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Abstract. We classify up an isomorphism all rings having expressed their
elements by at most three commuting idempotents. Our main result consider-

ably extends certain important achievements established by Hirano-Tominaga

[3], Ying et al. [6] and Tang et al. [5] as well as it somewhat strengthens recent
results proved by the author in [1] and [2].
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1. Introduction and Background

Everywhere in the text of the present paper, all our rings R are assumed to be
associative, containing the identity element 1, which in general differs from the zero
element 0 of R, and all subrings are unital (i.e., containing the same identity as
that of the former ring). Our terminology and notations are mainly in agreement
with [4]. For instance, U(R) denotes the set of all units in R, Id(R) the set of all
idempotents in R, and Nil(R) the set of all nilpotents in R.

We here will be concerned with rings whose elements are representing by at most
three commuting idempotents. Specifically, we start with the following new notion.

Definition 1.1. We shall say that a ring R is from the class T if, for each element
r ∈ R there are three commuting idempotents e1, e2, e3 such that r = e1 + e2 + e3
or r = −e1 − e2.

Under the substitution r → −r, it takes the equivalent form r = −e1 − e2 − e3
or r = e1 + e2.
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Rings whose elements depend on three idempotents 4

Immediate examples of such rings are Zk where k = 2, 3, 4, 5, 6, whereas the
direct product Z5 × Z5 need not be so.

A brief history of the principally known results in the current subject is as follows:
In [3] rings whose elements are sums of two commuting idempotents e1 + e2 were
completely described. This was independently extended in both [1] and [5] to sums
of three commuting idempotents e1 + e2 + e3. Even something more, in [1] were
classified those rings R whose elements are of the kind e1 + e2 + e3 or e1− e2. This
is, however, a common expansion of the central statement from [6, Theorem 4.4],
where the ring elements are written as e1 + e2 or e1 − e2. On the other hand, it
is worthwhile noticing that the isomorphic structure of rings for which all elements
are of the type e1 + e2 or −e1 − e2 was obtained in [2].

The goal of this article is to enlarge the aforementioned results, and especially
the stated last one, by characterizing all rings from the class T as defined in Defi-
nition 1.1.

2. Main Results

We first begin with the following technicality.

Lemma 2.1. Let R be a ring which belongs to the class T . Then R can be decom-
posed as the direct product R1 × R2 × R3, where 22 = 4 = 0 in R1, 32 = 9 = 0 in
R2 and 5 = 0 in R3, and all of R1, R2, R3 belong to the class T .

Proof. For an arbitrary element x ∈ R, we write that x = e1+e2+e3 or x = −e1−e2
for some commuting idempotents e1, e2, e3. We assert that 302 = 0. In fact, if first
−3 = −e1 − e2, then −2 = (1− e1)− e2 and hence (−2)3 = −2, i.e., 6 = 0. If now
−3 = e1 + e2 + e3, one writes that −4 = e1 + e2 − (1 − e3) = e1 + e2 − e′3. Since
e1 + e2− e′3 = e1 + e2(1− e′3)− e′3(1− e2) = e1(1− e′3(1− e2)) + e2(1− e′3)− e′3(1−
e2)(1 − e1) as all of these elements in the last record are commuting idempotents
such that the first and the second ones are both orthogonal with the third one, we
may with no loss of generality assume by replacing the existing idempotents that
e1e

′
3 = e2e

′
3 = 0. Therefore, 6e1e2 = 0 and thus 30e1 = 0 by multiplying with e1

both sides of the equality −4 = e1 + e2 − e′3 and the result by e2. In a way of
similarity, we get that 30e2 = 0. Furthermore, squaring −4 = e1 + e2 − e′3 and
manipulated subsequently with the obtained above facts, we infer that 6e′3 = 60.
Hence −4 = e1 + e2 − e′3 multiplied by 30 leads to 180 = 0 whence 302 = 0 and so
30 ∈ Nil(R), as asserted. The Chinese Remainder Theorem now applies to write
that R ∼= R1 × R2 × R3, where 22 = 4 = 0 in R1, 32 = 9 = 0 in R2 and, finally,
5 = 0 in R3, as asserted. The final part is now immediate. �

We next proceed by proving the following.

Proposition 2.2. Suppose that R is a ring of characteristic 5. Then the following
three conditions are equivalent:

(i) x3 = x or x4 = 1, ∀x ∈ R.

(ii) x3 = x or x3 = −x, ∀x ∈ R.

(iii) R is isomorphic to the field Z5.

Proof. ”(i)⇒ (ii)”. For an arbitrary but fixed y ∈ R satisfying y4 = 1 with y3 6= y,
considering the element y2−1 ∈ R, it must be that (y2−1)4 = 1 or (y2−1)3 = y2−1.

Albanian J. Math. 12 (2018), no. 1, 3-7.

http://albanian-j-math.com/vol-12.html


P.V. Danchev 5

In the first case, we receive y2 = −1 and thus equivalently y3 = −y, as required,
while in the second one, we arrive at y2 = 1 and so in an equivalent form y3 = y
which is against our initial assumption.

”(ii) ⇐⇒ (iii)”. Let P be the subring of R generated by 1, and thus note that
P ∼= Z5. We claim that P = R, so we assume in a way of contradiction that there
exists b ∈ R \ P . With no loss of generality, we shall also assume that b3 = b since
b3 = −b obviously implies that (2b)3 = 2b as 5 = 0 and b 6∈ P ⇐⇒ 2b 6∈ P .

Let us now (1 + b)3 = −(1 + b). Hence b = b3 along with 5 = 0 enable us that
b2 = 1. This allows us to conclude that (1 + 2b)3 6= ±(1 + 2b), however. In fact, if
(1 + 2b)3 = 1 + 2b, then one deduces that 2b = 3 ∈ P which is manifestly untrue.
If now (1 + 2b)3 = −1 − 2b, then one infers that 2b = 2 ∈ P which is obviously
false. That is why, only (1 + b)3 = 1 + b holds. This, in turn, guarantees that
b2 = −b. Moreover, b3 = b is equivalent to (−b)3 = −b as well as b3 = −b to
(−b)3 = −(−b) and thus, by what we have proved so far applied to −b 6∈ P , it
follows that −b = b2 = (−b)2 = −(−b) = b. Consequently, 2b = 0 = 6b = b ∈ P
because 5 = 0, which is the wanted contradiction. We thus conclude that P = R,
as expected.

Conversely, it is trivial that the elements of Z5 = {0, 1, 2, 3, 4 | 5 = 0} are
solutions of one of the equations x3 = x or x3 = −x.

”(iii) ⇒ (i)”. It is self-evident that all elements of Z5 = {0, 1, 2, 3, 4 | 5 = 0}
satisfy one of the equations x3 = x or x4 = 1. �

We now have all the ingredients necessary to prove our basic result.

Theorem 2.3. A ring R lies in the class T if, and only if, R is decomposable as
R1 ×R2 ×R3, where

(1) R1 = {0}, or R1 is a non-zero commutative ring such that 4 = 0 and
R1/J(R1) is a boolean ring with either J(R1) = {0} or nil J(R1) = 2Id(R1);

(2) R2 = {0}, or R2 is a subdirect product of family of copies of the field Z3;

(3) R3 = {0} (which is mandatory when J(R1) 6= {0}), or R3
∼= Z5.

Proof. ”Necessity.” With Lemma 2.1 at hand, one writes that R ∼= R1×R2×R3,
where R1 is either zero or R1 is a nonzero ring in which 4 = 0, where R2 is either
zero or R2 is a nonzero ring in which 9 = 0, and where R3 is either zero or R3 is a
nonzero ring in which 5 = 0, as well as R1, R2, R3 remains in the class T .

In order to describe the three direct factors, we distinguish three basic cases,
namely:

Case 1: Describing R1. We have 4 = 0 and 2 ∈ Nil(R1) whence 2 ∈ J(R1), so
that R1/J(R1) is necessarily boolean being a factor-ring of characteristic 2 whose
elements are sums of (at most three) commuting idempotents. What remains to
prove is that J(R1) = 2Id(R1). In showing that, the case when any element from
J(R1) is written as a sum of three commuting idempotents follows analogously to
[1] getting that J(R1) = 2Id(R1). That is why, we will be now concerned with z =
−e− f for an arbitrary z ∈ J(R1), where e, f ∈ Id(R1) do commute. Multiplying
by 1 − f , we get that z(1 − f) = −e(1 − f) ∈ J(R1) ∩ (−Id(R1)) = {0} whence
e = ef . Similarly, ef = f and so e = f . Finally, z = −2e ∈ −2Id(R1) = 2Id(R1),
because 4 = 0, as promised.

Case 2: Describing R2. We have 9 = 0 and 3 ∈ J(R2). We assert that
J(R2) = {0} and hence 3 = 0 in R2. In fact, as in the preceding case, it follows
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that J(R2) = ±2Id(R2) = ∓Id(R2) = {0}, as asserted. Furthermore, it is routinely
checked that x3 = x for every x ∈ R2 and thus, the main result from [3] applies to
get our stated conclusion.

Case 3: Describing R3. We have 5 = 0 and x5 = x for all elements x in
R3. Now, for each x ∈ R3, we write that x = e + f + h or x = −e − f for
some three commuting idempotents e, f, h. For the first record, one deduces after
squaring that 2x3 − x2 − x = 2efh because x3 = x + ef + fh + he + efh, so that
multiplying both sides by 3 it follows that x3 + 2x2 + 2x = efh is an idempotent.
This means that (x3 + 2x2 + 2x)2 = x3 + 2x2 + 2x which, after some usual tricks,
amounts to 3x4 + 2x3 − 2x2 + 2x = 0. Multiplying this by 2, we finally arrive at
x4 − x3 + x2 − x = 0. Replacing x with x− 1 in the given last equality, one infers
that x4 = 1.

As for the second record, one derives after squaring that x3 − 2x2 − 3x = x3 −
2x2 + 2x = 0 because x3 = x− ef and so (x− x3)2 = x− x3. Replacing x by x− 1
in the given equation, one infers that x3 = x.

Now, since for any x ∈ R3 it must be that x3 = x or x4 = 1, we henceforth can
successfully apply Proposition 2.2 to conclude that R3 has to be isomorphic to the
five element field Z5, as stated.

So, finally, the full description of R over, as formulated.

”Sufficiency.” A direct consultation with [3] enables us that every element of
R2 is a sum of two idempotents. Since it is pretty easy that each element in Z5 is
a sum of three idempotents (e.g., 0, 1, 2 and 3) or minus a sum of two idempotents
(e.g., 0 and 4), what remains to prove is that any element from R1 is a sum of
three idempotents. It is, really, well known that if 2 = 0 in R1 it must have a
sum of two idempotents or even just a single idempotent. To that purpose, taking
an arbitrary r ∈ R1, we may write that r + J(R1) is an idempotent and thus
r − r2 ∈ J(R1) = 2Id(R1). But J(R1) is nil with J2 = {0} (as 4 = 0) and hence
there exists an idempotent g ∈ R1 with r − g ∈ 2Id(R1). This containment allows
us to write that r = g + 2h = g + h + h for some h ∈ Id(R1), as required. �

Remark 2.4. Considering the rings Z2 × Z3, Z2 × Z5, Z3 × Z5 or Z2 × Z3 × Z5,
one says that they still are in the class T , whereas as commented above the rings
Z4 × Z5 and Z5 × Z5 are not. However, for any element x lying in the last direct
product, x or −x is a sum of three idempotents. That is why, it will be of interest to
consider those rings having the mentioned property – see the problem posed below.

As for the direct product Z4 × Z5, consider the element (1, 4) which is not
presentable neither as a sum of three idempotents nor as a minus sum of two
idempotents. Nevertheless, (1, 4) = (1, 0)−(0, 1). Reciprocally, the element (2, 4) =
−(1, 0)− (1, 1), but a routine check shows that (2, 4) is not neither the sum of three
idempotents nor the difference of two idempotents, as expected. Resuming, (1, 4)
lies in K \ T as opposite to (2, 4) which lies in T \ K.

Meanwhile, surprisingly, against this element-wise discrepancy, the present class
T from Definition 1.1 coincides with the class K from [1]. Likewise, the class C
from [2] is contained in the class K from [1]. As a matter of fact, if x = e1 + e2
or x = −e1 − e2 for any element x, then one can write that x − 1 = e1 + e2 or
x − 1 = −e1 − e2 and thus one gets that x = e1 + e2 + 1 or x = (1 − e1) − e2, as
required.

