → P1 and
Riemann-Hurwitz formula.

Moduli spaces of covers ψ are Hurwitz space, which we denoted by Hσ. There is
a map Φσ : Hσ →Mg, where Mg is the moduli space of genus g algebraic curves.
The image of this map is a subvariety ofMg, which we denoted by H(G, σ). Using
the signature of ψ and Riemann-Hurwitz formula, one can find out dimension of
H(G, σ), which we denoted by δ.
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We summarize all in the following Lemma:

Lemma 1. Let k be an algebraically closed field of characteristic p, Ht a subgroup
of the additive group of k with |Ht| = pt and bj ∈ k∗, and Ḡ be a finite subgroup of
PGL2(k) acting on the field k(x). Then, Ḡ is isomorphic to one of the following
groups Cm, Dm, A4, S4, A5, U = Ctp, Km, PSL2(q) and PGL2(q), where q = pf

and (m, p) = 1. Moreover, the fixed subfield k(x)Ḡ = k(z) is given by Table 1,
where α = q(q−1)

2 , β = q+1
2 .

Case Ḡ z Ramification

1 Cm, (m, p) = 1 xm (m,m)

2 D2m, (m, p) = 1 xm + 1
xm (2, 2,m)

3 A4, p 6= 2, 3 x12−33x8−33x4+1
x2(x4−1)2 (2, 3, 3)

4 S4, p 6= 2, 3 (x8+14x4+1)3

108(x(x4−1))4 (2, 3, 4)

5 A5, p 6= 2, 3, 5 (−x20+228x15−494x10−228x5−1)3

(x(x10+11x5−1))5 (2, 3, 5)

A5, p = 3 (x10−1)6

(x(x10+2ix5+1))5 (6, 5)

6 U
∏
a∈Ht

(x+ a) (pt)

7 Km (x

pt−1
m −1∏
j=0

(xm − bj))m (mpt,m)

8 PSL(2, q), p 6= 2 ((xq−x)q−1+1)
q+1
2

(xq−x)
q(q−1)

2
(α, β)

9 PGL(2, q) ((xq−x)q−1+1)q+1

(xq−x)q(q−1) (2α, 2β)

Table 1. Rational functions correspond to each Ḡ

3. Automorphism groups and their signatures of cyclic curves

As above Ḡ := G/G0, where G0 := Gal(k(x, y)/k(x)). The following theorem
determines ramification signatures and dimensions of δ of H(G, σ) for all Ḡ when
p > 5; see [29] for details.

Theorem 3.1. The signature of cover Φ(x) : X → XG and dimension δ is given
in Table 2. In Table 2, m = |PSL2(q)| for cases 38-41 and m = |PGL2(q)| for
cases 42-45.
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# Ḡ δ(G,C) δ, n, g C = (C1, ..., Cr)

1 (p,m) = 1
2(g+n−1)
m(n−1) − 1 n < g + 1 (m,m, n, ..., n)

2 Cm
2g+n−1
m(n−1) − 1 (m,mn, n, ..., n)

3 2g
m(n−1) − 1 n < g (mn,mn, n, ..., n)

4 (p,m) = 1 g+n−1
m(n−1) (2, 2,m, n, ..., n)

5 2g+m+2n−nm−2
2m(n−1) (2n, 2,m, n, ..., n)

6 D2m
g

m(n−1) (2, 2,mn, n, ..., n)

7 g+m+n−mn−1
m(n−1) n < g + 1 (2n, 2n,m, n, ..., n)

8 2g+m−mn
2m(n−1) g 6= 2 (2n, 2,mn, n, ..., n)

9 g+m−mn
m(n−1) n < g (2n, 2n,mn, n, ..., n)

10 n+g−1
6(n−1) (2, 3, 3, n, ..., n)

11 A4
g−n+1
6(n−1) (2, 3n, 3, n, ..., n)

12 g−3n+3
6(n−1) (2, 3n, 3n, n, ..., n)

13 g−2n+2
6(n−1) δ 6= 0 (2n, 3, 3, n, ..., n)

14 g−4n+4
6(n−1) (2n, 3n, 3, n, ..., n)

15 g−6n+6
6(n−1) δ 6= 0 (2n, 3n, 3n, n, ..., n)

16 g+n−1
12(n−1) (2, 3, 4, n, ..., n)

17 g−3n+3
12(n−1) (2, 3n, 4, n, ..., n)

18 g−2n+2
12(n−1) (2, 3, 4n, n, ..., n)

19 g−6n+6
12(n−1) (2, 3n, 4n, n, ..., n)

20 S4
g−5n+5
12(n−1) (2n, 3, 4, n, ..., n)

21 g−9n+9
12(n−1) (2n, 3n, 4, n, ..., n)

22 g−8n+8
12(n−1) (2n, 3, 4n, n, ..., n)

23 g−12n+12
12(n−1) (2n, 3n, 4n, n, ..., n)

24 g+n−1
30(n−1) (2, 3, 5, n, ..., n)

25 g−5n+5
30(n−1) (2, 3, 5n, n, ..., n)

26 g−15n+15
30(n−1) (2, 3n, 5n, n, ..., n)

27 g−9n+9
30(n−1) (2, 3n, 5, n, ..., n)

28 A5
g−14n+14
30(n−1) (2n, 3, 5, n, ..., n)

29 g−20n+20
30(n−1) (2n, 3, 5n, n, ..., n)

30 g−24n+24
30(n−1) (2n, 3n, 5, n, ..., n)

31 g−30n+30
30(n−1) (2n, 3n, 5n, n, ..., n)

32 2g+2n−2
pt(n−1)

− 2 (pt, n, ..., n)

33 U 2g+npt−pt
pt(n−1)

− 2 (n, p) = 1, n|pt − 1 (npt, n, ..., n)

34
2(g+n−1)
mpt(n−1)

− 1 (m, p) = 1,m|pt − 1 (mpt,m, n, ..., n)

35 2g+2n+pt−npt−2
mpt(n−1)

− 1 (m, p) = 1,m|pt − 1 (mpt, nm, n, ..., n)

36 Km
2g+npt−pt
mpt(n−1)

− 1 (nm, p) = 1, nm|pt − 1 (nmpt,m, n, ..., n)

37 2g
mpt(n−1)

− 1 (nm, p) = 1, nm|pt − 1 (nmpt, nm, n, ..., n)

38
2(g+n−1)
m(n−1) − 1

(
q−1
2 , p

)
= 1 (α, β, n, ..., n)

39 PSL2(q)
2g+q(q−1)−n(q+1)(q−2)−2

m(n−1) − 1
(
q−1
2 , p

)
= 1 (α, nβ, n, ..., n)

40
2g+nq(q−1)+q−q2

m(n−1) − 1
(
n(q−1)

2 , p
)

= 1 (nα, β, n, ..., n)

41 2g
m(n−1) − 1

(
n(q−1)

2 , p
)

= 1 (nα, nβ, n, ..., n)

42
2(g+n−1)
m(n−1) − 1 (q − 1, p) = 1 (2α, 2β, n, ..., n)

43 PGL2(q)
2g+q(q−1)−n(q+1)(q−2)−2

m(n−1) − 1 (q − 1, p) = 1 (2α, 2nβ, n, ..., n)

44
2g+nq(q−1)+q−q2

m(n−1) − 1 (n(p− 1), p) = 1 (2nα, 2β, n, ..., n)

45 2g
m(n−1) − 1 (n(q − 1), p) = 1 (2nα, 2nβ, n, ..., n)

Table 2. The signature of curves and dimensions δ for char > 5
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Remark 1. The above theorem gives signatures and dimensions for p > 5. We
know that Ḡ ∼= Cm, Dm, A4, S4, U,Km, PSL(2, q), PGL(2, q) when p = 5 and Ḡ ∼=
Cm, Dm, A5, U,Km, PSL(2, q), PGL(2, q) when p = 3; see [10]. All cases except
Ḡ ∼= A5 have ramification as p > 5. Hence signatures and dimensions are the
same as p > 5. However, Ḡ ∼= A5 has different ramification. Hence, that case has
signatures and dimensions as in Table 3.

Case Ḡ δ(G,C) C = (C1, ..., Cr)
a g+n−1

30(n−1) − 1 (6, 5, n, ..., n)
b g+5n−5

30(n−1) − 1 (6, 5n, n, ..., n)
c A5

g+6n−6
30(n−1) − 1 (6n, 5, n, ..., n)

d g
30(n−1) − 1 (6n, 5n, n, ..., n)

Table 3. The signature of curve and dimension δ for Ḡ ∼= A5, p = 3

The following theorem determines the list of all automorphism groups of cyclic
algebraic curves defined over any algebraically closed field of characteristic p 6= 2,
details will be provided in [29].

Theorem 3.2. Let Xg be a genus g ≥ 2 irreducible cyclic curve defined over an
algebraically closed field k of characteristic char (k) = p, G = Aut(Xg), and Ḡ its
reduced automorphism group. If |G| > 1 then is G is one of the following:

(1) Ḡ ∼= Cm: Then, G ∼= Cmn or 〈r, s| rn = 1, sm = 1, srs−1 = rl〉, (l, n) = 1
and lm ≡ 1 (mod n).

(2) If Ḡ ∼= D2m then G ∼= D2m × Cn or

G′4 = 〈r, s, t| rn = 1, s2 = 1, t2 = 1, (st)m = 1, srs−1 = rl, trt−1 = rl〉

G′7 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = r

n
2 , (st)m = 1, srs−1 = rl, trt−1 = rl〉

where (l, n) = 1 and l2 ≡ 1 (mod n) or

G4 = 〈r, s, t| rn = 1, s2 = 1, t2 = 1, (st)m = 1, srs−1 = rl, trt−1 = rk〉

G5 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = 1, (st)m = 1, srs−1 = rl, trt−1 = rk〉

G6 = 〈r, s, t| rn = 1, s2 = 1, t2 = 1, (st)m = r
n
2 , srs−1 = rl, trt−1 = rk〉

G7 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = r

n
2 , (st)m = 1, srs−1 = rl, trt−1 = rk〉

G8 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = 1, (st)m = r

n
2 , srs−1 = rl, trt−1 = rk〉

G9 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = r

n
2 , (st)m = r

n
2 , srs−1 = rl, trt−1 = rk〉

where (l, n) = 1 and l2 ≡ 1 (mod n), (k, n) = 1 and k2 ≡ 1 (mod n).

(3) If Ḡ ∼= A4 and p 6= 2, 3 then G ∼= A4 × Cn or

G′10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rl〉

G′12 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
3 , (st)3 = r

n
3 , srs−1 = r, trt−1 = rl〉

where (l, n) = 1 and l3 ≡ 1 (mod n) or
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〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉, or

G10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

G13 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

where (k, n) = 1 and k3 ≡ 1 (mod n).

(4) If Ḡ ∼= S4 and p 6= 2, 3 then G ∼= S4 × Cn or

G16 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G18 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = r
n
2 , srs−1 = rl, trt−1 = r〉

G20 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G22 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = r

n
2 , srs−1 = rl, trt−1 = r〉

where (l, n) = 1 and l2 ≡ 1 (mod n).

(5) If Ḡ ∼= A5 and p 6= 2, 5 then G ∼= A5 × Cn or

〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉

(6) If Ḡ ∼= U then G ∼= U × Cn or〈
r, s1, s2, ..., st|rn = sp1 = sp2 = ... = spt = 1, sisj = sjsi, sirs

−1
i = rl, 1 ≤ i, j ≤ t

〉
where (l, n) = 1 and lp ≡ 1 (mod n).

(7) If Ḡ ∼= Km then G ∼=< r, s1, ..., st, v|rn = sp1 = ... = spt = vm = 1, sisj =
sjsi, vrv

−1 = r, sirs
−1
i = rl, sivs

−1
i = vk, 1 ≤ i, j ≤ t > where (l, n) = 1

and lp ≡ 1 (mod n), (k,m) = 1 and kp ≡ 1 (mod m) or

G35 =
〈
r, s1, ..., st|rnm = sp1 = ... = spt = 1, sisj = sjsi, sirs

−1
i = rl, 1 ≤ i, j ≤ t

〉
where (l, nm) = 1 and lp ≡ 1( mod nm).

(8) If Ḡ ∼= PSL2(q) then G ∼= PSL2(q)× Cn or SL2(3).

(9) If Ḡ ∼= PGL(2, q) then G ∼= PGL(2, q)× Cn.

Proof. See [29]. �

4. Equations of curves

The group Ḡ is the monodromy group of the cover φ : P1 → P1 with signature
(σ1, σ2, σ3) as in section 2. We fix coordinates in P1 as x and z respectively and
from now on we denote the cover φ : P1

x → P1
z. Thus, z is a rational function in x

of the degree |Ḡ|. We denote by q1, q2, q3 corresponding branch points of φ. Let S
be the set of branch points of Φ : Xg → P1

z. Clearly q1, q2, q3 ∈ S. Let yn = f(x)
be the equation of Xg and W be the images in P1

x of roots of f(x) and

V :=
3⋃
i=1

φ−1(qi).
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Let

z =
Ψ(x)
Υ(x)

, where Ψ(x),Υ(x) ∈ k[x].

Then we have

z − qi =
Γ(x)
Υ(x)

for each branch point qi, i = 1, 2, 3, where Γ(x) ∈ k[x]. Hence,

Γ(x) = Ψ(x)− qi ·Υ(x)

is degree |Ḡ| equation and multiplicity of all roots of Γ(x) correspond to the rami-
fication index for each qi. Now we define the following three functions:

ϕr(x) := Ψ(x)− q1 ·Υ(x)

χs(x) := Ψ(x)− q2 ·Υ(x)

ψt(x) := Ψ(x)− q3 ·Υ(x)

(1)

where superscript denote the ramification index of qi. Clearly, φ−1(S\{q1, q2, q3}) ⊂
W . Let λ ∈ S \ {q1, q2, q2}. The points in the fiber φ−1(λ) are the roots of the
equation:

Ψ(x)− λ ·Υ(x) = 0(2)

Let

G(x) :=
∏

λ∈S\{q1,q2,q2}

(Ψ(x)− λ ·Υ(x))(3)

There are following cases and corresponding equations of the curve yn = f(x)
for each fixed φ.

Intersection f(x)

1) V ∩W = ∅ G(x)
2) V ∩W = φ−1(q1) ϕ(x) ·G(x)
3) V ∩W = φ−1(q2) χ(x) ·G(x)
4) V ∩W = φ−1(q3) ψ(x) ·G(x)
5) V ∩W = φ−1(q1) ∪ φ−1(q2) ϕ(x) · χ(x) ·G(x)
6) V ∩W = φ−1(q2) ∪ φ−1(q3) χ(x) · ψ(x) ·G(x)
7) V ∩W = φ−1(q1) ∪ φ−1(q3) ϕ(x) · ψ(x) ·G(x)
8) V ∩W = φ−1(q1) ∪ φ−1(q2) ∪ φ−1(q3) ϕ(x) · χ(x) · ψ(x) ·G(x)

The following theorem gives us equations of families of curves for automorphism
groups which are related to Theorem 3.1 and Theorem 3.2.

Theorem 4.1. Let Xg be a genus g ≥ 2 cyclic curve with Aut(Xg) = G, where G
is related to the cases 1-45 in Table 2. Then Xg has an equation as cases 1-45 in
Table 4.

Proof: We consider all cases one by one for the reduced automorphism group Ḡ.
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# Ḡ yn = f(x)
1 xmδ + a1x

m(δ−1) + · · ·+ aδx
m + 1

2 Cm xmδ + a1x
m(δ−1) + · · ·+ aδx

m + 1
3 x(xmδ + a1x

m(δ−1) + · · ·+ aδx
m + 1)

4 F (x) :=
∏δ
i=1(x2m + λix

m + 1)
5 (xm − 1) · F (x)
6 x · F (x)
7 D2m (x2m − 1) · F (x)
8 x(xm − 1) · F (x)
9 x(x2m − 1) · F (x)
10 G(x) :=

∏δ
i=1(x12 − λix10 − 33x8 + 2λix6 − 33x4 − λix2 + 1)

11 (x4 + 2i
√

3x2 + 1) ·G(x)
12 A4 (x8 + 14x4 + 1) ·G(x)
13 x(x4 − 1) ·G(x)
14 x(x4 − 1)(x4 + 2i

√
3x2 + 1) ·G(x)

15 x(x4 − 1)(x8 + 14x4 + 1) ·G(x)
16 M(x)
17 S(x) ·M(x)
18 T (x) ·M(x)
19 S(x) · T (x) ·M(x)
20 S4 R(x) ·M(x)
21 R(x) · S(x) ·M(x)
22 R(x) · T (x) ·M(x)
23 R(x) · S(x) · T (x).M(x)
24 Λ(x)
25 (x(x10 + 11x5 − 1)) · Λ(x)
26 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · Λ(x)
27 (x20 − 228x15 + 494x10 + 228x5 + 1) · Λ(x)
28 A5 Q(x) · Λ(x)
29 x(x10 + 11x5 − 1).ψ(x) · Λ(x)
30 (x20 − 228x15 + 494x10 + 228x5 + 1) · ψ(x) · Λ(x)
31 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · ψ(x) · Λ(x)
32 U B(x)
33 B(x)
34 Θ(x)

35 Km x
∏ pt−1

m
j=1 (xm − bj) ·Θ(x)

36 Θ(x)

37 x
∏ pt−1

m
j=1 (xm − bj) ·Θ(x)

38 ∆(x)
39 PSL2(q) ((xq − x)q−1 + 1) ·∆(x)
40 (xq − x) ·∆(x)
41 (xq − x)((xq − x)q−1 + 1) ·∆(x)
42 Ω(x)
43 PGL2(q) ((xq − x)q−1 + 1) · Ω(x)
44 (xq − x) · Ω(x)
45 (xq − x)((xq − x)q−1 + 1) · Ω(x)

Table 4. The equations of the curves related to the cases in Table 2
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4.1. Ḡ ∼= Cm. Then, φ : P1 → P1 has signature (m,m). We identify the branch
points of φ are 0 and ∞. Let q1 = ∞, q2 = 0. By Lemma 1, we know that
φ(x) = xm. Hence ϕ(x) = 1 and χ(x) = x. Let λi ∈ S \ {0,∞}. The points in the
fiber φ−1(λi) are the roots of the polynomial

Gλi(x) := xm − λi

Now we can compute equations for the cases 1-3 in Table 4. If W ∩ V = ∅ then
the equation of the curve is yn = G(x) where

G(x) =
δ∏
i=1

Gλi(x)

and δ is as case 1 in Table 2. Let a1, ..., aδ denote the symmetric polynomials in
λ1, ..., λδ. Further we can take λ1...λδ = 1. Hence the equation of the curve is

yn = xmδ + a1x
m(δ−1) + ...+ aδx

m + 1

If V ∩ W = φ−1(q1)(i.e. case 2 in Table 4) then we know that the equation is
yn = ϕ(x).G(x). Hence the equation is

yn = xmδ + a1x
m(δ−1) + ...+ aδx

m + 1

where δ is as case 2 in Table 2. If V ∩W = φ−1(q1)∪φ−1(q2) (i.e. case 3 in Table 4)
then the equation is yn = ϕ(x).χ(x).G(x). Hence

yn = x(xmδ + a1x
m(δ−1) + ...+ aδx

m + 1)

where δ is as case 3 in Table 2.

4.2. Ḡ ∼= D2m. Then, φ : P1 → P1 has signature (2, 2,m). The branch points of
φ(x) are ∞ and ±2. Let q1 =∞, q2 = 2 and q3 = −2. By Lemma 1, we know that

φ(x) = xm +
1
xm

.

Since φ(x) − 2 = (xm−1)2

xm and φ(x) + 2 = (xm+1)2

xm , ϕ(x) = x, χ(x) = xm − 1 and
ψ = xm + 1. In this case we have G(x) as below.

G(x) =
δ∏
i=1

(x2m − λixm + 1)

where λi ∈ S \ {0,±2} and δ is as corresponding case in Table 2. Then each family
is parameterized as cases 4-9 in Table 4.

4.3. Ḡ ∼= A4. Then, φ : P1 → P1 has signature (2, 3, 3). We choose branch points
q1 =∞, q2 = 6i

√
3, and q3 = −6i

√
3, where i2 = −1. We know that

φ(x) =
x12 − 33x8 − 33x4 + 1

x2(x4 − 1)2
.

Thus the points in the fiber of q1, q2, q3 are the roots of the polynomials:

ϕ(x) = x(x4 − 1)

χ(x) = x4 − 2i
√

3x2 + 1

ψ(x) = x4 + 2i
√

3x2 + 1
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Let λi ∈ S \ {∞,±6i
√

3} then points of φ−1(λi) are roots of the polynomial

Gλi(x) = x12 − λix10 − 33x8 + 2λix6 − 33x4 − λix2 + 1

There are δ points in S \ {∞,±6i
√

3}. Hence, we have

G(x) =
δ∏
i=1

(x12 − λix10 − 33x8 + 2λix6 − 33x4 − λix2 + 1)

Then, each family is parameterized as cases 10-15 in Table 4, where δ is as corre-
sponding case in Table 2.

4.4. Ḡ ∼= S4. Then, φ : P1 → P1 has signature (2, 3, 4). The branch points of φ(x)
are {0, 1,∞}. Let q1 = 1, q2 = 0 and q3 =∞. Then

ϕ(x) = x12 − 33x8 − 33x4 + 1

χ(x) = x8 + 14x4 + 1

ψ(x) = x(x4 − 1)

For λi ∈ S \ {0, 1,∞}, the points in φ−1(λi) are roots of the polynomial

Gλi(x) =x24 + λix
20 + (759− 4λi)x16 + 2(3λi + 1228)x12

+ (759− 4λi)x8 + λix
4 + 1

There are δ points in S\{0, 1,∞}, where δ is given as in Table 2. We denote

M(x) :=
δ∏
i=1

Gλi(x)

Then, each family is parameterized as cases 16-23, where R(x), S(x), T (x) are
ϕ(x), χ(x), ψ(x) respectively.

4.5. Ḡ ∼= A5. The branch points of φ : P1 → P1 are 0, 1728 and ∞. Let q1 = 0,
q2 = ∞ and q3 = 1728. At the place q3 = 1728 the function has the following
ramification

φ(x)− 1728 = − (x30 + 522x25 − 10005x20 − 10005x10 − 522x5 + 1)2

x5(x10 + 11x5 − 1)5

Then,

ϕ(x) = x20 − 228x15 + 494x10 + 228x5 + 1

χ(x) = x(x10 + 11x5 − 1)

ψ(x) = x30 + 522x25 − 10005x20 − 10005x10 − 522x5 + 1

For each λi ∈ S \ {0, 1728,∞} the places in φ−1(λi) are the roots of the following
polynomial

Gλi(x) =− x60 + (684− λi)x55 − (55λi + 157434)x50 − (1205λi − 12527460)x45

− (13090λi + 77460495)x40 + (130689144− 69585λi)x35

+ (33211924− 134761λi)x30 + (69585λi − 130689144)x25

− (13090λi + 77460495)x20 − (12527460− 1205λi)x15

− (157434 + 55λi)x10 + (λi − 684)x5 − 1
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Then,

Λ(x) =
δ∏
i=1

Gλi(x)

Then equations of the curves are as in cases 24-31 in Table 4, where Q(x) = ψ(x).

4.6. Ḡ ∼= U . The branch point of the curve φ is {∞}. Let q1 =∞. Then ϕ(x) = 1.
For each λi ∈ S\{∞} we have

Gλi(x) =
∏
a∈Ht

(x+ a)− λi

There are δ points in S\{∞}. Where δ is as in Table 2. We denote

B(x) =
δ∏
i=1

Gλi(x)

Then, each family is parameterized as cases 32-33.

4.7. Ḡ ∼= Km. The branch points of the curve φ are {0,∞}. Let q1 = 0, q2 = ∞.
Then the polynomial over the branch point is

ϕ(x) = x

pt−1
m∏
j=1

(xm − bj)

χ(x) = 1

For λi ∈ S\{0,∞} we have

Gλi(x) = ((x

pt−1
m∏
j=1

(xm − bj))m − λi)

There are δ points in S\{0,∞}. Where δ is as in Table 2. We denote

Θ(x) =
δ∏
i=1

Gλi(x)

Then, each family is parameterized as cases 34-37.

4.8. Ḡ ∼= PSL2(q). The branch points of φ(x) are {0,∞}. Let q1 = 0, q2 = ∞.
Then

ϕ(x) = (xq − x)q−1 + 1

χ(x) = xq − x

For λi ∈ S\{0,∞}, points in φ−1(λi) are roots of the polynomials,

Gλi(x) = (((xq − x)q−1 + 1)
q+1
2 − λi(xq − x)

q(q−1)
2 )

There are δ points in S\{0,∞}. Where δ is as in Table 2. We denote

∆(x) =
δ∏
i=1

(((xq − x)q−1 + 1)
q+1
2 − λi(xq − x)

q(q−1)
2 )

Then, each family is parameterized as cases 38-41.
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4.9. Ḡ ∼= PGL2(q). The branch points of φ(x) are {0,∞}. Let q1 = 0, q2 = ∞.
Then

ϕ(x) = (xq − x)q−1 + 1

χ(x) = xq − x

For λi ∈ S\{0,∞}, points in φ−1(λi) are roots of the polynomials,

Gλi(x) = (((xq − x)q−1 + 1)q+1 − λi(xq − x)q(q−1))

Then we let,

Ω(x) =
δ∏
i=1

(((xq − x)q−1 + 1)q+1 − λi(xq − x)q(q−1))

where δ is gives as Table 2. Then, each family is parameterized as cases 42-45. This
completes the proof.

�

Remark 2. By Remark 1, we know that A5 has different ramification when p = 3.
In this case φ : P1 → P1 has signature (6, 5). The branch points of φ(x) are ∞ and
0. Let q1 =∞ and q2 = 0. By Lemma 1, we know that

φ(x) =
(x10 − 1)6

(x(x10 + 2ix5 + 1))5
.

Then,

ϕ(x) = x(x10 + 2ix5 + 1)

χ(x) = x10 − 1

For λj ∈ S \ {0,∞}, the points in φ−1(λj) are roots of the polynomial

Gλj (x) = x60 + λjx
55 − (6 + 10iλj)x50 + 35λjx45 + (15 + 40iλj)x40 + 30λjx35

− (20− 68iλj)x30 + 30λjx25 + (15 + 40iλj)x20 + 35λjx15

− (6 + 10iλj)x10 − λjx5 + 1

There are δ points in S \ {0,∞}, where δ is given as in Table 3. We denote

P (x) :=
δ∏
j=1

Gλj (x)

Then, each family is parameterized as in Table 5.

Case yn =
a P (x)
b x(x10 + 2ix5 + 1) · P (x)
c (x10 − 1) · P (x)
d x(x10 + 2ix5 + 1)(x10 − 1) · P (x)

Table 5. Equation of curve when Ḡ ∼= A5, p = 3
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Lemma 2. Let Xg be a cyclic curve defined over an algebraically closed field k of
characteristic p = 3 such that Ḡ for Xg is isomorphic to A5. Then, the equation of
Xg is as in one of the cases in Table 5.

We summarize all the cases in the following Theorem.

Theorem 4.2. Let Xg be e genus g ≥ 2 algebraic curve defined over an algebraically
closed field k, G its automorphism group over k, and H cyclic normal subgroup of
G of order n such that g(XH

g ) = 0. Then, the equation of Xg can be written as in
one of the following cases:

# Ḡ yn = f(x)

1 xmδ + a1x
m(δ−1) + ... + aδx

m + 1

2 Cm xmδ + a1x
m(δ−1) + ... + aδx

m + 1

3 x(xmδ + a1x
m(δ−1) + ... + aδx

m + 1)

4 F (x) :=
∏δ
i=1(x2m + λix

m + 1)
5 (xm − 1) · F (x)
6 x · F (x)

7 D2m (x2m − 1) · F (x)
8 x(xm − 1) · F (x)

9 x(x2m − 1) · F (x)

10 G(x) :=
∏δ
i=1(x12 − λix10 − 33x8 + 2λix

6 − 33x4 − λix2 + 1)

11 (x4 + 2i
√

3x2 + 1) ·G(x)

12 A4 (x8 + 14x4 + 1) ·G(x)

13 x(x4 − 1) ·G(x)

14 x(x4 − 1)(x4 + 2i
√

3x2 + 1) ·G(x)

15 x(x4 − 1)(x8 + 14x4 + 1) ·G(x)
16 M(x)

17
(
x8 + 14x4 + 1

)
·M(x)

18 x(x4 − 1) ·M(x)

19
(
x8 + 14x4 + 1

)
· x(x4 − 1) ·M(x)

20 S4

(
x12 − 33x8 − 33x4 + 1

)
·M(x)

21
(
x12 − 33x8 − 33x4 + 1

)
·
(
x8 + 14x4 + 1

)
·M(x)

22
(
x12 − 33x8 − 33x4 + 1

)
· x(x4 − 1) ·M(x)

23
(
x12 − 33x8 − 33x4 + 1

)
·
(
x8 + 14x4 + 1

)
· x(x4 − 1)M(x)

24 Λ(x)

25 (x(x10 + 11x5 − 1)) · Λ(x)

26 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · Λ(x)

27 (x20 − 228x15 + 494x10 + 228x5 + 1) · Λ(x)
28 A5 Q(x) · Λ(x)

29 x(x10 + 11x5 − 1).ψ(x) · Λ(x)

30 (x20 − 228x15 + 494x10 + 228x5 + 1) · ψ(x) · Λ(x)

31 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · ψ(x) · Λ(x)
32 U B(x)
33 B(x)
34 Θ(x)

35 Km x
∏ pt−1

m
j=1

(
xm − bj

)
· Θ(x)

36 Θ(x)

37 x
∏ pt−1

m
j=1

(
xm − bj

)
· Θ(x)

38 ∆(x)

39 PSL2(q) ((xq − x)q−1 + 1) ·∆(x)
40 (xq − x) ·∆(x)

41 (xq − x)((xq − x)q−1 + 1) ·∆(x)
42 Ω(x)

43 PGL2(q) ((xq − x)q−1 + 1) · Ω(x)
44 (xq − x) · Ω(x)

45 (xq − x)((xq − x)q−1 + 1) · Ω(x)

Table 6. The equations of the curves related to the cases in Table 2

where δ is given as in Table 2 and M,Λ, Q,B,∆, and Ω are as follows:
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M =
δ∏
i=1

(
x24 + λix

20 + (759− 4λi)x16 + 2(3λi + 1228)x12

+ (759− 4λi)x8 + λix
4 + 1

)
Λ =

δ∏
i=1

(
−x60 + (684− λi)x55 − (55λi + 157434)x50 − (1205λi − 12527460)x45

− (13090λi + 77460495)x40 + (130689144− 69585λi)x35

+ (33211924− 134761λi)x30 + (69585λi − 130689144)x25

− (13090λi + 77460495)x20 − (12527460− 1205λi)x15

−(157434 + 55λi)x10 + (λi − 684)x5 − 1
)

Q =x30 + 522x25 − 10005x20 − 10005x10 − 522x5 + 1

B =
δ∏
i=1

∏
a∈Ht

((x+ a)− λi)

∆ =
δ∏
i=1

(((xq − x)q−1 + 1)
q+1
2 − λi(xq − x)

q(q−1)
2 )

Ω =
δ∏
i=1

(((xq − x)q−1 + 1)q+1 − λi(xq − x)q(q−1))
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Abstract. In this paper we describe a new method of encryption that orig-
inates from the public key cryptography and number theory. Our algorithm

was inspired by the RSA algorithm and Diffie-Hellman key exchange proto-
col. It is based on a computationally difficult problem - the discrete logarithm

problem in multiplicative group.