So, we end our work with the following well-motivated problem:
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Problem 2.5. Describe the isomorphic structure of those rings whose elements are
sums or minus sums of three commuting idempotents, that is, for any element a of
a ring R it is fulfilled that a = e1 + e2 + e3 or a = −e1 − e2 − e3 for some three
commuting idempotents e1, e2, e3 of R. In other words, ∀a ∈ R: a or −a is a sum
of three commuting idempotents.

Here the ring Z7 arose quite naturally, which however not occurred in the state-
ments above, so that some new techniques should be exploited.
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1. Introduction

This note concerns the Weak and Strong Diversity Conjectures. The Strong Di-
versity conjecture, due to Andrzej Schinzel, first appeared in [DZ], in the discussion
following Theorem 2 of that paper. (The name “Strong Diversity” first appeared
in [BL], as Conjecture 1.5.) Recall that a geometrically irreducible branched cover
of curves over a number field is one where both the source and the target are
irreducible after base change to Q.

Conjecture 1.1. (“Strong Diversity”) Let X → A1
Q be a geometrically irreducible

branched cover of curves over Q, such that not all of its branch points are Q-rational,
or such that the cover is not abelian. Let k(N) be the compositum of the fields of
rationality of the points in the fibers over x = 1, ..., N . Then there exists a positive
constant c, independent of N , such that the degree of k(N) over Q is at least ecN .
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We note that the hypotheses in the above conjecture are necessary, and we refer
the reader to [DZ] for further discussion. The Strong Diversity Conjecture is closely
related to the “Weak Diversity Conjecture” (Conjecture 1.4 in [BL]), which is itself
an extension of a conjecture of Cutter, Granville, and Tucker ([CGT, Conjecture
1]).

Conjecture 1.2. (“Weak Diversity”) Let K be a number field, and let X → A1
K

be a non-trivial geometrically irreducible branched cover of curves over K. Then
there exists a positive constant c such that the number of different fields appearing
as residue fields of the points in the fibers over x = 1, ..., N is at least cN for all N .

We remark that the Weak Diversity Conjecture was only stated in [BL] for
K = Q, but we, in fact, prove the more general form of Conjecture 1.2 under the
assumption of the abc Conjecture. Note also that for K = Q, the consequence
of Conjecture 1.1 implies the consequence of Conjecture 1.2. The hypotheses of
Conjecture 1.2, however, are weaker. In [BL], Bilu and Luca prove Weak Diversity
(for K = Q) in the case not covered by Strong Diversity, namely for covers where
the branch points are Q-rational, and the cover is abelian. They therefore conclude
that Strong Diversity implies Weak Diversity for K = Q.

Remark 1.3. The Weak and Strong Diversity Conjectures were stated in [BL] in
terms of residue fields of a given point in each fiber. In light of the quantitative
version of Hilbert’s Irreducibility Theorem ([S, Theorem, p. 134]), all fibers except
negligibly many have only one point. So the formulations of [BL] are equivalent to
our formulations above. For Weak Diversity, it would also be equivalent to look
at the compositum of the residue fields of all points in each fiber. We use this
formulation in Propositions 3.2 and 3.3.

While this was not mentioned in earlier discussions of this conjecture, we remark
that the Weak Diversity Conjecture is also closely related to the following conjec-
tural form of a uniform Faltings’ Theorem (although we are not aware of any clear
connection between the abc conjecture and this uniform Faltings’ theorem beyond
the fact that the abc conjecture implies the basic Faltings’ theorem [E]). This form
first appeared in [P], where Pacelli proves this conjecture under the assumption of
Lang’s conjecture about rational points on varieties of general type; see also [CHM].

Conjecture 1.4. (“Uniform Faltings’ Theorem”) Let g ≥ 2 and d be natural num-
bers. Then there exists a constant Bd,g such that for every number field L of degree
d over Q, and for every curve X of genus g over L, we have that #X(L) ≤ Bd,g.

As we will soon see (Proposition 3.2), the Weak Diversity Conjecture can be
reduced to the case of G-Galois covers f : X → A1

K . In the Galois case, Conjecture
1.4 implies Weak Diversity for g(X) ≥ 2, which will be shown in §5. In this way,
Weak Diversity can be viewed as a weaker form of Conjecture 1.4 that, unlike
Conjecture 1.4, also applies to genera 0 and 1. Note that Conjecture 1.4 is not even
known for twists of a given curve; see related results in this direction in [S1] and
[S2].

Strong Diversity is known in either of two cases: (a) when one of the branch
points is of degree either 2 or 3 above Q ([DZ, Theorem 2(b)]), or (b) if the branch
points are all Q-rational and the normal closure of X → A1

Q satisfies some condi-
tion (for example if its Galois group is either alternating, symmetric or non-abelian
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simple group of non-square order; see [DZ]). Weak Diversity (but not Strong Diver-
sity) was also proven ([CZ, Corollary 1]) in the case that X has at least 3 geometric
points above ∞. See also Proposition 3.4, and preliminary discussion thereof, in
this paper. We also remark that in [D], Dèbes proves a version of the strong diver-
sity conjecture where one looks at fibers over n+1, . . . , n+N for some n depending
on N .

In this paper we reduce Weak Diversity to the case of a cyclic Galois cover. As
a consequence, we show that the abc Conjecture (for an appropriate number field)
implies Weak Diversity (Theorem 4.2 — although this can be proven without our
reduction, see Remark 4.4). We also show that abc implies Strong Diversity for the
case that not all branch points are Q-rational (Theorem 2.2).

We mention that Mochizuki claims to have proven the Vojta conjecture for all
curves over number fields ([M, Discussion after Theorem A]), which implies the abc
Conjecture over number fields. If Mochizuki’s proof is verified, then Weak Diversity
will hold unconditionally.

Acknowledgements

The authors thank Larry Washington for fruitful conversations, and Andrew
Granville, Ram Murty and Taylor Dupuy for very thorough and helpful answers to
their mathematical inquiries. They also thank Pierre Dèbes for useful comments.

2. Proof of the non-rational branch point case of Strong Diversity
given abc

As was mentioned above, Dvornicich and Zannier proved Strong Diversity for
f : X → A1

Q whenever f has a branch point of index 2 or 3. Combining the abc
Conjecture with a result of Granville allows us to weaken this assumption to f
having a branch point not defined over the base field.

Lemma 2.1. Assume the abc Conjecture. Then

n = O(#{p ≥ n | vp(g(m)) = 1 for some m ≤ n})

whenever g ∈ Z[x] is an irreducible polynomial of degree at least 2. If deg g ∈ {2, 3},
then the abc Conjecture is not required.

Proof. By [DZ, Eq. (1) on p. 427], the lemma is true unconditionally if vp(g(m)) = 1
is replaced by p | g(m). So it suffices to show that

#{p ≥ n | vp(g(m)) > 1 for some m ≤ n} = o(n).

If deg g ∈ {2, 3}, this follows as on [DZ, p. 427], without the abc Conjecture. In
any case, if deg g ≥ 3, this follows from [G, Theorem 8] applied to the homogeniza-
tion of g, taking N = n and M = 1. �

Theorem 2.2. Suppose that the branch locus ∆ of f : X → A1
Q contains a point

of degree ≥ 2 over Q, and that the abc Conjecture is true. Then Strong Diversity
holds for f .

Proof. Let X ′ be a plane curve such that X 99K X ′
f ′

→ A1
Q is a factorization of f

as a rational map with X 99K X ′ birational. To prove Strong Diversity for f , it
suffices to prove it for f ′.

Albanian J. Math. 12 (2018), no. 1, 8-14.
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Since X ′ is a plane curve, we are in the situation of [DZ]. If ∆ has a point of
degree 2 or 3 over Q, then this is [DZ, Theorem 2(b)]. The only input to the proof
in [DZ] that requires ∆ to have a point of degree 2 or 3 is the result of Lemma 2.1
for some irreducible factor g of a polynomial cutting out ∆ (see [DZ, (11), p. 437]).
By our assumptions on ∆, there is such a factor of degree ≥ 2. Since we assume
the abc Conjecture, the proposition follows from Lemma 2.1. �

3. Unconditional reduction of Weak Diversity to cyclic case

In this section, we reduce Weak Diversity to the case of cyclic covers of prime
order. We do not assume the abc Conjecture.

Lemma 3.1. If a cover f : X → A1
K0

is defined over a number field K0, then
Weak Diversity for f is equivalent to Weak Diversity for any base change fK over
a number field extension K/K0.

Proof. The residue field of a point in f−1K (n) is the compositum of the residue field
of the corresponding point of f−1(n) with K. If two number fields have distinct
composita with K, they must be distinct. On the other hand, given a number field
L, there are only finitely many distinct number fields whose compositum with K is
L. The lemma follows. �

Proposition 3.2. Suppose that f : X → A1
K is a cover defined over a number field

K and L/K is a finite extension for which the Galois closure f ′ : X ′ → A1
L of the

base-change fL of f to L is geometrically irreducible and defined over L as a Galois
cover. Then to prove Weak Diversity for f , it suffices to prove it for f ′.

Proof. By Lemma 3.1, we may assume that L = K and fL = f . Let Ln (resp. L′n)
be the field generated by the residue fields of the points of f−1(n) (resp. (f ′)−1(n)).
We note that L′n is Galois over K and is contained in the Galois closure of Ln over
K. So L′n is the Galois closure of Ln over K. So if L′i 6= L′j , then Li 6= Lj . Thus
Weak Diversity for f ′ implies Weak Diversity for f . �

Proposition 3.3. Suppose f : X → A1
K is a quotient cover of g : Y → A1

K . Then
Weak Diversity is true for g if it is true for f .

Proof. Let Ln (resp. L′n) be the field generated by the residue fields of the points
of f−1(n) (resp. g−1(n)). Then Ln ⊆ L′n and the degree of L′n over the base field
is bounded in terms of g, which means that there exists d ∈ N such that each L′i
can correspond to at most d non-isomorphic Ljs. So if the number of distinct L′n
for n ≤ N is at least cN , then the number of distinct Ln for n ≤ N is at least
cN/d. �

Proposition 3.4 below was stated in [BL] as a consequence of [CZ, Corollary 1],
but we supply some more details on the proof here. Recall that if L is a number field
and S is a finite set of places containing the archimedean places, then OL,S ⊂ L is
the subring of L consisting of elements whose valuations at all places outside of S
are nonnegative.

Proposition 3.4. Let f : X → A1
K0

be a branched cover defined over a number

field K0. If the smooth projective completion of f has at least three Q-points over
∞, then Weak Diversity holds for f .

albanian-j-math.com/archives/2018-02.pdf
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Proof. Embed X ⊂ Am
K0

as an affine curve. If K/K0 is a finite extension and S is a
finite set of places of OK including the archimedean places, [CZ, Corollary 1] implies
that the number of OK,S-integral points of X is bounded in terms of the degree of K
and the cardinality of S. Now, since the ring extension K0[X]/K0[t] corresponding
to f is generated by roots of finitely many monic polynomials over K0, there is a
finite set of places S0 of K0 such that the same is true for OK0,S0 [X]/OK0,S0 [t].
Taking S to be the set of places of K lying above S0, we see that every K-point
of X lying above an OK0,S0

-point of A1
OK0,S0

is in fact an OK,S-point. Thus, the

number of such points is bounded solely in terms of the degree of K.
Since any field L arising as the residue field of a point of f−1(n) for n ∈ N has

degree at most deg(f) over K0, there is an absolute bound, depending only on f ,
on the number of such points with residue field L. This immediately implies Weak
Diversity for f . �

Proposition 3.5. To prove Weak Diversity for a cover defined over a number field
with a given branch locus ∆, it suffices to prove it for cyclic covers of prime order
with branch locus contained in ∆.

Proof. By Lemma 3.1 and Proposition 3.2, we may assume the cover is Galois for
some group G. If the cover has at least three Q-points defined over ∞, then the
proposition follows from Proposition 3.4, so assume there are at most two such
points. Then the stabilizer of one of these points is a cyclic group of index at most
2 in G. So either G is cyclic or G has Z/2 as a quotient. In either case, G has a
cyclic group of prime order as a quotient, and the quotient cover has branch locus
contained in ∆, so we are done by Proposition 3.3. �

Remark 3.6. The most difficult case for the Weak Diversity Conjecture seems to
be that of a quadratic cover. In this case, it is tantamount to showing that for a
separable polynomial f ∈ K[x], the number of distinct square classes in the set
{f(1), . . . , f(N)} is at least cN for some constant c > 0 and all N .

4. Proof of Weak Diversity given abc

Lemma 4.1. Let K be a number field with ring of integers OK , and let f(x) ∈
OK [x] be a non-constant polynomial. Then there is a constant c, depending on
f , such that for any ideal I ⊆ OK , the set {n ∈ N | (f(n)) = I} has cardinality
bounded by c.

Proof. It suffices to bound the number of n such that NK/Q(f(n)) equals any par-
ticular constant. But NK/Q(f(n)) is a polynomial in n over Q, whose absolute
value is easily seen to go to ∞ as n→∞. Thus it is non-constant, and the lemma
follows. �

Theorem 4.2. Let f : X → A1
K be a geometrically irreducible branched cover over

some number field K, and let L be a number field such that each branch point of f
is L-rational. Then the abc Conjecture1 for L implies Weak Diversity holds for f .

Proof. By Lemma 3.1 we may, without loss of generality, assume that L = K. By
Proposition 3.5, we may assume that f is a Z/p-cover, for some prime p. After a
base change, and using Lemma 3.1 again, we may assume that f is given by an

1See, e.g., [V, p. 84]
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equation yp = g(x), where g(x) ∈ OK [x] is a polynomial with roots exactly at the
branch points and all roots of g(x) have order at most p− 1.

Let h(x) ∈ OK [x] be a separable polynomial with the same leading coefficient
and roots as g(x). By the number field version2 of [G, Theorem 1], there exists
a positive constant c and an ideal I ⊆ OK such that for large enough N , the
ideal (h(n))I−1 ⊆ OK is squarefree for at least cN elements n ∈ {1, . . . , N}. By
Lemma 4.1, after replacing c by a smaller positive constant, we can find cN elements
n ∈ {1, . . . , N} such that (h(n))I−1 is squarefree and the ideals (h(n)) are pairwise
distinct. After replacing c by yet a smaller constant, we may assume that the prime
factorizations of the ideals (h(n)) are pairwise distinct even when prime factors of
I and of (p) are ignored.

Now, h(n) | g(n) | h(n)p−1, so the primes ramified in K(g(n)1/p)/K, other than
those dividing I or (p), are exactly those primes dividing (h(n)). Thus the fields
K(g(n)1/p) are pairwise distinct, which proves Weak Diversity for f . �

Remark 4.3. Combining Theorem 4.2 with Theorem 2.2, we see that assuming the
abc Conjecture over Q suffices to prove Weak Diversity for covers defined over Q,
even if the branch locus does not consist of Q-points.

Remark 4.4. A similar argument to prove Theorem 4.2 can also be made combining
the paper [G] with arguments from [DZ] using the discriminant of the cover f as a
substitute for the Kummer generator g(x) without first reducing to the cyclic case.
Since [DZ] is is written in the context of covers over Q, we provide the above proof
so as not to have to adapt their result.

5. The Uniform Faltings’ Theorem and Weak Diversity

In this section, we prove the following proposition.

Proposition 5.1. Let f : X → A1
K be a Galois branched cover over a number field

K with g(X) ≥ 2. Then Conjecture 1.4 implies Weak Diversity for f .

Proof. Let G be the Galois group of f and let K be a field Let T be a right G-torsor
over K. There exists a twist XT of X, defined over K such that for K-rational
points P of A1

K , the restriction X ×A1
K
{P} is isomorphic to T as a right G-torsor

iff XT has a K-rational point above P . See, for example, Lemma 3.3.1 of [H],
and surrounding discussion. Since all of these twists have the same genus and are
defined over K, Conjecture 1.4 implies that there is a uniform bound on the number
of rational points on any given twist. This implies that for any given G-extension
L/K, there is a uniform bound on the number of K-rational points {P} of A1

K

such that f−1(P ) is a point with residue field L. Combining this with Hilbert’s
irreducibility theorem as in Remark 1.3, we obtain Weak Diversity for f . �

Remark 5.2. Proposition 5.1 is more or less the same as the second statement in
[D, Theorem 1.3]. The first statement of that same theorem shows that a weaker
statement than Weak Diversity holds unconditionally.

2See the remark on [G, p. 993]
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RUBÉN A. HIDALGO

Departamento de Matemática y Estad́ıstica,
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Abstract. Around 1973, Macbeath provided a formula for the number of
fixed points of an element in a group G of conformal automorphisms of a closed

Riemann surface S of genus at least two. Such a formula was initially used to

obtain the character of the representation associated to the induced action of
G on the first homology group of S, and later turned out to be extremely useful

in many other contexts. By using a simple counting procedure, we provide a

similar formula for the number of connected components of an element in a
finite group of isometries of a hyperbolic manifold.
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1. Introduction

Let S be a closed Riemann surface of genus at least two and letG be a (necessarily
finite) group of conformal automorphisms of S. In 1973, Macbeath [14] found a
formula for the number of fixed points of each g ∈ G in terms of the topological
action of G (see Section 4). Later, in [5, 6, 7, 12], a generalization of this formula
to count the number of connected components of fixed points, has been found for
the cases of anti-conformal automorphisms of compact Riemann surfaces and also
for dianalytic automorphisms of bordered and unbordered compact Klein surfaces
(both in orientable and non-orientable cases). Let us note that if H is a finite group
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On Macbeath’s formula for hyperbolic manifolds 16

of orientation-preserving homeomorphisms of a closed orientable surface X, then
it is well known that on X there is the structure of a Riemann surface making H
to act as a group of conformal automorphisms; so actually Macbeath’s formulas
can be applied for arbitrary periodic self-homeomorphisms. Furthermore, due to
well known description of discrete cocompact groups of isometries of the hyperbolic
plane, the formulas in the 2-dimensional case have more explicit character.

Now, let us assume we are given a pair (M,G), where M is an (n+1)-dimensional
hyperbolic manifold, where n ≥ 1, and G is a finite group of its isometries. Then
there is a triple (F ,K, θ), where K is a group of isometries of the hyperbolic (n+1)-
dimensional spaceHn+1 and θ : K → G is a surjective homomorphism with a torsion
free kernel F , so that M = Hn+1/F and M/G = Hn+1/K. Under the assumption
that K is finitely generated and it has a finite number of conjugacy classes of finite
order elements (we say that it is of finite type), by using an elementary counting
method on G, we may obtain a formula, similar to Macbeath’s one, to count the
number of connected components of a non-trivial element g ∈ G (see Theorem
3.3). It seems that a similar formula is not provided in the literature. Examples
of Kleinian groups K of finite type are the geometrically finite ones [4, 13] and, for
n = 2, the locus of geometrically finite Kleinian groups is dense on the space of
finitely generated Kleinian groups [3,18,19]; two examples are provided in the last
section.

We should remark that, by suitable modification of the proof of Theorem 3.3, it
can be shown that the provided formula to count the number of connected com-
ponents of isometries still valid for G being a finite group of isometries of a Rie-

mannian manifold M for which its universal Riemannian cover space M̃ has the
property that its finite order isometries have non-empty and connected set of fixed

points. Examples of these are for M̃ being either (i) the Teichmüller space Tg of
genus g ≥ 1 Riemann surfaces or (ii) the Siegel space Hg parametrizing principally
polarized abelian varieties.

2. Preliminaries

In this section we recall some concepts and facts concerning isometries of hyper-
bolic spaces, (extended) Kleinian groups and its associated manifolds, which shall
be used in the rest of this paper. Good references on these are, for instance, the
classical books [16,17].

2.1. Hyperbolic space. For n ≥ 1, we shall use as a model of the (n + 1)-
dimensional hyperbolic space Hn+1 the (n+ 1)-dimensional upper-half space {x =
(x1, . . . , xn+1) ∈ Rn+1 : xn+1 > 0} equipped with the Riemannian metric ds =
‖dx‖/xn+1. Its conformal boundary is the n-dimensional sphere Sn = Rn ∪ {∞}.
Each (n − 1)-dimensional sphere Σ ⊂ Sn (for n = 1, Σ is understood as two dif-
ferent points) has associated a reflection σ = σΣ having Σ as its locus of fixed
points. By the Poincaré extension theorem, the reflection σ extends naturally to
an order two orientation reversing isometry of Hn+1; this being the reflection on
the half-n-dimensional sphere inside Hn+1 induced by Σ. A Möbius (respectively,
extended Möbius) transformation of Sn is the composition of an even (respectively
odd) number of reflections. By the classical complex analysis, for n = 2, and the

Liouville Theorem, for n ≥ 3, the group M̂n, composed by all Möbius and ex-
tended Möbius transformations, is the full group of conformal automorphisms of

Albanian J. Math. 12 (2018), no. 2, 15-23.
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Sn. We shall denote denote by Mn its canonical subgroup of index two consisting
of all Möbius transformations. Again, by the Poincaré extension theorem, every
Möbius (respectively, extended Möbius) transformation extends to an orientation-
preserving (respectively, orientation-reversing) isometry of Hn+1 and all isometries

of Hn+1 are obtained in this way. This allows us to identify the group M̂n with
the group Isom(Hn+1) of all isometries of Hn+1 and Mn with the index two sub-

group Isom+(Hn+1) of all its orientation-preserving isometries. An element of M̂n,
viewed as an isometry of Hn+1, may or may not have fixed points in Hn+1 and
if the former is the case, then it is called elliptic if it preserves orientation and
pseudo-elliptic otherwise. The locus of fixed points, in the hyperbolic space, of an
elliptic or pseudo-elliptic transformation is known to be either a point or a totally
geodesic subspace of Hn+1.

2.2. Kleinian groups. A Kleinian group is a discrete subgroup of Mn and an

extended Kleinian group is a discrete subgroup of M̂n not contained inMn. Elliptic
or pseudo-elliptic transformations of a (extended) Kleinian group have necessarily

finite orders. Let us note, from the definition, that a subgroup K of M̂n is an
extended Kleinian group if and only if K+ = K ∩Mn is a Kleinian group.

Associated to an (extended) Kleinian group F <Mn is a (n + 1)-dimensional
(orientable if it is Kleinian) hyperbolic orbifold MF = Hn+1/F . If, moreover, F is
torsion free, then MF is a (n + 1)-dimensional hyperbolic manifold, which means
that it carries a natural complete Riemannian metric of constant negative curvature
inherited from the one of Hn+1.

Assuming F to be a torsion free Kleinian group, so MF is an orientable hy-
perbolic manifold, by a conformal automorphism (respectively, anti-conformal au-
tomorphism) of MF we means an orientation-preserving (respectively, orientation-
reversing) self-isometry. We denote by Aut(MF ) the group of all conformal/anti-
conformal automorphisms of MF .

A Kleinian group F is called geometrically finite if it has a finite-sided fundamen-
tal polyhedron in Hn+1, in particular, it is finitely generated and the hyperbolic
volume of Hullε(Λ(F))/F is finite, where Λ(F) ⊂ Sn stands for the limit set of F
and Hullε(Λ(F)) is the ε-neighborhood of the convex hull of Λ(F) in Hn+1. An ex-
tended Kleinian group is geometrically finite if its index two orientation-preserving
half Kleinian group is so. Finite index extensions of geometrically finite groups are
still geometrically finite. Another properties of geometrically finite groups can be
found, for instance, in [1, 16].

2.3. A finiteness property. Let us consider an (extended) Kleinian group K <
Mn. We will say that K is of finite type if it is finitely generated and it contains a
finite number of conjugacy classes of elements of finite order.

Remark 2.1. If n ∈ {1, 2} and K is finitely generated, then it is of finite type [4],
but for n ≥ 3, the finitely generated condition does not always ensure the finite
type property [13], but it holds true if K is known to be geometrically finite.

So, if K < Mn is of finite type, then we are able to find a collection of finite
order elements {κ1, . . . , κr} ⊂ K so that the following holds:

(ecs1) each κi generates a maximal cyclic subgroup of K;
(ecs2) the cyclic subgroups generated by κ1, . . . , κr are pairwise non-conjugate in

K;
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(ecs3) the collection is maximal with respect to the above two properties.

In the above, following the terminology used by Maclachlan in [15] for Fuchsian
groups, we will say that the collection {κ1, . . . , κr} is an elliptic complete system
(e.c.s. in short) and any of its elements is called a canonical generating symmetry
of K.