1. Basic idea

Let A and B be users that communicate in a secure channel based on public key
cryptography. A is a sender and B is a receiver of a message. Hence, each of them
have a pair of keys - public and private. A has pair (kA, lA) , B has (kB, lB) (kA, kB
are private keys and lA, lB are public keys). Assume that A wants to send c (that
is encrypted message m) to B.

Let f denote the encryption function and let f−1 denote the corresponding
decryption function. In asymmetrical cryptography arguments of the function f
are: receiver’s public key lB and plain text m, that is

c = f(m, lB),

where c is ciphertext. The decryption function’s f−1 arguments are: the receiver’s
private key kB and ciphertext c. In our case:

f−1(c, kB) = m.

In this paper a different approach is presented. Namely, arguments of the en-
cryption function are: plaintext m, the receiver’s public key lB and the sender’s
private key kA. Hence

c = f(m, lB, kA).
Similarly, arguments of decryption function f−1 are three parameters, that is:

ciphertext c, receiver’s private key kB and sender’s public key lA. We have

f−1(c, kB, lA) = m.

This cross-keyed approach in both encryption and decryption functions aims not
only at encrypting and decrypting, but also at signing, simultaneously. That makes
receiver A ensured that B is an authentic sender of a message. Then, the sender
cannot deny his authorship of a message, that is the authentication of the sender
and typical digital signature take place at the same time. Hence, that signature
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215



216 A NEW ENCRYPTION AND SIGNING ALGORITHM.

identifies the author of the message and checks that the message was not changed
during transmission.

From a mathematical point of view I find this cryptosystem very interesting. It
may be used e.g. to protect transmission in LAN networks.

2. Description of encryption and digital signature algorithm.

In this paper I assume that the reader has basic knowledge in abstract algebra
and number theory.

Let Zn denote the additive group of integers residues modulo n and let Z∗n denote
the multiplicative group of integers residues modulo n, where n is a natural integer.
Let ϕ be Euler’s function, that is, if m is a natural integer then ϕ(m) denotes the
number of integers that are less than m and relatively prime to m.

Lets assume A and B are going to communicate. First, each of them has to
generate a pair of keys: public and private. Now they are ready to send each other
a secret message.

Let (kA,lA) be the pair of keys that belong to user A. Similarly, let the pair
(kB,lB) belong to user B.

1.: Keys generation.
1.1.: Both users set:

- two positive integers q and n, where q is prime. It is important to choose
such integers that the discrete logarithm problem in Z∗ϕ(qn) is computation-
ally difficult,
- integer g ∈ Z∗ϕ(qn) has such a property that it generates the biggest sub-
group of multiplicative group Z∗ϕ(qn). It would be best if g generates the
entire group Z∗ϕ(qn), so that the group would be cyclic. Of course:

gcd(g, ϕ (qn)) = 1 and g 6= 1.

Function gcd(n, m) denotes the greatest common divisor of integers n
and m.

1.2.: Next, user A chooses randomly x ∈ Z∗ϕ(ϕ(qn)), user B chooses y ∈ Z∗ϕ(ϕ(qn))

and they compute gx, gy modulo ϕ (qn). If

gx ≡ 1 (mod ϕ (qn)) , or gy ≡ 1 (mod ϕ (qn)) ,

then x or y must be chosen randomly again. Clearly, ϕ (qn) = qn−1 (q − 1).
1.3.: Both users agree on a hash function h which is used to generate a digital

signature.
Then, for user A:
- private key is kA = x,
- public key lA = ( gx, q, n, h ) .
(User B: kB = y, lB = ( gy, q, n, h )).

Let m ∈ Z∗qn . Lets assume that user A is going to send message m to user B.
Moreover, m is both encrypted and signed, so B receives (c, p), where c denotes
ciphertext and p denotes the signature of that ciphertext.
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Communication schema between users A and B.
2.: Encryption and signature. (User A).
2.1.: Gets public key of user B, lB = ( gy, q, n, h ) and computes:

k ≡ (gy)x ≡ gxy (mod ϕ (qn)) .

2.2.: Next, he encrypts message m:

mk ≡ c (mod qn) .

2.3.: Generation of signature p is as follows. Firstly:

r ≡ ck (mod qn) .

Secondly, using hash function h, he computes signature p = h (r).
2.4.: Ciphertext c and signature p is sent to user B.
3.: Decryption and verification. (User B).
3.1.: After receiving ciphertext c ′ and signature p ′ from user A, he gets the

public key of user A lA = ( gx, q, n, h ) . Next he computes k and k−1:

k ≡ (gx)y ≡ (gxy) (mod ϕ (qn)) ,

k−1 ≡ (gxy)−1 (mod ϕ (qn)) .

3.2.: In the next step B computes :

r ′ ≡ (c ′)k (mod qn) .

3.3.: By using hash function h he gets p ′, so p ′ = h (r ′). Next he checks that
no enemy pretends to be the valid sender, that is, the following equation
must occur:

p ′ = p ′′.

If so, that means nobody faked the ciphertext c′, hence c = c′. Additionally,
authentication of user A takes place at this moment, because the only
persons that can compute k are A and B. Now B is ready to process
decryption of ciphertext c.

3.4.: Decryption of ciphertext c is as follows:

ck−1
≡ m (mod qn) .

and that is all.
Notice that the existence of the of inverse of the element gxy in group Z∗ϕ(qn) is

a sufficient condition of verification. Let us assume that such an (gxy)−1 exists in
that group. Then we have

ck−1
≡
[
mgxy

](gxy)−1

≡ mgxyg−xy

≡ m (mod qn) .

In fact, now it is sufficient to prove that the element (gxy)−1 exists in group
Z∗ϕ(qn).
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By assumption g ∈ Z∗qn−1 . Moreover it is the generator of that group. Hence
g ∈

(
1, gn−1

)
and gcd(g, ϕ (qn)) = 1, so element g belongs to the multiplicative

group Z∗ϕ(qn) and has its inverse. We have

1 ≡ g · g−1 ≡
(
g · g−1

)xy ≡ gxy · g−xy (mod ϕ (qn)) .

We proved that an inverse to the element gxy exists in group Z∗ϕ(qn) Hence
decryption is correct.

The strength of the described algorithm lies in the fact that having public keys
of the sender and the receiver there is no possibility that an enemy gets the private
key of neither sender nor receiver.

Indeed, we know public keys of users A and B because they publish their keys
in public: lA = ( gx, q, n, h ) and lB = ( gy, q, n, h ). An enemy has no possibility
of computing the private key of A: kA = x. The element gx ∈ Z∗ϕ(qn), ϕ (qn) =
qn−1 · (q − 1) (as it’s easy to prove). However, even if a generator g of a subgroup
of the group Z∗ϕ(qn) was published publicly, the expression x would be based on a
computationally hard problem, that is on discrete logarithm problem. Of course,
we have to carefully choose a prime q and a natural integer n. Hence, an enemy
not only has to compute private keys of sender and receiver, but additionally he
has to guess the generator g that was used in encryption.

Notice that if an enemy catches both ciphertext and signature (c, p), which was
sent by user A to B, then he also knows public keys : lA = ( gx, q, n, h ) and
lB = ( gy, q, n, h ). However, he does not know the generator g of a subgroup of
the group Z∗ϕ(qn) and private keys of A and B, recpectively kA = x and kB = y.
It is clear that x, y ∈ Z∗ϕ(ϕ(qn)), ϕ (ϕ (qn)) = qn−2 · (q − 1) · ϕ (q − 1). Of course,
having this information, somebody can try brute force attack and check in turn
every element of Z∗ϕ(ϕ(qn)), but, as we know, if we choose a group of big enough
order, then finding x to compute k, that is.

k ≡ (gx)y ≡ (gxy) (mod ϕ (qn)) ,

takes a large amount of time, up to a dozen or so years. Additionally k−1 must
also be found to decrypt the ciphertext c.

3. Conclusion.

In choosing an adequate multiplicative group Z∗qn , where q is prime and n is nat-
ural integer, it is important for the group Z∗ϕ(qn) to be cyclic. This guarantees that
the ciphertext set extends to the maximum and the number of constant elements is
minimal and equal 2 (that is elements where f (m) = m, where f is an encryption
function and m ∈ Z∗qn , these elements are m = 1 and m = qn − 1, because 2|#Z∗qn ,
where #Z∗qn = (q − 1) qn−1 is rank of a group Z∗qn ). This is indeed so, because
the Abelian group G of rank n is a cyclic group, if and only if for any divisor d of
n, there are exactly d elements fulfilling the condition xd = e, where e is a natural
element of the group.(See: [1])

After conducting research on multiplicative groups Z∗qn of residues modulo qn,
where q is prime and n is natural integer such as n > 1, I came to the conclusion
that the most effective multiplicative group in the described method of encryption
is Z∗3n , that is, when q = 3. This is so, because group Z∗ϕ(3n) = Z∗2·3n−1 is cyclic,
that is, a generator g exists, which generates the entire group Z∗ϕ(3n) and not only
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its subgroup and, as well, group Z∗ϕ(ϕ(3n)) = Z∗2·3n−2 is cyclic, that is, a generator g ′

exists, which generates the entire group Z∗ϕ(ϕ(3n)) and not only its subgroup. This
means that the set of possible private and public keys extends to maximum size,
that is x, y ∈ Z∗ϕ(ϕ(3n)) and gx, gy ∈ Z∗ϕ(3n).

Indeed this is so because the following fact occurs: if p is an odd prime, for any
natural integer n, the multiplicative groups Z∗pn and Z∗2pn are cyclic groups.(See: [2], [3])

After my research on groups of the form Z∗qn , n > 1, I noticed that if we take
a prime q 6= 3 and we apply it to the encryption algorithm, then there exist many
fixed points. That means that there exists message m ∈ Z∗qn , which stays unchanged
after encryption, that is c = m. For Z∗3n we don’t have that problem, because then
every message m 6= 1 and m 6= (3n−1) after encryption is different from ciphertext
c. It is indeed so, because, in my opinion, the following hypothesis, which stems
from my research, is true: the group Z∗ϕ(qn) , n > 1 and for odd prime q is cyclic
if and only if is odd prime q = 3. It was Professor Thomas Bier who reassured me
that the above mentioned hypothesis is correct by proving this fact.

So far, I haven’t come across any evidence in literature, which could prove that
in the group Z∗3n or Z∗2·3n−1 , the discrete logarithm problem is computationally
simple. Thus, it would be an interesting open problem to find such an algorithm,
which would solve the problem of the discrete logarithm in the groups Z∗3n and
Z∗2·3n for large values of n, given that such a discovery is possible today.

According to one theory, the discrete logarithm in the group Z∗n when n has
small prime factors is not a computationally difficult problem and is easy to solve.
Regardless, there is no know algorithm for breaking the discrete logarithm in the
proposed group Z∗3n or Z∗2·3n−1 for sufficiently large n, though in the above men-
tioned group we have small prime factors.

When n = 1, we have a multiplicative group Z∗q of residues modulo q. As we
know, the multiplicative group Z∗ϕ(q) is not cyclic for every prime number. However,
when e.g. the prime number q is in the form q = 2p + 1 where p is a large Sophie
Germain prime, then Z∗ϕ(q) = Z∗2p is cyclic. Keep in mind that: a prime p is a
Sophie Germain prime if both p and 2p + 1 are prime. We do not yet know if an
infinite number of Sophie Germain primes exist.(See: [5] )

Continuing with this argumentation, if the prime number is in the form q = 2pm + 1
where m is a natural integer and p is an odd prime number, then it becomes ob-
vious that, in this case, Z∗ϕ(q) = Z∗2pm is cyclic (numbers in the form q = 2pn + 1
where p is an odd prime and m is a natural integer do indeed exist, for example
163 = 2 · 34 + 1, 251 = 2 · 53 + 1, 487 = 2 · 35 + 1, 2663 = 2 · 113 + 1). I do
not know how many such numbers q = 2pn + 1 exist nor could I find any forms of
such numbers in published literature. As far as I know q = 2pn + 1 is not a prime
number for every prime p and natural integer m. Let us say that a prime power pe

is called a Sophie Germain prime power iff p is odd and q = 2pe + 1 is also a prime
number, or if p = 2 and e = 0, 1.

Hence, the as yet unanswered question arises: for which other prime numbers
q will the group Z∗ϕ(q) be cyclic. I would be very interested in getting familiar
with other suggestions regarding this open problem and the method of encryption
proposed.

Attaching a signature is necessary to detect if somebody else pretends to be the
sender of the message. Notice that determination of k which is used in encryption
and decryption, can be done easily and independently only by sender and receiver.
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If somebody wants to fabricate ciphertext and signature, he must know k and
this leads to knowledge of the private key of the sender or the receiver. In such a
situation the discrete logarithm problem must be solved, which is a computationally
difficult problem.

The algorithm is based on the RSA encryption algorithm, the Diffie-Hellman key
exchange protocol.

Acknowledgments: I would like to express my deepest gratitude to Profes-
sor Vasyl Ustymenko and Professor Thomas Bier for their guidance and kindness,
as well as their helpful advice and valuable suggestions. In would like to particu-
larly thank Professor Jerzy Urbanowicz for inspiration and encouragement, without
which this cryptosystem wouldn’t have come into existence.

References

1. Bagiski Czesaw ,,Introdution to group theory”, SCRIPT, Warsaw 2002

2. Ireland Kenneth, Rosen Michael, ,,A Classical Introduction to Modern Number Theory”,

Springer, New York 1988
3. Leveque William Judson ,,Fundamentals of Number Theory”, Addison-Wesley Publishing Com-

pany, 1977

4. Schneier Bruce ,,Applied Cryptography”, WNT, Warsaw 1995.
5. Ribenboim Paulo ,,The Little Book of Big Primes”, Springer-Verlag, New York Berlin Heidel-

berg 1991
6. Urbanowicz Jerzy Eugeniusz ,,Asymmetrical cryptography” - undergraduate lecture for IV/V

- year students of mathematics at KUL in 2005/2006.



ALBANIAN JOURNAL
OF MATHEMATICS
Volume 2, Number 3, Pages 221–227
ISSN 1930-1235: (2008)

CONSTRUCTION OF LINEAR CODES HAVING PRESCRIBED
PRIMAL-DUAL MINIMUM DISTANCE WITH APPLICATIONS

IN CRYPTOGRAPHY

Axel Kohnert

Mathematical Department,
University of Bayreuth,

D-95440 Bayreuth, Germany

Abstract. A method is given for the construction of linear codes with pre-

scribed minimum distance and also prescribed minimum distance of the dual

code. This works for codes over arbitrary finite fields. In the case of binary
codes Matsumoto et al. showed how such codes can be used to construct cryp-

tographic Boolean functions. This new method allows to compute new bounds

on the size of such codes, extending the table of Matsumoto et al..

1. Introduction

A linear [n, k]q−code C is a k−dimensional subspace of the vectorspace GF (q)n,
where GF (q) denotes the finite field with q elements. To use such a code C we work
with a generator matrix ΓC of C, which is a k×n matrix over GF (q) whose rows are
a basis of C. In coding theory we are interested in the minimum distance of the code
C. For this we define the Hamming distance between two codewords (i.e. elements
from C) u = (u1, . . . , un) and v = (v1, . . . , vn) as the number of coordinates which
are different (i.e. ui 6= vi). Then we define the minimum distance of C as the
minimum of the Hamming distance between all pairs of codewords from C. The
interest in this number comes from the fact that is possible to correct b(d− 1)/2c
errors if we use a code C with minimum distance d. Such a code is called an
[n, k, d]q−code. In this paper d will also be called primal distance.

One of the fundamental problems in coding theory [10] is the following:

Problem 1.1. For a fixed length n, dimension k and field GF (q) find a code C
with minimum distance d as large as possible.

This original problem was modified in [16] to study cryptographic problems. We
denote by C⊥ the dual code (i.e. the space of all words from GF (q)n which are

Key words and phrases. coding theory, minimum distance, dual minimum distance, Boolean
function .
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orthogonal to all words from C) and by d⊥ the minimum distance of the dual code.
Now the problem in [16] can be stated as follows:

Problem 1.2. For fixed parameters n, k, q and given primal distance d and given
dual distance d⊥ find a code C with these properties.

Such a code is called an [n, k, d, d⊥]q−code. The interest in this questions comes
from the fact that the generator matrix of such a code in the binary case (i.e. q =
2) can be used for the construction of cryptographic Boolean functions satisfying
special propagation properties [14].

2. Geometric Description

It is known that the above problem 1.1 of finding a [n, k]q−code of high minimum
distance can be restated in a geometrical setting. Denote by PG(k − 1, q) the
finite projective geometry of dimension k − 1 over the finite field GF (q). For our
purpose we identify PG(k−1, q) with the linear lattice of subspaces of GF (q)k. The
points of PG(k − 1, q) are the one-dimensional subspaces, the hyperplanes are the
(k−1)−dimensional subspaces. In general an m−flat is the a (m+1)−dimensional
subspace of GF (q)k. The correspondence between k−dimensional codes over GF (q)
is via the columns of a generator matrix. Each column generates a one-dimensional
subspace of GF (q)k. This defines a correspondence φ between an n−element set
of points in PG(k − 1, q) and an [n, k′]q−code where k′ may be less than k. To
use φ for our purposes we have to restrict on one side to non-degenerate codes (i.e.
without an all-zero column in a generator matrix) and we have to allow a multiset
of points in PG(k − 1, q) on the other side to handle the case of columns in the
generator matrix, which are equal or differ only by the multiplication of a nonzero
element in GF (q). Then there is the well-known

Theorem 2.1. [2, 4] There exists a non-degenerate [n, k]q− code with minimum
distance at least d, if and only if there is a multiset X of size n of points in PG(k−
1, q) with the property:

Each hyperplane in PG(k − 1, q) contains at most n− d points of X.

To handle the dual distance we have to use the following

Theorem 2.2. [2, 4]
Let C be a [n, k]q−code C with a check matrix Γ⊥. C has minimum distance

greater or equal d, if and only if there are no d−1 columns in Γ⊥ which are linearly
dependent.

Then the solution of the extended problem 1.2 can be formulated using above
geometric description.

Corollary 2.3.
There exists a non-degenerate [n, k]q− code with minimum distance at least d

and dual distance at least d⊥, if and only if there is a multiset X of size n of points
in PG(k − 1, q) with the following properties:

• each hyperplane in PG(k − 1, q) contains at most n− d points of X.
• each m−flat contains at most m+1 points of X. (for all m from 0, . . . , d⊥−

3)
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The second condition is always true if we ask for dual distance 2. In this case we
can get a solution which is a real multiset. In all other cases with d⊥ greater than
two, X will not be a multiset, as the second condition says for m = 0 that there are
no multiple points. In the following we will try to construct an [n, k, d, d⊥]−code
using this geometric description.

3. Diophantine System of Equations

To use above characterization for the construction of codes satisfying the con-
ditions of corollary 2.3 we restate this using a Diophantine system of equations.
This was already done in [5, 6] for the case where we only prescribed the minimum
distance and not also the dual distance. Denote by Mm the (m−flat)–point inci-
dence matrix of PG(k−1, q). The rows are labeled by the m−flats the columns are
labeled by the points of PG(k − 1, q). We have

Mm
i,j =

{
1 point j is in flat i
0 else

.

We denote the number of rows of Mm by rm. The number of columns is r0.
Now we can solve both problems from the introduction in Section 1 by solving a
Diophantine system of equations.

Theorem 3.1. [5, 6]
There exists a non-degenerate [n, k]q− code with minimum distance at least d, if

and only if there is a integral non-negative solution x = (x1, . . . , xr0) of the following
Diophantine system:

• x1 + . . .+ xr0=n.

• Mk−2xT≤

 n− d
...

n− d

 .

where the inequality in the second part is to be read componentwise.

This Diophantine system is now enlarged by the conditions prescribing the dual
distance:

Theorem 3.2.
There exists a non-degenerate [n, k]q− code with primal distance at least d and

dual distance at least d⊥, if and only if there is a integral non-negative solution
x = (x1, . . . , xr0) of the following Diophantine system:

• x1 + . . .+ xr0=n.

• Mk−2xT≤

 n− d
...

n− d

 .

• M0xT≤

 1
...
1

 .

• M1xT≤

 2
...
2

 .



224 CONSTRUCTION OF LINEAR CODES WITH APPLICATIONS IN CRYPTOGRAPHY

•
...

• Md⊥−3xT≤

 d⊥ − 2
...

d⊥ − 2

 .

4. Prescribing Automorphisms

The size of these Diophantine systems are given by the size of the corresponding
projective geometry. They become too large for increasing parameters k and q to
be solved directly. Like in the papers describing the solution of problem 1.1 we
reduce the size of problem by prescribing automorphisms. Let G be a subgroup of
GL(k, q) acting on the subspaces ofGF (q)k. The induced action ofG on them−flats
of PG(k − 1, q) gives a partition of the rm m−flats into rG,m orbits denoted by
ωG,m,1, ωG,m,2, . . .. By VG,m,i we denote an representative of the orbit ωG,m,i. Then
we define a condensed matrix MG,m by setting:

MG,m
i,j := |{x ∈ ωG,0,j : x ∈ VG,m,j}| .

This is a matrix with rG,m rows and rG,0 columns. This matrix is well-defined as
the definition is independent of the choice of the representative VG,m,i. We get the
same matrix if we add up the columns of Mm corresponding to the points in the
orbit of G. The action of G is compatible with the incidence relation. This means
for points p and m−flats V and φ ∈ G we have:

p ∈ V ⇐⇒ φ(p) ∈ φ(V ).

Therefore after the addition of columns the rows corresponding to m−flats in an
orbit are equal. If we take only one copy for each orbit we get again the matrix
MG,m. This action of G on the points (= columns of a generator matrix) is used for
the following definition: A linear code C has G as a group of symmetries if there
is a generator matrix Γ of C whose columns correspond to full orbits of G on the
1-subspaces of GF (q)k. We get a new version of theorem 3.2 using the condensed
matrix:
Theorem 4.1.

There exists a non-degenerate [n, k]q− code with primal distance at least d and
dual distance at least d⊥and a group of symmetries which contains G as a subgroup
if and only if there is a integral non-negative solution x = (x1, . . . , xrG,0) of the
following Diophantine system:

• |ωG,0,1|x1 + . . .+
∣∣ωG,0,rG,0

∣∣xrG,0=n.

• MG,k−2xT≤

 n− d
...

n− d

 .

• MG,0xT≤

 1
...
1

 .

• MG,1xT≤

 2
...
2

 .
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•
...

• MG,d⊥−3xT≤

 d⊥ − 2
...

d⊥ − 2

 .

5. Results

For the binary case, which is the interesting for cryptographic applications, the
authors

defined in [16] the number N(d, d⊥) as the minimal length of a linear binary code
with minimum distance d and dual distance d⊥. They gave lower and upper bounds
and computed the exact values for some combinations of the two parameters. This
was done by exhaustive search. Their result was the following table:

d\d⊥ 3 4 5 6
3 6 −
4 7 8
5 11 13 16
6 12 14 17 18
7 14 15
8 15 16

To extend their results we first make use of the classification of small binary
linear codes done by Anton Betten in [2]. Two binary codes are isomorphic if they
differ only by a permutation of the coordinates. The work of Betten allows us to
specify the minimum distance d and the length n, and we get (in the smaller cases)
the number of different (=non-isomorphic) codes together with a generator matrix.
Given such a generator matrix we compute the weight-enumerator together with
the dual weight-enumerator, which we get using MacWilliams theorem. This allows
us to extend the table:

d\d⊥ 3 4 5 6 7 8
3 6 −
4 7 8
5 11 13 16
6 12 14 17 18
7 14 15 19− 20 20− 21 22
8 15 16 20− 21 21− 22 23 24

Using the program of Ryutaroh Matsumoto for the computation of the lower
bound for N(d, d⊥) given by their version of the linear programming bound in [16]
we are able to show that some of the newly found codes are as short as possible.
The code C found for N(7, 7) is a formally self-dual code. The weight-enumerator
of C and C⊥ are equal. The code found for N(8, 8) is a self-dual code. For larger
numbers no classification results are available. But we can apply the methods
described in the previous section.

Using the methods described in Section 4 we were able to construct for fixed
q, n, k linear codes with prescribed distances d and d⊥ for arbitrary finite fields. As
an example for the non-binary case we give a table for q = 3 and k = 5 which lists
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for fixed d⊥ = 4 and all lengths n the maximum possible minimum distance d for
which we were able to construct a code using our method. From the theory of caps
in PG(4, 3) [12] it is known, that the maximum length of code with d⊥ = 4 is 20.

n 6 7 8 9 10 11 12 13
d 2 2 3 4 5 6 6 6
n 14 15 16 17 18 19 20
d 7 8 8 9 10 11 12

Only in the case n = 16 this number d may not be the best possible value. There
may be an other codes having primal distance 9 which we didn’t found using our
method. In all other cases it is known that the found minimum distance is at an
upper limit, in most cases given by the Griesmer bound.

This method works for arbitrary finite fields, so we define Nq(d, d⊥) as the min-
imal length of a linear code over the alphabet GF (q) with minimum distance d
and dual distance d⊥. From the constructed codes we can give upper bounds
for Nq(d, d⊥). From the above table for q = 3 and k = 5 we get for example
N3(4, 4) ≤ 9.

6. Related Work

There are several papers, which study caps [1, 4, 11, 12] in the finite projective
geometry PG(k−1, q). These are set of points with the additional property that on
each line are at most 2 points. Now one question is which is the maximal possible
size of such a point-set. If we translate the caps property into the language of the
dual distance, we ask for dual distance = 4 but without any restrictions on the
primal distance.

The reduction of the (m−flat)–point incidence matrix Mm using automorphisms
is a general approach that works for many incidence structures for example designs
[3, 15], q-analogs of designs [8], parallelisms in projective geometries [7]. The first
application was in the work of Kramer and Mesner [13].

After the initial definition of the cryptographic applications it was already in the
work of Carlet that he looked at the Kerdock and Preparata codes [9]. These are
linear codes over the ring Z4. It would be interesting to apply the above method
for the construction of codes with prescribed dual distance also in the case of Z4

and other rings.
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Abstract. In this paper we will evaluate degrees of nonlinear polynomial

encryption transformation in F n
q , which was defined in [11] in terms of the

walk on the graph with vertex set F n
q ∪F n

g . Independently from the length of

the walk, this transformation has degree 3. It means that public user can do

the encryption process in polynomial time.

1. Introduction

We will study some properties of graph base public key algorithm, which was
proposed in [11]. Some generalization of this method the reader can find in [13],
[14]. First (Section 2) we introduce some definitions needed to describe our al-
gorithm. Like in the well known example of polynomial encryption used by Imai
and Matsumoto or Patarin in his ”small dragon” ([6], [7]) in Section 3 we combine
”graphical encryption” P with two affine transformations T1 and T2 and work with
the public map Q = T1PT2. After such transformation we get a system of poly-
nomial map and in Section 4 we will investigate its degrees in order to find out a
heuristic complexity of this cryptosystem.

Let us use traditional characters in Cryptography: Alice is the holder of the
key, Bob — the public user and the cryptoanalyst — Catherine ([5], [6]). The
speed of the software implementation of symmetric encryption algorithm for Alice
is evaluated in [14]. Evaluation of the degree of the transformation demonstrated
the feasibility of the algorithm for Bob.

2. Graph based encryption algorithm

We define graph as an irreflexive and symmetric binary relation φ ⊂ V × V ,
where V is the set of vertices. Missing graph theoretical definition can be find in
[1], [2]. In this subsection we will consider the parallelotopic graphs and linguistic
graph with alphabet M = GF (q). Here, our messages (plaintexts or ciphertexts)
and enryption tools (passwords) are tuples over GF (q). What is important the
idea can be expand to arbitrary chosen commutative ring K, which leads to a very
fast cryptoalgorithm (operation in K = Zpn are much faster than in case of Fpn for
large n).

We say that Γ = (Γ,M, π) is a parallelotopic graph over a finite set M if we
have a surjective function π : V (Γ)→M such that for every pair (v,m), v ∈ V (Γ),

Key words and phrases. Public Key Cryptography, polynomial encryption.
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m ∈ M , there is a unique neighbour u of v satisfying π(u) = m. For given vertex
v, and any colour m, there exists exactly one neighbour u of v of colour m. Then
the neighborhood of each vertex looks like rainbow ie. consist of |M | vertices of
different colours. This is obvious that the graph is k-regular with k = |M |.

Let Γ be a parallelotopic graph. We shall treat its vertices as plaintexts. So the
set of vertices V (Γ) is the plainspace and cipherspace. Let N(t, v) be the operator
taking the neighbour u of a vertex v with colour t. Then the password be the
string of colours (t1, t2, . . . , tn), ti ∈ M such that ti 6= ti+2 and encryption process
is the composition Nt1 × Nt2 × · · ·Ntn of bijective maps Nti : V (Γ) → V (Γ). If
the plaintext v ∈ V (Γ) is given, then the encryption procedure corresponds to the
followin chain in the graph: v → v1 = N(t1, v) → v2 = N(t2, v1) → · · · → vn =
N(tn, vn−1). It is clear that (tn−1, · · · , t1, c(v)) is the ”decoding tuple”, because it
corresponds to the decoding arc.

We use the term linguistic graph over GF (q) when we have a linguistic graph
with alphabet M = GF (q) and the set of neighbors of any vertex v is an alge-
braic manifold over GF (q), i.e. is the totality of solutions of a certain system of
polynomial equations.

Let P and L be two n-dimensional vector spaces over GF (q). Elements of P
will be called points and those of L lines. To distinguish points from lines we use
parentheses and brackets: If x ∈ V , then (x) ∈ P and [x] ∈ L. It will also be
advantageous to chose two fixed bases and write:

(p) = (p1, p1,1, p1,2, p2,1, p2,2, p
′
2,2, p2,3, p3,2, p3,3, p

′
3,3, . . .)

[l] = [l1, l1,1, l1,2, l2,1, l2,2, l
′

2,2, l2,3, l3,2, l3,3, l
′

3,3, . . .]