3. Quantitative aspects of the set of fixed points: Macbeath’s
formula

In this section, we let K be an (extended) Kleinian group of finite type, G a
finite group and θ : K → G a surjective homomorphism with a torsion free (finitely
generated) Kleinian group F . Let us denote by π : Hn+1 → MF a universal
covering with F as its group of deck transformations. The finite group G =θ K/F
is a subgroup of Aut(MF ). Next, we proceed to search for a Macbeath’s formula
that permits to count the number of connected components of fixed points of each
non-trivial element g ∈ G.

If κ ∈ K, g = θ(κ), h ∈ Hn+1 and x = π(h), then g(x) = π(κ(h)). We shall keep
all these notations throughout the rest of this paper

Each finite order element κ ∈ K defines an automorphism θ(κ) ∈ G acting with
fixed points (the set of fixed points of κ are sent by π to fixed points of θ(κ)). The
converse is clear as π is a local homeomorphism.

Lemma 3.1. The sets of fixed points of two distinct non-trivial elements of K of
finite orders inducing the same automorphisms of MF are disjoint.

Proof. Let κ, κ′ be elements of finite order of K and let θ(κ) = θ(κ′). Let us assume
they have non-disjoint connected components, say C and C ′, of their loci of fixed
points. If y ∈ C ∩C ′, then y is a fixed point of κ−1κ′ ∈ ker θ = F . As F is torsion
free and κ−1κ′ has a fixed point, we must have that κ−1κ′ = 1. �

Since K is of finite type, we may find an e.c.s. {κ1, . . . , κr} for K, which we
assume, from now on, to be fixed. Let us denote by mj the order of κj .

If g ∈ G is a non-trivial element, say of order m, with fixed points, then property
(ecs3) ensures that g = θ(κ) for some elliptic element κ of K which is conjugated
to a power of some canonical generating symmetry κj . Let J(g) be the set of

such j ∈ {1, . . . , r} for which g = θ(ωjκ
nj

j ω
−1
j ) for some ωj ∈ K and some nj ∈

{1, . . . ,mj −1}. As ker θ = F is torsion free, we may see in the above equality that
the order of g and that of κ

nj

j is the same, that is, m = mj/ gcd(mj , nj).

Remark 3.2. For n = 1, K is either a Fuchsian or an NEC group, so the set of
fixed points of an elliptic element κ ∈ K consist in a single point and, as the only
finite order orientation reversing isometries of the hyperbolic plane are reflections,
the locus of fixed points in this case is a geodesic line. In particular, different elliptic
elements of the same order have different sets of fixed points. Unfortunately, this
is no longer true for symmetries of higher dimensional spaces and this is a one of
the essential differences between Macbeath’s formula for Riemann surfaces and our
formula for hyperbolic manifolds of higher dimensions. For instance, Let n ≥ 4 and
take A,B ∈ On(R) generating a non-cyclic finite group U . Assume that none of
them has eigenvalue equal to 1 and so that they are non-conjugate in U (this can
be done for n ≥ 4). Let us consider the isometries of the hyperbolic (n+ 1)-space,

Albanian J. Math. 12 (2018), no. 2, 15-23.
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in this example modeled by the unit ball in Rn+1, given by

TA =

[
A 0
0 1

]
, TB =

[
B 0
0 1

]
.

Then, K = 〈TA, TB〉 ∼= U is a finite extended Kleinian group, where TA and TB
both share the same geodesic set of fixed points, but they are non-conjugated in K.

As note in the above remark, although different canonical generating symmetries
give rise to different connected components of their sets of fixed points, it is no longer
true for their powers of the same order. In order to neutralize that deficiency while
we count the number of connected components of Fix(g), for g ∈ G−{I}, we must
define the following equivalence relation on J(g):

j1, j2 ∈ J(g) : j1 ∼ j2 ⇔ Fix(κ
nj1
j1

) ∩ Fix(κ
nj2
j2

) 6= ∅.
The above relation is equivalent for the sets of fixed points of elliptic elements

to be projected on the same subset of MF . Let I(g) be a set of representatives for
the quotient set J(g)/∼.

Finally, as the set C of fixed point of an isometry of finite order κ ∈ K is a totally
geodesic subspace of Hn+1, its image ` = π(C) is a connected component of the set
of fixed points of θ(κ); this being again a totally geodesic submanifold of MF . Let
G` be the subgroup of G leaving ` set-wise invariant (the elements of G` permutes
the points on ` and may or may not have fixed points on it).

We have now introduced all notations and facts needed to state and prove our
main result concerning the number of connected components of the locus of fixed
points of isometries in G.

Theorem 3.3 (Macbeath’s formula for hyperbolic manifolds). Let K be an (ex-
tended) Kleinian group of finite type, G a finite abstract group and θ : K → G a
surjective homomorphism whose kernel F is torsion free. Fix an elliptic complete
system κ1, . . . , κr for K and suppose that κi has order mi. Let g ∈ G be a non-
trivial element of order m with non-empty set of fixed points. Then the number of
connected components of the set of fixed points of g in the hyperbolic manifold MF
is

|NG〈g〉|
∑
i∈I(g)

1/ni,

where NG〈g〉 stands for the normalizer in G of the cyclic subgroup 〈g〉 and ni is

the order of the θ-image of the K-normalizer of 〈κmi/m
i 〉.

Proof. Let π be a universal covering Hn+1 → MF induced by F and let g ∈ G be
non-trivial of order m acting with fixed points on MF . For each j ∈ J(g) we also
set sj := mj/m = gcd(mj , nj). Let κ ∈ K so that θ(κ) = g. Then, for h ∈ Hn+1,
we have that x = π(h) is a fixed point of g if and only if π(h) = π(κ(h)) and so if
and only if γ(h) = κ(h) for some γ ∈ F . This means that γ−1κ ∈ K has a fixed
point and hence it is conjugate to a power of some element κi of e.c.s. and therefore
g = θ(ωκαsii ω−1) for some α coprime with m and ω ∈ K. Clearly neither i, nor α
and nor ω must be unique here. So given i ∈ J(g) consider

Ni(g) = {ω ∈ K : g = θ(ωκtii ω
−1) for some ti}.

If we let Ci to be the totally geodesic subspace of the set of fixed points of κtii
and if we denote by Ki its stabilizer in K, which is the normalizer of 〈κsii 〉, then
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x ∈ π(ω(Ci)). Conversely, given ω ∈ Ni(g), π(ω(Ci)) ⊆ Fix(g). It follows that

Fix(g) =
⋃

i∈I(g)

⋃
ω∈Ni(g)

π(ω(Ci)).

Let us fix ωi in Ni(g). Then for any orther ω ∈ Ni(g), ωKi = ωiKi and so
Ni(g) is the left coset ωiKi. Furthermore ω ∈ Ni(g), gives θ(ω−1

i ω) ∈ NG〈g〉 and so

ω−1
i ω ∈ θ−1(NG〈g〉) which in turn means thatNi(g) is also left coset ωi θ

−1(NG〈g〉).
Now, `i = π(ω(Ci)) is a one of the connected components of the set of fixed points
of g and notice that θ(ωKiω−1) = G`i . Given ν, ν′ ∈ θ−1(NG〈g〉), we have the
following chain of equivalences

π(ωiν(Ci)) ∩ π(ωiν
′(Ci)) 6= ∅ ⇔ π(ωiν(Ci)) = π(ωiν

′(Ci)) ⇔
γωiν(Ci)) = ωiν

′(Ci), for some γ ∈ F ⇔ γ′ν′−1ν(Ci) = Ci, for some γ′ ∈ F ⇔
θ(ν′−1ν) ∈ G`i ⇔ ν′−1ν ∈ θ−1(G`i) ⇔
θ(ν′−1)θ(ν) ∈ θ(ωKiω−1).

The first equivalence follows from Lemma 3.1, the third is a consequence of the
normality of F in K; the remainder are rather clear. Thus, each i ∈ I(g) produces

[θ−1(NG〈g〉) : θ−1(G`i)] =
|NG〈g〉|
|G`i |

=
|NG〈g〉|
ni

connected components of the locus of fixed points of g. Finally, in order to get
the desired formula, we need to prove that π(ωi(Ci)) ∩ π(ωj(Cj)) = ∅, if i, j ∈ I(g)
with i 6= j. In fact, otherwise (by Lemma 3.1) if they intersect, then necessarily
π(ωi(Ci)) = π(ωj(Cj)); so for arbitrary ci ∈ Ci we have γωi(ci) = ωj(cj) for some

cj ∈ Cj and some γ ∈ F . Therefore ω−1
j γωi(Ci) = Cj . In other words, there

is an element η ∈ K so that ηκtii η
−1 and κ

tj
j have the same set of fixed points,

contradicting the definition of the set I(g). �

It follows from the proof of the above Theorem the following upper bound.

Corollary 3.4. Let K,F , G, θ, π, κi and mi be as in Theorem 3.3. Then the number
of connected components of the set of fixed points of g ∈ G does not exceed

|NG〈g〉|
∑
j∈J(g)

1/mj .

Proof. Indeed |I(g)| ≤ |J(g)| and mi ≤ ni. �

4. Comments concerning dimension two

Due to a better understanding and description of discrete cocompact groups of
isometries of the hyperbolic plane H2, the formulas in Theorem 3.3 have a more
explicit character. In fact, as the locus Fix(κi) of any canonical elliptic generator
xi of a Fuchsian group, is a single point pi and G{pi} = 〈xi〉, Theorem 3.3 reduces
to Macbeath’s counting formula in [14].

Corollary 4.1 (Macbeath’s counting formula for Riemann surfaces [14]). Let K
be a finitely generated discrete group of orientation-preserving isometries of the
hyperbolic plane H2 and let x1, . . . , xr be the a set of canonical elliptic generators
of it of orders m1, . . . ,mr, respectively. Let G be a finite group and θ : K → G
be a surjective homomorphism, whose kernel F is torsion free. We may consider
the natural action of G =θ K/F , by orientation preserving automorphisms, of the
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Riemann surface S = H2/F . Then the number of fixed points of g ∈ G is given by
the formula

|NG(〈g〉)|
∑

1/mi,

where N stands for the normalizer and the sum is taken over those i for which g
is conjugate to a power of the image θ(xi). In particular the number of fixed points
of g is finite.

An anti-holomorphic automorphism of a compact Riemann surface of genus g,
with fixed points, must be an involution; its locus of fixed points consist of s ∈
{1, . . . , g + 1} disjoint sets, each of which is homeomorphic to a circle (ovals) by a
well known result due to Harnack. A canonical elliptic generator ci, of a NEC group,
inducing an anti-holomorphic automorphisms (with fixed points) is a reflection,
which is determined by its axis. In this way, we see that G` = θ(C(Λ, ci))) and
therefore Theorem 3.3 reduces to the main result from [6].

Corollary 4.2. Let K be an NEC-group, G be a finite group and let θ : K → G be a
surjective homomorphism whose kernel is a torsion free cocompact Fuchsian group
F . Let us consider the action of G, under θ, on the compact Riemann surface
S = H2/F as a group of conformal and anticonformal automorphisms. Then a
symmetry σ with fixed points is conjugate to θ(c) for some canonical reflection c of
K and it has ∑

[C(G, θ(ci)) : θ(C(K, ci)) ]

ovals, where C stands for thre centralizer, ci run over nonconjugate canonical re-
flections of K, whose images under θ belongs to the orbit of σ in G.

Remark 4.3. An algebraic structure of the centralizers of reflections in an NEC-
group was found by Singerman in [20]. There is a simple method, based on the
geometry of the hyperbolic plane, to find explicit formulas for them as described in
[8]. Similarly, effective formulas are also known for periodic self-homeomorphisms
of non-orientable or bordered compact surfaces [5, 7].

5. A couple of examples in hyperbolic 3-dimensional case

We shall give two examples of 3-dimensional hyperbolic manifolds, to see how
our formula works in practice.

Example 5.1 (Generalized Fermat 3-manifolds). Let m, k ≥ 3 be integers. A
generalized Fermat manifold of type (m, k) is a compact hyperbolic 3-manifold N
admitting a group H ∼= Zkm of isometries so that the hyperbolic orbifold M/G is
homeomorphic (as orbifolds) to the orbifold O whose underlying space is the unit
3-dimensional sphere S3 and the conical locus is given by k disjoint loops (each one
of index m) as shown in Figure 1 (for the case k = 10). In this case, the group H is
called a generalized Fermat group of type (m, k) and the pair (N,H) a generalized
Fermat pair of type (m, k). By Mostow’s rigidity theorem, up to isometry, there
is only one generalized Fermat pair of type (m, k). As the 3-orbifold O is closed,
Haken and homotopically atoroidal, it has a hyperbolic structure [2, 9], that is,
there is Kleinian group K for which O = H3/K (see Figure 2). We have that K is
generated by x1, . . . , xk subject to the relations:

xm1 = . . . = xmk = 1, xix
−1
i+1x

−1
i xi+1 = xi+1x

−1
i+2x

−1
i+1xi+2,
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where i are taken modulo k. The collection x1, . . . , xk is a elliptic complete system
of K and the derived subgroup K′ of K is torsion free [11]. So M = H3/K′ is a closed
hyperbolic 3-manifold with abelian group G = K/K′ ∼= Zkm of automorphisms. Let
us now consider the canonical projection θ : K → G and set ai = θ(xi). By
Theorem 3.3, the number of connected components of fixed points of each ai is
exactly mk−1. In fact, in this example we have that NG〈ai〉 = G, so |NG〈ai〉| = mk,
and NK〈xi〉 = 〈xi〉.

Figure 1. k = 10 Figure 2. O = H3/K

Example 5.2 (Extended Schottky groups). An extended Schottky group of rank g
is an extended Kleinian group whose canonical subgroup of orientation preserving
isometries is a Schottky group of rank g [10]. An example, of rank g = 5, is as
follows. Choose three pairwise disjoint circles on the complex plane, all of them
bounding a common 3-connected region. For each of these circles, we take either
a reflection or an imaginary reflection that permutes both discs bounded by such
a circle. Let us denote these transformations by κ1, κ2 and κ3, and let K be
the group generated by them. It happens that K is an extended Kleinian group
isomorphic to the free product of three copies of Z2, NK〈κi〉 = 〈κi〉 and {κ1, κ2, κ3}
is a elliptic complete system of it. If we consider the surjective homomorphism
θ : K → G = Z3

2 = 〈a1, a2, a3〉, defined by θ(κi) = ai, for i = 1, 2, 3, then its kernel

F = ker θ = 〈〈(κ2κ1)2, (κ2κ3)2, (κ1κ3)2〉〉,
were the last stands for the normal closure, is a Schottky group of rank 5. So
M = H3/F is homeomorphic to the interior of a handlebody of genus 5 admitting
three symmetries a1, a2 and a3, each one of order two. Since G is abelian, we have
that |NG〈ai〉| = 8 and |θ(NK〈κi〉| = |〈ai〉| = 2. It follows from the counting formula
of Theorem 3.3 that each ai has exactly 4 connected components of its set of fixed
points; all of them being either isolated points or discs.
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Abstract. We give infinitely many examples to show that, even for simple
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are conjugate in G. This answers negatively a question posed by Aschbacher.
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1. The question

In a recent survey article on the subgroup structure of finite groups [1], in the
context of discussing open problems on the possible structures of subgroup lattices
of finite groups, Aschbacher poses the following specific question. Let G be a finite
group, H a subgroup of G, and suppose that H is contained in exactly two maximal
subgroups M1 and M2 of G, and that H is maximal in both M1 and M2. Does it
follow that M1 and M2 are not conjugate in G? This is Question 8.1 in [1]. For G a
general group, he asserts there is a counterexample, not given in [1], so he restricts
this question to the case G almost simple, that is S ≤ G ≤ Aut(S) for some simple
group S. This is Question 8.2 in [1].

2. The answer

In fact, the answer is no, even for simple groups G. Two or three examples can
be read off from the Atlas of Finite Groups [4], if one knows where to look. For
convenience, let us call a group G an A-group if the question has an affirmative
answer for G, and a non-A-group otherwise. The smallest example of a non-A-group
seems to be the simple Mathieu group M12 of order 95040.
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Theorem 1. Let G = M12, and H ∼= A5 acting transitively on the 12 points
permuted by M12. Then H lies in exactly two other subgroups of G, both lying in
the single conjugacy class of maximal subgroups L2(11).

Proof. The maximal subgroups of G are well-known, and are listed in the Atlas of
Finite Groups [4, p. 33]. From this list it follows that the only maximal subgroups
of G that contain H are conjugates of the transitive subgroup M ∼= L2(11). The
maximal subgroups of Aut(G) ∼= M12:2 are determined in [9], where it is shown
in particular that the normalizers in Aut(G) of H and M are Aut(H) ∼= S5 and
Aut(M) ∼= PGL2(11) respectively. Since PGL2(11) does not contain S5, it fol-
lows that there are precisely two conjugates of M that contain H, and that these
conjugates are interchanged by elements of Aut(H) \H. �

Of course, one example answers the specific question, but does not address the
context in which the question was asked. One needs to consider rather how many
examples there are, or whether the phenomenon just exhibited is relatively common
or rare. The problem considered in [9] was to what extent the maximal subgroups
of an automorphism group Aut(S) of a simple group S can be deduced from those
of the simple group itself. The biggest obstruction to such a reduction turns out
to be the existence of what were called type 2 novelties, that is maximal subgroups
of Aut(S) whose intersection with S, say H, lies in exactly one conjugacy class of
maximal subgroup of S.

In fact, type 2 novelties are a good source of examples of non-A-groups, although
the maximality of H in Mi is an extra condition that needs to be checked separately.
Indeed, the results of [9] can be used to deduce the existence of one more example,
that is in the sporadic simple group of Held. The relevant subgroup information,
obtained in [3, 9], is summarised in [4, p. 104].

Theorem 2. Let G = He and H ∼= (A5×A5).2.2. Then H is contained in just two
other subgroups of G, both lying in the single class of maximal subgroups isomorphic
to S4(4):2.

Proof. It is shown in [3] (see also [9]) that there is a unique class of A5 × A5 in
the Held group, and that the normalizer of any A5 × A5 in G is a group H of
shape (A5 ×A5).22, in which there is no normal A5. It follows that H lies inside a
maximal subgroup M ∼= S4(4):2. Now in Aut(G) the normalizers of H and M are
S5 o 2 and S4(4):4 respectively. But S4(4):4 does not contain S5 o 2, so the elements
of Aut(H) \H interchange two G-conjugates of M that contain H. �

The above examples constitute the extent of general knowledge at the time of
the publication of the Atlas.

3. Doubly-deleted doubly-transitive permutation representations

Both the examples given so far occur in sporadic groups G. There is also at least
one example in which H is sporadic, but G is a classical simple group.

Theorem 3. Let G = Ω−
10(2) and H ∼= M12. Then H is contained in exactly

two other subgroups of G, both lying in the single conjugacy class of subgroups
isomorphic to A12.

Proof. In this case there is a crucial error in [4, p. 147] and one needs to use the
corrected list of maximal subgroups of G from [6] or [2]. Note in particular that
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Aut(G) ∼= Ω−
10(2):2 contains maximal subgroups S12 and Aut(M12) ∼= M12:2. Since

S12 does not contain M12:2, we have essentially the same situation as in the two
previous examples. The only maximal subgroups ofG that containH are conjugates
of M ∼= A12, and there are exactly two such conjugates, swapped by elements of
Aut(H) \H. �

Analysing this example, it is clear that an important property of M12 that is
being used here is that it has two distinct 2-transitive representations on 12 points,
swapped by the outer automorphism. The smallest simple group with such a prop-
erty is L3(2), which has two distinct 2-transitive representations on 7 points. In
characteristic 7, therefore, there is a doubly-deleted permutation representation,
giving rise to an embedding in Ω5(7).

Theorem 4. Let G = Ω5(7) and H ∼= L3(2) ∼= L2(7) be a subgroup of G, acting
irreducibly on the 5-dimensional module. Then H is contained in exactly two other
subgroups of G, both isomorphic to A7, and lying in the same G-conjugacy class.

Proof. Reading off the information about irreducible subgroups of Ω5(7) and SO5(7)
from [2, Table 8.23], we see that G = Ω5(7) has a single class of irreducible
subgroups H = L3(2), and these subgroups are contained in maximal subgroups
M = A7. Correspondingly, in SO5(7) there are maximal subgroups L3(2):2 and
S7. The outer automorphism of L3(2) therefore swaps two (G-conjugate) copies of
A7 containing L3(2). �

More generally, for all n ≥ 3 and all prime powers q, the simple group Ln(q) has
two inequivalent 2-transitive permutation representations on d := (qn − 1)/(q − 1)
points. Not all of these give rise to examples of non-A-groups, however. The
case L3(3) < A13 < Ω11(13) can be analysed using the classification of maximal
subgroups of orthogonal groups in 11 dimensions in [2], where we find that Ω11(13)
contains two classes of L3(3):2, so that L3(3) embeds in both A13 and L3(3):2.
Similarly, the cases L4(2) < A15 < Ω13(`) for ` = 3, 5 are described in [7]. There
is one class of A8, and two classes of S15, in Ω13(3), so A8 is not second maximal
in this case. There is one class of A15, and two classes of S8, in Ω13(5), so A8 is
contained in three maximal subgroups in this case.

4. Infinite series of examples

If p is a prime bigger than 7, then there is an embedding L3(2) < A7 < Ωε
6(p),

where ε = + just when p is a quadratic residue modulo 7. For simplicity, restrict
to the case ε = +. We read off the following properties from [2, Table 8.9]. The
number of classes of A7 is at least 2, and is exactly 2 when p ≡ 3 mod 4. The
same is true for L3(2). In this case, the centre of Ω+

6 (p) is trivial, and the outer
automorphism group has order 4, consisting of a diagonal automorphism δ, a graph
automorphism γ, and their product δγ. Now A7 is normalized by γ in all cases,
while L3(2) is normalized by γ provided p ≡ ±1 mod 8, and by δγ otherwise.
Thus we must restrict to the case p ≡ 7 mod 8, and p ≡ 1, 2, 4 mod 7, that is
p ≡ 15, 23, 39 mod 56. In these cases, the group Ω+

6 (p).〈γ〉 = SO+
6 (p) contains two

classes of S7, and two classes of L3(2):2. The automorphism δ swaps the two classes
of S7, and swaps the two classes of L3(2):2.

Theorem 5. Let p be a prime, and suppose that p ≡ 15, 23, 39 mod 56. Let G
be the simple group Ω+

6 (p) ∼= PSL4(p). Then G contains subgroups L3(2) < A7,
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both normalized by the tranpose-inverse automorphism of L4(p), to L3(2):2 and S7

respectively. In particular, every such L3(2) lies in exactly two copies of A7, and
these two copies of A7 are G-conjugate.

Proof. Consider a pair of subgroups L3(2) < A7 of G, and adjoin αγ, where α is an
inner automorphism of Ω+

6 (p), to extend A7 to S7. This swaps the two classes of
L3(2) in A7. But we can also adjoin βγ, where β is another inner automorphism,
to normalize L3(2) to L3(2):2. Hence there is an inner automorphism of the form
αγβγ, that conjugates an L3(2) of one class in A7, to an L3(2) of the other class.
The same argument with the roles of L3(2) and A7 reversed shows that the two
copies of A7 in which L3(2) lies are conjugate in Ω+

6 (p). �

As a consequence, we have an infinite series of groups PSL4(p), for p any prime
with p ≡ 15, 23, 39 mod 56, for which Aschbacher’s question has a negative answer.
There is a similar infinite series of groups PSU4(p), for p ≡ 1 mod 8 and p ≡
3, 5, 6 mod 7, that is p ≡ 17, 33, 41 mod 56. This can be read off in a similar way
from [2, Table 8.11].

Theorem 6. Let p be a prime, and suppose that p ≡ 17, 33, 41 mod 56. Let G be
the simple groups Ω−

6 (p) ∼= PSU4(p). Then G contains subgroups L3(2) < A7, both
normalized by the field automorphism of U4(p), to L3(2):2 and S7 respectively. In
particular, every such L3(2) lies in exactly two copies of A7, and these two copies
of A7 are conjugate in G.

These last two results are essentially contained in [2, Proposition 4.8.4], where
the fact that type 2 novelties arise in these cases is proved. The maximality of H
in Mi is a triviality. The authors of [2] remark that type 2 novelties also arise for
other values of p, but the conditions on p cannot be expressed as simple congruence
conditions. There is an analogous embedding L2(11) < A11, which one might think
gives similar series of examples in Ωε

10(p) for certain p. However, L2(11) is not
maximal in A11, so this fails.

5. More special examples

As we have just seen, the embedding L3(2) < A7 behaves differently in char-
acteristic 7 (the special case) from other characteristics (the generic case). More
generally, the embedding Ln(q) < Ad, where d = (qn − 1)/(q − 1), behaves differ-
ently in the special case (characteristic dividing d), compared to the generic case
(characteristic prime to d).