We now define an incidence structure (P,L, I) as follows. We say the point (p)
is incident with the line [l], and we write (p)I[l], if the following relations between
their coordinates hold:

l1,1 − p1,1 = l1p1

l1,2 − p1,2 = l1,1p1

l2,1 − p2,1 = l1p1,1

li,i − pi,i = l1pi−1,i

l′i,i − p′i,i = li,i−1p1

li,i+1 − pi,i+1 = li,ip1

li+1,i − pi+1,i = l1p
′
i,i.

To decrypt the data we use a key or password of length m, ρ = (α1, . . . , αm),
where αi’s are password characters such as αi is different from αi+2. Each arc of
the graph represents one possible character. For the plaintext (p1, . . . , pn), in each
number of walk j, l1 or p1 will be p1 + α1 · · ·+ αj .
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3. Linguistic graphs system hidden by the affine transformation.

Let Fq, q > 2 be the finite field, where q is a prime power. Alice shall be using
the hidden graph scheme based on the family of linguistic graphs Ln(q) with the
operators Nc(v) to take the neighbour u of vertex v such that c is the colour of u.
As in previous section the plaintext and the ciphertext are n-tuples over Fq, q > 2
and we identify them with points (or lines) of the graph Ln(q). Alice shall choose
to keep her graph secret.

In transforming plaintext into ciphertext Alice shall work with two intermediate
vectors denoted u = (u1, . . . , un) ∈ Fqn and v = (v1, . . . , vn) ∈ Fqn. First, Alice
choose the constant password α = α1α2 . . . αn. In addition, Alice chooses two
secret affine transformations, i.e. two invertible matrices A = (aij), 1 ≤ i, j ≤ n
and B = (bi,j), 1 ≤ i, j ≤ n with entries in Fq and the constant vectors c =
(c1, . . . , cn) and d = (d1, . . . , dn). We use the two affine transformations in order
to hide the graph and to hide the walk on the hidden graph. Then, she sets
u = A× x + c. Next, she would like to have v ∈ Fqn simply equal to the v = N(u),
received from graph based algorithm. Finally, Alice sets y = B−1(v − d) (that
is v = By + d). After, Alice will combine T with two affine transformations and
get a formula: y = (F1(x1, . . . , xn), . . . , Fn(x1, . . . , xn), where Fi(x1, . . . , xn) are
polynomials in n variables written in expanded form, i.e. as the sums of monomials
of kind x1

i1 . . . xn
in with the coeficients from Fq. Alice makes polynomial equations

yi = Fi(x1, . . . , xn) public.
Again, like in Imai-Matsumoto scheme, if Bob wants to send her a plaintext

message x, he just substitutes xi in the public equations and finds yi. On the other
hand Catherine, who knows only the ciphertext and the public key must solve a
nonlinear system for the unknowns xi.

When Alice receives the ciphertext y, she uses her knowledge of A,B, c,d, graph
Ln(q) and the password. Namely, she shall compute v = By + d. Then Alice
using iterative process of decryption based on the graph can compute u = N−1(v).
Finally, she computes the plaintext x = A−1 × (u− c).

4. Degrees of polynomials in ciphertext

Before applying affine transformation we want to find out a degree of polynomial
map T : u → v. We take the password α = α1α2 . . . αn which is used by adding
element αj to the first character of the encrypted data in each walk number j.
Therefore we are getting transformation Tα1Tα2 . . . Tαn . If we treat the elements of
the plain data before encryption as variables, in each transformation Tα1 , Tα1Tα2 ,
Tα1Tα2 . . . Tαn

we get a polynomials of these variables. We would like to find out a
degree of the polynomials.

4.1. Transformation Tα1 . Our research we start with studying transformation
Tα1 . Hence we have:

l1 = p1 + α1 deg l1 = 1

l1,1 = p1,1 + l1p1 = p1,1 + α1p1 + p2
1

l1,2 = p1,2 + p1l1,1 = p1,2 + p1p1,1 + α1p
2
1 + p3

1

li,i = pi,i + l1pi−1,i = pi,i + α1pi−1,i + p1pi−1,i

li,i+1 = pi,i+1 + p1li,i = pi,i+1 + α1p1pi−1,i + p1pi,i + p2
1pi−1,i.
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Similarly we are receiving:

li+1,i = pi+1,i + l1p
′

i,i = pi+1,i + α1p
′

i,i + p1p
′

i,i

l′i,i = p′i,i + p1li,i−1 = p′i,i + α1p1p
′
i−1,i−1 + p1pi,i−1 + p2

1pi−1,i−1.

So if we take the plane data (p) as (p1, p2, . . . , pn) after this transformation we
get the line vertex f1(p1), f2(p1, p2), . . . , fn(p1, p2, . . . , pn),

deg fn(p1, p2, . . . , pn) =


1, n = 1,
2, n = 2,
2, n = 4k, 4k + 1,
3, n = 4k + 2, 4k − 1 where k = 1, 2, 3 . . .

4.2. Transformation Tα1Tα2 . Using the previous part of the calculation (trans-
formation Tα1) we can calculate elements of the encrypted data after transformation
Tα2 .

p
(2)
1 = p1 + α1 + α2

p1,1 = l1,1 − l1p(2)
1 = −(α1 + α2)(α1 + p1)

p
(2)
1,2 = l1,2 − p(2)

1 l1,1 = p1,2 − (α1 + α2)p1,1 − α1(α1 + α2)p1 − (α1 + α2)p2
1

p
(2)
i,i+1 = li,i+1 − p(2)

1 li,i = pi,i+1 − (α1 + α2)(pi,i + α1pi−1,i + p1pi−1,i)

p
(2)
i,i = li,i − l1p(2)

i−1,i = pi,i + (α1 + p1)(α1 + α2)(pi−1,i−1 + α1pi−2,i−1 + p1pi−2,i−1)
Similarly we are receiving:

p
′(2)
i,i = l′i,i − p

(2)
1 li,i−1 = p

′

i,i − (α1 + α2)(pi,i−1 + α1pi−1,i−1 + p1p
′
i−1,i−1)

p
(2)
i+1,i = li+1,i−l1p′(2)i,i = pi+1,i+(α1+p1)(α1+α2)(pi−1,i−1+α1p

′
i−1,i−1+p1p

′
i−1,i−1)

Hence we got vertex point (p) = (g1(p1), g2(p1, p2), . . . , gn(p1, p2, . . . , pn)) and
degrees of each component are following:

deg gn(p1, p2, . . . , pn) =


1, n = 1,
1, n = 2,
2, n = 4k − 1, 4k + 2,
3, n = 4k, 4k + 1 where k = 1, 2, 3 . . .

4.3. Transformation Tα1Tα2 . . . Tαm . Degrees of elements of vertex point and ver-
tex line after transformation Tα1Tα2 . . . Tαm−1 and Tα1Tα2 . . . Tαm

respectively, we
will calculate using induction, imposing m-even.

Assume transformation Tα1Tα2 . . . Tαm−3 gave us vertex point:

(p)(m−3) = (g(m−3)
1 (p1), g(m−3)

2 (p1, p2), . . . , g(m−3)
n (p1, p2, . . . , pn))

with degree

deg g(m−3)
n (p1, p2, . . . , pn) =


1, n = 1,
1, n = 2,
2, n = 4k − 1, 4k + 2,
3, n = 4k, 4k + 1 where k = 1, 2, 3, . . .

and vertex line after transformation Tα1Tα2 . . . Tαm−2 :

[l](m−2) = (f (m−2)
1 (p1), f (m−2)

2 (p1, p2), . . . , f (m−2)
n (p1, p2, . . . , pn))
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with degree

deg f (m−2)
n (p1, p2, . . . , pn) =


1, n = 1,
2, n = 2,
2, n = 4k, 4k + 1,
3, n = 4k + 2, 4k − 1 where k = 1, 2, 3, . . .

Now we have to check the degree of polynomial g(m−1)
n .

p
(m−1)
1 = p1 + α1 + α2 + . . .+ αm−3 + αm−2 + αm−1

= p
(m−3)
1 + αm−2 + αm−1

p
(m−1)
i,i+1 = l

(m−2)
i,i+1 − p

(m−1)
1 l

(m−2)
i,i

= p
(m−3)
i,i+1 + p

(m−3)
1 l

(m−2)
i,i − p(m−3)

1 l
(m−2)
i,i − (αm−2 + αm−1)l(m−2)

i,i

= p
(m−3)
i,i+1 − (αm−2 + αm−1)l(m−2)

i,i

Since p(m−3)
i,i+1 is independent from αm−2 and αm−1 and both p

(m−3)
i,i+1 and l

(m−2)
i,i

have degree equal 2, we get that p(m−1)
i,i+1 has degree 2.

By similar reasoning we obtain that p(m−1)
i,i has degree 3, p

′(m−1)
i,i degree 2, p(m−1)

i+1,i

degree 3.
Hence by means of transformation Tα1Tα2 . . . Tαn−1 we encoded plain text (p1, p2, . . . , pn)

on ciphertext

(p)(m−1) = (g(m−1)
1 (p1), g(m−1)

2 (p1, p2), . . . , g(m−1)
n (p1, p2, . . . , pn))

with degree

deg g(m−1)
n (p1, p2, . . . , pn) =


1, n = 1,
1, n = 2,
2, n = 4k − 1, 4k + 2,
3, n = 4k, 4k + 1 where k = 1, 2, 3, . . .

In the same way using second part of inductive assumption we get the cipher-
text [l](m) = (f (m)

1 (p1), f (m)
2 (p1, p2), . . . , f (m)

n (p1, p2, . . . , pn)) after transformation
Tα1Tα2 . . . Tαm

with

deg f (m)
n (p1, p2, . . . , pn) =


1, n = 1,
2, n = 2,
2, n = 4k, 4k + 1,
3, n = 4k + 2, 4k − 1 where k = 1, 2, 3, . . .

5. Remarks on the complexity of public rules

Using previous subsections, combining graph transformation T with two affine
transformation, Bob get a formula:

y = (F1(x1, . . . , xn), . . . , Fn(x1, . . . , xn)),

where Fi(x1, . . . , xn) are polynomials of n variables written as the sums of mono-
mials of kind xi1 . . . xi3 , where i1, i2, i3 ∈ 1, 2, . . . , n with the coefficients from Fq.
Hence the polynomial equations yi = Fi(x1, x2, . . . , xn), which are made public,
have degree 3. Hence the process of straightforward encryption can be done in
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polynomial time O(n4) (to compute one yi, i = 1, 2 . . . , n we need not more than
3n3 + n3 additions and multiplications). But the cryptanalyst Catherine, having
a only a formula for y, has very hard task to solve the system of n equations in n
variables of degree 3. We know that the variety of solution has the dimension 0.
So general algorithm for such mass problem has exponential time 3O(n) (different
versions the reader can find in [3], [4], [9], [10]).

But of course for our specific system faster algorithm may exist. We encourage
cryptanalysts to make an effort to break the cryptosystem.
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SIERPIŃSKI GASKET-BASED GRAPHS IN CODING THEORY

MONIKA KOTOROWICZ

1. Introduction

In this paper we build a family of hierarchical graphs based on the triangle
(Sierpiński gasket-based graphs) and calculate their important characteristics, such
as average degree, average shortest path length, small-world graph family character-
istics. Then we present stream ciphers defined on a finite automaton corresponding
to this family.

2. Basic network characteristics

Our family of graphs {Λk}k∈N is generated in an hierarchical way (see [1]). Here
k = 1, 2, 3, . . . denotes the level of the hierarchy understood as the step of the
construction. The initial graph Λ1 is the complete graph of order 3. At each step
of the construction we join 3 graphs of level k − 1 (called units) in a way shown in
Figure 1.

a

a

b

c

b

c

a b

c

Figure 1. Construction of the graph Λ3

Each graph has 3 external vertices of special meaning. Units of the same level are
attached to them to form the unit of a higher level. In the figures we denote them
by a, b, c. The rest of vertices are called internal.

The result is a family of Sierpiński gasket-based graphs {Λk}k∈N with no loops
and no multiple edges. By Vk and Ek we denote the sets of vertices and edges of
Λk, respectively. One can find the order |Vk| and the size |Ek| of Λk:

|Vk| = 3
2
(3k−1 + 1), |Ek| = 3k.

c©2008 Aulona Press (Albanian J. Math.)

235
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2.1. Average degree. Let nk(v) stand for the number of edges ending at a vertex
v ∈ Vk. Clearly, nk(v) = 2 for each external vertex and nk(v) = 4 for each internal
one. So

〈nk〉 def=
1
|Vk|

∑

v∈Vk

nk(v) =
3 · 3 + 4 · (|Vk| − 3)

|Vk|
which tends to 4 when k →∞.

2.2. Average shortest-path length. As Figure 2 suggests, it is convenient to in-
troduce the following notations. The graph of level k, k > 1, consists of 3 subgraphs
of level k − 1

Λk = Λa
k−1 ∪ Λb

k−1 ∪ Λc
k−1.

Every vertex v ∈ Vk has a label determining its place in the graph

v = {α1α2 . . . αk}, αi ∈ {a, b, c}.

a b

c

v

a
4

b
4

c
4

Figure 2. The graph of level 5

Each symbol corresponds to the choice of the triangle of the previous level. Notice
that every vertex, besides the external ones, has two labels. For example the vertex
v in Figure 2 can be labelled by {bacca} or {bacac}. The distance ρk(v, γ) between
v and γ ∈ {ak, bk, ck}, measured in terms of the number of edges along the path in
Λk, is

ρk(v, γ) = (1− δαkγ) +
k−1∑

j=1

2j−1(1− δαk−jγ), δαiγ =
{ 1 αi = γ,

0 αi 6= γ.

Let v ∈ Λa
k−1 and w ∈ Λb

k−1. Then the distance between v and w is

ρk(v, w) ≤ ρk−1(v, b) + ρk−1(w, a).

Thus, the average shortest-path length ρk is

ρk =

∑
v,w∈Vk

ρk(v, w)
1
2 |Vk|(|Vk| − 1)

= Θ(2k).
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2.3. Small world graph family. In the last years, small-world networks have
been studied intensively, see [2, 3]. The family of graphs {Λk} is a small world
graph family if the diameter of Λk (i. e. the maximal distance between the two
vertices in Λk) scales logarithmically or slower with the graph size, that is,

∃C > 0 diamΛk ≤ C log〈nk〉 |Vk|.
In our model, one has diamΛk = 2k−1 so it is not the small world graph family.

We need this important information to our application in cryptography.

3. Cryptographical application on Sierpiński gasket-based graphs

To adapt our model described in previous section to our cryptographical appli-
cation ([4, 5]) we need to make some changes. For every pair of distinct vertices
connected with a simple edge we replace this edge with a pair of directed edges with
opposite directions. Moreover, for every pair of distinct external vertices we add
two directed edges with opposite directions (Figure 3). So every vertex v ∈ Vk has
the same number of input and output edges (equal to 4). Our graph is 4-regular.

From now on, Λk and other notation stand for the changed model. Notice that
the order of Λk has not changed but the size of Λk has (|Ek| = 2(3k + 3)). Of
course, the average shortest-path length and the diameter of Λk has changed too.
But they are still the powers of 2. So new {Λk} is not a small world graphs family.

Figure 3. The graph of level 2

In this paper we use the conventional cryptographical notation. The ordinary
information (called plaintext) will be transformed into an encrypted, unintelligible
information (a ciphertext) by the cryptographical algorithm with a password (a
key).

The vertices and the edges represent the states and the transition between these
states in an automaton, respectively.

3.1. Encryption scheme. Let Fk
3 be a vector space over a finite field F3 = {a, b, c}.

Every vector v = [α1α2 . . . αk], αi ∈ F3 is considered to be a vertex label in Λk. We
identify every label v ∈ Fk

3 with a plaintext or a ciphertext of length k. Notice that
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every label points to exactly one vertex but every vertex (besides external ones)
has two labels.

An encryption scheme on our graph model relies on special colouring of edges.
We need to attribute a colour to each edge e ∈ Ek in such a way that no two
adjacent edges of the same direction (starting at the same vertex or ending in it)
share the same colour.

Lemma 1. Let {Λk}k∈N be a graphs family presented above. For every k = 1, 2, . . .
there exists a 4-colouring of edges such that for every vertex v ∈ Vk any pair of edges
starting (or ending) at v has not the same colour. And there is a representative of
each colour in the set of edges starting (or ending) at each vertex v.

For example Figure 4 presents edges colouring in Λ2. We identify a set of colours
with elements of Z4 = {0, 1, 2, 3}. A path in Λk between v, w ∈ Vk is represented
by a finite sequence of colours [c0, c1, . . . , cm], ci ∈ Z4.

Let c be a colour of edge from a vertex v to a vertex w. By c−1 we denote the
colour of edge from w to v.

a a

c c

b b

b c

a b

13

22

3

3

a c

2

3

0

0

2

1

1

2

3

2

3

0

1

1

1

0
0

0

Figure 4. The vertex labeling and edges colouring in Λ2

Let p be a plaintext we encrypt to a ciphertext c. Let vp and vc be a ver-
tices representing the plaintext and the ciphertext, respectively. The key k =
[c0, c1, . . . , cm, η], ci ∈ Z4, i = 0, 1, . . . ,m, ci+1 6= c−1

i , η ∈ {0, 1} in an encryption
procedure consisting of two parts. The first one [c0, c1, . . . , cm] is the path between
vp and vc. The second part η defines which one of two possible labels at vp concerns
a plaintext. The space Fk

3 is totally ordered, so we put η = 0 for the first label and
η = 1 for the second one. This information is necessary to a decryption procedure.

Notice that vp is a starting state in an automaton. Every password leads us to
some vc and all states (vertices) of such automaton are accepting ones.

The encryption scheme is to start in a vertex vp and pass on the graph along the
path defined by a password k (Figure 5). In each step of the algorithm the transition
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function f : Vk×Z4 → Vk appoints a next vertex according to the following scheme

(1)

f(vp, c0) = v1

f(v1, c1) = v2

. . .
f(vm, cm) = vc.

At the end of this procedure we will reach the vertex vc.

v . . . . . .

c
0 c

1
c

2

c
m

c
m - 1

v
1 v

2
v

mp v
c

Figure 5. The encryption algorithm

As was mentioned above, the family {Λk}k∈N is not a small world graphs family.
It means that short paths between every pair of distinct vertices cannot exist. So
if we choose a sufficiency long password we will be sure that ciphertext cannot be
decrypted by other passwords of small length.

Each graph Λk is connected and the average shortest-path length is a power of
2. Hence our algorithm is a stream cipher. Each step depends only on the state of
the system after the previous step.

3.2. Decryption procedure. A decryption procedure bases on the inverse func-
tion f−1 : Vk ×Z4 → Vk. The function f−1 for vi ∈ Vk and c ∈ Z4 returns a vertex
vj ∈ Vk such that f(vj , c) = vi (one of predecessors of vi indicated by an edge of
colour c). Knowing the ciphertext vc and the key k = [c0, c1, . . . , cm, η], ci ∈ Z4, η ∈
{0, 1} one can obtain the vertex vp in the following decryption scheme

(2)

f−1(vc, cm) = vm

f−1(vm, cm−1) = vm−1

. . .
f−1(v1, c0) = vp.

Every internal vertex vp has two labels, so we have to choose the proper one
using the information η of the key k.
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Abstract. In this survey we study the genus 2 curves with (n, n)-split Jaco-
bian for even n.

1. Introduction

Let C be a genus 2 curve defined over an algebraically closed field k, of charac-
teristic zero. Let ψ : C → E be a degree n maximal covering (i.e. does not factor
through an isogeny) to an elliptic curve E defined over k. We say that C has a
degree n elliptic subcover. Degree n elliptic subcovers occur in pairs. Let (E,E′)
be such a pair. It is well known that there is an isogeny of degree n2 between the
Jacobian JC of C and the product E ×E′. The locus of such C, denoted by Ln, is
a 2-dimensional algebraic subvariety of the moduli space M2 of genus two curves
and has been the focus of many papers in the last decade; see [5, 7, 8, 9, 10, 1, 2].

The space L2 was studied in Shaska/Völklein [9]. The space L3 was studied in
[5] were an algebraic description was given as sublocus ofM2. Lately the space L5

has been studied in detail in [10]. The case of even degree has been less studied
even though there have been some attempts lately to compute some of the cases for
n = 4; see [4]. In this survey we study the genus 2 curves with (n, n)-split Jacobian
for small n. While such curves have been studied by many authors, our approach
is simply computational.

2. Curves of genus 2 with split Jacobians

Most of the results of this section can be found in [11]. Let C and E be curves
of genus 2 and 1, respectively. Both are smooth, projective curves defined over k,
char(k) = 0. Let ψ : C −→ E be a covering of degree n. From the Riemann-
Hurwitz formula,

∑
P∈C (eψ (P )− 1) = 2 where eψ(P ) is the ramification index of

points P ∈ C, under ψ. Thus, we have two points of ramification index 2 or one
point of ramification index 3. The two points of ramification index 2 can be in
the same fiber or in different fibers. Therefore, we have the following cases of the
covering ψ:

c©2008 Aulona Press (Albanian J. Math.)
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Case I: There are P1, P2 ∈ C, such that eψ(P1) = eψ(P2) = 2, ψ(P1) 6= ψ(P2),
and ∀P ∈ C \ {P1, P2}, eψ(P ) = 1.

Case II: There are P1, P2 ∈ C, such that eψ(P1) = eψ(P2) = 2, ψ(P1) = ψ(P2),
and ∀P ∈ C \ {P1, P2}, eψ(P ) = 1.

Case III: There is P1 ∈ C such that eψ(P1) = 3, and ∀P ∈ C \{P1}, eψ(P ) = 1.

In case I (resp. II, III) the cover ψ has 2 (resp. 1) branch points in E.
Denote the hyperelliptic involution of C by w. We choose O in E such that w

restricted to E is the hyperelliptic involution on E. We denote the restriction of w
on E by v, v(P ) = −P . Thus, ψ ◦ w = v ◦ ψ. E[2] denotes the group of 2-torsion
points of the elliptic curve E, which are the points fixed by v. The proof of the
following two lemmas is straightforward and will be omitted.

Lemma 1. a) If Q ∈ E, then ∀P ∈ ψ−1(Q), w(P ) ∈ ψ−1(−Q).
b) For all P ∈ C, eψ(P ) = eψ (w(P )).

Let W be the set of points in C fixed by w. Every curve of genus 2 is given, up
to isomorphism, by a binary sextic, so there are 6 points fixed by the hyperelliptic
involution w, namely the Weierstrass points of C. The following lemma determines
the distribution of the Weierstrass points in fibers of 2-torsion points.

Lemma 2. The following hold:
(1) ψ(W ) ⊂ E[2]
(2) If n is an odd number then

i) ψ(W ) = E[2]
ii) If Q ∈ E[2] then #(ψ−1(Q) ∩W ) = 1 mod (2)

(3) If n is an even number then for all Q ∈ E[2], #(ψ−1(Q)∩W ) = 0 mod (2)

Let πC : C −→ P1 and πE : E −→ P1 be the natural degree 2 projections. The
hyperelliptic involution permutes the points in the fibers of πC and πE . The ramified
points of πC , πE are respectively points in W and E[2] and their ramification index
is 2. There is φ : P1 −→ P1 such that the diagram commutes.

(1)
C

πC−→ P1

ψ ↓ ↓ φ
E

πE−→ P1

Next, we will determine the ramification of induced coverings φ : P1 −→ P1. First
we fix some notation. For a given branch point we will denote the ramification
of points in its fiber as follows. Any point P of ramification index m is denoted
by (m). If there are k such points then we write (m)k. We omit writing symbols
for unramified points, in other words (1)k will not be written. Ramification data
between two branch points will be separated by commas. We denote by πE(E[2]) =
{q1, . . . , q4} and πC(W ) = {w1, . . . , w6}.

2.0.1. The Case When n is Even. Let us assume now that deg(ψ) = n is an even
number. The following theorem classifies the induced coverings in this case.

Theorem 1. If n is an even number then the generic case for ψ : C −→ E induce
the following three cases for φ : P1 −→ P1:

I:
(

(2)
n−2

2 , (2)
n−2

2 , (2)
n−2

2 , (2)
n
2 , (2)

)
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II:
(

(2)
n−4

2 , (2)
n−2

2 , (2)
n
2 , (2)

n
2 , (2)

)
III:

(
(2)

n−6
2 , (2)

n
2 , (2)

n
2 , (2)

n
2 , (2)

)
Each of the above cases has the following degenerations (two of the branch points
collapse to one)

I: (1)
(

(2)
n
2 , (2)

n−2
2 , (2)

n−2
2 , (2)

n
2

)
(2)

(
(2)

n−2
2 , (2)

n−2
2 , (4)(2)

n−6
2 , (2)

n
2

)
(3)

(
(2)

n−2
2 , (2)

n−2
2 , (2)

n−2
2 , (4)(2)

n−4
2

)
(4)

(
(3)(2)

n−4
2 , (2)

n−2
2 , (2)

n−2
2 , (2)

n
2

)
II: (1)

(
(2)

n−2
2 , (2)

n−2
2 , (2)

n
2 , (2)

n
2

)
(2)

(
(2)

n−4
2 , (2)

n
2 , (2)

n
2 , (2)

n
2

)
(3)

(
(4)(2)

n−8
2 , (2)

n−2
2 , (2)

n
2 , (2)

n
2

)
(4)

(
(2)

n−4
2 , (4)(2)

n−6
2 , (2)

n
2 , (2)

n
2

)
(5)

(
(2)

n−4
2 , (2)

n−2
2 , (2)

n−4
2 , (2)

n
2

)
(6)

(
(3)(2)

n−6
2 , (2)

n−2
2 , (4)(2)

n
2 , (2)

n
2

)
(7)

(
(2)

n−4
2 , (3)(2)

n−4
2 , (2)

n
2 , (2)

n
2

)
III: (1)

(
(2)

n−4
2 , (2)

n
2 , (2)

n
2 , (4)(2)

n
2

)
(2)

(
(2)

n−6
2 , (4)(2)

n−4
2 , (2)

n
2 , (2)

n
2

)
(3)

(
(2)

n
2 , (2)

n
2 , (2)

n
2 , (4)(2)

n−10
2

)
(4)

(
(3)(2)

n−8
2 , (2)

n
2 , (2)

n
2 , (2)

n
2

)
Proof. We skip the details of the proof. �

Remark 1. The case n = 8 is the first true generic case when all the subcases
occur.

2.1. Maximal coverings ψ : C −→ E. Let ψ1 : C −→ E1 be a covering of degree
n from a curve of genus 2 to an elliptic curve. The covering ψ1 : C −→ E1 is called
a maximal covering if it does not factor through a nontrivial isogeny. A map of
algebraic curves f : X → Y induces maps between their Jacobians f∗ : JY → JX
and f∗ : JX → JY . When f is maximal then f∗ is injective and ker(f∗) is connected,
see [8] for details.

Let ψ1 : C −→ E1 be a covering as above which is maximal. Then ψ∗1 : E1 → JC
is injective and the kernel of ψ1,∗ : JC → E1 is an elliptic curve which we denote by
E2; see [2]. For a fixed Weierstrass point P ∈ C, we can embed C to its Jacobian
via

iP : C −→ JC

x→ [(x)− (P )]
(2)
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Let g : E2 → JC be the natural embedding of E2 in JC , then there exists g∗ : JC →
E2. Define ψ2 = g∗ ◦ iP : C → E2. So we have the following exact sequence

0→ E2
g−→ JC

ψ1,∗−→ E1 → 0

The dual sequence is also exact

0→ E1
ψ∗1−→ JC

g∗−→ E2 → 0

If deg(ψ1) is an odd number then the maximal covering ψ2 : C → E2 is unique up
to isomorphism of elliptic curves. If the cover ψ1 : C −→ E1 is given, and therefore
φ1, we want to determine ψ2 : C −→ E2 and φ2. The study of the relation between
the ramification structures of φ1 and φ2 provides information in this direction. The
following lemma (see [2, pg. 160]) answers this question for the set of Weierstrass
points W = {P1, . . . , P6} of C when the degree of the cover is odd.

Lemma 3. Let ψ1 : C −→ E1, be maximal of degree n. Then, the map ψ2 : C → E2

is a maximal covering of degree n. Moreover,
i) if n is odd and Oi ∈ Ei[2], i = 1, 2 are the places such that #(ψ−1

i (Oi) ∩
W ) = 3, then ψ−1

1 (O1)∩W and ψ−1
2 (O2)∩W form a disjoint union of W .

ii) if n is even and Q ∈ E[2], then #
(
ψ−1(Q)

)
∩W = 0 or 2.

The above lemma says that if ψ is maximal of even degree then the corresponding
induced covering can have only type I ramification, see Theorem 1.

Example 1. Let ψ : C → E be a degree n = 8 maximal covering of the elliptic
curve E by a genus 2 curve C. Then, we have Type I covering as in previous
theorem. Hence, the ramification is(

(2)3, (2)3, (2)3, (2)4, (2)
)

This case is the first case which has all its subcases with ramifications as follows:
i)
(
(2)4, (2)3, (2)3, (2)4

)
ii)
(
(2)3, (2)3, (4)(2), (2)4

)
iii)

(
(2)3, (2)3, (2)3, (4)(2)2

)
iv)

(
(3)(2)2, (2)3, (2)3, (2)4

)
The locus of genus 2 curves in the generic case is a 2-dimensional subvariety of the
moduli space M2. It would be interesting to explicitly compute such subvariety
since it is the first case which could give some clues to what happens in the general
case for even degree.

3. The locus of genus two curves with (n, n) split Jacobians

In this section we will discuss the Hurwitz spaces of coverings with ramification
as in the previous section and the Humbert spaces of discriminant n2.

3.1. Hurwitz spaces of covers φ : P1 → P1. Two covers f : X → P1 and f ′ :
X ′ → P1 are called weakly equivalent if there is a homeomorphism h : X → X ′

and an analytic automorphism g of P1 (i.e., a Moebius transformation) such that
g ◦ f = f ′ ◦ h. The covers f and f ′ are called equivalent if the above holds with
g = 1.

Consider a cover f : X → P1 of degree n, with branch points p1, ..., pr ∈ P1.
Pick p ∈ P1 \ {p1, ..., pr}, and choose loops γi around pi such that γ1, ..., γr is a



DEGREE EVEN COVERINGS OF ELLIPTIC CURVES BY GENUS 2 CURVES 245

standard generating system of the fundamental group Γ := π1(P1 \ {p1, ..., pr}, p),
in particular, we have γ1 · · · γr = 1. Such a system γ1, ..., γr is called a homotopy
basis of P1 \ {p1, ..., pr}. The group Γ acts on the fiber f−1(p) by path lifting,
inducing a transitive subgroup G of the symmetric group Sn (determined by f
up to conjugacy in Sn). It is called the monodromy group of f . The images
of γ1, ..., γr in Sn form a tuple of permutations σ = (σ1, ..., σr) called a tuple of
branch cycles of f .

We say a cover f : X → P1 of degree n is of type σ if it has σ as tuple of branch
cycles relative to some homotopy basis of P1 minus the branch points of f . Let Hσ
be the set of weak equivalence classes of covers of type σ. The Hurwitz space Hσ
carries a natural structure of an quasiprojective variety.

We have Hσ = Hτ if and only if the tuples σ, τ are in the same braid orbit
Oτ = Oσ. In the case of the covers φ : P1 → P1 from above, the corresponding
braid orbit consists of all tuples in Sn whose cycle type matches the ramification
structure of φ.

This and the genus of Hσ in the degenerate cases (see the following table) has
been computed in GAP by the BRAID PACKAGE written by K. Magaard.

deg Case cycle type of σ #(Oσ) G dimHσ genus of Hσ

8 (23, 23, 23, 24, 2) 224 S8 2 –
1 (24, 23, 23, 24) 4 16 1 0
2 (23, 23, (4)(2), 24) 48 S8 1 4
3 (23, 23, 23, (4)(2)2) 96 S8 1 16
4 ((3)22, 23, 23, 24) 36 S8 1 4

Table 1. The length of braid orbits, the order of the group, and
the genus of 1-dimensional subspaces for even degree maximal cov-
erings.

As the reader can imagine even such computations are not easy for higher n. It
is unclear what are the monodromy groups that appear in all the subcases and the
formulas for the lengths of the braid orbits.

3.2. Humbert surfaces. Let A2 denote the moduli space of principally polarized
abelian surfaces. It is well known that A2 is the quotient of the Siegel upper half
space H2 of symmetric complex 2×2 matrices with positive definite imaginary part
by the action of the symplectic group Sp4(Z).

Let ∆ be a fixed positive integer and N∆ be the set of matrices τ =
(
z1 z2

z2 z3

)
∈

H2 such that there exist nonzero integers a, b, c, d, e with the following properties:

az1 + bz2 + cz3 + d(z2
2 − z1z3) + e = 0

∆ = b2 − 4ac− 4de
(3)

The Humbert surface H∆ of discriminant ∆ is called the image of N∆ under
the canonical map

H2 → A2 := Sp4(Z) \ H2.
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It is known that H∆ 6= ∅ if and only if ∆ > 0 and ∆ ≡ 0 or 1 mod 4. Humbert
(1900) studied the zero loci in Eq. (3) and discovered certain relations between
points in these spaces and certain plane configurations of six lines.

For a genus 2 curve C defined over C, [C] belongs too Ln if and only if the
isomorphism class [JC ] ∈ A2 of its (principally polarized) Jacobian JC belongs to
the Humbert surface Hn2 , viewed as a subset of the moduli space A2 of principally
polarized abelian surfaces. There is a one to one correspondence between the points
in Ln and points in Hn2 . Thus, we have the map:

Hσ −→ Ln −→ Hn2

([f ], (p1, . . . , pr)→ [X ]→ [JX ]
(4)

In particular, every point in Hn2 can be represented by an element of H2 of the
form

τ =
(
z1

1
n

1
n z2

)
, z1, z2 ∈ H.

There have been many attempts to explicitly describe these Humbert surfaces.
For some small discriminant this has been done by several authors; see [9], [5].
Geometric characterizations of such spaces for ∆ = 4, 8, 9, and 12 were given by
Humbert (1900) in [3] and for ∆ = 13, 16, 17, 20, 21 by Birkenhake/Wilhelm (2003).

4. Computing the locus Ln in M2

We take the most general case for maximal coverings of even degree, namely n,
Type I. The ramification structure of φ : P1

x → P1
z is(

(2)
n−2

2 , (2)
n−2

2 , (2)
n−2

2 , (2)
n
2 , (2)

)
We denote the branch points respectively q1, . . . , q5. Let q1 = 0, q2 = 1, q3 = ∞.
The red places in P1

x denote the unramified places and the black places all have
ramification index 2. We pick the coordinate x such that it is x = 0, x = 1, x =∞
in the unramified places of P1

z and respectively in the fibers of 0, 1,∞ as in the
picture.

There are exactly d = n−2
2 places of index 2 in φ−1(0). Let P (x) denote the

polynomial whose roots are exactly these places. Similarly denote by R(x), Q(x)
such polynomials for fibers of 1 and ∞. The other unramified places in the fibers
of 0,1, ∞ we denote by w4, w5, w6 respectively.

Then, we have

z = λ · xx− w4

x− w6
· P

2(x)
Q2(x)

for some λ· ∈ C, λ 6= 0. Furthermore,

z − 1 = λ · (x− 1) · x− w5

x− w6
· R

2(x)
Q2(x)

where P (x), Q(x), R(x) are monic polynomials of degree d = n−2
2 with no multiple

roots and no common roots.
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Substituting for z we get a degree n equation

λx(x− w4)P 2(x)− (x− w6)Q2(x)− λ · (x− 1)(x− w5)R2(x) = 0

By equaling coefficients of this polynomial with zero we get a nonlinear system of
n + 1 equations. In the same way we get the corresponding equations from the
fibers of the other two branch points s and t. Solving such system would determine
also w4, w5, w6. The equation of the genus 2 curve C is given by

y2 = x(x− 1)(x− w4)(x− w5)(x− w6)

4.1. Degree 4 covers. In this section we focus on the case deg(φ) = 4 (not neces-
sarily maximal). The goal is to determine all ramifications σ and explicitly compute
L4(σ). There is one generic case and one degenerate case in which the ramification
of deg(φ) = 4 applies, as given by the above possible ramification structures.

i) (2, 2, 2, 22, 2) (generic)
ii) (2, 2, 2, 4) (degenerate)

4.2. Degenerate Case. In this case one of the Weierstrass points has ramification
index 3, so the cover is totally ramified at this point.

Let the branch points be 0, 1, λ, and ∞, where ∞ corresponds to the element
of index 4. Then, above the fibers of 0, 1, λ lie two Weierstrass points. The two
Weierstrass points above 0 can be written as the roots of a quadratic polynomial
x2 + ax+ b; above 1, they are the roots of x2 + px+ q; and above λ, they are the
roots of x2 + sx+ t. This gives us an equation for the genus 2 curve C:

C : y2 = (x2 + ax+ b)(x2 + px+ q)(x2 + sx+ t).

The four branch points of the cover φ are the 2-torsion points E[2] of the elliptic
curve E, allowing us to write the elliptic subcover as

E : y2 = x(x− 1)(x− λ).



248 DEGREE EVEN COVERINGS OF ELLIPTIC CURVES BY GENUS 2 CURVES

We have the following theorem:
Theorem 2. Let C be a genus 2 curve with a degree 4 degenerate elliptic subcover.
Then C is isomorphic to the curve given by

C : y2 =

(
1− b

3
+

2

3
(1− b)x + x2

) (
1

12
(b− 4)b +

1

3
(b− 4)x + x2

)
(

b− 2

3
(b + 2)x + x2

)
E : v2 = u(u− 1)

(
u− b3(4− b)

16(b− 1)

)(5)

where the corresponding discriminants of the right sides must be non-zero. Hence,

∆C : = b(b− 4)(b− 2)(b− 1)(2 + b) 6= 0(6)

∆E : =
(b− 4)2(b− 2)6b6(b+ 2)2

65536(b− 1)4
6= 0.(7)

and its invariants satisfy
1541086152812576000 J2

2
J4

2 − 22835312232360960000 J2 J4 J6 + 5009676947631 J2
6

− 8782271900467200000 J6
2

+ 1176812184652746480 J2
4
J4 + 12448207102988800000 J4

3

− 3715799948429529600 J2
3
J6 = 0

186626560000 J2
2
J4

4
+ 138962144767343358744576000000 J10

2
+

282429536481

104
J2

10

+ 619923800736 J2
6
J4

2 − 25600000000 J4
5 −

28249152375924

100
J2

8
J4

+ 266576269949878792320 J2
5
J10 − 510202022400 J2

4
J4

3

+ 693067624145203200000 J2 J4
2
J10 + 1763516708182388736000 J2

3
J4 J10 = 0.

(8)

Proof. See [4]. �
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Abstract. Families of simple graphs of high girth had been used for the de-
velopment of algorithms in Cryptography and Turbocoding. Recent results in

that directions show the interest of applied researchers to ”families of directed

graphs of high girth”, but the concept of the girth for the directed graphs is
not well established. We discuss one of the possible definition. It agrees well

with the classical definition in the case of simple graph and allows to create

the analog of Extremal graph theory for simple graphs without small cycles
for the class of balanced graphs i.e. directed graphs without multiple arrows

such that each vertex has same number of inputs and outputs. Finally we

discussed some explicit construction of simple and directed graphs which can
be applicable to Turbocoding and Cryptography.

1. Introduction

Various applications of graph theory to Coding Theory are hard to observe.
We just mention that the code is just subset in finite metric space defined via
distance regular graph (see [8], [7], [1]) and xpanding graphs (superconcentrators,
magnifyers) had been used for the design of important codes (see [14], [26], [20],
[19]).

Similar situation is in Cryptography: each computation can be defined in terms
of finite automaton, roughly directed graph with labels on arrows, various applica-
tions of automata theory to cryptography are very hrd to observe. We just mention
[38]( see also further references in this survey).

In this note we mentioned just some traditional applications of families of simple
graphs of large girth to construction of LDPS and Turbo Codes (see [25], last
chapter of [15], [29], [23], [12], [13]) and Cryptography (see surveys [33], [35], [37]).

Low-density parity-check (LDPC) codes were originally introduced in his doc-
toral thesis by Gallager in 1961 [11]. Since the discovery of Turbo codes in 1993

c©2008 Aulona Press (Albanian J. Math.)
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by Berrou, Glavieux, and Thitimajshima [5], and the rediscovery of LDPC codes
by Mackay and Neal in 1995 [22], there has been renewed interest in Turbo codes
and LDPC codes, because their error rate performance approaches asymptotically
the Shannon limit. Much research is devoted to characterizing the performance of
LDPC codes and designing codes that have good performance. Commonly, a graph,
the Tanner graph ( see [29],[25] and further references), is associated with the code
and an important parameter affecting the performance of the code is the girth of its
Tanner graph. In [23], [12], [13] authors consider the design of structured regular
LDPC codes based on Tanner graphs of large girth. The regularity and structure
of LDPC codes utilize memory more efficiently and simplify the implementation
of LDPC coders. The Tanner graph is a special type of graph, a bipartite graph,
where the nodes divide into two disjoint classes with edges only between nodes in
the two different classes.

Large girth speeds the convergence of iterative decoding and improves the per-
formance of LDPC codes, at least in the high SNR range, by slowing down the
onsetting of the error floor. Large size of such graphs implies fast convergence.

On the web page of Professor Moura (see also [23]) one can find the following
text: ”Commonly, a graph, the Tanner graph, is associated with the code and an
important parameter affecting the performance of the code is the girth of its Tanner
graph. In our work, we consider the design of structured regular LDPC codes whose
Tanner graphs have large girth. The regularity and structure of LDPC codes utilize
memory more efficiently and simplify the implementation of LDPC coders. The
Tanner graph is a special type of graph, a bipartite graph, where the nodes divide
into two disjoint classes with edges only between nodes in the two different classes.
The problem we have been considering is a generic problem in graph theory, namely,
that of designing bipartite graphs with large girth. We actually have studied a more
special class of this generic problem, in particular, the design of undirected regular
bipartite graphs with large girth”.

So here we can see clearly two ideas:
(i) new families of bipartite simple graphs of large girth can be used as families

of Tanner’s graphs
(ii) for the constructions of LDPS codes and turbo codes we can use directed

graphs which are analogs of bipartite graphs of large girth.
In the cryptography shift to directed graphs of large girth is very natural because

of the finite automaton is directed graphs. Last results demonstrated that choice
of appropriate directed graphs lead to very fast graph based encryption algorithms
(see [35], [16]). The new algorithms are much faster than encryption schemes [30],
[31], [32] corresponding to simple graphs.

2. On the classical extremal graph theory for graphs without
prescribed cycles and its modification

According to Bourbaki the graph (or directed graph) is the pair V (vertex set)
and subset Φ in the Cartesian product V ×V (see [24] for more general definitions).
We refer to element v ∈ V as vertex (state in automata theory).

We use term arc (or arrow as in automata theory) for the element (a, b) ∈ Φ.
We refer to (a, b) ∈ Φ as arc (arrow) from a to b, Element a and b are starting and
ending vertex of the arc (a, b). We say that (a, b) is output of vertex a and b is
input of b. As it follows from above definition graph has no multiple arcs.
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The cardinalities of V and Φ are the order and size of the graph, respectively.
Graph is simple if Φ is symmetric and anti-reflexive relation. The information

about simple graph can be given by edge i. e. set of kind {a, b}, where (a, b) is an
arc. Graphically simple graph has no loops and multiple edges. In case of simple
graph term size is used for the number of edges within the graph.

The classical extremal graph theory studies extremal properties of simple graphs.
Let F be family of graphs none of which is isomorphic to a subgraph of the graph
Γ. In this case we say that Γ is F -free. Let P be certain graph theoretical property.
By exP (v, F ) we denote the greatest number of edges of F -free graph on v-vertices,
which satisfies property P . If P is just a property to be simple graph we omit index
P and write ex(v, F ). The missing definitions in extremal graph theory the reader
can find in [4].

This theory contains several important results on ex(v, F ), where F is a finite
collection of cycles of different length [4], [28]. The following statement had been
formulated by P. Erdös’.

Let Cn denote the cycle of length n. Then

ex(v, C2k) ≤ Cv1+1/k (1.1)

where C is independent positive constant.
For the proof of this result and its generalizations see [6], [10].
In [9] the upper bound

ex(v, C3, C4, . . . , C2k, C2k+1) ≤ (1/2)1+1/kv1+1/k +O(v) (1.2)

was established for all integers k ≥ 1.
Both bounds are known to be sharp for k = 2, 3, 5 in other cases the question on

the sharpness is open (see [4], [2] and further references).
The girth of the simple graph is the minimal length of its cycle. So the above

bound is the restriction on the size of the graph on v vertices of girth ≥ n. Graphs
of high girth, i.e. graphs which size is close to the above upper bounds can be used
in Networking and Operation Research (see [4]) and Cryptography.

The generalizations (or analogs) of classical extremal graph theory on directed
graphs require certain restrictions on inputs or outputs of the graph. Really, the
graph DKv of binary relation φ: P ∪ L = V , P ∩ L = ∅, |P | = |L|, |V | = v,
φ = P × L of order O(v2) has no directed cycles or commutative diagrams.

In [33], [37] the above results on maximal size of the graphs generalized on the
case of balanced graphs, when for each vertex a ∈ V cardinalities of id(v) = {x ∈
V |(a, x) ∈ φ} and od(v) = {x ∈ V |(x, a) ∈ φ} are same. We refer to numbers id(v)
and od(v) as input degree and output degree of vertex v in the graph, respectively.

Let Γ be directed graph. The pass between vertices a and b is the sequence
a = x0 → x1 → . . . xs = b of length s, where xi, i = 0, 1, . . . , s are distinct vertices.
We refer to the minimal s among all passes between a and b as output distance
odist(a, b). we assume odist(a, b) =∞ in case of absence of passes from a to b.

We say that the pair of passes a = x0 → x1 → · · · → xs = b, s ≥ 1 and
a = y0 → y1 → · · · → yt = b, t ≥ 1 form an (s, t)- commutative diagram Os,t if
xi 6= yj for 0 < i < s, 0 < j < t. Without loss of generality we assume that s ≥ t
and refer to the number s as the rank of Os,t. The directed cycle with s arrows we
denote as Os,0. We will count directed cycles as commutative diagram.
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The minimal parameter s = max(s, t) of the commutative diagram Os,t with
s + t ≥ 3 in the binary relation graph Γ we call the girth indicator of the Γ and
denote it as gi(Γ). It can be infinity as in case of DKv.

Notice that directed graph does not contain diagrams O1,1, because there are no
multiple edges.

We assume that the girth g(Γ) of directed graph Γ with the girth indicator d+ 1
is 2d+ 1 if it contains commutative diagram Od+1,d. If there are no such diagrams
we assume that g(Γ) is 2d+ 2.

In the case of symmetric irreflexive relations it agrees with the standard definition
of the girth of simple graph i.e the length of its minimal cycle.

Let F be a list of directed graphs and P be some graph-theoretical property.
By ExP (v, F ) we denote the greatest number of arrows of F -free directed graph on
v vertices satisfying to property P (graph without subgraphs isomorphic to graph
from F ).

Let EP = EP (d, v) = ExP (v,Os,t, s + t ≥ 3|2 ≤ s ≤ d) be the maximal size
(number of arrows) of the balanced binary relation graphs with the girth indicator
> d.

The main result of [37] is the following statement. If B is the property to be the
balanced directed graph, then

v1+1/d −O(v) ≤ EB(d, v) ≤ v1+1/d +O(v) (1.3)

Notice, that the size of symmetric irreflexive relation is the double of the size
of corresponding simple graph. because undirected edge of the simple graph corre-
sponds to two arrows (arcs) of O2,0.

If P is the property to be a graph of symmetric irreflexive relation then ExP (v,Os,t, s+
t ≥ 3|2 ≤ s ≤ d) = 2ex(v, C3, . . . , C2d−1, C2d) because undirected edge of the simple
graph corresponds to two arrows of O2,0. So equality (1, 3) implies the following
inequality

ex(v, C3, C4, . . . , C2k) ≤ (1/2)v1+1/k +O(V ) (1.4)

we evaluate the maximal size of the directed graph of order v with the girth indicator
> d which does not contain commutative diagrams Od+1,d, as well. The inequality
(1.2) is the corollary from such evaluation.

We can see that studies of extremal properties of balanced graphs with the
high girth indicator and studies of ex(v, C3, . . . , Cn) are far from being equivalent.
Really, the sharpness of the Erdös’ bound (1.1) and bounds (1.2) and (1.4) up to
magnitude for k = 8 and k ≥ 12 are old open problems (see [2], [4]) .

The regularity R of graph (V,Φ) means that either for each vertex a ∈ V sets
{x|(v, x) ∈ Φ} are same or for each a ∈ V set {x|(x, v) ∈ Φ} are same.

The family of directed graphs Gi, i = 1, . . . with average output degree ki

and order vi is the family of graphs of large girth if the girth indicator of Gi is
≥ c × logki

(vi). It agrees well with the standard definition for the simple graphs.
In case of balanced or regular graphs of large girth their size is close to the upper
bounds (1. 3) and (1. 5).

3. Explicit constructions of Tanner graphs

3.1. Some suggestions in case of simple graphs. The induced biregular bi-
partite subraphs of graphs D(n, q) (see [17] and further references) of order 2qn,
degree q and girth ≥ n+ 4 or their connected components CD(d, q)had been used
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by Guinnand and Lodge for the construction of turbocodes. The description of the
class of biregular subgraphs of the above graphas the reader can find in [18]. The
parameters of related codes are very close to the Shannon bound.

We notice that the family of graphs D(n, q) depending on two parameters n and
q = pm, where p is prime, is not the unique known family of graphs of unbounded
degree and arbitrarily large girth. For ”sufficiently large p” the exact girth is
computed in [27].

The first explicit examples of families of simple graphs with large girth of arbi-
trary large degree were given by Margulis. The constructions were Cayley graphs
Xp,q of group SL2(Zq) with respect to special sets of q+ 1 generators, p and q are
primes congruent to 1 mod4. The family of Xp,q is not a family of algebraic graphs
because the neighborhood of each vertex is not an algebraic variety over Fq. For
each p, graphs Xp,q, where q is running via appropriate primes, form a family of
small world graph of unbounded diameter (see [21],[19]).

Of course Cayley graph corresponding to finite group G and symmetrical set of
generators S ( s ∈ S leads to s−1 ∈ S is not a bipartite graph. But we can take it
bipartite analog - the graph of incidence structure I = I(G,S)for which the point
set P and line set L are two distinct copies of G and p ∈ P is incident to l ∈ L if
and only if ps = l in group G for some generator s ∈ S.

Let R be arbitrary subset of S containing at least 3 elements, GR be the group
generated by R ∪R−1 and GR < H < G.

We can consider the bipartite graph I ′ = I(H,R) with the partition sets P ′ =
P capH and L′ = L ∩ H such that p ∈ P ′ and l ∈ L′ are incident (pI ′l or lI ′p)
if and only if ps = l for some s ∈ R. Notice, that last condition is equivalent to
ls = p for some s ∈ R−1.

We set the Cayley graph corresponding to G,S is Xp,q. then g(I(H,R) is larger
than the girth of Xp,q. So I(H,R) can be used as Tanner graph.

Some other regular graphs of high girth the reader can find in [34].

3.2. Examples of directed bipartite graphs with large girth indicators.
Let Mk, m ≥ k+ 2 as the totality of tuples (x1, x2, . . . xk) ∈Mk, such that xi 6= xj

for each pair (i, j) ∈ M2. Let us consider the binary relation φ = φk(m) on Mk

consisting of all pairs of tuples ((x1, . . . , xm) , (y1, . . . , ym)), such that yi = xi+1 for
i = 1, . . . , k − 1 and ym 6= xi for each i ∈ {1, . . . , k}. The corresponding directed
graph Γ = Γi(m) has order m(m− 1) . . . (m− k + 1), each vertex has m− k input
and output arrows.

Proposition 1. The girth indicator and diameter of the graph Γk(m) is k+ 1 and
2k, respectively. The girth of the graph is 2d+ 1.

The reader can find the proof in [36].
Let us consider the bipartite version Γ′ = Γ′k(m) of the graph Γ = Γk(m). Let

M be a finite set, m = |M | ≥ 2. Let P (point set) and L (line set) are two copies
of the vertex set Mk, m ≥ k + 2 of the graph Γ. We will use the brackets and
parenthesis for the tuples from P and L, respectively.

LetΓ′ = Γ′k(m) be the graph of binary relation on P ∪L consisting of all pairs of
tuples ((x1, . . . , xm), [y1, . . . , ym) or (x1, . . . , xm, (y1, . . . , ym)), such that yi = xi+1

for i = 1, . . . , k−1 and ym 6= xi for each i ∈ {1, . . . , k}. The corresponding directed
graph Γ′ = Γ′k(m) has order 2m(m−1) . . . (m−k+1), each vertex has m−k input
and output arrows.
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Proposition 2. The girth indicator and diameter of the graph Γ′k(m) is k+ 1 and
2k + 1, respectively. The graph does not contain commutative diagram Ok+1,k.The
girth of the graph is 2d+ 2.

So one can use these directed bipartite regular graphs as directed Tanner graphs.
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Abstract. Any communication assumes a preliminary agreement between
the parties involved. In our paper we address the question: what can we get

when there is no agreement between the parties in the framework of classical

communication quantum channels. We admit the concept of mixed coding and
starting from it derive an idealized communication scheme based on continuous

coding.

1. Classical communication through quantum channel

For the sake of self-consistency, we start from the conventional scheme of classical
communication through quantum channel. Its basic ingredients are:

• Coding. It contains
– A set of input states associated with the symbols of input alphabet
– For each input state its a priori probability πj is given

• Transmission. It is described by a superoperator: an affine mapping from
the state space of the input of the channel ti that of the output.
• Receiving a signal. It is described by applying appropriate measurement

on the set of output states, so that:
– A measurement is a resolution of unit
– When a signal is received, we judge which was the input state
– For each input state j we calculate the probabilities pM (k | j) of taking

the decision that the observed symbol was k (for every k)
– The task in conventional framework is to find an optimal procedure

to decide which was the input state
When the input coding and the output measurements are fixed, the probability

to take the right decision then reads:
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(1) PM =
∑
j

πjpM (j | j)

This kinds of tasks are typical for communication theory and mathematical sta-
tistics. Finding the maximum of PM is called identification of signals based on the
criterion of maximal likelihood. Given an input coding, the task is, varying the
output measurement M , to find such one that the probability PM defined in (1)
becomes maximal.

In standard framework we are given an input ensemble, that is, a collection of
input states ψj with given probabilities πj . For the input ensemble, its average
density matrix ρ is calculated:

(2) ρ =
∑
j

πjψj

What is crucial in this scheme is that the efficiency of the channel (1) primarily
depends on the input ensemble rather than on its average density matrix (see, e.g.
optimal coding schemes by Schumacher and Westmoreland [1])
What is peculiar for our framework. In our framework we suppose that only the
average density matrix (2) of the input ensemble is known, while the ensemble
itself is not given for us. For quantum mechanical systems there are (infinitely)
many ensembles having the same average density.

In other words, we only know the channel as a physical system. Any commu-
nication assumes a preliminary agreement between the parties dealing with input
and output of the channel. In our paper we address the question: what can we get
when there is no agreement between the parties.

That means, we are given the state space of the input but we do not know the
a priori probabilities of input states and the result of measurements reduces to
specifying the average output density matrix.

The problems of this kind have a long history lasting from Laplace to Boltzmann;
their are solved on the basis of the principle of maximal entropy.

2. From Laplace principle to maximal entropy

It was Laplace who introduced the principle of insufficient reason: if there is no
reason to prefer one outcome w.r.t. another one, all outcomes are treated equally
probable (provided they are mutually exclusive and collectively exhaustive). Its
direct consequence was the formula of classical probability [2]:

(3) p =
Favorables
Possibles

According to Laplace, if we are given an unknown distribution and we need to
estimate it, we assume it to be uniform.

But what should we do if we have an additional information about the distribu-
tion? Can we still use the Laplace principle?

Let us illustrate it on a classical example. Suppose we play with die whose
properties are not known. If we are asked what is the probability of a face to
appear, we intuitively (but in fact according to Laplace) answer 1/6.
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Let N identical dice are rolled and the mean value M of the number of points
appeared is known. First suppose it turned out to be 3.5. This is an additional
information about the dice, and how it affects our estimation? In this particular
case we see that result is compatible with the initial hypothesis:

M = 1 · 1
6

+ 2 · 1
6

+ 3 · 1
6

+ 4 · 1
6

+ 5 · 1
6

+ 6 · 1
6

= 3.5

Now take another kind of ‘biased’ dice such that the appropriate average value
turns out to be, say, 4. In this case the hypothesis of the equality of all faces
is no longer compatible with initial hypothesis and the Laplace principle is not
applicable, at least in its direct form.

Among this we have n1 times face 1,. . . , n6 times face 6. The values n1, . . . , n6

satisfy the equations

n1 + · · ·+ n6 = N

and
1 · n1 + · · ·+ 6 · n6 = M ·N

When we try to solve this system with respect to n1, . . . n6, we get many solu-
tions. Although, each particular solution occurs with its frequency:

W (n1, . . . , n6) =
N !

n1! · · ·n6!
We are finding the solution n1, . . . , n6, which has greatest probability to occur,
therefore we maximize the value of the frequency W (n1, . . . n6). As it is known
(see, e.g. [3]):

(4) logW ∼ N ·
(
−n1

N
log

n1

N
− · · · − n6

N
log

n6

N

)
And the maximum is attained at

(5) nk ∼ N · e
−βk

Z

where the normalizing factor Z is

(6) Z =
∑
k

e−βk

Although the knowledge of the mean value is an additional information, the
Laplace principle still works and this particular mean value gives no preference to
any state, therefore the null hypothesis (the uniform distribution pj = 1

6 ) should
not be rejected.
Biased die. Now let us consider what happens when the average is 4. In this case
the Laplace principle should be developed: namely, the distribution should have
maximal entropy H = −

∑
pj log pj . In our particular case this gives the following

answer:

(7) pj =
e−βj

Z

where Z =
∑
j e
−βj and β is calculated from the given average value (in our case,

4)
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∑
j

j · pj = 4

This principle extends the Laplace principle to the notion of maximal entropy
[4].

Why the idea to maximize the entropy H is a development of Laplace idea of
symmetry and non-preference? For any given average value we consider all possible
distributions which yield this average value. Then the take such distributions which
are typical, that is, which mostly occur in all possible configurations. The preference
is given to what occur with maximal number of combinations. The statistical weight

W =
N !∏
j nj

where N is the total number of trials and nj is number of occurrence of j-th face.

The main message of this section is the following. We provide a completely
classical example where we have no knowledge about the input state (distribution)
but we need to tell something about it. A principle is suggested to choose a concrete
distribution on the basis of a given small amount of knowledge.

In the case of quantum systems these distributions will be of a particular kind
— continuous ensembles.

3. Continuous ensembles

The set of all self-adjoint operators in H = Cn has a natural structure of a real
space R2n, in which the set of all density matrices is a hypersurface, which is the
zero surface T = 0 of the affine functional T = TrX− 1.

Let H = Cn be an n-dimensional Hermitian space, let ρ be a density matrix in
H. We would like to represent the state whose density operator is ρ by an ensemble
of pure states. We would like this ensemble to be continuous with the probability
density expressed by a function µ(φ) where φ ranges over all unit vectors in H.
Technical remark. Pure states form a projective space rather than the unit sphere
in H. On the other hand, one may integrate over any probabilistic space. Usually
distributions of pure states over the spectrum of observables are studied, sometimes
probability distributions on the projective spaces are considered [5]. In this paper
for technical reasons I prefer to represent ensembles of pure states by measures on
unit vectors in H. We use the Umegaki measure on CBn— the uniform measure
with respect to the action of U(n) normalized so that

∫
CBn

dψ = 1.
Effective definition. The density operator of a continuous ensemble associated with
the measure µ(φ) on the set CBn of unit vectors in H is calculated as the following
(matrix) integral

(8) ρ =
∫

φ∈CBn

µ(φ) |φ〉〈φ| dψ

where |φ〉〈φ| is the projector onto the vector 〈φ| and dψ is the above mentioned
normalized measure on CBn:
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(9)
∫

φ∈CBn

dψ = 1

Effectively, the operator integral ρ in (8) can be calculated by its matrix elements.
In any fixed basis {|ei〉} in H, each its matrix element ρij = 〈ei| ρ |ej〉 is the
following numerical integral:

(10) ρij = 〈ei| ρ |ej〉 =
∫

φ∈CBn

µ(φ) 〈ei| φ〉 〈φ| ej〉 dψ

The task of likelihood-based recognition of the initial input coding is solved by
introducing a special sort of continuous ensembles: so-called Lazy ensembles [6].

4. Lazy ensembles

Potentially we consider all possible input states, and the result we will find in
terms of a distribution on the set of all input states. Our task is to guess (to mostly
possible extent) what was the distribution of input states.
Definition of Kullback–Leibler distance. We quantify the state preparation efforts
by the difference between the entropy of uniform distribution (that is, our null
hypothesis) and the entropy of the ensemble1 in question. The only obstacle may
occur is to define this entropy, let us dwell on it in more detail.