The special case is easiest to analyse when d is itself prime. In this case, n is
necessarily prime, but q need not be prime. This includes all Mersenne primes
except 3, and others such as (33 − 1)/(3 − 1) = 13 and (53 − 1)/(5 − 1) = 31, for
example. We then have embeddings Ln(q) < Ad < Ωd−2(d). The Singer cycles
in Ln(q) are represented as d-cycles in Ad, and as regular unipotent elements in
Ωd−2(d). Now there is a unique class of regular unipotent elements in SOm(d) for
all odd m, and these elements have order d provided m ≤ d. The class splits into
two classes in Ωm(d), and these classes are rational if m ≡ ±1 mod 8, and irrational
otherwise.

Since d is prime, the d-cycles in Sd split into two irrational classes in Ad (by
Sylow’s Theorem). The d-cycles are conjugate in Ad to their inverses just when
d ≡ 1 (mod 4). Since the regular unipotent elements have unipotent centralizer,
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it follows that they are conjugate in Ωd−2(d) to their inverses if and only if either
d ≡ 1 mod 4 or d− 2 ≡ ±1 mod 8, that is d ≡ 1, 3, 5 mod 8. Now the Singer cycles
in Ln(q) are inverted by the transpose-inverse automorphism, and we want this
automorphism to be realised by an element of SOd−2(d) \ Ωd−2(d). This happens
if and only if d ≡ 7 mod 8.

Theorem 7. If q is a prime power, and d := (qn − 1)/(q − 1) is prime, with
d ≡ 7 mod 8, let H = PΓLn(q), M = Ad and G = Ωd−2(d). Then H < M < G,
and H and M are unique up to conjugacy in G. Hence H and M extend to H.2
and M.2 in G.2, and H is contained in exactly two G-conjugates of M .

The condition d ≡ 7 mod 8 is satisfied by all Mersenne primes (the case q = 2),
except 3, but not by all primes of the form (qn − 1)/(q − 1). The condition can be
re-written as a condition on the values of q and n modulo 8.

Lemma 1. If d = (qn − 1)/(q − 1), then the condition d ∼= 7 mod 8 is equivalent
to the condition that, either

• q = 2 and n > 2, or
• q ≡ 1 mod 8 and n ≡ 7 mod 8, or
• q ≡ 5 mod 8 and n ≡ 3 mod 8.

Only finitely many primes d of the form (qn − 1)/(q − 1) are known, but it
is conjectured that there are infinitely many, including infinitely many Mersenne
primes 2n−1. Currently just 50 Mersenne primes are known, giving rise to examples
with H isomorphic to L3(2), L5(2), L7(2), L13(2), . . . , L77232917(2). Less effort has
been expended on finding primes for larger values of q, but examples for q = 5 and
n ≡ 3 mod 8 occur when n = 3, 11, 3407, 16519, 201359 and 1888279 (see A004061
in the On-line Encyclopedia of Integer Sequences [8]). I could find no examples
with q = 9 or q = 13, but using GAP [5], one can easily find the examples n = 7,
47 and 71 for q = 17 and n ≡ 7 mod 8.

One can also search for examples by fixing n rather than q. For n = 3, exam-
ples with q ≡ 5 mod 8 and d prime include q = 5, 101, 173, 293, 677, 701, 773. A
search with n = 7 turns up the examples q = 17, 73, 89, 353, 1297, 1409, 1489, 1609,
1753, 2609, 2753, 3673, 4049, 4409, etc., and similarly for n = 11, we can take
q = 53, 229, 389, 709, 1213, 2029, 5581, 5669, 5813, 5861, 7229. For n = 19, there are
examples for q = 181, 277, 389, 509, 797, 1693, 1709, etc. For n = 23, q = 113, 257,
857, 1801; for n = 31, q = 241, and so on.

In particular, examples of negative answers to Aschbacher’s question arise in the
cases of L3(5), L3(101), L11(5), L7(17), and L7(73). An extremely large example
arises from the embedding of L77232917(2) in Ad and Ωd−2(d), where d = 277232917−1
is the largest currently known Mersenne prime.

6. More generic examples

As we have seen, for all n ≥ 3 and for all q, the simple groups Ln(q) have two
inequivalent permutation representations on d := (qn−1)/(q−1) points, and hence
we obtain two inequivalent embeddings in Ad. In the generic case, when ` is a prime
not dividing d, the alternating group Ad embeds irreducibly into Ωd−1(`). However,
the conditions on n, q, ` for this to give rise to a negative answer to Aschbacher’s
question, are subtle and complicated, as we already saw for the smallest case,
n = 3, q = 2.
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The next smallest case is n = 3, q = 3. To analyse this case, that is, the
embedding L3(3) < A13 < PΩ±

12(p), we may use the information on maximal
subgroups of Ω±

12(p) provided in [2, Tables 8.83 and 8.85]. It follows from these
tables that there are no examples here.

The next smallest case is n = 4, q = 2, and the embedding of L4(2) ∼= A8 into
A15 and thence into orthogonal groups in dimensions 13 and 14. The maximal
subgroups of these orthogonal groups have been determined by Anna Schroeder,
in her St Andrews PhD thesis [7]. In particular, the embeddings into Ω13(3) and
Ω13(5) do not give examples.

In the dimension 14 case, however, it seems that there is a small but crucial error
at exactly the point that interests us here: maximal subgroups S8 are eliminated
from the lists of maximal subgroups of PΩ±

14(p) by the assertion, contained in the
proof of [7, Propn. 6.4.17(iv)], that S8 ≤ S15, which is manifestly false for this
embedding. Indeed, Propositions 6.4.4 and 6.4.5 in [7] give the true picture, and
show that S8 is indeed a maximal subgroup of SOε

14(p) for suitable congruences of
ε and p. In the cases when the outer automorphism group of Ωε

14(p) is just 22, the
calculations are quite straightforward. These are the cases when εp ≡ 3 mod 4.

Theorem 8. Let p ≡ 19, 23, 31, 47 mod 60, and let G = Ω+
14(p). Let H ∼= A8 be

a subgroup of G acting irreducibly in the 14-dimensional representation. Then H
is contained in exactly two maximal subgroups of G, both isomorphic to A15, and
conjugate to each other in G.

Proof. Indeed, it is shown in [7] that for p ≡ 19, 23, 31, 47 mod 60, there are two
conjugacy classes of subgroups S15, maximal in SO+

14(p), and swapped by the di-
agonal automorphism δ. Moreover, it is shown that the intersection of S15 with
Ω+

14(p) is A15. Now the same argument applies to the group S8, acting irreducibly
in the 14-dimensional representation. Since for this embedding, S8 does not lie in
S15, it follows that S8 is maximal in SO+

14(p) in these cases. �

Exactly the same argument applies to the cases p ≡ 13, 29, 37, 41 mod 60 in
Ω−

14(p). It is possible that analogous examples also exist when εp ≡ 1 mod 4, but
in this case the outer automorphism group is D8, and there are four classes each of
S8 and S15, so the situation is more complicated.

7. Unbounded rank

From what we have done so far, if there are infinitely many Mersenne primes,
then there are examples of non-A-groups of arbitrarily large Lie rank. However, in
this section we shall show that this condition can be removed, by considering the
generic rather than the special case.

Note first that, for n even, the representations of Ln(2) of dimension d−1, where
d = 2n − 1, extend to emebeddings of Ln(2):2 in SOd(p) for all p, while for n odd
this happens only when the field of order p contains square roots of 2, that is, when
p ≡ ±1 mod 8. Hence, for example, the embeddings L5(2) < A31 < Ωε

30(p) provide
examples of non-A-groups whenever all of the following conditions are satisfied:

• εp ≡ 3 mod 4,
• p ≡ ±1 mod 8, and
• p ≡ 1, 2, 4, 8, 16 mod 31.

That is to say, for ε = + we require p ≡ 39, 47, 63, 95, 159 mod 248, while for ε = −
we require p ≡ 1, 33, 97, 225, 233 mod 248.
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For the purpose of demonstrating that examples of non-A-groups exist of arbi-
trarily large rank, and of arbitrarily large characteristic within a given rank, it is
sufficient to consider any infinite subset of such primes. For simplicity, we restrict
to the case when ε = −, and further to the case when p ≡ 1 mod 4(d− 1). In this
case, the embedding of Ln(2) into Ad and thence into Ω−

d−1(p) gives an example
of a negative answer to Aschbacher’s question. Of course, there are many other
examples.

Theorem 9. Let p be a prime, and ε = ±, such that εp ≡ 3 mod 4. Let n ≥ 3,
and suppose that p is a square modulo d := 2n − 1. If n is odd, suppose also that
p ≡ ±1 mod 8. Let G = Ωε

d−1(p), and H ∼= Ln(2) a subgroup of G. Then H is
contained in exactly two maximal subgroups of G, which are isomorphic to Ad and
conjugate to each other.

Proof. The above conditions ensure that G has outer automorphism group of order
4, and that both Ln(2):2 and Sd embed in SOε

d−1(p) but not in Ωε
d−1(p). Hence we

have the same configuration as in all the other examples above. �

We have now shown that there is no bound on the Lie rank of non-A-groups.
In these examples, there are two conjugacy classes of Ln(2) in Ωε

d−1(p), and two
conjugacy classes of Ad, interchanged by the diagonal automorphism. If instead
εp ≡ 1 mod 4, then there are four classes of each, and the outer automorphism
group of Ωε

d−1(p) is D8. In [2], two of the reflections in D8 are described as graph
automorphisms γ, and the other two as δγ, but unfortunately the two conjugates
of γ are not distinguished from each other. For any particular choice of γ, two of
the four classes of Ad extend to Sd, and the other two classes are interchanged.

8. Other classical groups

So far, all our examples with G a classical group have occurred when G is in
fact orthogonal. There is no bound on the characteristic, and there is no bound
on the rank. All three families of orthogonal groups (plus type, minus type, and
odd dimension) occur. It would be interesting to know if the other classical groups,
linear, unitary or symplectic, can occur.

Of course, the isomorphisms L4(p) ∼= Ω+
6 (p) and U4(p) ∼= Ω−(p) imply the

existence of examples in linear and unitary groups, but do examples exist in linear
and unitary groups of larger dimension? So far, I have not found any examples.
The large outer automorphism groups in these cases make the analysis very delicate.
There are potential examples of the form L3(4) < U4(3) < L6(p), but there are three
classes of each of L3(4) and U4(3), and the embeddings between them are not given
explicitly in [2]. Hence one needs extra detailed information to resolve these cases.
It seems likely, however, that this configuration does not give any examples.

In the case of symplectic groups, over fields of odd prime order, the outer au-
tomorphism group has order 2, which is the ideal situation for us. If one looks
through the tables of maximal subgroups of symplectic groups in dimensions up to
12 given in [2], one finds, besides the case L3(2) < A7 < S4(7) already discussed,
just one series of potential examples, given by the embeddings A5 < L2(p) < S6(p)
for p a prime, p ≡ ±11,±19 mod 40. However, in this case the embedding of 2A. 5

in Sp6(p) also goes via the tensor product Sp2(p) ◦GO3(p), so this A5 lies in more
than two maximal subgroups of Sp6(p).
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On the other hand, Anna Schroeder’s PhD thesis [7] contains the lists of maximal
subgroups of S14(q) and their automorphism groups. There one finds two more
potential infinite series of examples, given by the embeddings J2 < S6(p) < S14(p)
and L2(13) < S6(p) < S14(p) for suitable primes p. The relevant congruences are
p ≡ ±11,±19 mod 40 for J2, and p ≡ ±3,±27,±29,±35,±43,±51 mod 104 for
L2(13). It is straightforward to check, in the same way as before, that these do
indeed give examples of negative answers to Aschbacher’s question.

Theorem 10. Let p ≡ ±11,±19 mod 40, and let G = S14(p). Let H ∼= J2 be a
subgroup of G. Then H is contained in exactly two maximal subgroups of G, both
isomorphic to S6(p), and conjugate to each other in G.

Theorem 11. Let p ≡ ±3,±27,±29,±35,±43,±51 mod 104, and let G = S14(p).
Let H ∼= L2(13) be a subgroup of G contained in M ∼= S6(p). Then H is contained
in exactly two maximal subgroups of G, both conjugate to M .

9. Further remarks

Far-reaching as the above examples are, they have little, if any, impact on As-
chbacher’s programme. This is because they all occur in sporadic or classical groups,
whereas Aschbacher is only proposing to use this approach for exceptional groups
of Lie type. Our examples therefore merely show that his question is still too broad,
and that the question needs to be restricted to a smaller class of groups than the
class of almost simple groups.