The entropy of a finite distribution {pi} is given by Shannon formula

S({pi}) = −
∑

pi ln pi

This expression diverges for any continuous distribution: we approximate a contin-
uous distribution µ(x) by a discrete one {pi}, calculate its Shannon entropy, but
it tends to infinity as we refine the partition. However, we are always interested in
the difference between the entropy of the uniform distribution and the distribution
µ(x) rather then the entropy itself. At each approximation step we calculate this
difference, and the appropriate limit always exists. To show it (see, e.g. [8] for de-
tails), make a partition of the probability space by N sets ∆i having equal uniform
measure. Then the difference EN between the entropies read:

EN = lnN −
(
−
∑

pi ln pi
)

where pi =
∫

∆i
p(x)dx. The limit expression limN→∞EN is the differential entropy

(11) S(µ) =
∫
µ(x) lnµ(x)dx

Remarkably, this is equal to Kullback-Leibler distance [3]

S(µ‖µ0) =
∫
µ(x) ln

µ(x)
µ0(x)

dx

between the distribution µ(x) and the uniform distribution µ0(x) with constant
density, normalize the counting measure dx on the probability space so that µ0 = 1.

1We are speaking here of mixing entropy [7] of the ensemble rather than about von Neumann
entropy of its density matrix.
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This distance is the average likelihood ratio, on which the choice of statistical
hypothesis is based. Then, in order to minimize the Type I error we have to choose
a hypothesis with the smallest average likelihood ratio.
Maximizing the entropy. The problem reduces to the following. For given density
matrix ρ find a continuous ensemble µ having minimal differential entropy (11):

(12) S(µ) → min,
∫
|ψ〉〈ψ| µ(ψ) dψ = ρ

where dψ is the unitary invariant measure on pure states normalized to integrate
to unity. When there is no constraints in (12), the answer is straightforward—the
minimum (equal to zero) is attained on uniform distribution. To solve the problem
with constraints, we use the Lagrange multiples method. The appropriate Lagrange
function reads:

L(µ) = S(µ) − Tr Λ
(∫
|ψ〉〈ψ| µ(ψ) dψ − ρ

)
where the Lagrange multiple Λ is a matrix since the constraints in (12) are of matrix
character. Substituting the expression (11) for S(µ) and making the derivative of
L over µ zero, we get

(13) µ(ψ) =
e−TrB|ψ〉〈ψ|

Z (B)
where B is the optimal value of the Lagrange multiple Λ which we derive from the
constraint (12) and the normalizing multiple

(14) Z(B) =
∫

e−TrB|ψ〉〈ψ| dψ

is the partition function for (13). Substituting he resulting density (13) to the
expression (11) for differential entropy we get

(15) S = TrBρ − ln Z

5. Conclusions

It follows directly from the Holevo bound formula that the classical communica-
tion capacity of a quantum channel increases when pure states are used for input
coding. In the meantime the idea to represent the input ensemble by minimal num-
ber of input states, that is, to make them orthogonal, does not in general increase
the efficiency of the channel, some coding schemes are essentially based on non-
orthogonal states [1]. The usage in statistics of non-orthogonal, overfilled bases of
pure states, that is, using the randomization, may sometimes bring some gain in
identifying the state of the system. This is an essentially quantum phenomenon as
in the classical case randomization only produce problems in state identification.

In this contribution we are dealing with the extreme case of overfilled systems
of pure states, namely, in a finite-dimensional space we consider bases of infinitely
many, continuously many pure states. The research along this lines was first carried
out in [9], where the so-called ‘Scrooge’ ensembles were introduced as bringing
minimal amount of information about the preparation procedure. These ensembles
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turn out to be continuous. The closest analogy to them in quantum coding are
mixed sources [10]

The relevance of continuous ensembles is also justified when we take into account
the fact that even we use discrete ensembles of pure states, in reality, when we are
preparing them, we can not completely avoid noises produced by the measurement
apparata, that is, the distribution of really prepared pure states again turns out to
be continuous. We use continuous ensembles for the purpose of building statistical
inferences according to the standard schemes of re-estimation of hypotheses, which
looks as follows. We have a null hypothesis, then we acquire some information
about the system, and then we pass to a new, concurring hypothesis choosing it in
such a way that it should be closest to the null hypothesis. This new hypothesis is
put forward according to the concept of maximal likelihood.

The concept of maximal likelihood technically reduces to maximization of the
logarithm of the probability of the distribution. The appropriate opposite value is a
well-known L.J.Savage entropy, or Kullback-Leibler distance between distributions.

In other words, we use the acquired information about the system with a maximal
precaution in order to minimize the Type II error.

In our case the null hypothesis is that all pure states are equiprobable. In this
case Kullback-Leibler distance between the new ensemble and the null hypothesis
is equal to the differential entropy of the new ensemble. The source of additional
information is the average density matrix of the input ensemble.

Optimal ensembles that we obtain are exponential distributions of pure staes,
which average to a density matrix ρ. These distribution have a striking similarity
with the Gibbs ensembles, which form the basis of statistical physics.

The matrix parameter B here plays a rôle similar to that of the temperature in
thermodynamics. Under appropriate normalization the value

TrBρ
Will be equal to the differential entropy of the ensemble. So, we may treat this

parameter as the differential entropy of the density matrix.
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Abstract. In this paper, we suggest and analyze a new class of three-step

projection iterative methods for solving the extended general variational in-
equalities, which are obtained using the updating technique of the solution

in conjunction with projection technique. We also consider the convergence

criteria of these new iterative methods under some mild conditions. Since
the extended general variational inequalities include the general variational

inequalities and other related optimization problems as special cases, results

obtained in this paper continue to hold for these problems. Results obtained
in this paper may be viewed as a refinement and improvement of the known

results.

1. Introduction

Extended general variational inequality, which was introduced and studied by
Noor[20-23,26], is an important and useful generalization of variational inequalities.
It has been shown that the extended general variational inequalities provide us with
a unified, simple and natural framework to study a wide class of problems including
unilateral, moving, obstacle, free, equilibrium and economics arising in various areas
of pure and applied sciences. Noor [20,21,26] has shown that the minimum of a
differentiable nonconvex functions on the nonconvex sets can be characterized by the
extended general variational inequalities. It has been shown in [21,22, 26 ] that the
extended general variational inequalities are equivalent to the fixed point problems.
This equivalent alternative equivalent has been used to discuss the uniqueness of
the solution as well as to suggest some iterative methods for solving the extended
general variational inequalities, see Noor [20-23,26] and the references therein.

Noor[13,15] has suggested and analyzed some three steps forward-backward split-
ting algorithms for solving variational inequalities by using the updating techniques
of the solution and auxiliary principle. These forward-backward splitting algorithms
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are similar to that of the θ-scheme of Glowinski and Le Tellec[6], which they sug-
gested by using the Lagrangian technique. It is known that three step schemes are
versatile and efficient, see [3, 6]. These three-step schemes are natural generaliza-
tion of the splitting methods for solving partial differential equations. We would
like to point out that the iterative methods serve to solve a variety of problems
which are either of the feasibility or the optimization type. This class of algorithms
has witnessed great progress in recent years. Apart from theoretical interest, the
main advantage of these iterative methods, which make them use of in real world
problems, is computational. These methods have the ability to handle large-size
problems of dimensions beyond which other methods cease to be efficient. In short,
the field if the iterative type methods is vast, see [1-35] and the references therein.

Inspired and motivated by the usefulness and applications of the splitting type
methods, we suggest and analyze a new class of three step approximation schemes
for solving the extended general variational inequalities and related problems. These
new methods include the Mann and Ishikawa iterative schemes and modified forward-
backward splitting methods of Noor[13,15] as special cases. We also study the con-
vergence criteria of these new methods under some mild conditions. Our results
represent an improvement and refinement of the previously known results in these
fields. We hope that the interested reader may be able to explore the novel and
innovative applications of these extended general variational inequalities in other
branches of pure and applied sciences. This is may open other window of future
research in this growing and dynamic field.

2. Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by
< ·, · > and ‖.‖ respectively. Let K be a nonempty closed convex set in H.

For given nonlinear operators T, g, h : H → H, consider the problem of finding
u ∈ H,h(u) ∈ K such that

(1) 〈Tu, g(v)− h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K.

Inequality of type (1) is called the extended general variational inequality involving
three opertors. Noor [20-23,26] has shown that the minimum of a class of differ-
entiable nonconvex functions on hg-convex set K in H can be characterized by
extended general variational inequality (1).

For this purpose, we recall the following well known concepts, see [3].
Definition 2.1[3,21]. Let K be any set in H. The set K is said to be hg-convex,
if there exist a function g, h : H −→ H such that

h(u) + t(g(v)− h(u)) ∈ K, ∀u, v ∈ H : h(u), g(v) ∈ K, t ∈ [0, 1].

Note that every convex set is hg-convex, but the converse is not true, see[22]. If
g = h, then the hg-convex set K is called the g-convex set, which was introduced
by Youness [34].

From now onward, we assume that K is a hg-convex set, unless otherwise spec-
ified.
Definition 2.2[22,26]. The function F : K −→ H is said to be hg-convex, iff,
there exists two functions h, g such that

F (h(u) + t(g(v)− h(u))) ≤ (1− t)F (h(u)) + tF (g(v))
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for all u, v ∈ H : h(u), g(v) ∈ K, t ∈ [0, 1]. Clearly every convex function is hg-
convex, but the converse is not true. For g = h, definition 2.2 is due to Youness
[34].

We now show that the minimum of a differentiable hg-convex function on the
hg-convex set K in H can be characterized by the extended general variational
inequality (1). This result is due to Noor [21,22,26]. We include all the details for
the sake of completeness and to convey the main idea.
Lemma 2.1[22,26]. Let F : K −→ H be a differentiable hg-convex function.
Then u ∈ H : h(u) ∈ K is the minimum of hg-convex function F on K if and only
if u ∈ H : h(u) ∈ K satisfies the inequality

〈F ′(h(u)), g(v)− h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K,(2)

where F ′(u) is the differential of F at h(u) ∈ K.
Proof. Let u ∈ H : h(u) ∈ K be a minimum of hg-convex function F on K. Then

F (h(u)) ≤ F (g(v)), ∀v ∈ H : g(v) ∈ K.(3)

Since K is a hg-convex set, so, for all u, v ∈ H : h(u), g(v) ∈ K, t ∈ [0, 1], g(vt) =
h(u) + t(g(v)− h(u)) ∈ K. Setting g(v) = g(vt) in (3), we have

F (h(u)) ≤ F (h(u) + t(g(v)− h(u)).

Dividing the above inequality by t and taking t −→ 0, we have

〈F ′(h(u)), g(v)− h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K,

which is the required result(2).
Conversely, let u ∈ H : h(u) ∈ K satisfy the inequality (2). Since F is a hg-

convex function, ∀u, v ∈ H : h(u), g(v) ∈ K, t ∈ [0, 1], h(u)+ t(g(v)−h(u)) ∈
K and

F (h(u) + t(g(v)− h(u))) ≤ (1− t)F (h(u)) + tF (g(v)),

which implies that

F (g(v))− F (h(u)) ≥ F (h(u) + t(g(v)− g(u)))− F (h(u))
t

.

Letting t −→ 0, we have

F (g(v))− F (h(u)) ≥ 〈F ′(h(u)), g(v)− h(u)〉 ≥ 0, using (2),

which implies that

F (h(u)) ≤ F (g(v)), ∀v ∈ H : g(v) ∈ K

showing that u ∈ K is the minimum of F on K in H. �
Lemma 2.1 implies that hg-convex programming problem can be studied via the

extended general variational inequality (1) with Tu = F ′(h(u)). In a similar way,
one can show that the extended general variational inequality is the Fritz-John
condition of the inequality constrained optimization problem.

We would like to emphasize that problem (1) is equivalent to finding u ∈ H :
h(u) ∈ K such that

〈ρTu+ h(u)− g(u), g(v)− h(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K.(4)

This equivalent formulation is also useful from the applications point of view.
We now list some special cases of the extended general variational inequalities.
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I. I f g = h, then Problem (1) is equivalent to finding u ∈ H : g(u) ∈ K such that

〈Tu, g(v)− g(u)〉 ≥ 0, ∀v ∈ H : g(v) ∈ K,(5)

which is known as general variational inequality, introduced and studied by Noor
[7] in 1988. It turned out that odd order and nonsymmetric obstacle, free, moving,
unilateral and equilibrium problems arising in various branches of pure and applied
sciences can be studied via general variational inequalities, see [8-10,13-15, 18-23]
and the references therein.

II. For h = I, the identity operator, then problem (1) ie equivalent to finding
u ∈ K such that

〈Tu, g(v)− u〉 ≥ 0, ∀v ∈ H : g(v) ∈ K,(6)

which is also called the general variational inequalities, introduced and studied by
Noor [24].

III. For g ≡ I, the identity operator, the extended general variational inequality
(1) collapses to: find u ∈ H : h(u) ∈ K such that

〈Tu, v − h(u)〉 ≥ 0, ∀v ∈ K,(7)

which is also called the general variational inequality, see Noor [8].
IV. For g = h = I, the identity operator, the extended general variational
inequality (2.1) is equivalent to finding u ∈ K such that

〈Tu, v − u〉 ≥ 0, ∀v ∈ K,(8)

which is known as the classical variational inequality and was introduced in 1964
by Stampacchia [33]. For the recent applications, numerical methods, sensitivity
analysis, dynamical systems and formulations of variational inequalities, see [1-35]
and the references therein.
V. If K∗ = {u ∈ H; 〈u, v〉 ≥ 0, ∀v ∈ K} is a polar(dual) convex cone of a closed
convex cone K in H, then problem (1) is equivalent to finding u ∈ H such that

g(u) ∈ K, Tu ∈ K∗, 〈g(u), Tu〉 = 0,(9)

which is known as the general complementarity problem, see[15]. If g = I, the iden-
tity operator, then problem (9) is called the generalized complementarity problem.
For g(u) = u − m(u), where m is a point-to-point mapping, then problem (9) is
called the quasi(implicit) complementarity problem, see [15,30] and the references
therein.

From the above discussion, it is clear that the extended general variational in-
equalities (1) is most general and includes several previously known classes of vari-
ational inequalities and related optimization problems as special cases. These vari-
ational inequalities have important applications in mathematical programming and
engineering sciences, see the references.

We also need the following concepts and results.
Lemma 2.2. Let K be a closed convex set in H. Then, for a given z ∈ H, u ∈ K
satisfies the inequality

〈u− z, v − u〉 ≥ 0, ∀v ∈ K,
if and only if

u = PKz,
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where PK is the projection of H onto the closed convex set K in H.

It is well known that the projection operator PK is a nonexpansive operator,
that is,

‖PKu− PKv‖ ≤ ‖u− v‖, ∀u, v ∈ H.
Definition 2.3. An operator T : H → H is said to be:

(i) strongly monotone, if there exists a constant α > 0 such that

〈Tu− Tv, u− v〉 ≥ α||u− v||2, ∀u, v ∈ H.
(ii) Lipschitz continuous, if there exists a constant β > 0 such that

||Tu− Tv|| ≤ β||u− v||, ∀u, v ∈ H..
From (i) and (ii), it follows that α ≤ β.

Definition 2.4 A mapping T : H → H is called relaxed cocoercive, if there exists
a constant γ > 0 such that

〈Tx− Ty, x− y〉 ≥ −γ||Tx− Ty||2, ∀x, y ∈ H.
Definition 2.5. A mapping T : H → H is called relaxed co-coercive strongly
monotone, if there exist constants γ > 0, α > 0 such that

〈Tx− Ty, x− y〉 ≥ −γ||Tx− Ty||2 + α||x− y||2 ∀x, y ∈ H.
It is clear that, if T is Lipschitz continuous, then the relaxed co-coercive strongly

monotone operator is strongly monotone with a constant (α − γβ2). However, the
converse is not true. Thus it is obvious that class of relaxed cocoercive strongly
monotone operator is more general than the class of strongly monotone operators.

3. Main Results

In this section, we suggest and analyze some new approximation schemes for
solving the extended general variational inequality (4). One can prove that the
extended general variational inequality (4) is equivalent to the fixed point problem
by invoking Lemma 2.2.
Lemma 3.1[22]. The function u ∈ H : h(u) ∈ K is a solution of the extended
general variational inequality (4) if and only if u ∈ H : h(u) ∈ K satisfies the
relation

(10) h(u) = PK [g(u)− ρTu],

where PK is the projection operator and ρ > 0 is a constant.
Lemma 3.1 implies that the extended general variational inequality (4) is equiv-

alent to the fixed point problem (10). This alternative equivalent formulation is
very useful from the numerical and theoretical points of view. Zhao and Sun [35]
used the concept of the exceptional family to study the existence of a solution of
the nonlinear projection equations (10).

We rewrite the the relation (10) in the following form

F (u) = u− h(u) + PK [g(u)− ρTu],(11)

which is used to study the existence of a solution of the extended general variational
inequalities (4).

We now study those conditions under which the extended general variational in-
equality (4) has a unique solution and this is the main motivation of our next result.
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Theorem 3.1. Let the operators T, g, h : H −→ H be relaxed co-coercive strongly
monotone with constants (γ > 0, α > 0), (γ1 > 0, σ > 0), (γ2 > 0, µ > 0) and
Lipschitz continuous with constants with β > 0, δ > 0, η > 0 respectively. If

|ρ− (α− γβ2)
β2

| <

√
(α− γβ2)2 − β2k(2− k)

β2
,(12)

α > γβ2 + β
√
k(2− k), k < 1,

where

k =
√

1− 2(σ − γ1δ2) + δ2 +
√

1− 2(µ− γ2η2) + η2,(13)

then, there exists a unique solution u ∈ H : h(u) ∈ K of the extended general
variational inequality (4).
Proof. From Lemma 3.1, it follows that problems (10) and (4) are equivalent.
Thus it is enough to show that the map F (u), defined by (11), has a fixed point.
For all u 6= v ∈ H,

||F (u)− F (v)|| = ||u− v − (h(u)− h(v)) + PK [g(u)− ρTu]− PK [g(v)− ρTv]||
≤ ||u− v − (h(u)− h(v))||+ ||PK [g(u)− ρTu]− PK [g(v)− ρTv]||
≤ ||u− v − (g(u)− g(v))||+ ||u− v − (h(u)− h(v))||

+||u− v − ρ(Tu− Tv)||,(14)

where we have used the fact that the operator PK is nonexpansive.
Since the operator T is relaxed co-coercive strongly monotone with constants

γ > 0, α > 0 and Lipschitz continuous with constant β > 0, it follows that

||u− v − ρ(Tu− Tv)||2 ≤ ||u− v||2 − 2ρ〈Tu− Tv, u− v〉+ ρ2||Tu− Tv||2

≤ (1− 2ρ(α− γβ2) + ρ2β2)||u− v||2.(15)

In a similar way, we have

||u− v − (g(u)− g(v))||2 ≤ (1− 2(σ − γ1δ
2) + δ2)||u− v||2,(16)

||u− v − (h(u)− h(v))||2 ≤ (1− 2(µ− γ2η
2) + η2)||u− v||2,(17)

where γ1 > 0, σ > 0, γ2 > 0, µ > 0 and δ > 0, η > 0 are the relaxed co-
coercive strongly monotonicity and Lipschitz continuity constants of the operator
g and h respectively.

From (13), (14), (15),(16) and (17), we have

||F (u)− F (v)|| ≤ (
√

1− 2(σ − γ1δ2) + δ2 +
√

1− 2(µ− γ2η2) + η2

+
√

1− 2ρ(α− γβ2) + β2ρ2)||u− v||
= (k + t(ρ))||u− v||,
= θ||u− v||,

where

t(ρ) =
√

1− 2ρ(α− γβ2) + ρ2β2.(18)

and

θ = k + t(ρ).(19)

From (12), it follows that θ < 1, which implies that the map F (u) defined by has
a fixed point, which is a unique solution of (4). �
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Using the fixed point formulation (10), Noor [22] has suggested and analyzed the
following iterative method for solving the extended general variational inequalities
(4).
Algorithm 3.1. For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

un+1 = (1− αn)un + αn{un − h(un) + PK [g(un)− ρTun]}, n = 0, 1, . . .

which is known as the Mann iteration process for solving the extended general
variational inequalities (4).

Note that if h = g, then Algorithm 3.1 reduces to the following iterative method
for solving the general variational inequalities (5).
Algorithm 3.2. For a given u0 ∈ H, find the approximate solution un+1 by the
iterative schemes

un+1 = (1− αn)un + αn{un − g(un) + PK [g(un)− ρTun]}, n = 0, 1, . . .

which is due to Noor [21]. For the convergence analysis of Algorithm 3.2 and
Algorithm 3.2, see Noor [13,15].

Using the technique of updating the solution, we now suggest and analyze some
iterative three-step iterative schemes for solving the extended general variational
inequalities (2.4) and this is the main motivation of this paper.

Algorithm 3.3. For a given u0 ∈ H, compute the approximate solutions {un},
{wn} and {yn} by the iterative schemes

h(yn) = PK [g(un)− ρTun]
h(wn) = PK [g(yn)− ρTyn]

h(un+1) = PK [g(wn)− ρTwn], n = 0, 1, 2, .. . . .

Using Lemma 2.2, Algorithm 3.3 can be written as
Algorithm 3.4. For a given u0 ∈ H, compute the approximate solution {un} by
the iterative schemes

〈ρTun + h(yn)− g(un), g(v)− h(yn)〉 ≥ 0, ∀g(v) ∈ K
〈ρTyn + h(wn)− g(yn), g(v)− h(wn)〉 ≥ 0, ∀g(v) ∈ K
〈ρTwn + h(un+1)− g(wn), g(v)− h(un+1)〉 ≥ 0, ∀g(v) ∈ K

Invoking Algorithm 3.3, we now suggested another three step scheme for solving
the extended general variational inequality (4).
Algorithm 3.5. For a given u0 ∈ H, compute the approximate solution {un} by
the iterative schemes

yn = (1− γn)un + γn{un − h(un) + PK [g(un)− ρTun]}(20)
wn = (1− βn)un + βn{yn − h(yn) + PK [g(yn)− ρTyn]}(21)

un+1 = (1− αn)un + αn{wn − h(wn) + PK [g(wn)− ρTwn]}.(22)

For γn = 0, Algorithm 3.5 reduces to:
Algorithm 3.6. For a given u0 ∈ H, compute {un} by the iterative schemes

wn = (1− βn)un + βn{un − h(un) + PK [g(un)− ρTun]}
un+1 = (1− αn)un + αn{wn − h(wn) + PK [g(wn)− ρTwn]}, n = 0, 1, 2, .. . . .
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which is known as the Ishikawa iterative scheme for the extended general variational
inequality (4). Note that for γn = 0 and βn = 0, Algorithm 3.5 is called the Mann
iterative method.

For g = h = I, the identity operator, Algorithm 3.5 collapses to the following
algorithm for variational inequality (8), which are mainly due to Noor [13,15].
Algorithm 3.7. For a given u0 ∈ K, compute {un} by the iterative schemes

yn = (1− γn)un + γnPK [un − ρTun]
wn = (1− βn)un + βnPK [yn − ρTyn]

un+1 = (1− αn)un + αnPK [wn − ρTwn], n = 0, 1, 2, ... . . .

Now we suggest a perturbed iterative scheme for solving the extended general vari-
ational inequality (4).
Algorithm 3.8. For a given uo ∈ H, compute the approximate solution {un} by
the iterative schemes

yn = (1− γn)un + γn{un − h(un) + PKn [g(un)− ρTun]}+ γnhn

wn = (1− βn)un + βn{yn − h(yn) + PKn [g(yn)− ρTyn]}+ βnfn

un+1 = (1− αn)un + αn{wn − h(wn) + PKn [g(wn)− ρTwn]}+ αnen,

where {en}, {fn}, and {hn} are the sequences of the elements of H introduced
to take into account possible inexact computations and PKn is the corresponding
perturbed projection operator; and the sequences {αn}, {βn} and {γn} satisfy
0 ≤ αn, βn, γn ≤ 1; for all n ≥ 0 and

∑∞
n=0 αn =∞.

For γn = 0, we obtain the perturbed Ishikawa iterative method and for γn =
0 and βn = 0, we obtain the perturbed Mann iterative schemes for solving the
extended general variational inequality (4). If g = h, , we obtain the perturbed
iterative method for solving the general variational inequalities (5), which is mainly
due to Noor [13,15].

If g = h = I, and K = H, then Algorithm 3.8 is equivalent to the following
three-step scheme for the nonlinear equations Tu = 0, which is known as Noor
three-step iterative method, see [13,15] and the references therein.
Algorithm 3.9. For a given u0 ∈ H, find the approximate solution {un} by the
iterative schemes

yn = (1− γn)un + γnTun + γnhn

wn = (1− βn)un + βnTyn + βnfn

un+1 = (1− αn)un + αnTwn + αnen, n = 0, 1, 2, . . .

where {en}, {fn} and {hn} are sequences of the elements of H introduced to take
into account possible inexact computations and the sequences {αn}, {βn} and {γn}
satisfy 0 ≤ αn, βn, γn ≤ 1; for all n ≥ 0 and

∑∞
n=0 αn =∞.

In brief, for suitable and appropriate choice of the operators T, g and the space H,
one can obtain a number of new and previously known iterative schemes for solving
variational inequalities and related problems. This clearly shows that Algorithm
3.5 and Algorithm 3.9 are quite general and unifying ones.

We now study the convergence criteria of Algorithms 3.5. In a similar way, one
can analyze the convergence criteria of other algorithms.
Theorem 3.2. Let the operators T, g, h satisfy all the assumptions of Theorem
3.1. If the condition (12) holds, then the approximate solution {un} obtained from
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Algorithm 3.5 converges to an exact solution u of the extended general variational
inequality (4) strongly in H.
Proof. From Theorem 3.1, we see that there exists a unique solution u ∈ H of the
extended general variational inequality (4). Let u ∈ H be a unique solution of (4).
Then, using Lemma 3.1, we have

u = (1− αn)u+ αn{u− h(u) + PK [g(u)− ρTu]}(23)
= (1− βn)u+ βn{u− h(u) + PK [g(u)− ρTu]}(24)
= (1− γn)u+ γn{u− h(u) + PK [g(u)− ρTu]}.(25)

From (20),(23),(15), (16) and (17), we have

||un+1 − u|| = ||(1− αn)(un − u) + αn(wn − u− (h(wn)− h(u)))
+ αn{PK [g(wn)− ρTwn]− PK [g(u)− ρTu]}||
≤ (1− αn)||un − u||+ αn||wn − u− (g(wn)− g(u))||

+ + αn||wn − u− (h(wn)− h(u))||
+ αn||wn − u− ρ(Twn − Tu)||
≤ (1− αn)||un − u||+ αn(k + t(ρ))||wn − u||,
= (1− αn)||un − u||+ αnθ||wn − u||,(26)

In a similar way, from (21),(24) and using (13), (15), and (16), we have

||wn − u|| ≤ (1− βn)||un − u||+ 2βnθ||yn − u− (g(yn)− g(u))||
+ βn||yn − u− ρ(Tyn − Tu)||
≤ (1− βn)||un − u||+ βn(k + t(ρ))||yn − u||,
≤ (1− βn)||un − u||+ βnθ||yn − u||,(27)

and from (16), (25) and (17), we obtain

||yn − u|| ≤ (1− γn)||un − u||+ γnθ||un − u||,
≤ (1− (1− θ)γn)||un − u||
≤ ||un − u||.(28)

From (27) and (28), we obtain

||wn − u|| ≤ (1− βn)||un − u||+ βnθ||un − u||
= (1− (1− θ)βn)||un − u||
≤ ||un − u||.(29)

Combining (26) and (29), we have

||un+1 − u|| ≤ (1− αn)||un − u||+ αnθ||un − u||
= [1− (1− θ)αn]||un − u||

≤
n∏

i=0

[1− (1− θ)αi]||u0 − u||.

Since
∑∞

n=0 αn diverges and 1− θ > 0, we have limn−→∞
∏n

i=0[1− (1− θ)αi] = 0.
Consequently the sequence {un} convergences strongly to u. From (28), and (29),
it follows that the sequences {yn} and {wn} also converge to u strongly in H. This
completes the proof. �
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Abstract. In this paper, a common fixed point theorem for R-weakly com-

muting maps in intuitionistic fuzzy metric spaces is proved.

1. Introduction and Preliminaries

In this section, using the idea of intuitionistic fuzzy metric spaces introduced by
Park [5] we define the new notion of intuitionistic fuzzy metric spaces with the help
of the notion of continuous t–representable.

Definition 1.1. A complete lattice is a partially ordered set in which every nonempty
subset admits supremum and infimum.
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Lemma 1.2. ([2]) Consider the set L∗ and operation ≤L∗ defined by:

L∗ = {(x1, x2) : (x1, x2) ∈ [0, 1]2 and x1 + x2 ≤ 1},
(x1, x2) ≤L∗ (y1, y2) ⇐⇒ x1 ≤ y1 and x2 ≥ y2, for every (x1, x2), (y1, y2) ∈ L∗.
Then (L∗,≤L∗) is a complete lattice .

Definition 1.3. ([1]) An intuitionistic fuzzy set Aζ,η in a universe U is an ob-
ject Aζ,η = {(ζA(u), ηA(u))|u ∈ U}, where, for all u ∈ U , ζA(u) ∈ [0, 1] and
ηA(u) ∈ [0, 1] are called the membership degree and the non-membership degree,
respectively, of u in Aζ,η, and furthermore they satisfy ζA(u) + ηA(u) ≤ 1.

We denote its units by 0L∗ = (0, 1) and 1L∗ = (1, 0). Classically, a triangular
norm ∗ = T on [0, 1] is defined as an increasing, commutative, associative mapping
T : [0, 1]2 −→ [0, 1] satisfying T (1, x) = 1 ∗ x = x, for all x ∈ [0, 1]. A triangular
conorm S = � is defined as an increasing, commutative, associative mapping S :
[0, 1]2 −→ [0, 1] satisfying S(0, x) = 0 � x = x, for all x ∈ [0, 1]. Using the lattice
(L∗,≤L∗) these definitions can be straightforwardly extended.

Definition 1.4. ([2]) A triangular norm (t–norm) on L∗ is a mapping T : (L∗)2 −→
L∗ satisfying the following conditions:

(∀x ∈ L∗)(T (x, 1L∗) = x), (boundary condition)
(∀(x, y) ∈ (L∗)2)(T (x, y) = T (y, x)), (commutativity)
(∀(x, y, z) ∈ (L∗)3)(T (x, T (y, z)) = T (T (x, y), z)), (associativity)
(∀(x, x′, y, y′) ∈ (L∗)4)(x ≤L∗ x′ and y ≤L∗ y′ =⇒ T (x, y) ≤L∗ T (x′, y′)).

(monotonicity)

If (L∗,≤L∗ , T ) is an Abelian topological monoid with unit 1L∗ then T is said to
be a continuous t–norm.

Definition 1.5. ([2]) A continuous t–norm T on L∗ is called continuous t–representable
if and only if there exist a continuous t–norm ∗ and a continuous t–conorm � on
[0, 1] such that, for all x = (x1, x2), y = (y1, y2) ∈ L∗,

T (x, y) = (x1 ∗ y1, x2 � y2).