The maximal subgroups are known completely for five of the ten families of ex-
ceptional groups of Lie type, and, of the remaining five, E8 seems least likely to be
a source of examples, since it admits neither diagonal nor graph automorphisms.
Similarly, F4 admits no diagonal automorphisms, and admits a graph automor-
phism only in characteristic 2. Probably the most promising places to look for
examples of non-A-groups are in E6 with a graph automorphism, and in E7 with
a diagonal automorphism. On the other hand, it is entirely conceivable that every
finite exceptional group of Lie type is an A-group.
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KAY MAGAARD (1962-2018)

We would like to dedicate this volume of the Albanian Journal of Mathematics
to the memory of the former Editor and our dear friend and colleague, Kay Ma-
gaard (1962 – 2018). With Kay’s passing, the mathematical community lost one
of its most distinguished members, whose outstanding work is long lasting and has
profoundly influenced many others.

Kay Magaard was an unusually broad and prolific mathematician. His research
covers a great variety of topics in group theory, but also in many other fields of
mathematics where groups, i.e. symmetries play a significant role. A particular fo-
cus of his work lies in groups of Lie type, finite and infinite, and related structures
such as braid groups and Iwahori-Hecke algebras. Kay was well versed in all aspects
of finite simple groups. He was in particular interested in enhancing the classifica-
tion theorem by investigating maximal subgroups and irreducible representations of
the finite simple groups, and then also in applying his findings to questions outside
group theory. A recurrent feature of his work was his experimental and algorithmic
approach.

Beginning with his PhD thesis from the year 1990, supervised by Michael Asch-
bacher, he was interested in the description and classification of maximal subgroups
of groups of Lie type, and in particular classical groups. Since then, he has co-
authored about ten publications devoted to this topic, although this is not always
visible from a first glance at the titles. For example, his papers on the irreduciblilty
of tensor products, symmetric and alternating powers of certain irreducible repre-
sentations or the imprimitivity of irreducible representations of finite simple groups
are motivated in part by Aschbacher’s famous theorem on maximal subgroups of
classical groups. An irreducible representation of a finite simple group (or more gen-
erally, a quasisimple group) yields an embedding of the group into a classical group.
If this representation is also tensor decomposable or imprimitive, this embedding
generally does not give rise to a maximal subgroup.

More than ten papers of Kay and coauthors are devoted to various other aspects
of groups of Lie type. The majority of these is motivated by the constructive
recognition problem for finite matrix groups. Topics are generation properties of
particular series of groups of Lie type and identification algorithms using the black
box model. Three papers contribute to the general representation theory theory of
groups of Lie type.

A collection of seven papers of Kay reflects much of his recent work. These are
devoted to the description and computation of the generic ordinary character tables
of Sylow p-subgroups of series of groups of Lie type of characteristic p. The word
“generic” refers to the fact that a description of the character tables is given in
a parametrized form which applies to all groups in the series. An example is the
series of Chevalley groups D4(q), where q is any prime power. Such generic tables
are particularly useful in the `-modular character theory of these groups for primes
` 6= p.
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Two papers of Kay deal with the representation theory of general finite groups,
one with the character theory of a particular series of finite groups. Another two
important papers, more than 150 pages in total, coauthored with Gernot Stroth,
contribute a particular difficult piece to the revision project of the classification of
the finite simple groups. Namely, the results build a bridge between two distinct
strategies approaching this revision.

Four articles of Kay and coauthors are concerned with the theory of finite per-
mutation groups. Particular impressive is his work towards a classification of those
such groups, whose elements have only few fixed points. This program has been
completed for permutation groups with each element having at most three fixed
points. If the elements of a finite permutation group have at most one fixed point,
this group either acts regularly or is a Frobenius group; the structure of Frobenius
groups was elucidated by Frobenius. This series of papers thus continues Frobenius’
work, but it also has applications to topology.

Much of the research of Kay was devoted to applications of the theory of finite
simple groups, their subgroups and representations. These applications sometimes
lie inside, sometimes outside group theory. An example of the latter is a major
contribution to the classification of distance transitive graphs. Examples for the
former are provided by a series of three important papers of Kay with coauthors
dealing with the k(GV )-problem. This goes back to a famous question of Richard
Brauer in modular representation theory. In this particular setting, which arises as a
minimal configuration in the context of Brauer’s question, G is a finite group acting
faithfully and irreducibly on the finite vector space V with |G| and |V | coprime. In
this situation, Brauer’s question suggests that the number of conjugacy classes of
the semidirect product GV should be at most equal to |V |. After a long tour of
reductions and the handling of special cases by numerous authors including John
Thompson, Kay and his collaborators managed to finally settle this problem which
has been open for such a long time.

With more than 20 articles, applications to topology and algebraic geometry
constitute the largest portion. These include applications to curves and surfaces,
settling in particular a conjecture of Guralnick and Thompson on the composition
factors of monodromy groups of Riemann surfaces of genus 0. Recent investiga-
tions are concerned with Beauville structures of quasisimple groups, where Kay
and his coauthors prove a conjecture of Bauer, Catanese and Grunewald. A com-
mon feature of most of these investigations is the calculation of fixed point ratios
of permutation groups and character ratios of groups of Lie type. These require
detailed knowledge on the ordinary character tables of such groups, in particular
deep insight into the results of Deligne-Lusztig theory. Kay was the main force be-
hind the classification of the full automorphism groups of algebraic curves of a given
genus g ≥ 2 and determining the inclusion among the loci of curves with prescribed
automorphism group in the moduli space of curves. Together with Shaska, Shpec-
torov, and Völklein they devised algorithms and wrote software to determine the
braid orbits. With Shaska and Völklein, Kay studied geometrically decomposable
2-dimensional Jacobian varieties and with Völklein general curves of genus 3 and
Weierstrass points on Hurwitz curves. His expertise in both computational group
theory and algebraic geometry was truly impressive.

The breadth and the profoundness of Kay’s contributions to mathematics, in
particular to the theory of groups of Lie type and the finite simple groups, is
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absolutely remarkable; no less impressive was his potential to identify relevant
problems outside group theory, to which he could successfully apply his knowledge.
His ability to inspire others for his ideas is also unmatched. His articles exhibit the
incredible number of 67 coauthors. The undersigned are two of them. We gratefully
acknowledge our fortune of having been able to profit from Kay’s immense intuition
and insight.

Gerhard Hiss

Tony Shaska
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Abstract. Reduction theory of binary forms has been studied by Julia in [23]

and more recently by several other authors. In this paper we introduce the
absolute reduction and give an algorithm to compute the absolutely reduced

form of any binary form. Such method can be applied to determine the minimal

Weierstrass equation of a superelliptic curve over an integral ring.

MSC 2010: Primary: 11E16, 11E76; Secondary: 11G30, 14H25
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1. Introduction

Let Mg be the moduli space of genus g ≥ 2 curves over an algebraically closed
field F . For a moduli point p ∈Mg we denote by K the minimal field of definition
of p. It is a classical problem in algebraic geometry to find an equation of the curve
X over K, corresponding to p. An algorithm to find such equations is known only
for small genus g or for some classes of superelliptic curves (i.e. curves with affine
equation yn = f(x)). However such equations are not minimal, i.e., they do not
have minimal height as defined in [32]. In this paper we introduce a method of
finding a minimal equation for superelliptic curves defined over a ring of integers
OK .

Any superelliptic curve with Weierstrass equation defined over the ring of integers
OK of a number field K is associated to a binary form f(x, z) defined over OK .
We associate to any binary form f(x, z) a positive definite quadratic form Jf (x, z)
called the Julia quadratic and therefore a point Pf in the upper half hyperbolic
space H3. By an appropriate matrix M ∈ SL2(OK) such a point is moved to a
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point PM in the fundamental domain FK . This matrix moves f to a new binary
form fM , which is called the reduced form red (f) of f .

The form red (f) has small coefficients in its SL2(OK)-orbit, but it is not neces-
sarily the form with the smallest height over OK . Therefore, it does not determine
the superelliptic curve with the minimum height. Hence, we determine all twists
g1, g2, . . . , gr of red (f) with height less then or equal to the height of red (f),
where r is the class number of the Julia quadratic Jf .

We act on each of the twists by the transformations (ax, by) for certain a and b as
explained in Thm. 9 to reduce the height even further. The minimal height among
all the twists after such further reduction is called the minimal absolute height.

This paper is organized as follows. In the preliminaries we give some basics
about fundamental domains. We start with the classical fundamental domain F ,
which is obtain from the action of SL2(Z) on the upper half plane H2. Then,
we describe the fundamental domain FZ(i) which is obtained by the action of the
group ΓZ(i) := SL2(Z[i])/{±I} on the upper half space H3. Lastly we briefly discus
fundamental domains of number fields, when such exists.

In Section 3 we start with giving some basic properties of binary forms and their
invariants. Then, we define the height of binary forms and prove an equivalent of
Northcot’s theorem for binary form. See [32] for more details about this section.

In Section 4 we describe reduction theory of binary quadratics and binary qua-
dratic Hermitian forms and then in Section 5 we describe reduction theory of higher
degree binary forms. First, we explain in details the case of binary forms with real
coefficients and then its generalization to binary forms with complex coefficients.

In Section 6 we explore some computational aspects of computing the Julia
quadratic (invariant) and performing the reduction algorithm for higher degree
binary forms. We give some geometric aspects of the reduction theory. Moreover,
as we will see in Section 5 one of the key points of the reduction algorithm is
computing the Jualia’s quadratic. Expressing Julia’s quadratic in terms of the
covariants or the coefficients of the degree n binary form is only known for binary
forms of degree 3, and 4. In Section 6 we provide a method how to compute the
quadratic used for reduction for all possible signatures of binary forms with degree
5, and 6 in terms of the coefficients of the given binary form.

2. Preliminaries

In this section we gice a brief review of what is well known in the literature,
see [13,16,31,35] for more details. We start with the classical fundamental domain
which we denote by F and is obtained from the action of the classical modular group
on the upper half plane. Then we explore how one can generalize this notion when
we go to three dimensional space and consider the action of a discrete subgroup
of C in the upper half space. Lastly, in this section we generalize the concept of
fundamental domain for any number field K, for more details see [13], [16].

The concept of the fundamental domain is crucial in developing the theory of
reduction. Most of the theory in this chapter will be used in Section 4 and Section 5.

2.1. Fundamental domain of SL2(Z). Let P1 be the Riemann sphere and GL2(C)
the group of 2 × 2 matrices with entries in C. The group GL2(C) acts on P1 by
linear fractional transformations as follows

(1)

(
α β
γ δ

)
z =

αz + β

γz + δ
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where

(
α β
γ δ

)
∈ GL2(C) and z ∈ P1. It is easy to check that this is a group action.

The GL2(C) action on P1 is a transitive action, i.e. has only one orbit. Moreover,
the action of SL2(C) on P1 is also transitive.

For the rest of this section we will consider the action of SL2(R) on the Riemann
sphere. Notice that this action is not transitive. The action of SL2(R) on P1

has three orbits, namely R ∪ ∞, the upper half plane, and the lower-half plane.
Therefore we restrict this action to the upper half-plane. Let H2 be the complex
upper half plane, i.e.

H2 =
{
z = x+ iy ∈ C

∣∣∣ y > 0
}
⊂ C.

The group SL2(R) acts on H2 via linear fractional transformations. This action
preserves H2 and acts transitively on it, further for g ∈ SL2(R) and z ∈ H2 we have

Im(gz) =
Im z

|γz + δ|2
.

But SL2(R) does not act faithfully on H2 since the elements ±I act trivially on
H2. Hence, consider the above action as PSL2(R) = SL2(R)/{±I} action. This
group acts faithfully on H2.

Let S be a set and G a group acting on it. Two points s1, s2 are said to be
G-equivalent if s2 = gs1 for some g ∈ G. For any group G acting on a set S to
itself we call a fundamental domain F , if one exists, a subset of S such that any
point in S is G-equivalent to some point in F , and no two points in the interior of
F are G-equivalent.

The group Γ = SL2(Z)/{±I} is called the modular group. It is easy to prove
that the Γ action on H2 via linear fractional transformations is a group action.
This action has a fundamental domain F

F =
{
z ∈ H2

∣∣∣ |z|2 ≥ 1 and |Re(z)| ≤ 1/2
}

displayed in Fig. 1.