For example T (a, b) = (a1b1,min(a2 + b2, 1)) for all a = (a1, a2) and b = (b1, b2)
in L∗ is a continuous t–representable.

Definition 1.6. A negator on L∗ is any decreasing mapping N : L∗ −→ L∗

satisfying N (0L∗) = 1L∗ and N (1L∗) = 0L∗ . If N (N (x)) = x, for all x ∈ L∗, then
N is called an involutive negator. A negator on [0, 1] is a decreasing mapping N :
[0, 1] −→ [0, 1] satisfying N(0) = 1 and N(1) = 0. Ns denotes the standard negator
on [0, 1] defined as, for all x ∈ [0, 1], Ns(x) = 1− x. We define (Ns(λ), λ) = Ns(λ).

Definition 1.7. Let M,N are fuzzy sets from X2 × (0,+∞) to [0, 1] such that
M(x, y, t) + N(x, y, t) ≤ 1 for all x, y ∈ X and t > 0, in which, M is membership
degree and N is non-membership degree of an intuitionistic fuzzy set. The triple
(X,MM,N , T ) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
(non-empty) set, T is a continuous t–representable and MM,N is a mapping X2 ×
(0,+∞)→ L∗ (an intuitionistic fuzzy set, see Definition 2.4) satisfying the following
conditions for every x, y, z ∈ X and t, s > 0:

(a) MM,N (x, y, t) >L∗ 0L∗ ;
(b) MM,N (x, y, t) = 1L∗ if and only if x = y;
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(c) MM,N (x, y, t) =MM,N (y, x, t);
(d) MM,N (x, y, t+ s) ≥L∗ T (MM,N (x, z, t),MM,N (z, y, s));
(e) MM,N (x, y, ·) : (0,∞) −→ L∗ is continuous.

In this case MM,N is called an intuitionistic fuzzy metric. Here,

MM,N (x, y, t) = (M(x, y, t), N(x, y, t)).

Let (X,MM,N , T ) be an intuitionistic fuzzy metric space. For t > 0, define the
open ball B(x, r, t) with center x ∈ X and radius 0 < r < 1, as

B(x, r, t) = {y ∈ X :MM,N (x, y, t) >L∗ (Ns(r), r) = Ns(r)}.
A subset A ⊆ X is called open if for each x ∈ A, there exist t > 0 and 0 < r < 1
such that B(x, r, t) ⊆ A. Let τMM,N

denote the family of all open subset of X.
τMM,N

is called the topology induced by intuitionistic fuzzy metric. A sequence {xn}
in an intuitionistic fuzzy metric space (X,MM,N , T ) is called a Cauchy sequence if
for each ε > 0 and t > 0, there exists n0 ∈ N such that

MM,N (xn, xm, t) >L∗ Ns(ε),
and for each n,m ≥ n0. The sequence {xn} is said to be convergent to x ∈ V

in the intuitionistic fuzzy metric space (X,MM,N , T ) and denoted by xn
MM,N−→ x

if MM,N (xn, x, t) −→ 1L∗ whenever n −→ ∞ for every t > 0. An intuitionistic
fuzzy metric space is said to be complete if and only if every Cauchy sequence is
convergent (see [3, 5]).

Lemma 1.8. ([3]) Let (X,MM,N , T ) be an intuitionistic fuzzy metric space. Then,
MM,N (x, y, t) is nondecreasing with respect to t, for all x, y in X.

Example 1.9. ([7]) Let (X, d) be a metric space. Denote T (a, b) = (a1b1,min(a2 +
b2, 1)) for all a = (a1, a2) and b = (b1, b2) in L∗ and let M and N be fuzzy sets on
X2 × (0,∞) defined as follows:

MM,N (x, y, t) = (M(x, y, t), N(x, y, t)) = (
t

t+md(x, y)
,

d(x, y)
t+ d(x, y)

),

in which m > 1. Then (X,MM,N , T ) is an intuitionistic fuzzy metric space.

Let T be a continuous t–norm on L∗ in which, for every µ ∈ (0, 1), there exists
λ ∈ (0, 1) such that

(1.1) T n−1(Ns(λ), ...,Ns(λ)) >L∗ Ns(µ),

where Ns is an standard negation. For more information see [6].

Definition 1.10. Let (X,MM,N , T ) be an intuitionistic fuzzy metric space. MM,N

is said to be continuous on X ×X × (0,∞) if

lim
n→∞

MM,N (xn, yn, tn) =MM,N (x, y, t)

whenever a sequence {(xn, yn, tn)} in X×X×(0,∞) converges to a point (x, y, t) ∈
X ×X × (0,∞) i.e., limnMM,N (xn, x, t) = limnMM,N (yn, y, t) = 1L∗ and

lim
n
MM,N (x, y, tn) =MM,N (x, y, t).

Lemma 1.11. Let (X,MM,N , T ) be an intuitionistic fuzzy metric space. Then
MM,N is continuous function on X ×X × (0,∞).

Proof. The proof is same as fuzzy metric spaces (see Proposition 1 of [4]). �
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2. The Main Results

Definition 2.1. Let f and g be maps from an intuitionistic fuzzy metric space
(X,MM,N , T ) into itself. The maps f and g are said to be weakly commuting if

MM,N ((fog)(x), (gof)(x), t) ≥L∗ MM,N (f(x), g(x), t)

for each x in X and t > 0.

Definition 2.2. Let f and g be maps from an intuitionistic fuzzy metric space
(X,MM,N , T ) into itself. The maps f and g are said to be R-weakly commuting
if there exists some positive real number R such that

MM,N ((fog)(x), (gof)(x), t) ≥L∗ MM,N (f(x), g(x), t/R)

for each x in X and t > 0.

Weak commutativity implies R-weak commutativity in intuitionistic fuzzy metric
space. However, R-weak commutativity implies weak commutativity only when
R ≤ 1.

Example 2.3. Let X = R. Let T (a, b) = (a1b1,min(a2 + b2, 1)) for all a =
(a1, a2), b = (b1, b2) ∈ L∗ and let MM,N be the intuitionistic fuzzy set on X ×
X× ]0,+∞[ defined as follows:

MM,N (x, y, t) =

(
(exp(

|x− y|
t

))−1,
exp( |x−y|t )− 1

exp( |x−y|t )

)
,

for all t ∈ R+. Then (X,MM,N , T ) is an intuitionistic fuzzy metric space. Define
f(x) = 2x− 1 and g(x) = x2. Then,

MM,N ((fog)(x), (gof)(x), t)−

(
(exp(2

|x− 1|2

t
))−1,

exp(2 |x−1|2
t )− 1

exp(2 |x−1|2
t )

)
(exp(

|x− 1|2

t/2
))−1,

exp( |x−1|2
t/2 )− 1

exp( |x−1|2
t/2 )

 =MM,N (f(x), g(x), t/2)

<L∗

(
(exp(

|x− 1|2

t
))−1,

exp( |x−1|2
t )− 1

exp( |x−1|2
t )

)
=MM,N (f(x), g(x), t)

Therefore, for R = 2, f and g are R-weakly commuting. But f and g are not
weakly commuting since exponential function is strictly increasing.

Theorem 2.4. Let (X,MM,N , T ) be a complete intuitionistic fuzzy metric space
and let f and g be R-weakly commuting self-mappings of X satisfying the following
conditions:

(a) f(X) ⊆ g(X);
(b) f or g is continuous;
(c) MM,N (f(x), f(y), t) ≥L∗ C(MM,N (g(x), g(y), t)), where C : L∗ −→ L∗ is a

continuous function such that C(a) >L∗ a for each a ∈ L∗ \ {0L∗ , 1L∗}.
Then f and g have a unique common fixed point.
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Proof. Let x0 be an arbitrary point in X. By (a), choose a point x1 in X such that
f(x0) = g(x1). In general choose xn+1 such that f(xn) = g(xn+1). Then for t > 0

MM,N (f(xn), f(xn+1), t) ≥L∗ C(MM,N (g(xn), g(xn+1), t))

= C(MM,N (f(xn−1), f(xn), t))

>L∗ MM,N (f(xn−1), f(xn), t)

Thus {MM,N (f(xn), f(xn+1), t);n ≥ 0} is increasing sequence in L∗. Therefore,
tends to a limit a ≤L∗ 1L∗ . We claim that a = 1L∗ . For if a <L∗ 1L∗ on making
n −→ ∞ in the above inequality we get a ≥L∗ C(a) >L∗ a, a contradiction. Hence
a = 1L∗ , i.e.,

lim
n
MM,N (f(xn), f(xn+1), t) = 1L∗ .

If we define

(2.1) cn(t) =MM,N (f(xn), f(xn+1), t)

then limn→∞ cn(t) = 1L∗ . Now, we prove that {f(xn)} is a Cauchy sequence in
f(X). Suppose that {f(xn)} is not a Cauchy sequence in f(X). For convenience,
let yn = fxn for n = 1, 2, 3, · · · . Then there is an ε ∈ L∗ \ {0L∗ , 1L∗} such that for
each integer k, there exist integers m(k) and n(k) with m(k) > n(k) ≥ k such that

(2.2) dk(t) =MM,N (yn(k), ym(k), t) ≤L∗ Ns(ε) for k = 1, 2, · · · .

We may assume that

(2.3) MM,N (yn(k), ym(k)−1, t) >L∗ Ns(ε),

by choosing m(k) be the smallest number exceeding n(k) for which (2.2) holds.
Using (2.1), we have

Ns(ε) ≥L∗ dk(t)
≥L∗ T (MM,N (yn(k), ym(k)−1, t/2),MM,N (ym(k)−1, ym(k), t/2))
≥L∗ T (ck(t/2),Ns(ε))

Hence, dk(t) −→ Ns(ε) for every t > 0 as k −→∞.

dk(t) =MM,N (yn(k), ym(k), t)

≥L∗ T 2(MM,N (yn(k), yn(k)+1, t/3),MM,N (yn(k)+1, ym(k)+1, t/3),MM,N (ym(k)+1, ym(k), t/3)

≥L∗ T 2(ck(t/3), C(MM,N (yn(k), ym(k), t/3)), ck(t/3))

T 2(ck(t/3), C(dk(t/3)), ck(t/3)).

Thus, as k −→∞ in the above inequality we have

Ns(ε) ≥L∗ C(Ns(ε)) >L∗ Ns(ε)

which is a contradiction. Thus, {f(xn)}n is Cauchy and by the completeness
of X, {f(xn)}n converges to z in X. Also {g(xn)}n converges to z in X. Let
us suppose that the mapping f is continuous. Then limn(fof)(xn) = f(z) and
limn(fog)(xn) = f(z). Further we have since f and g are R-weakly commuting

MM,N ((fog)(xn), (gof)(xn), t) ≥L∗ MM,N (f(xn), g(xn), t/R).
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On letting n→∞ in the above inequality we get limn(gof)(xn) = f(z), by Lemma
1.11. We now prove that z = f(z). Suppose z 6= f(z) then MM,N (z, f(z), t) <L∗
1L∗ . By (c)

MM,N (f(xn), (fof)(xn), t) ≥L∗ C(MM,N (g(xn), (gof)(xn), t)).

On making n→∞ in the above inequality we get

MM,N (z, f(z), t) ≥L∗ C(MM,N (z, f(z), t)) >L∗ M(z, f(z), t),

a contradiction. Therefore, z = f(z). Since f(X) ⊆ g(X) we can find z1 in X such
that z = f(z) = g(z1). Now,

M((fof)(xn), f(z1), t) ≥L∗ C(MM,N ((gof)(xn), g(z1), t)).

Taking limit as n→∞ we get

MM,N (f(z), f(z1), t) ≥L∗ C(MM,N (f(z), g(z1), t)) = 1L∗

since C(1L∗) = 1L∗ , which implies that f(z) = f(z1), i.e., z = f(z) = f(z1) = g(z1).
Also for any t > 0,

MM,N (f(z), g(z), t) =M((fog)(z1), (gof)(z1), t) ≥L∗ MM,N (f(z1), g(z1), t/R) = 1L∗

which again implies that f(z) = g(z). Thus z is a common fixed point of f and g.
Now to prove uniqueness let if possible z′ 6= z be another common fixed point of

f and g. Then there exists t > 0 such that M(z, z′, t) <L 1L, and

MM,N (z, z′, t) =MM,N (f(z), f(z′), t)

≥L∗ C(MM,N (g(z), g(z′), t)) = C(MM,N (z, z′, t))

>L∗ MM,N (z, z′, t)

which is contradiction. Therefore, z = z′, i.e., z is a unique common fixed point of
f and g. �
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Abstract. Skew polynomial rings have invited attention of mathematicians

and various properties of these rings have been discussed. The nature of ideals

(in particular prime ideals, minimal prime ideals, associated prime ideals),
primary decomposition and Krull dimension have been investigated in certain

cases.

This article concerns transparent (decomposable) rings. Recall that a ring
R is said to be a Transparent ring if in R there exist irreducible ideals Ij ,

1 ≤ j ≤ n such that ∩n
j=1Ij = 0 and each R/Ij has a right Artinian quotient

ring.
Now let R be a ring, which is an order in an Artinian ring S. Let σ and τ

be automorphisms of R and δ be a (σ, τ)-derivation of R; i.e. δ : R → R is

an additive mapping satisfying δ(ab) = σ(a)δ(b) + δ(a)τ(b) for all a, b ∈ R.
We define an extension of R, namely R[x, σ, τ, δ] = {f =

∑n
i=0 x

iai, ai ∈ R},
subject to the relation ax = xσ(τ(a)) + δ(a) for all a ∈ R.

We show that if R is a commutative Noetherian Q-algebra, σ and τ as usual,

then there exists an integer m ≥ 1 such that the extension ring R[x, α, β, ϑ] is

a Transparent ring, where α = σm, β = τm and ϑ is an (α, β)-derivation of R
with α(ϑ(a)) = ϑ(α(a)), and β(ϑ(a)) = ϑ(β(a)), for all a ∈ R.

1. Introduction

Throughout this article R is an associative ring with identity and any R-module
is unitary. Spec(R) denotes the set of prime ideals of R. Min.Spec(R) denotes the
set of minimal prime ideals of R. The set of associated prime ideals of R (viewed
as a module over itself) is denoted by Ass(R). For a subset U of an R-module M,
the annihilator of U is denoted by Ann(U). Now let R be a Noetherian ring. For
any uniform R-module K, the unique associated prime of K (known as assassinator
of K) is denoted by Assas(K). C(0) denotes the set of regular elements of R. C(I)
denotes the set of elements of R regular modulo I, where I is an ideal of R. N(R)
denotes the prime radical of R. |M |r denotes the right Krull dimension of a right
R-module M. For further details on Krull dimension, the reader is referred to [10].
Let I and J be any two ideals of a ring R. Then I ⊂ J means that I is strictly

1991 Mathematics Subject Classification. Primary 16-XX; Secondary 16N40, 16P40, 16W20,
16W25.

Key words and phrases. Automorphism, α-derivation, Ore extension, associated prime, de-
composable ring.
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contained in J. The field of rational numbers, the ring of integers and the set of
positive integers are denoted by Q, Z and N respectively, unless otherwise stated.

Let σ and τ be automorphisms of a ring R and δ be a (σ, τ)-derivation of R; i.e.
δ : R→ R is an additive mapping satisfying δ(ab) = σ(a)δ(b) + δ(a)τ(b).
For example let σ and τ be automorphism of a ring R and δ : R→ R any map.
Let φ : R→M2(R) be defined by

φ(r) =
(
τ(r) 0
δ(r) σ(r)

)
, for all r ∈ R.

Then δ is a right (σ, τ)-derivation of R.
We define an extension of R, namely R[x, σ, τ, δ] = {f =

∑n
i=0 x

iai, ai ∈ R},
subject to the relation ax = xσ(τ(a)) + δ(a) for all a ∈ R. Denote R[x, σ, τ, δ] by
E(R). In case τ is the identity map, we denote R[x, σ, δ] by O(R). In case τ is the
identity map and δ is the zero map, we denote R[x, σ] by S(R). In case σ and τ
are the identity maps, we denote R[x, δ] by D(R). Note that δ in this case is just
a derivation. We denote the skew Laurent polynomial ring R[x, x−1, σ] by L(R).

For more details on Ore extensions (skew polynomial rings), we refer the reader
to Chapter (1) of [8]. Notion of the quotient rings and contractions and extensions
of ideals appear in Chapter (9) of [8].

The classical study of any commutative Noetherian ring is done by studying
its primary decomposition. Further there are other structural properties of rings,
for example the existence of quotient rings or more particularly the existence of
Artinian quotient rings etc. which can be nicely tied to primary decomposition of
a Noetherian ring.

The first important result in the theory of non commutative Noetherian rings
was proved in 1958 (Goldie’s Theorem) which gives an analog of field of fractions
for factor rings R/P, where R is a Noetherian ring and P is a prime ideal of R. In
1959 the one sided version was proved by Goldie, Lesieur-Croisot (Theorem (5.12)
of [8])and in 1960 Goldie generalized the result for semiprime rings (Theorem (5.10)
of [8]).

In [5] it is shown that if R has characteristic zero and it is embeddable in a right
Artinian ring, then the differential operator ring R[x, δ] embeds in a right Artinian
ring, where δ is a derivation of R. It is also shown in [5] that if R is a commutative
Noetherian ring and σ is an automorphism of R, then the skew-polynomial ring
R[x, σ] embeds in an Artinian ring.

In this paper the above mentioned properties have been studied with emphasis
on primary decomposition of the Ore extension E(R), where R is a commutative
Noetherian Q-algebra, where σ and τ are automorphisms of R and δ is a (σ, τ)-
derivation of R.

A non commutative analogue of associated prime ideals of a Noetherian ring has
also been also discussed. We would like to note that a considerable work has been
done in the investigation of prime ideals (in particular minimal prime ideals and
associated prime ideals) of skew polynomial rings (K. R. Goodearl and E. S. Letzter
[9], C. Faith [6], S. Annin [1], Leroy and Matczuk [12], Nordstrom [14] and Bhat
[4]).
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In section (4) of [9] Goodearl and Letzter have proved that if R is a Noetherian
ring, then for each prime ideal P of O(R), the prime ideals of R minimal over P ∩R
are contained within a single σ-orbit of Spec(R).

The author has proved in Theorem (2.4) of [4] that if σ is an automorphism of
a Noetherian ring R and K(R) is any of S(R) or L(R), then P ∈ Ass(K(R)) if and
only if there exists U ∈ Ass(R) such that K(P ∩R) = P and P ∩R = ∩mi=0σ

i(U),
where m ≥ 1 is an integer such that σm(V ) = V for all V ∈ Ass(R). (Same result
has been proved for minimal prime ideal case).

Carl Faith has proved in [6] that if R is a commutative ring, then the associated
prime ideals of the usual polynomial ring R[x] (viewed as a module over itself) are
precisely the ideals of the form P[x], where P is an associated prime ideal of R.

S. Annin has proved in Theorem (2.2) of [1] that if R is a ring and M be a right
R-module. If σ is an endomorphism of R and S = R[x, σ] and MR is σ-compatible,
then Ass(M [x]S) = {P [x] such that P ∈ Ass(MR)}.

In [12], Leroy and Matczuk have investigated the relationship between the asso-
ciated prime ideals of an R-module MR and that of the induced S - module MS ,
where S = R[x, σ] (σ an automorphism of a ring R). They have proved the following:

Theorem (5.7) of [12]: Suppose MR contains enough prime submodules and
let Q ∈ Ass(MS). If for every P ∈ Ass(MR), σ(P ) = P , then Q = PS for some
P ∈ Ass(MR).

In Theorem (1.2) of [14] Nordstrom has proved that if R is a ring with iden-
tity and σ is a surjective endomorphism of R, then for any right R-module M,
Ass(M [x, σ]) = {I[x, σ], I ∈ σ − Ass(M)}. In Corollary (1.5) of [14] it has been
proved that if R is Noetherian and σ is an automorphism of R, then Ass(M [x, σ]S)
= {Pσ[x, σ], P ∈ Ass(M)}, where Pσ = ∩i∈Nσ−i(P ) and S = R[x, σ].

The above discussion leads to a stronger type of primary decomposition of a
Noetherian ring. We call a Noetherian ring with such a decomposition a Transparent
ring.

Before we give the definition of a Transparent ring, we need the following:

Definition 1.1. A ring R is said to be an irreducible ring if the intersection of
any two non-zero ideals of R is non-zero. An ideal I of R is called irreducible if
I = J ∩K implies that either J = I or K = I. Note that if I is an irreducible ideal
of R, then R/I is an irreducible ring.

Proposition 1.2. Let R be a Noetherian ring. Then there exist irreducible ideals
Ij, 1 ≤ j ≤ n of R such that ∩nj=1Ij = 0.

Proof. The proof is obvious and we leave the details to the reader. �

Definition (A): A Noetherian ring R is said to be a Transparent ring if there
exist irreducible ideals Ij , 1 ≤ j ≤ n such that ∩nj=1Ij = 0 and each R/Ij has a
right Artinian quotient ring.

It can be easily seen that an integral domain is a Transparent ring, a commutative
Noetherian ring is a Transparent ring and so is a Noetherian ring having an Artinian
quotient ring. A fully bounded Noetherian ring is also a Transparent ring.

This type of decomposition was actually introduced by the author in [2]. Such a
ring was called a decomposable ring, but in order to distinguish between one more
definition of a decomposable ring given below and pointed out by the referee of one
of the papers of the author, we now call such a ring a Transparent ring.
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Decomposable ring (Hazewinkel and Krichenko[11]) Let R be a ring. An
R-module M is said to be decomposable if M ' M1 ⊕M2 of non zero R-modules
M1 and M2. A ring R is called a decomposable ring if it is a direct sum of two
rings.

Now there arises a natural question: If R is a Transparent ring ; σ, τ and δ are as
usual. Is E(R) a Transparent ring? We have not been able to answer this question
in general, however, in commutative case we have the following:
If R is a commutative Noetherian Q-algebra; σ and τ are automorphisms of R,
then there exists an integer m ≥ 1 such that the extension ring R[x, α, β, ϑ] is
decomposable, where α = σm, β = τm and ϑ is an (α, β)-derivation of R with
α(ϑ(a)) = ϑ(α(a)), and β(ϑ(a)) = ϑ(β(a)), for all a ∈ R. This is proved in
Theorem (3.12).

Before proving the main result, we recall that if R is a ring, which is an order in
an Artinian ring S. If σ and τ are automorphisms of R and δ is a (σ, τ)-derivation of
R, then σ and τ can be extended to automorphisms α and β (say) of S and δ can be
extended to an (α, β)-derivation (say) ρ of S. This has been proved in Proposition
(2.1) of [3]. In Theorem (2.11) of [3] it has been proved that that E(R) is an order
in E(S)L, where E(S) = S[x, α, β, ρ] and L is the set of monic polynomials of E(S).

2. Preliminaries

Recall that the skew power series ring R[[t, σ, τ ]] is as a set the power series ring
R[[t]] in which multiplication is subject to the relation ax = xσ(τ(a)), for all a ∈ R.
Denote R[[t, σ, τ ]] by T.

Definition 2.1. Let R be a ring. Let σ and τ be automorphisms of R and δ be a
(σ, τ)-derivation of R. Then R[x, σ, τ, δ] = {f =

∑n
i=0 x

iai, ai ∈ R}, subject to the
relation ax = xσ(τ(a)) + δ(a) for all a ∈ R.

Remark 2.2. If σ(δ(a)) = δ(σ(a)) and τ(δ(a)) = δ(τ(a)), for all a ∈ R, then σ and
τ can be extended to an automorphisms of E(R) such that σ(x) = x and τ(x) = x
and δ can be extended to a (σ, τ)-derivation of E(R) such that δ(x) = 0, that is
σ(xa) = xσ(a), τ(xa) = xτ(a) and δ(xa) = xδ(a).

Lemma 2.3. Let R be a Noetherian Q-algebra; σ and τ automorphisms of R and
δ a (σ, τ)-derivation of R such that σ(δ(a)) = δ(σ(a)), and τ(δ(a)) = δ(τ(a)) for
all a ∈ R. Then etδ = 1 + tδ + (t2/2!)δ2 + ...is an automorphism of T.

Proof. The proof is on the same lines as in [16] and in non-commutative case, it is
similar to the sketch of the proof provided in [5]. �

Remark 2.4. Let R be a Noetherian ring; σ, τ and δ as usual. Let I be an ideal of
R such that σ(I) = I and τ(I) = I. Then IT = {b0 + tb1 + t2b2 + ..., bi ∈ I}. We
denote it by I[[t, σ, τ ]].

Lemma 2.5. Let R be a Noetherian Q-algebra; σ, τ and δ as usual such that
σ(δ(a)) = δ(σ(a)) and τ(δ(a)) = δ(τ(a)), for a ∈ R. Then an ideal I of R is
δ-invariant if and only if IT is etδ-invariant.

Proof. Let IT be etδ-invariant. Let a ∈ I. Then a ∈ IT . So etδ(a) ∈ IT ; i.e.
a+ tδ(a) + (t2/2!)δ2(a) + ... ∈ IT , which implies that δ(a) ∈ I.
Conversely suppose that δ(I) ⊆ I and let f =

∑∞
j=0 t

jaj ∈ IT . Then etδ(f) =
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f + tδ(f) + (t2δ2/2!)(f) + ... =
∑∞
j=0 t

jaj + t(
∑∞
j=0 t

jδ(aj) + ... ∈ IT , as δ(ai) ∈ I.
Therefore etδ(IT ) ⊆ IT . Replacing etδ by e−tδ, we get that etδ(IT ) = IT . �

Lemma 2.6. Let R be a Noetherian ring; σ, τ and δ as usual such that σ(δ(a)) =
δ(σ(a)) and τ(δ(a)) = δ(τ(a)), for a ∈ R and T be as usual. Then:

(1) A ∈ Ass(R) implies that AT ∈ Ass(T ).
(2) P ∈ Ass(T ) implies that P ∩R ∈ Ass(R) and P = (P ∩R)T .

Proof. (1) Let A = Ann(cR) = Assas(cR), c ∈ R. Then it can be seen that
AT ∈ Spec(T ) and AT = Ann(cT) = Assas(cT). Therefore AT ∈ Ass(T )

(2) Let f = a0 + ta1 + t2a2 + ... ∈ T be such that P = Ann(fT) = Assas(fT). Now
aiR(P ∩R) = 0 for all i. Choose an 6= 0 from coefficients of f. Let U = Ann(anR).
Now U = Ann(anrR) = Assas(anrR), r ∈ R such that anr 6= 0. Now it is easy to
see that UT = Ann(anrRT ) = Assas(anrRT ). Now it can be seen that U = P ∩R.
Therefore P ∩R ∈ Ass(R) and P = (P ∩R)T . �

Lemma 2.7. Let R be a ring; σ, τ and δ as usual such that σ(δ(a)) = δ(σ(a)) and
τ(δ(a)) = δ(τ(a)), for a ∈ R and T be as usual. Then:

(1) A ∈Min.Spec(R) implies that AT ∈Min.Spec(T )
(2) P ∈Min.Spec(T ) implies that P ∩R ∈Min.Spec(R) and P = (P ∩R)T .

Proof. The proof follows on the same lines as in Proposition (2.5) of [4]. �

In Lemma (3.4) of [7], Gabriel proved that if R is a Noetherian Q-algebra and
δ is a derivation of R, then δ(P ) ⊆ P for all P ∈ Min.Spec(R). In Theorem (1)
of [16], Seidenberg proved that if R is a commutative Noetherian Q-algebra and δ
is a derivation of R, then δ(P ) ⊆ P for all P ∈ Ass(R). We generalize these results
and prove them in one go. Towards this we have the following:

Lemma 2.8. Let R be a Noetherian Q-algebra; σ, τ and δ as usual such that
σ(δ(a)) = δ(σ(a)) and τ(δ(a)) = δ(τ(a)), for a ∈ R. Then P ∈ Ass(R) ∪
Min.Spec(R) such that σ(P ) = P and τ(P ) = P implies that δ(P ) ⊆ P .

Proof. Let T be as usual. Now by Lemma (2.3) etδ is an automorphism of T.
Let P ∈ Ass(R) ∪MinS.pec(R). Then by Lemma (2.6) and Lemma (2.7) PT ∈
Ass(T ) ∪Min.Spec(T ). So there exists an integer n ≥ 1 such that (etδ)n(PT ) =
PT ; i.e. entδ(PT ) = PT . But R is a Q-algebra, therefore etδ(PT ) = PT , and so
Lemma 2.5 implies that δ(P ) ⊆ P . �

Definition 2.9. A ring R is said to be an irreducible ring if the intersection of
any two non-zero ideals of R is non-zero. An ideal I of R is called irreducible if
I = J ∩K implies that either J = I or K = I. Note that if I is an irreducible ideal
of R, then R/I is an irreducible ring.

Lemma 2.10. Let R be a Noetherian ring. Then there exist irreducible ideals Ij,
1 ≤ j ≤ n of R such that ∩nj=1Ij = 0.

Proof. Suppose such ideals do not exist. Consider K = {Ideals J of R such that
J is not intersection of irreducible ideals of R}. Now K 6= φ as {0} ∈ K. Now by
Noetherian condition K has a maximal element (say T), and T is reducible. Let T =
U ∩ V , T ⊂ U and T ⊂ V . Therefore U and V both are intersection of irreducible
ideals of R by the maximality of T, which implies that T is an intersection of
irreducible ideals of R, a contradiction. �
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Lemma 2.11. Let R be a Noetherian ring having a right Artinian quotient ring.
Then R is a Transparent ring.

Proof. Let Q(R) be the right quotient ring of R . Now for any ideal J of Q(R), the
contraction Jc of J is an ideal of R and the extension of Jc is J ; i.e. Jce = J . For
this see Proposition (9.19) of [8]. Let Ij , 1 ≤ j ≤ n be the ideals of Q(R) such that
0 = ∩nj=1Ij where each Q(R)/Ij is an irreducible ring. Also each Q(R)/Ij is an
Artinian ring. Let Icj = Kj . Then R/Kj has right Artinian quotient ring Q(R)/Ij
and each R/Kj is irreducible. Moreover ∩nj=1Kj = 0. Hence R is a Transparent
ring. �

Definition 2.12. Let P be a prime ideal of a commutative ring R. Then the
symbolic power of P for a positive integer n is denoted by P (n) and is defined as
P (n) = {a ∈ R such that there exists some d ∈ R, d /∈ P such that da ∈ Pn}. Also
if I is an ideal of R, define as usual

√
I = {a ∈ R such that an ∈ I for some n ∈ Z

with n ≥ 1}.

Lemma 2.13. Let R be a commutative Noetherian ring, and σ an automorphism
of R. If P is a prime ideal of R such that σ(P ) = P , then σ(P (n)) = P (n) for all
integers n ≥ 1.

Proof. We have σ(P ) = P . Let a ∈ P (n). Then there exists some d ∈ R, d /∈ P
such that da ∈ Pn. Therefore σ(da) ∈ σ(Pn); i.e. σ(d)σ(a) ∈ (σ(P ))n = Pn. Now
σ(d) /∈ P implies that σ(a) ∈ P (n). Therefore σ(P (n)) ⊆ P (n). Hence σ(P (n)) =
P (n). �

Lemma 2.14. Let R be a commutative Noetherian ring; σ, τ and δ as usual. Let
P be a prime ideal of R such that σ(P ) = P , τ(P ) = P and δ(P ) ⊆ P . Then
δ(P (k)) ⊆ P (k).

Proof. Let a ∈ P (k). Then there exists d /∈ P such that da ∈ P k.
Let da = p1.p2...pt, pi ∈ P .

Now
δ(da) = σ(p1p2...pt−1)δ(pt) + σ(p1p2...pt−2)δ(pt−1)τ(pt)+

...+ σ(p1)δ(p2)τ(p3...pt) + δ(p1)τ(p2...pt) ∈ P k
(2.1)

as σ(P ) = P , τ(P ) = P and δ(P ) ⊆ P ; i.e. σ(d)δ(a) + δ(d)τ(a) ∈ P k. Now
τ(a) ∈ P (k) by 2.13, and therefore σ(d)δ(a) ∈ P (k), which implies that there exists
d1 /∈ P such that d1σ(d)δ(a) ∈ P k and since d1σ(d) /∈ P , we have δ(a) ∈ P (k). �

3. Main Result

In this section we prove the main result in the form of Theorem 3.12. We begin
with the following Lemma:

Lemma 3.1. Let R be a ring which is an order in an Artinian ring S; σ, τ and δ as
usual. Then σ can be extended to an automorphism (say) α of S, τ can be extended
to an automorphism (say) β of S and δ can be extended to an (α, β)-derivation
(say) ρ of S.

Proof. Proposition (2.1) of [3]. �
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We now state some definitions, Lemmas and analog of some results of [5], which
lead us to the main result. The corresponding results and other details can be seen
in [5].

Definition 3.2. Let R be a ring and U be a right Ore set in R. Let M be a right
R-module. The set TU (M) = {m ∈M such that mu = 0 for some u ∈ U} is called
the U-torsion submodule of M. M is said to be U-torsion if and only if TU (M) = M
and is said to be torsion free if TU (M) = 0.

Definition 3.3. Let R be a ring; σ, τ and δ as usual. Let B = {f ∈ E(R) such
that f is monic}.

Lemma 3.4. Let R be a right Noetherian ring. Let σ, τ and δ be as usual. Let
B be the set of monic polynomials of E(R). Then B is a right denominator set in
E(R).

Proof. On the same lines as in Proposition (7.9.3) of [13]. �

Lemma 3.5. Let R be a ring. A right E(R)-module W is B-torsion if and only if
every finitely generated E(R)-submodule of W is finitely generated as an R-module.

Proof. Lemma (2.4) of [3]. �

Theorem 3.6. Let R be a right Noetherian ring and B as usual. Then | E(R)B |r
= | R |r, where E(R)B denotes the usual localization of E(R) at B.

Proof. On the same lines as in Theorem (7.9.4) of [13]. �

We now state the following Lemma, the proof is left to the reader.

Lemma 3.7. Let R be a ring which is an order in a right Artinian ring S; σ, τ
and δ as usual. Then:

(1) Every regular element of R is regular in E(R).
(2) Set of regular elements of R satisfies the right Ore-condition in E(R).
(3) Any element of E(S) has the form f(x).c−1 for some f(x) ∈ E(R) and

some c regular in R.
(4) If g(x) = f(x).c−1 is regular in E(S), then f(x) is regular in E(R).
(5) Let K be the set of monic polynomials of E(S). Then every regular element

of E(R) is right regular as an element of E(S)K .

Definition 3.8. Let R be a ring which has a right(respectively left) quotient ring
Q(R). A multiplicative closed subset I of regular elements of R is said to be exhaus-
tive if any q ∈ Q(R) is such that q = ra−1 (respectively q = a−1r) for some r ∈ R
and some a ∈ I.

Definition 3.9. Let R be a ring. Define M(E(R)) = {f ∈ E(R) such that leading
coefficient of f is regular in R}

Lemma 3.10. Let R be a semiprime Noetherian ring. Then M(E(R)) is an ex-
haustive set.

Proof. The proof is obvious. �

Theorem 3.11. Let R be a ring which is an order in a right Artinian ring S.
Then E(R) is an order in a right Artinian ring and E(R) has an exhaustive set of
elements which have leading coefficients regular in R.
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Proof. Theorem (2.11) of [3] �

We are now in a position to state and prove the main result in the form of the
following Theorem:

Theorem 3.12. Let R be a commutative Noetherian Q-algebra, σ and τ be auto-
morphisms of R. Then there exists an integer m ≥ 1 such that the extension ring
R[x, α, β, δ] is a Transparent ring, where σm = α, τm = β and δ is an (α, β)-
derivation of R such that α(δ(a)) = δ(α(a)) and β(δ(a)) = δ(β(a)), for all a ∈ R.

Proof. R[x, α, β, δ] is Noetherian by Hilbert Basis Theorem, namely Theorem (1.12)
of [8]. Now R is a commutative Noetherian Q-algebra, therefore, the ideal (0) has
a reduced primary decomposition. Let Ij , 1 ≤ j ≤ n be irreducible ideals of R such
that (0) = ∩nj=1Ij . For this see Theorem (4) of [17]. Let

√
Ij = Pj , where Pj is

a prime ideal belonging to Ij . Now by Theorem (23) of [17] there exists a positive
integer k such that P (k)

j ⊆ Ij , 1 ≤ j ≤ n. Therefore we have ∩nj=1P
(k)
j = 0. Now

Pj ∈ Ass(R), 1 ≤ j ≤ n by first uniqueness Theorem. Since Ass(R) is finite, and
ψi(P ) ∈ Ass(R) for any automorphism ψ of R, for all i ≥ 1, there exists an integer
m ≥ 1 such that σm(Pj) = Pj and τm(Pj) = Pj . Denote σm by α and τm by β.
Now α(Pj) = Pj and β(Pj) = Pj . Therefore α(P (k)

j ) = P
(k)
j and β(P (k)

j ) = P
(k)
j

by Lemma (2.13). Also δ(Pj) ⊆ Pj by Lemma 2.8 and therefore δ(P (k)
j ) ⊆ P

(k)
j

by Lemma (2.14). Thus P (k)
j [x, α, β, δ] is an ideal of R[x, α, β, δ]. Now R/P

(k)
j has

no embedded primes, therefore R/P (k)
j has an Artinian quotient ring by Theorem

(2.11) of ([15]). Now by Theorem (3.11) R[x, α, β, δ]/P (k)
j [x, α, β, δ] has an Artinian

quotient ring. Moreover ∩nj=1P
(k)
j [x, α, β, δ] = 0, therefore Lemma (2.11) implies

that R[x, α, β, δ] is a Transparent ring. �

Remark 3.13. (1) Let R be a Noetherian ring having an Artinian quotient ring.
Let σ be an automorphism of R and δ be a σ-derivation of R. Then R[x, σ, δ]
is a Transparent ring.

(2) Let R be a commutative Noetherian ring and σ be an automorphism of R.
Then the skew polynomial ring R[x, σ] is a Transparent ring.

(3) Let R be a commutative Noetherian ring and σ be an automorphism of R.
Then the skew Laurent polynomial ring R[x, x−1, σ] is a Transparent ring.

(4) Let R be a commutative Noetherian Q-algebra and δ be a derivation of R.
Then the differential operator ring D(R) = R[x, δ] is a Transparent ring.

Question: If R is a commutative Noetherian Q-algebra, σ is an automorphism
of R and δ is a σ-derivation of R. Is R[x, σ, τ, δ] a Transparent ring even if σ(δ(a)) =
δ(σ(a)) and τ(δ(a)) = δ(τ(a)), for all a ∈ R? The main hurdle is that in such a
situation δ(P ) ⊆ P need not imply δ(P (k)) ⊆ P (k).
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OTHER REPRESENTATIONS OF THE RIEMANN ZETA

FUNCTION AND AN ADDITIONAL REFORMULATION OF THE

RIEMANN HYPOTHESIS

STEFANO BELTRAMINELLI AND DANILO MERLINI

Abstract. New expansions for some functions related to the Zeta function
in terms of the Pochhammer polynomials are given (coe�cients bk, dk and

d̂k). In some formal limit our expansion bk obtained via the alternating series
gives the regularized expansion of Maslanka for the Zeta function. The real
and the imaginary part of the function on the critical line is obtained with a
good accuracy up to I(s) = t < 35.

Then, we give the expansion (coe�cient d̂k) for the derivative of
ln [(s− 1)ζ(s)]. The critical function of the derivative, whose bounded values
for R(s) > 1

2
at large values of k should ensure the truth of the Riemann

Hypothesis (RH), is obtained either by means of the primes or by means of
the zeros (trivial and non-trivial) of the Zeta function. In a numerical exper-
iment performed up to high values of k i.e. up to k = 1014 we obtain a very
good agreement between the two functions, with the emergence of fourteen
oscillations with stable amplitude.

1. Introduction

Lately there has been new interest in the study of the expansion of the Zeta
function via the Pochhammer polynomials. This is related to the original idea of
Riesz [17] and of Hardy-Littlewood [13] at the beginning of the last century. In
pioneering works, Maslanka obtained a regularized expansion for the Zeta function
(with coe�cients Ak) [14] and Baez-Duarte an expansion for the reciprocal of the
Zeta function (with coe�cients ck) for the Riesz case [2, 4]. Other cases of interest
have also recently been studied [1, 8, 9, 10, 15, 18]. As pointed out in [4], the discrete
version by means of the Pochhammer polynomials Pk(s), where s = σ + it is the
complex variable and k is an integer, has advantages especially in the context of
numerical experiments in connection with some �kind of veri�cation� that supports
the RH may be true.

In this work we �rst derive a new expansion for the Zeta function in terms of
the Pochhammer polynomials via the alternating series (with new coe�cients bk).
In some formal limit, a connection with the expansion of Maslanka is also obtained
in Section 2. Our expansion is then studied numerically on the critical line where
a good agreement with the real function is obtained up to I(s) = t < 35, with the
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emergence of the �rst few low zeros. After this value of t, a divergence possibly of
numerical nature set on.

In Section 3 we then obtain the expansion for the function ln
[
(1− 21−s)ζ(s)

]
(with new coe�cients dk) as well as for the derivative of ln [(s− 1)ζ(s)] (with new

coe�cients d̂k) in terms of the two parameters α and β, already introduced in our
previous works [5, 6, 7]. The critical function for the derivative (whose boundedness
at large k would �ensure� the truth of the RH) is then obtained either with the
primes or with the trivial and non-trivial zeros of the Zeta function.

In the numerical experiment for the special case α = 9
2 and β = 4 up to high

values of k, i.e. k = 1014, the results for the two functions are in very good
agreement, both with the emergence of the same fourteen oscillations of stable
amplitude of about 0.01 (Section 4).

2. Zeta function representation via the alternating series

In this section we derive a formula for (1 − 21−s)ζ(s) similar to the one of

Maslanka for (s− 1)ζ(s) [14] and of Baez-Duarte for [ζ(s)]−1
[2, 4].

Here the starting series is convergent for R(s) = σ > 0 and the formula is
obtained still in terms of the so called Pochhammer polynomials of degree k, in the
complex variable s = σ + it.

(2.1) Pk(s) =
k∏
r=1

(
1− s

r

)
∀k ∈ N∗ and P0(s) = 1

We will also use a family of functions with two parameters (α and β) as considered
already in our recent works [5, 6, 7]. Since the alternating series is given by:

(2.2)
(
1− 21−s) ζ(s) =

∞∑
n=1

(−1)n−1

ns
∀R(s) = σ > 0

we have using the trick as in [2] that:(
1− 21−s) ζ(s) =

∞∑
n=1

(−1)n−1

nα

(
1−

(
1− 1

nβ

)) s−α
β

=
∞∑
n=1

(−1)n−1

nα

∞∑
k=0

(−1)k
(
1− 1

nβ

)k( s−α
β

k

)
Since

(−1)k
( s−α

β

k

)
= (−1)k

k!

(
s−α
β + 1− 1

)
· · ·
(
s−α
β + 1− k

)
=

k∏
r=1

(
1−

s−α
β +1

r

)
= Pk( s−αβ + 1)

we obtain:

(2.3)

(
1− 21−s) ζ(s) =

∞∑
k=0

Pk( s−αβ + 1)
∞∑
n=1

(−1)n−1

nα

(
1− 1

nβ

)k
=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

) ∞∑
n=1

(−1)n−1

nα+βj

Since from (2.2) (
1− 21−(α+βj)

)
ζ(α+ βj) =

∞∑
n=1

(−1)n−1

nα+βj
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substitution in (2.3) gives:
(2.4)(

1− 21−s) ζ(s) =
∞∑
k=0

Pk

(s− α
β

+ 1
) k∑
j=0

(−1)j
(
k

j

)(
1− 21−(α+βj)

)
ζ(α+ βj)

With the de�nition

(2.5) bk :=
k∑
j=0

(−1)j
(
k

j

)(
1− 21−(α+βj)

)
ζ(α+ βj)

(2.4) becomes:

(2.6)
(
1− 21−s) ζ(s) =

∞∑
k=0

bkPk

(s− α
β

+ 1
)

where P0( s−αβ + 1) = 1 and b0 = (1− 21−α)ζ(α).
The series above, is expected to represent (1− 21−s)ζ(s) for s in some compact

subset of the plane as for the Maslanka case [14]. In that case, the central point has
been investigated and elucidated by Baez-Duarte [3]. Here many choices of α and
β are possible. For α = β = 2 we have the Riesz case [17] and it is the analogon to
the regularized version of Maslanka but the representation of the Zeta function is
not the same. For α = 1+δ (δ ↓ 0) and β = 2 we obtain the Hardy-Littlewood case
[13] which was also discussed numerically in a di�erent way using other polynomials
[12].

In fact, from Lemma 2.3 of Baez-Duarte [4] which states that at large k:

(2.7) |Pk(s)| ≤ Ck−R(s)

where C is a constant depending on |s|, we obtain here that:∣∣∣∣Pk(s− αβ + 1
)∣∣∣∣ ≤ Ck−( R(s)−α

β +1)

We thus suspect and expect that the above series represents (1 − 21−s)ζ(s) for

all R(s) > 1
2 + δ, δ > 0 if we assume |bk| ≤ Dk−γ with γ ≥ α−1/2−δ

β at large values

of k and for some constant D. In fact with this assumption we have that:∣∣(1− 21−s) ζ(s)
∣∣ ≤ ∞∑

k=0

∣∣∣bkPk( s−αβ + 1)
∣∣∣ ≤ const.

∞∑
k=0

k−
α−1/2−δ

β k−( R(s)−α
β +1)

≤ const.
∞∑
k=0

k−(1+
R(s)−1/2−δ

β ) <∞

if R(s) > 1
2 + δ.

For α = β = 2 (case of Riesz) we should have |bk| ≤ Dk−
3
4 +ε. For the case α = 1

and β = 2 (case of Hardy-Littlewood) we should have |bk| ≤ Dk−
1
4 +ε. Another

case of interest is the one where α = 3
2 and β = 1. In this case one should have

|bk| ≤ Dk−1+ε.
Of interest also, is the limiting case of large values of β, where barely bk should

behave as |bk| ≤ D.
For a strong argument (a Theorem) in favour of the validity of the Maslanka

representation of (s−1)ζ(s) in some regions of the complex plane (compact subsets),
the reader should consult the work of Baez-Duarte [3] already mentioned and it is
expected that using the same methods, the proof of (2.6) may be obtained for
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all R(s) > 1
2 . Here, for our series we limit ourselves to a numerical analysis just

illustrating the kind of accuracy of some representations.

Remark 2.1. Let us consider the Riesz case α = β = 2. We can write:(
1− e(1−s) ln 2

)
ζ(s) =

∞∑
k=0

Pk

(s
2

) k∑
j=0

(−1)j
(
k

j

)(
1− e−(1+2j) ln 2

)
ζ(2 + 2j)

and using Taylor's expansion of ex, we obtain:

(2.8) (s− 1) ζ(s) =
∞∑
k=0

AkPk

(s
2

)
where

(2.9) Ak =
k∑
j=0

(−1)j
(
k

j

)
(2j + 1) ζ(2j + 2)

i.e. the representation obtained originally by a di�erent method by Maslanka in a
pioneering work [14]. We remark that (2.8) and (2.9) should not be considered as an
approximation of our formulas (2.5) and (2.6) and vice versa. (2.5), (2.6) and (2.8),
(2.9) are simply two di�erent representations of functions related to the Riemann
Zeta function, the �rst one given by (s− 1)ζ(s), the second one by (1− 21−s)ζ(s).

As an example, for s = σ with σ in [0, 1], both representations give a good
description of the real function ζ(σ) as may easily be computationally checked. We
omit here the details.

We now proceed to obtain a representation of ζ(s) possibly correct on the critical
line s = 1

2 + it, with the help of (2.5) and (2.6), in which we are free to set α = 1
2

and β = i. Then:

(2.10)
(

1− 2
1
2−it

)
ζ
(1

2
+ it

)
=
∞∑
k=0

bkPk(t+ 1)

where now

(2.11) bk =
k∑
j=0

(−1)j
(
k

j

)(
1− 2

1
2−ij

)
ζ
(1

2
+ ij

)
We now check the series in (2.10) restricting k up to 20 for t ≤ 18 and up to

50 for t > 18. We compare the result with the exact functions R
(
(1− 2s)ζ(s)

)
and I

(
(1− 2s)ζ(s)

)
, for s = 1

2 + it with t up to 40. The plots are given below.
The numerical results are satisfactory until t ∼= 35. We obtain a good qualitative
approximation with the emergence of the �rst �ve non-trivial zeros (ti). In Table 1
we obtained the calculated ti by means of the function �FindRoot� in the software
package Mathematica.

Remark 2.2. If instead of the value β = i we set β = i
m (m integer), then it may

be veri�ed that (2.6) gives for t < k and t = n
m (n integer) the same values as

the true function ζ( 1
2 + it). For these cases more analytical as well as numerical

studies are needed. Moreover as k is increasing, we note the emergence of strange
oscillations propagating from t = 0 away. We argue that numerical complexity set
on at this point and we have at the moment no answer to this problem. Researchers
are invited to give more elucidations and results in this direction.
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Table 1. The �rst �ve non-trivial zeros ti calculated by means of

the real part of
20(50)∑
k=0

bkPk(t+ 1)

ti, see Odlyzko [16] calculated ti
t1 14.13472514173469 14.05988000296
t2 21.02203963877155 21.02212625771
t3 25.01085758014569 25.01083570045
t4 30.42487612585951 30.39283277445
t5 32.93506158773919 32.99863566475

10 20 30 40
t

-1

1

2

3

Figure 1. The plot of the real part of
20(50)∑
k=0

bkPk(t + 1) [red] vs.

R
(
(1− 2s)ζ(s)

)
[blue]

Remark 2.3. The right hand side of (2.10) is a polynomial in the variable t with
complex coe�cients. It can be seen as a �characteristic polynomial� associated with
some matrix whose coe�cients depend on the b(k) i.e. on the values of the Zeta
function at integer height j on the critical line. The eigenvalues of the matrix should
contain a subset given by the non-trivial zeros of the Zeta function. This may be
seen on Figure 1 and on Figure 2 for the �rst few low zeros where t ≤ 33.

This concludes the �rst part of our work. Below, in the second part we develop
two new representations of the functions ln

[
(1− 21−s)ζ(s)

]
and d

ds ln [(s− 1)ζ(s)]
which may possibly constitute a satisfactory approximation to the exact functions.

3. A representation for the logarithm of the Zeta Function and an

additional criterion for the truth of the RH

We will start as before but instead of writing ζ(s) as a sum, i.e. ζ(s) =
∞∑
n=1

1
ns , we will use the Euler product formula to derive a new representation for

ln
[
(1− 21−s)ζ(s)

]
, which of course should be carefully investigated by means of
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10 20 30 40
t

-2

-1

1

2

Figure 2. The plot of the imaginary part of
20(50)∑
k=0

bkPk(t+1) [red]

vs. I
(
(1− 2s)ζ(s)

)
[blue]

some numerical experiments. Thus:

(3.1) ln
[(

1− 21−s) ζ(s)
]

= ln
[(

1− 21−s) ∏
p prime

1
1− p−s

]
∀R(s) > 1

For any prime p, we have:

ln
(
1− p−s

)
= −

∞∑
n=1

p−ns

n

so that introducing the parameters α and β as before we have that:
∞∑
n=1

p−αn

n

(
1−

(
1− p−βn

)) s−α
β =

∞∑
n=1

p−αn

n

∞∑
k=0

(−1)k
(
1− p−βn

)k( s−α
β

k

)
=
∞∑
k=0

Pk( s−αβ + 1)
∞∑
n=1

1
n

k∑
j=0

(−1)j
(
k
j

)
p−(α+βj)n

=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
ln
(
1− p−(α+βj)

)
The same treatment for the function ln

(
1− 21−s), gives:

ln
(
1− 21−s) =

∞∑
k=0

Pk

(s− α
β

+ 1
) k∑
j=0

(−1)j
(
k

j

)
ln
(

1− 21−(α+βj)
)

where Pk are still the Pochhammer polynomials.
Finally, the representation of ln

[
(1− 21−s)ζ(s)

]
, we propose is given by:

(3.2) ln
[(

1− 21−s) ζ(s)
]

=
∞∑
k=0

dkPk

(s− α
β

+ 1
)

where now:

(3.3) dk :=
k∑
j=0

(−1)j
(
k

j

)
ln
[(

1− 21−(α+βj)
)
ζ(α+ βj)

]
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Remark 3.1. Another formal derivation of the above equations is the following:

ln
[(

1− 21−s) ζ(s)
]

= ln

[ ∞∑
n=1

(−1)n−1

ns

]
Supposing now that the right hand side may be given as an unknown series

∞∑
r=1

ar
rs we then have:

∞∑
r=1

ar
rα

(
1−

(
1− 1

rβ

)) s−α
β =

∞∑
k=0

Pk( s−αβ + 1)
∞∑
r=1

ar
rα

(
1− 1

rβ

)k
=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

) ∞∑
r=1

ar
rα+βj

=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
ln
( ∞∑
n=1

(−1)n−1

nα+βj

)
which coincide with (3.2) and (3.3), obtained with the Euler product formula for
R(s) > 1. (3.2) with (3.3), is the new formula possibly representing the logarithm
of the Zeta function in terms of the two parameters Pochhammer polynomials. To
the best of our knowledge the above representation is new and it is our aim to carry
out some numerical investigations in the sequel in order to support its validity also
in some compact subset of the critical strip.

We now investigate the representation of the derivative of ln [(s− 1)ζ(s)]:

(3.4)
d

ds
ln [(s− 1) ζ(s)] =

1
s− 1

+
ζ ′(s)
ζ(s)

Then with ζ(s) =
∏

p prime

1
1−p−s we obtain (R(s) > 1):

ζ′(s)
ζ(s) = −

∑
p

d
ds ln (1− p−s) = −

∑
p

1
1−p−s

d
ds

(
1− e−s ln p

)
= −

∑
p

p−s

1−p−s ln p = −
∑
p

ln p
∞∑
q=1

1
psq

Introducing as above the Pochhammer polynomials we obtain further:

ζ′(s)
ζ(s) = −

∑
p

ln p
∞∑
q=1

1
pqα

(
1−

(
1− 1

pqβ

)) s−α
β

= −
∑
p

ln p
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

) ∞∑
q=1

1
pq(α+βj)

=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

) ∞∑
q=1

(
−
∑
p

1
pq(α+βj) ln p

)
=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
∂
∂α

( ∞∑
q=1

1
q

∑
p

1
pq(α+βj)

)
=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
∂
∂α

(
−
∑
p

ln
(

1− 1
pα+βj

))
=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
∂
∂α ln

(∏
p

1
1−p−(α+βj)

)
=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
∂
∂α ln (ζ(α+ βj))
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For 1
s−1 , using

1
s−1=

∫∞
0
e−λ(s−1)dλ we have similarly:

1
s−1 =

∫∞
0
eλ 1

eλs
dλ =

∫∞
0

eλ

eλα

(
1−

(
1− 1

eλβ

)) s−α
β dλ

=
∫∞

0
eλ
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
1

eλ(α+βj) dλ

=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

) ∫∞
0
e−λ(α+βj−1)dλ

=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
1

α+βj−1

=
∞∑
k=0

Pk( s−αβ + 1)
k∑
j=0

(−1)j
(
k
j

)
∂
∂α ln (α+ βj − 1)

Thus, along these lines we obtain:

(3.5)
d

ds
ln [(s− 1) ζ(s)] =

∞∑
k=0

d̂kPk

(s− α
β

+ 1
)

where:

(3.6) d̂k =
k∑
j=0

(−1)j
(
k

j

)
∂

∂α
ln [(α+ βj − 1) ζ(α+ βj)]

From the formula (7) in [11], where ρ represents a non-trivial zero of the Zeta
function, i.e.:

1
s−1 + ζ′(s)

ζ(s) = 1
s−1 −

s
s−1 +

∑
ρ

1
ρ +

∑
ρ

1
s−ρ −

∞∑
n=1

1
2n +

∞∑
n=1

1
s+2n + ζ′(0)

ζ(0)

= ζ′(0)
ζ(0) − 1 +

∑
ρ

1
ρ −

∞∑
n=1

1
2n +

∑
ρ

1
s−ρ +

∞∑
n=1

1
s+2n

Setting C = ζ′(0)
ζ(0) − 1, this equation applied to s = α+ βj in (3.6) gives:

d̂k =
k∑
j=0

(−1)j
(
k
j

)(
C +

∫∞
0

(∑
ρ
e−λ(α+βj−ρ) + e−λρ

+
∞∑
n=1

e−λ(α+βj+2n) − e−λ2n
)
dλ
)

=
∫∞

0

∑
ρ

(
e−λ(α−ρ)(1− 1

eλβ

)k + e−λρ
(
1− 1

eλβ

)k
δk,0

)
dλ

+
∫∞

0

( ∞∑
n=1

e−λ(α+2n)
(
1− 1

eλβ

)k − e−λ2n
(
1− 1

eλβ

)k
δk,0

)
dλ

We consider only k > 0. Now we make the variable change e−λβ = x and �nally
we obtain:

d̂k = 1
β

(∫ 1

0
(1− x)k+1−1∑

ρ
x
α−ρ
β −1dx+

∫ 1

0
(1− x)k+1−1

∞∑
n=1

x
α+2n
β −1dx

)
= 1

β

(∑
ρ
B(α−ρβ , k + 1) +

∞∑
n=1

B(α+2n
β , k + 1)

)
where B(x, y) = Γ(x)Γ(y)

Γ(x+y) is the Beta function. Thus for large k we can write:

(3.7) d̂k =
1
β

∑
ρ

Γ
(α− ρ

β

)
k−

α−ρ
β +

1
β

∞∑
n=1

Γ
(α+ 2n

β

)
k−

α+2n
β
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For the critical function (see the de�nition in [7] corresponding to R(s) = σ we
have an analogous expression to the Baez-Duarte formula for the ck appearing in
the expansion of ζ(s)−1

[2, 4]:

(3.8) k
α−σ
β d̂k =

1
β

∑
ρ

Γ
(α− ρ

β

)
k
ρ−σ
β +

1
β

∞∑
n=1

Γ
(α+ 2n

β

)
k−

2n+σ
β =: ψ1(k)

On the other hand we can express d̂k and then the critical function with a second
formula:

d̂k =
1
β

Γ
(α− 1

β

)
k−

α−1
β −

∑
p prime

ln p
∞∑
q=1

1
pαq

(
1− 1

pβq

)k
(3.9)

(3.10) k
α−σ
β d̂k =

1
β

Γ
(α− 1

β

)
k

1−σ
β − k

α−σ
β

∑
p prime

ln p
∞∑
q=1

1
pαq

(
1− 1

pβq

)k
=: ψ2(k)

In fact (see above) the Pochhammer expansion for 1
s−1 is:

1
s− 1

=
∞∑
k=0

skPk

(s− α
β

+ 1
)

where

sk =
∫ ∞

0

e−λ(α−1)(1− e−λβ
)k
dλ

which for large k behaves as 1
βΓ(α−1

β )k−
α−1
β . Indeed with the substitution e−λβ = x

we obtain:

sk =
1
β

∫ 1

0

x
α−1
β −1(1− x)

k
dx =

1
β

∫ 1

0

x
α−1
β −1(1− x)

k+1−1
dx =

1
β
B
(α− 1

β
, k+1

)
It is interesting to note that one can express the critical function in terms of the

zeros of the Zeta function (3.8) or in terms of the primes (3.10). We will investigate
numerically these two functions for the case α = 9

2 , β = 4, σ = 1
2 , although we

derived (3.8) only for σ > 1.

4. Numerical experiments

As a test of the goodness of (3.2) we draw in Figure 3 the plots of the function
ln
[
(1− 21−σ)ζ(σ)

]
and of its polynomial representation in the interval σ ∈ [−1, 1[.

Figure 3 shows a good match between them also in the �critical real interval� [0, 1].
We set α = 2, β = 2 and k = 50.

In the next two �gures we present the results of the numerical experiment per-
formed on our representation (3.5) for the case α = 9

2 and β = 4. Using formulae

(3.8) and (3.10), we calculated the critical functions ψ1 and ψ2 for R(z) = σ = 1
2 .

In our calculations we considered only the �rst 10 non-trivial zeros of the Zeta
function, the �rst 20 trivial ones and the �rst 5'000 primes. For comparison's pur-
pose we also did the calculations with 2'000 primes. Furthermore using the usual
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-1 -0.5 0.5 1
Σ

-1.4

-1.2

-0.8

-0.6

-0.4

Figure 3. The function ln
[
(1− 21−σ)ζ(σ)

]
[blue] and its polyno-

mial representation [red]

substitution x = log k, ψ1 and ψ2 become:

ψ1(x) =

10∑
j=1

Γ
(
1− itj

4

)
e
xitj

4 +
10∑
j=1

Γ
(
1 + itj

4

)
e−

xitj
4 +

20∑
n=1

Γ
(

1
2n+ 9

8

)
e−x( 1

2n+ 1
8 )

4

ψ2(x) =
1
4

Γ
(7

8

)
e
x
8 − ex

∑
5000

primes

ln p
50∑
q=1

p−
9
2 qe
− ex

p4q

where tj is the imaginary part of the j-th non-trivial zero.
We argue ψ2 should approach ψ1. The convergence is surprising. The computa-

tions presented in Figure 4 and Figure 5 indicate that the qualitative and quanti-
tative agreement between the two functions is very good in the range 2.5 ≤ x ≤ 33
(15 ≤ k ≤ 2.14644× 1014).

5 10 15 20 25 30 35 40
log k

-0.01

0.01

0.02

0.03

Ψ1

Figure 4. The critical function calculated with the zeros of the
Zeta function (ψ1), using the �rst 10 non-trivial zeros and the �rst
20 trivial ones
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5 10 15 20 25 30 35 40
log k

-0.01

0.01

0.02

0.03

Ψ2

Figure 5. The critical function calculated with the primes (ψ2):
2000 primes [red] and 5000 primes [blue]

Remark 4.1. We observe that as the number of primes increases from 2'000 to 5'000
ψ2 becomes identical to ψ1 for greater values of k. So we suspect that as the number
of primes increases, ψ1 and ψ2 would coincide for larger and larger values of k. So
there is some evidence that the two functions represent the same mathematical
object. This fact, which to the best of our knowledge is new, should deserve further
studies.

It is interesting to study the single contribution of a prime to the critical function
ψ2. In Figure 6 we computed the contributions of the 10th prime (p = 29), of the
50th prime (p = 229) and of the 100th prime (p = 541), all the calculations were
performed until q = 100. The computations indicate that not only the contributions
decrease with increasing p but also that large primes give in fact a contribution only
at large values of k.

5 10 15 20 25 30
log k

-0.20

-0.15

-0.10

-0.05

contribution

to Ψ2

Figure 6. The contribution to the critical function ψ2 of the
primes p = 29 [blue], p = 229 [red] and p = 541 [green]

Remark 4.2. A �veri�cation� for the truth of the RH using the representation of the
function (3.4) by means of the Pochhammer polynomials may be given as follows.
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Assume that d̂k (either with the primes or with the zeros of the Zeta function)

decays as d̂k <
D
kγ with γ = α−1/2

β and some constant D; in fact this assumption is

equivalent to the RH (see [4] and [6]). Then we have:

(4.1)

∣∣∣∣ dds ln [(s− 1) ζ(s)]
∣∣∣∣ <

∣∣∣∣∣
∞∑
k=1

C
1

k
σ−α
β +1

1

k
α−1/2
β

∣∣∣∣∣ < Cζ
(

1 +
σ − 1/2

β

)
So the function would be bounded for σ > 1

2 and there would be no zero with

real part greater then 1
2 . In the same way the critical function ψ should behaves

like:

ψ(σ) = k
α−σ
β dk <

D

k
σ−1/2
β

For σ = 1
2 we have no criteria but it seems (Figure 4) that the critical function

ψ( 1
2 ) is also bounded. We veri�ed numerically the bound given by (4.1) at σ =

0.6, 0.55, 0.525 where we found that D is about 9.5.

Remark 4.3. Now, suppose that ψ(σ′) is bounded for some σ′ > 1
2 , then since

ψ(σ) = ψ(σ′)k
σ′−σ
β

this would indicate that if there is no zero at σ′ then there is also no zero at σ.
Thus it would be important to study ψ for example in the region σ > 1 where it is
known that there are no zeros and where the primes (ψ2) as well as the zeros (ψ1)
can be used.

5. Conclusions

In this work we have found some new representations of functions related to the
Riemann Zeta function in terms of the Pochhammer polynomials, i.e. for the Zeta
function via the alternating series, for (1 − 21−s)ζ(s), for ln

[
(1− 21−s)ζ(s)

]
and

for the derivative of ln [(s− 1)ζ(s)].

(1) A numerical experiment for the �rst function give satisfactory results both
for the real part as well for the imaginary part even on the critical line
R(s) = 1

2 (we have used the values α = 1
2 , β = i and t up to t = I(s) < 35).

(2) In a formal limit of our representation (2.6) for the special case α = β = 2
we obtain Maslanka's representation of (s− 1)ζ(s).

(3) For the expansion of the derivative of the function ln [(s− 1)ζ(s)] in terms of
the Pochhammer polynomials Pk(s) we have found two expressions (ψ1 and
ψ2) for the so called critical function: ψ1 in terms of the trivial as well as the
non-trivial zeros and ψ2 in terms of the primes. We have then carried out a
numerical experiment which gives a very satisfactory agreements between
the two functions, which up to very high values of k remain bounded. The
existence of absolute upper bounds for the critical functions at k-in�nity
may be considered as being equivalent to the truth of the RH.

(4) The �equality� of ψ1 and ψ2 in the numerical context is intriguing because
we have found a mathematical object related to the Zeta function and
representable by means of the in�nity of the zeros of Zeta as well as the
in�nity of the primes.
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Abstract. Genus two curves covering elliptic curves have been the object of
study of many articles. For a fixed degree n the subloci of the moduli spaceM2

of curves having a degree n elliptic subcover has been computed for n = 3, 5

and discussed in detail for n odd; see [17, 22, 3, 4]. When the degree of the
cover is even the case in general has been treated in [16]. In this paper we

compute the sublocus ofM2 of curves having a degree 4 elliptic subcover.

1. Introduction

Let ψ : C → E be a degree n covering of an elliptic curve E by a genus two
curve C. Let πC : C −→ P1 and πE : E −→ P1 be the natural degree 2 projections.
There is φ : P1 −→ P1 such that the diagram commutes.

(1)
C

πC−→ P1

ψ ↓ ↓ φ
E

πE−→ P1

The ramification of induced coverings φ : P1 −→ P1 can be determined in detail; see
[16] for details. Let σ denote the fixed ramification of φ : P1 −→ P1. The Hurwitz
space of such covers is denoted by H(σ). For each covering φ : P1 −→ P1 (up to
equivalence) there is a unique genus two curve C (up to isomorphism). Hence, we

c©2008 Aulona Press (Albanian J. Math.)
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have a map

Φ : H(σ)→M2

[φ]→ [C].
(2)

We denote by Ln(σ) the image of H(σ) under this map. The main goal of this
paper is to study L4(σ).

2. Preliminaries

Most of the material of this section can be found in [23]. Let C and E be curves
of genus 2 and 1, respectively. Both are smooth, projective curves defined over k,
char(k) = 0. Let ψ : C −→ E be a covering of degree n. From the Riemann-
Hurwitz formula,

∑
P∈C (eψ (P )− 1) = 2 where eψ(P ) is the ramification index of

points P ∈ C, under ψ. Thus, we have two points of ramification index 2 or one
point of ramification index 3. The two points of ramification index 2 can be in
the same fiber or in different fibers. Therefore, we have the following cases of the
covering ψ:

Case I: There are P1, P2 ∈ C, such that eψ(P1) = eψ(P2) = 2, ψ(P1) 6= ψ(P2),
and ∀P ∈ C \ {P1, P2}, eψ(P ) = 1.

Case II: There are P1, P2 ∈ C, such that eψ(P1) = eψ(P2) = 2, ψ(P1) = ψ(P2),
and ∀P ∈ C \ {P1, P2}, eψ(P ) = 1.

Case III: There is P1 ∈ C such that eψ(P1) = 3, and ∀P ∈ C \{P1}, eψ(P ) = 1.

In case I (resp. II, III) the cover ψ has 2 (resp. 1) branch points in E.
Denote the hyperelliptic involution of C by w. We choose O in E such that w

restricted toE is the hyperelliptic involution on E. We denote the restriction of w
on E by v, v(P ) = −P . Thus, ψ ◦ w = v ◦ ψ. E[2] denotes the group of 2-torsion
points of the elliptic curve E, which are the points fixed by v. The proof of the
following two lemmas is straightforward and will be omitted.

Lemma 1. a) If Q ∈ E, then ∀P ∈ ψ−1(Q), w(P ) ∈ ψ−1(−Q).
b) For all P ∈ C, eψ(P ) = eψ (w(P )).

Let W be the set of points in C fixed by w. Every curve of genus 2 is given, up
to isomorphism, by a binary sextic, so there are 6 points fixed by the hyperelliptic
involution w, namely the Weierstrass points of C. The following lemma determines
the distribution of the Weierstrass points in fibers of 2-torsion points.

Lemma 2. The following hold:
(1) ψ(W ) ⊂ E[2]
(2) If n is an even number then for all Q ∈ E[2], #(ψ−1(Q)∩W ) = 0 mod (2)

Let πC : C −→ P1 and πE : E −→ P1 be the natural degree 2 projections. The
hyperelliptic involution permutes the points in the fibers of πC and πE . The ramified
points of πC , πE are respectively points in W and E[2] and their ramification index
is 2. There is φ : P1 −→ P1 such that the diagram commutes.

(3)
C

πC−→ P1

ψ ↓ ↓ φ
E

πE−→ P1
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Next, we will determine the ramification of induced coverings φ : P1 −→ P1. First
we fix some notation. For a given branch point we will denote the ramification
of points in its fiber as follows. Any point P of ramification index m is denoted
by (m). If there are k such points then we write (m)k. We omit writing symbols
for unramified points, in other words (1)k will not be written. Ramification data
between two branch points will be separated by commas. We denote by πE(E[2]) =
{q1, . . . , q4} and πC(W ) = {w1, . . . , w6}.

Let us assume now that deg(ψ) = n is an even number. Then the generic case
for ψ : C −→ E induce the following three cases for φ : P1 −→ P1:

I:
(

(2)
n−2

2 , (2)
n−2

2 , (2)
n−2

2 , (2)
n
2 , (2)

)
II:

(
(2)

n−4
2 , (2)

n−2
2 , (2)

n
2 , (2)

n
2 , (2)

)
III:

(
(2)

n−6
2 , (2)

n
2 , (2)

n
2 , (2)

n
2 , (2)

)
Each of the above cases has the following degenerations (two of the branch points
collapse to one)

I: (1)
(

(2)
n
2 , (2)

n−2
2 , (2)

n−2
2 , (2)

n
2

)
(2)

(
(2)

n−2
2 , (2)

n−2
2 , (4)(2)

n−6
2 , (2)

n
2

)
(3)

(
(2)

n−2
2 , (2)

n−2
2 , (2)

n−2
2 , (4)(2)

n−4
2

)
(4)

(
(3)(2)

n−4
2 , (2)

n−2
2 , (2)

n−2
2 , (2)

n
2

)
II: (1)

(
(2)

n−2
2 , (2)

n−2
2 , (2)

n
2 , (2)

n
2

)
(2)

(
(2)

n−4
2 , (2)

n
2 , (2)

n
2 , (2)

n
2

)
(3)

(
(4)(2)

n−8
2 , (2)

n−2
2 , (2)

n
2 , (2)

n
2

)
(4)

(
(2)

n−4
2 , (4)(2)

n−6
2 , (2)

n
2 , (2)

n
2

)
(5)

(
(2)

n−4
2 , (2)

n−2
2 , (2)

n−4
2 , (2)

n
2

)
(6)

(
(3)(2)

n−6
2 , (2)

n−2
2 , (4)(2)

n
2 , (2)

n
2

)
(7)

(
(2)

n−4
2 , (3)(2)

n−4
2 , (2)

n
2 , (2)

n
2

)
III: (1)

(
(2)

n−4
2 , (2)

n
2 , (2)

n
2 , (4)(2)

n
2

)
(2)

(
(2)

n−6
2 , (4)(2)

n−4
2 , (2)

n
2 , (2)

n
2

)
(3)

(
(2)

n
2 , (2)

n
2 , (2)

n
2 , (4)(2)

n−10
2

)
(4)

(
(3)(2)

n−8
2 , (2)

n
2 , (2)

n
2 , (2)

n
2

)
For details see [16].

3. Degree 4 case

In this section we focus on the case deg(φ) = 4. The goal is to determine all
ramifications σ and explicitly compute L4(σ).

There is one generic case and one degenerate case in which the ramification of
deg(φ) = 4 applies, as given by the above possible ramification structures:



310 DEGREE 4 COVERINGS OF ELLIPTIC CURVES BY GENUS 2 CURVES

i) (2, 2, 2, 22, 2) (generic)
ii) (2, 2, 2, 4) (degenerate)

4. Computing the locus L4 in M2

4.1. Non-degenerate case. Let ψ : C −→ E be a covering of degree 4, where
C is a genus 2 curve and E is an elliptic curve. Let φ be the Frey-Kani covering
with deg(φ) = 4 such that φ(1) = 0, φ(∞) = ∞, φ(p) = ∞ and the roots of
f(x) = x2 +ax+b be in the fiber of 0. In the following figure, bullets (resp., circles)
represent places of ramification index 2 (resp., 1).

? ? ? ? ?` ` ` ` `

r r r r rb b b r bb b b b

∞ 0λ

p

∞

1P1

P1

Figure 1. Degree 4 covering for generic case

Then the cover can be given by

φ(x) =
k(x− 1)2(x2 + b)

(x− p)2
.

Let λ be a 2-torsion point of E. To find λ, we solve

(4) φ(x)− λ = 0.

According to this ramification we should have 3 solutions for λ, say λ1, λ2, λ3. The
discriminant of the Eq. (4) gives branch points for the points with ramification
index 2. So we have the following relation for λ, with p 6= 1.(

−b− p2
)
λ3 +

(
2 kp2 − 18 kbp+ 16 kp4 − 16 kp3 + 3 kb2 + 3 kb+ 20 kbp2

)
λ2

+ (−3 k2b+ 21 k2b2 − 36 k2b2p− 3 k2b3 − 20 k2bp2 + 8 k2b2p2 + 18 k2bp

− k2p2)λ+ k3b+ k3b4 + 3 k3b2 + 3 k3b3 = 0.

(5)

Using Eq.(4) and Eq.(5) we find the degree 12 equation with 2 factors. One of
them with degree 6 corresponds to the equation of genus 2 curve and the other
corresponds to the double roots in the fiber of λ1, λ2 and λ3.
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The equation of genus 2 curve can be written as follows:

C : y2 = a6x
6 + a5x

5 + a4x
4 + a3x

3 + a2x
2 + a1x+ a0

where

a6 = p2 + b

a5 = 4 p3 − 6 p2 + 4 pb− 6 b

a4 = − 4 p4 − 10 p3 + (−5 b+ 13) p2 − 8 pb+ 12 b

a3 = 12 p4 + (4 + 6 b) p3 + (−12 + 12 b) p2 +
(
8 b2 − 6 b

)
p− 8 b− 8 b2

a2 = (−11− 4 b) p4 + (−20 b+ 6) p3 +
(
4 + 13 b− 12 b2

)
p2 + 10 pb+ 12 b2

a1 = (14 b+ 2) p4 +
(
6 b2 − 4 + 4 b

)
p3 +

(
−24 b+ 6 b2

)
p2 +

(
−6 b2 + 4 b

)
p− 6 b2

a0 =
(
−b2 + 1− 11 b

)
p4 +

(
14 b− 2 b2

)
p3 − 2 bp2 + 2 b2p+ b2.

Notice that we write the equation of genus 2 curve in terms of only 2 unknowns.
We denote the Igusa invariants of C by J2, J4, J6, and J10. The absolute invariants
of C are given in terms of these classical invariants:

i1 = 144
J4

J2
2

, i2 = −1728
J2J4 − 3J6

J3
2

, i3 = 486
J10

J5
2

.

Two genus 2 curves with J2 6= 0 are isomorphic if and only if they have the
same absolute invariants. Notice that these invariants of our genus 2 curve are
polynomials in p and b. By using a computational symbolic package (as Maple) we
eliminate p and b to determine the equation for the non-degenerate locus L4. The
result is very long. We don’t display it here.

5. Degenerate Case

Notice that only one degenerate case can occur when n = 4 : (2, 2, 2, 4). In this
case one of the Weierstrass points has ramification index 3, so the cover is totally
ramified at this point.

Let the branch points be 0, 1, λ, and ∞, where ∞ corresponds to the element
of index 4. Then, above the fibers of 0, 1, λ lie two Weierstrass points. The two
Weierstrass points above 0 can be written as the roots of a quadratic polynomial
x2 + ax+ b; above 1, they are the roots of x2 + px+ q; and above λ, they are the
roots of x2 + sx+ t. This gives us an equation for the genus 2 curve C:

C : y2 = (x2 + ax+ b)(x2 + px+ q)(x2 + sx+ t).

The four branch points of the cover φ are the 2-torsion points E[2] of the elliptic
curve E, allowing us to write the elliptic subcover as

E : y2 = x(x− 1)(x− λ).

The cover φ : P1 → P1 is Frey-Kani covering and is given by

φ(x) = cx2(x2 + ax+ b).

Using φ(1) = 1, we get c = 1
1+a+b . Then,

φ(x)− 1 = c(x− 1)2(x2 + px+ q).
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This implies that φ′(1) = 0, so we get c(4 + 3a+ 2b) = 0. Since c cannot be 0, we
must have 4 + 3a + 2b = 0, which implies a = −2(b+2)

3 . Combining this with our
equation for c, we get c = 3

b−1 .
Now, since φ(x)− 1− c(x− 1)2(x2 + px+ q) = 0, we want all of the coefficients

of this polynomial to be identically 0; thus

p =
2(1− b)

3
, q =

1− b
3

.

Finally, we consider the fiber above λ. We write

φ(x)− λ = c(x− r)2(x2 + sx+ t).

Similar to above, we set the coefficients of the polynomial to 0 to get:

λ =
b3(4− b)
16(b− 1)

, r =
b

2
, s =

b− 4
3

, t =
b(b− 4)

12
.

Hence we have C and E with equations:

C : y2 =

(
1− b

3
+

2

3
(1− b)x+ x2

) (
1

12
(b− 4)b+

1

3
(b− 4)x+ x2

)
(
b− 2

3
(b+ 2)x+ x2

)
E : v2 = u(u− 1)

(
u− b3(4− b)

16(b− 1)

)(6)

where the corresponding discriminants of the right sides must be non-zero. Hence,

∆C : = b(b− 4)(b− 2)(b− 1)(2 + b) 6= 0(7)

∆E : =
(b− 4)2(b− 2)6b6(b+ 2)2

65536(b− 1)4
6= 0.(8)

From here on, we consider the additional restriction on b that it does not solve
J2 = 0, that is,

(9) J2 = − 5
486

(256− 384b− 4908b2 + 5068b3 − 1227b4 − 24b5 + 4b6) 6= 0.

The case when J2 = 0 is considered separately. We can eliminate b from this system
of equations by taking the numerators of ij − ij(b) and setting them equal to 0,
where ij are absolute invariants of genus 2 curve.

Thus, we have 3 polynomials in b, i1, i2, i3. We eliminate b using the method of
resultants and get the following:

3652054494822999− 312800728170302145i1 − 247728254774362875i21

+3039113062253125i31 − 522534367747902600i2 − 28017734537115000i1i2

−238234372300000i22 = 0

(10)

and the other equation

1158391804615233525i1 − 17653298856896250i21 + 100894442906250i31

−256292578125i41 + 244140625i51 − 323890167989102732668800000i3

−14879672225288904960000000i1i3 − 40609431102258000000000i21i3

−16677181699666569 + 347405361918358396861440000000000i23 = 0

(11)

These equations determine the degenerate locus L′4 when J2 6= 0.
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When J2 = 0, we must resort to the a-invariants of the genus 2 curve. These
invariants are defined as

a1 =
J4J6

J10
, a2 =

J10J6

J4
4

.

Two genus 2 curves with J2 = 0 are isomorphic iff their a-invariants are equal. For
our genus 2 curve,

J4 =
1

5184
(
65536− 196608b− 307200b2 + 1218560b3 − 834288b4 − 294432b5

+456600b6 − 73608b7 − 52143b8 + 19040b9 − 1200b10 − 192b11 + 16b12
)

It can be guarantee that J4 and J2 are not simultaneously 0 because the resultant
of these two polynomials in b is

11784978051522395707646672896000000000000
42391158275216203514294433201

,

so there are no more subcases. We want to eliminate b from the set of equations:

J2 = 0
a1 − a1(b) = 0
a2 − a2(b) = 0.

Similar to what we did above with the i-invariants, we take resultants of combina-
tions of these and set them equal to 0. Doing so tells us

20a1 − 55476394831 = 0
1022825924657928a2 − 522665 = 0.

So in other words, if C is a genus 2 curve with a degree 4 elliptic subcover with
J2 = 0, then

a1 =
55476394831

20
, a2 =

522665
1022825924657928

.

So up to isomorphism, this is the only genus 2 curve with degree 4 elliptic
subcover with J2 = 0. In this case the equation of the genus 2 curve is given by
Eq.(6), where b is given by the following:

(12) b =
2α+

√
429α2 + 60123α+ β

2α

with α = 3
√

2837051 + 9408 i
√

5 and β = 8511153 + 28224 i
√

5. We summarize the
above results in the following theorem.

Theorem 1. Let C be a genus 2 curve with a degree 4 degenerate elliptic subcover.
Then C is isomorphic to the curve given by Eq.(6) where b satisfies Eq.(12) or its
absolute invariants satisfy Eq. (10) and Eq. (11).

Remark 1. The genus 2 curve, when J2 = 0, is not defined over the rational.
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Remark 2. When the genus 2 curve has non zero J2 invariant the j invariant of
the elliptic curve satisfies the following equation:

0 =(2621440000000000 J4
4 − 14332985344000000 J2

2J4
3 − 15871355368243200 J2

6J4

+ 1586874322944 J2
8 + 26122821304320000 J2

4J4
2)j2 + (−2535107603331605760 J2

8

+ 25102192337335536076800 J2
6J4 − 164781024264192000000000 J4

4

+ 90675809529498685440000 J2
4J4

2 − 363163522083397632000000 J2
2J4

3)j

+ 2589491458659766450406400000000 J4
4 − 203482361042468209670400000000 J2

2J4
3

+ 39862710766802552045625 J2
8 − 19433806326190741141800000 J2

6J4

+ 3259543004362746907416000000 J2
4J4

2.

5.1. Genus 2 curves with degree 4 elliptic subcovers and extra automor-
phisms in the degenerate locus of L4. In any characteristic different from 2,
the automorphism group Aut(C) is isomorphic to one of the groups : C2, C10, V4,
D8, D12, C3 oD8, GF2(3), or 2+S5; See [21] for the description of each group. We
have the following lemma.

Lemma 3. (a) The locus L2 of genus 2 curves C which have a degree 2 elliptic
subcover is a closed subvariety of M2. The equation of L2 is given by

0 = 8748J10J
4
2J

2
6 − 507384000J2

10J
2
4J2 − 19245600J2

10J4J
3
2 − 592272J10J

4
4J

2
2

+ 77436J10J
3
4J

4
2 − 3499200J10J2J

3
6 + 4743360J10J

3
4J2J6 − 870912J10J

2
4J

3
2J6

+ 3090960J10J4J
2
2J

2
6 − 78J5

2J
5
4 − 125971200000J3

10 − 81J3
2J

4
6 + 1332J4

2J
4
4J6

+ 384J6
4J6 + 41472J10J

5
4 + 159J6

4J
3
2 − 236196J2

10J
5
2 − 80J7

4J2 − 47952J2J4J
4
6

+ 104976000J2
10J

2
2J6 − 1728J5

4J
2
2J6 + 6048J4

4J2J
2
6 − 9331200J10J

2
4J

2
6 − J7

2J
4
4

+ 12J6
2J

3
4J6 + 29376J2

2J
2
4J

3
6 − 8910J3

2J
3
4J

2
6 − 2099520000J2

10J4J6 + 31104J5
6

− 6912J3
4J

3
6 4− 5832J10J

5
2J4J6 − 54J5

2J
2
4J

2
6 + 108J4

2J4J
3
6 + 972J10J

6
2J

2
4 .

(13)

(b) The locus M2(D8) of genus 2 curves C with Aut(C) ≡ D8 is given by the
equation of L2 and

(14) 0 = 1706J2
4J

2
2 + 2560J3

4 + 27J4J
4
2 − 81J3

2J6 − 14880J2J4J6 + 28800J2
6 .

(c) The locus M2(D12) of genus 2 curves C with Aut(C) ≡ D12 is

0 = −J4J
4
2 + 12J3

2J6 − 52J2
4J

2
2 + 80J3

4 + 960J2J4J6 − 3600J2
6(15)

0 = −864J10J
5
2 + 3456000J10J

2
4J2 − 43200J10J4J

3
2 − 2332800000J2

10(16)

− J2
4J

6
2 − 768J4

4J
2
2 + 48J3

4J
4
2 + 4096J5

4 .

We will refer to the locus of genus 2 curves C with Aut(C) ≡ D12 (resp.,
Aut(C) ≡ D8) as the D12-locus (resp., D8-locus).

Equations (10), (11), and (13) determine a system of 3 equations in the 3 i-
invariants. The set of possible solutions to this system contains 20 rational points
and 8 irrational or complex points (there may be more possible solutions, but
finding them involves the difficult task of solving a degree 15 or higher polynomial).
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Among the 20 rational solutions, there are four rational points which actually solve
the system.

(i1, i2, i3) =
(

102789
12005

,
−73594737

2941225
,

531441
28247524900000

)
(i1, i2, i3) =

(
66357
9245

,
−892323

46225
,

7776
459401384375

)
(i1, i2, i3) =

(
235629
1156805

,
−28488591
214008925

,
53747712

80459143207503125

)
(i1, i2, i3) =

(
1078818669
383775605

,
−77466710644803
16811290377025

,
1356226634181762

161294078381836186878125

)
.

Of these four points, only the first one lies on the D12-locus, and none lie on the
D8-locus, so the other three curves have automorphism groups isomorphic to V4

(See Remark 3 for their equations). We have the following proposition.

Proposition 1. There is exactly one genus 2 curve C defined over Q (up to C-
isomorphism) with a degree 4 elliptic subcover which has an automorphism group
D12 namely the curve

C = 100X6 + 100X3 + 27

and no such curves with automorphism group D8.

Proof. From above discussion there is exactly one rational point which lies on the
D12-locus and three rational points which lies on the V4-locus. Furthermore we
have the fact that Aut(C) ≡ D12 if and only if C is isomorphic to the curve given
by Y 2 = X6 +X3 + t for some t ∈ k; see [19] for more details.

Suppose the equation of the D12 case is Y 2 = X6 + X3 + t. We want to find t.
We can calculate the i-invariants in terms of t accordingly, so we get a system of
equations, ij − ij(t) = 0 for j ∈ {1, 2, 3}. Those equations simplify to the following:

0 = 1600i1t2 − 80i1t+ i1 − 6480t2 − 1296t

0 = 64000i2t3 − 4800i2t2 + 120i2t− i2 + 233280t3 + 303264t2 − 11664t

0 = 1638400000i3t5 − 204800000i3t4 + 10240000i3t3 − 256000i3t2

+ 3200i3t− 16i3 + 729t2 + 34992t2 − 46656t5 − 8748t3.

Replacing our i-invariants into the above system of equations we get:

0 = 86670000 t2 − 23781600 t+ 102789

0 = −4023934200000 t3 + 1245222396000 t2 − 43137816840 t+ 73594737

0 = −82315363050000000 t5 + 61770534511500000 t4 − 15443994116835000 t3

+ 1287019350200250 t2 + 106288200 t− 531441.

There is only root those three polynomials share: t = 27
100 . Thus, there is exactly

one genus 2 curve C defined over Q (up to Q-isomorphism) with a degree 4 elliptic
subcover which has an automorphism group D12

C : y2 = 100X6 + 100X3 + 27

Similarly, we show that there are no such curves with automorphism group D8. �
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Remark 3. There are at least three genus 2 curves defined over Q with automor-
phism group V4. The equations of these curves are given by the followings:

Case 1: (i1, i2, i3) =
(

66357
9245 ,

−892323
46225 , 7776

459401384375

)
C :y2 = 1432139730944x6 + 34271993769359360x5 + 267643983706245216000x4

+ 1267919172426862313120000x3 + 23945558970224886213835350000x2

+ 274330666162649153793599380475000x+ 1025623291911204380755800513010015625.

Case 2: (i1, i2, i3) =
(

235629
1156805 ,

−28488591
214008925 ,

53747712
80459143207503125

)
C :y2 = 41871441565158964373437321767075023159296x6

+ 156000358914872008908017177004915818496000x5

+ 8994429753268252328699175313122263040000000x4

+ 17857537403821561579480053574533120000000000x3

+ 775018151562516781352226536816640000000000000x2

+ 1158249382368691011679236899376000000000000000x

+ 26787527679468514273175655200959888458251953125.

Case 3: (i1, i2, i3) =
(

1078818669
383775605 ,

−77466710644803
16811290377025 ,

1356226634181762
161294078381836186878125

)
C :y2 = 9224408124038149308993379217084884661375653227720704x6

+ 3730758767668984877725129604888152322035364826481920000x5

+ 1138523283803439912403861944281998092255345913017540000000x4

+ 189425049047781784623261895238590658674841204883457500000000x3

+ 76212520567614919095032412154382218443932939483817128906250000x2

+ 16717294192073070547056921515101088692898208834624180908203125000x

+ 2766888989045448736067444316860942956954296161559210811614990234375.

We summarize by the following:

Theorem 2. Let ψ : C → E be a degree 4 covering of an elliptic curve by a genus
2 curve. Then the following hold:

i) In the generic case the equation of C can be written as follows:

C : y2 = a6x
6 + a5x

5 + · · ·+ a1x+ a0

where
a6 = p2 + b

a5 =4 p3 − 6 p2 + 4 pb− 6 b

a4 = − 4 p4 − 10 p3 + (−5 b+ 13) p2 − 8 pb+ 12 b

a3 =12 p4 + (4 + 6 b) p3 + (−12 + 12 b) p2 +
(
8 b2 − 6 b

)
p− 8 b− 8 b2

a2 = (−11− 4 b) p4 + (−20 b+ 6) p3 +
(
4 + 13 b− 12 b2

)
p2 + 10 pb+ 12 b2

a1 = (14 b+ 2) p4 +
(
6 b2 − 4 + 4 b

)
p3 +

(
−24 b+ 6 b2

)
p2 +

(
−6 b2 + 4 b

)
p− 6 b2

a0 =
(
−b2 + 1− 11 b

)
p4 +

(
14 b− 2 b2

)
p3 − 2 bp2 + 2 b2p+ b2.
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ii) In the degenerate case the equation of L′4 is given by

1541086152812576000 J2
2
J4

2 − 22835312232360960000 J2 J4 J6 + 5009676947631 J2
6

−8782271900467200000 J6
2

+ 1176812184652746480 J2
4
J4 + 12448207102988800000 J4

3

−3715799948429529600 J2
3
J6 = 0

1866265600000000 J2
2
J4

4
+ 1389621447673433587445760000000000 J10

2
+ 282429536481 J2

10

+6199238007360000 J2
6
J4

2 − 256000000000000 J4
5 − 2824915237592400 J2

8
J4

+2665762699498787923200000 J2
5
J10 − 5102020224000000 J2

4
J4

3

+6930676241452032000000000 J2 J4
2
J10 + 17635167081823887360000000 J2

3
J4 J10 = 0

iii) The intersection L′4 ∩M2(D8) = ∅ and the intersection L′4 ∩M2(D12) con-
tains a single point, namely the curve

C : y2 = 100X6 + 100X3 + 27
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