Figure 1. The action of the modular group on the upper half plane.

The following theorem proves that F is a fundamental domain, see [31] for proof.
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Theorem 1. i) Every z ∈ H2 is Γ-equivalent to a point in F .
ii) No two points in the interior of F are equivalent under Γ. If two distinct

points z1, z2 of F are equivalent under Γ then Re(z1) = ±1/2 and z1 = z2 ± 1 or
|z1| = 1 and z2 = −1/z1.

iii) Let z ∈ F and I(z) = {g | g ∈ Γ, gz = z} the stabilizer of z ∈ Γ. One has
I(z) = {1} except in the following cases:
z = i, in which case I(z) is the group of order 2 generated by S;
z = ρ = e2πi/3, in which case I(z) is the group of order 3 generated by ST ;
z = −ρ = eπi/3, in which case I(z) is the group of order 3 generated by TS.

The canonical map F → H2/Γ is surjective and its restriction to the interior of F

is injective. The modular group Γ is generated by S =

(
0 −1
1 0

)
and T =

(
1 1
0 1

)
,

where S2 = 1 and (ST )3 = 1. Note that S2 = 1, so S has order 2, while T k =(
1 k
0 1

)
for any k ∈ Z, so T has infinite order. For more details on the modular

group and related arithmetic questions the reader can see [31] among others.

2.2. Gaussian integers and the upper half space. The upper half space H3

is defined as

H3 : = C× (0,∞) = {(z, t) | z ∈ C, t > 0} = {(x, y, t)|x, y ∈ R, t > 0} .(2)

A point P ∈ H3 is given as P = (z, t) = (x, y, t) = z + tj, where z = x + iy and
j = (0, 0, 1). The group SL2(C) has a natural action on H3 by linear fractional

transformations. Let M =

(
α β
γ δ

)
∈ SL2(C) and P = z + tj ∈ H3. Then

PM = z∗ + t∗j ∈ H3 where

z∗ =
(αz + β)(γ̄z̄ + δ̄) + αγ̄t2

||γz + δ||2 + ||γ||2t2
and t∗ =

t

||γz + δ||2 + ||γ||2t2
.

The group SL2(C) is generated by

(
0 −1
1 0

)
and

(
1 a
0 1

)
, where a ∈ C. This

generators act on (z, t), a point in H3, as follows(
1 α
0 1

)
: (z, t)→ (z + α, t)(

0 −1
1 0

)
: (z, t)→

(
−z̄

|z|2 + t2
,

t

|z|2 + t2

)
.

(3)

In analogy with the previous section we consider the action of a discrete subgroup
of SL2(C) on H3. Let Q(i) ⊂ C and Z[i] be the set of Gaussian integers. Then
ΓZ(i) := SL2(Z[i])/{±I}. A representation of ΓZ(i) is given as follows

ΓZ(i) =

〈 T 2 = U2 = W 2 = 1
S, T, U,W (SW )3 = (SU)2 = (ST )2 = 1

(UW )2 = (TW )3 = 1

〉
where

S =

(
1 1
0 1

)
, T =

(
1 i
0 1

)
, U =

(
i 0
0 −i

)
, W =

(
0 −1
1 0

)
,
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see [13, pg. 58-59] for more details. It is easy to prove that he group ΓZ[i] is
generated by S, T, U,W . The discrete group ΓZ[i] acts on H3. Let FZ(i) be the
following

(4) FZ(i) =

{
(z, t) | z = x+ iy, −1

2
≤ x ≤ 1

2
, 0 ≤ y ≤ 1

2
, ||z||2 + t2 ≥ 1

}
.

Given a point ω ∈ H3 there exists M ∈ ΓZ[i] such that ωM ∈ FZ(i). Moreover,
if we suppose ω, and ω′ are in the same Γ-orbit such that ω′ = Mω for M =(
α β
γ δ

)
∈ ΓZ[i]. Assume t(ω) ≤ t(ω′). Then we have one of the following three

cases
i) γ = 0.
ii) ||γ|| = 1, t2 ≤ 1.
iii) ||γ||2 = 2, t2 = 1/2, ω is in the boundary of FZ(i), γz + δ = 0, δ = ±1,±i.
Hence, from all the above we can conclude that FZ(i) is a fundamental domain

of action of ΓZ[i] on H3. Graphically FZ(i) is presented in Fig. 2.

Figure 2. The fundamental domain FZ(i) in the upper half space

2.3. Other algebraic number fields. In this section we describe fundamental
domains of other algebraic number fields. The action described in Eq. (1) makes
sense when C is replaced by any number field K.

For analogy of SL2(Z) ⊂ SL2(R) we need to consider a discrete subring of C.
For any number field K with OK its ring of integers the natural thing to consider is
SL2(OK), which is a discrete subgroup of SL2(C). In an analogues way we can prove

that the generators of SL2(OK) are

(
0 −1
1 0

)
and

(
1 a
0 1

)
for a ∈ OK . Next we

want to consider for which number fields K the group SL2(OK) acts transitively
on P1(K).

Let us recall some basic definitions from number theory, [30]. A fractional ideal
is an OK-submodule a contained in K such that there exists an element c 6= 0 in
OK satisfying ca ⊂ OK . Let P be the subset of fractional ideals, then we write
a ∼ b if there exists an element λ ∈ K∗ such that a = (λ)b, i.e. ab−1 is a principal
fractional ideal. The equivalence classes of fractional ideals form a finite group
which we call the ideal class group. Its order is usually denoted by hK and is
called the class number of K. In [5, 31], amongst others, it is proved that for a
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number field K, the number of orbits for SL2(OK) on P1(K) is the class number
of K.

Hence, there is a bijection between the set of orbits of SL2(OK) on P1(K) and
the ideal class group of K. Moreover, SL2(OK) acts transitively on P1(K) if and
only if K has class number 1.

Next we see how these results apply to imaginary quadratic number fields. Let
K = Q(

√
∆) ⊂ C be an imaginary quadratic number field where ∆ < 0 a square-

free integer, dK the discriminant of K, and OK its ring of integers. The group
Γ = PSL2(OK) is called the “Bianchi group” and is a discrete subgroup of
PSL2(C).

It is easy to show that the Bianchi group acts onH3. This action has a fundamen-
tal domain, which we will denote as FK and depends on K. For small discriminant
this was determined by Bianchi and others in the 19th century.

Consider the PSL2(OK) action on H3, and define the following:

BK =
{
z + rj ∈ H3

∣∣∣ |cz + d|2 + |d|2r2 ≥ 1, for all c, d ∈ OK : 〈c, d〉 = OK
}

PK =
{
z ∈ C

∣∣∣ 0 ≤ Re(z) ≤ 1, 0 ≤ Im(z) ≤
√
|dK |/2

}
FK = PK , for ∆ 6= −3,−1

FQ(i) =

{
z ∈ C

∣∣∣ 0 ≤ |Re(z)| ≤ 1

2
, 0 ≤ Im(z) ≤ 1

2

}
FQ(
√
−3) =

{
z ∈ C

∣∣∣ 0 ≤ Re(z),

√
3

3
Re(z) ≤ Im(z), Im(z) ≤

√
3

3

(
1− Re(z)

)}

∪

{
z ∈ C

∣∣∣ 0 ≤ Re(z) ≤ 1

2
, −
√

3

3
Re(z) ≤ Im(z) ≤

√
3

3
Re(z)

}
FK =

{
z + rj ∈ BK

∣∣∣ z ∈ FK
}
.

Then the following theorem is true and see [16, pg 319] for the proof.

Theorem 2. The set FK is a fundamental domain for PSL2(OK).

Assume (z, r) ∈ FK , from the definition of the fundamental domain FK we get
obvious bounds for z. The following proposition gives a lower bound on r. The
proof can be found in [16, pg. 316].

Proposition 1. There is a constant k ∈ R>0 only depending on the number field
K so that for any z ∈ C \K there are infinitely many λ, µ ∈ OK with∣∣∣∣z − λ

µ

∣∣∣∣ ≤ k

|µ|2

and 〈λ, µ〉 = OK .

Hence for big enough µ we have k
|µ|2 < 1 and therefore

∣∣∣z − λ
µ

∣∣∣ < 1. But from the

definition of BK , as given above, for all λ, µ ∈ OK such that 〈λ, µ〉 = OK we have
|µz − λ|2 + |µ|2r2 ≥ 1, and we can conclude that r ≥ rK , for some rK depending
on the number field K. Consider the set

SK =
{
z ∈ K | |zµ+ λ| ≥ 1 for all 〈λ, µ〉 = OK

}
.
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This is the set of singular points. In [16] it is proved that z+rj ∈ FK for z ∈ SK are
the only points in the fundamental domain such that r is not bounded from below.
But when the number field K has class number one this set is empty. Hence, for
an imaginary number field K, hK = 1, there exists a constant rK , only depending
on K, such that r ≥ rK for every (z, r) ∈ FK .

In [29] it is shown that when K = Q(
√
−D) and D is one of 1, 2, ,3, 7, 11, 19,

43, 67, 163, then the value of r2
K is as given in Table Table 1.

Table 1. The value of r2
K for some number fields K

D 1 2 3 7 11 19 43 67 163
r2
K

1
2

1
4

2
3

3
7

2
11

2
19

2
43

2
67

2
163

This will be used in the following sections when we will introduce reduction
theory of binary quadratics, as well as degree n binary forms. We can get bounds
on the coefficients of a binary form depending only on the number field K, c.f.
Section 4.

Lastly, let K be a number field. K is called totally real if for each embedding
of K into the complex numbers the image lies inside the real numbers. Equivalently,
K is generated over Q by one root of an integer polynomial P , all of the roots of
P are real. If K is a totally real algebraic number field the group

ΓK = PSL2(OK) = SL2(OK)/{±I}
is called the Hilbert modular group of K. If [K : Q] = n then the n-embeddings
of K into R define an embedding of PSL2(K) into PSL2(R)n. When n = 1, we
have the classical modular group described in Section 2.1.

The group ΓK acts properly discontinuously onHn which is contained in P1(C)×
· · ·×P1(C), n-times. This generalizes the well known action of the classical modular
group on the upper-half space H. The orbits of P1(K) under ΓK or any group
Γ ⊂ PGL2(K)+ which is discrete in PSL2(R)+ are called the cusps of ΓK or Γ.
For more details see [35].

3. Heights of binary forms

In this section we give some of the basic properties of the binary forms and their
invariants. We also define the height of a binary form, see [15, 19, 24, 32, 33] and
others for more details.

Throughout this section k is an algebraically closed field of characteristic zero.
Let k[x, y]n be the space of degree n ≥ 2 homogenous polynomials. The group k?

acts on k[x, y]n by multiplication by a constant. The space of degree n binary forms
with coefficients from k will be denoted by Vn,k := k[x, y]n/k

?. Thus, by a binary
form f ∈ Vn,k we will always mean the equivalence class of f .

The group SL2(k) acts on Vn,k in the usual way. For an element g ∈ Vn,k and
M ∈ SL2(k), the action of M on g will be denoted by gM . Two binary forms f
and g are called k-equivalent if there is M ∈ SL2(k) such that f = gM .

3.1. Invariants and covariants. Let A0, A1, . . . , An be coordinate functions on
Vn,k. Then the coordinate ring of Vn,k can be identified with k [A0, . . . , An]. For
I ∈ k [A0, . . . , An] and M ∈ GL2(k), define IM ∈ k [A0, . . . , An] as follows
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(5) IM (f) = I (fM )

for all f ∈ Vn,k. Then IMN = (IM )N and Eq. (5) defines an action of GL2(k) on
k [A0, . . . , An].

Definition 1. Let Rn be the ring of SL2(k) invariants in k [A0, . . . , An], i.e., the
ring of all I ∈ k [A0, . . . , An] with IM = I for all M ∈ SL2(k).

A homogeneous polynomial I ∈ k[A0, . . . , An, x, y] is called a covariant of index
s if

IM (f) = δsI(f),

where δ = det(M). The homogeneous degree in A1, . . . , An is called the degree
of I, and the homogeneous degree in x, y is called the order of I. A covariant of
order zero is called an invariant. An invariant is a SL2(k)-invariant on Vn. The
discriminant of a binary form f ∈ Vn,k is an SL2(k)-invariant or order 2n−2 which
is denoted by ∆f .

Since k is algebraically closed, any binary form f(x, y) can be factored as

(6) f(x, y) = (y1x− x1y) · · · (ydx− xdy) =
∏

1≤i≤d

det

(
x xi
y yi

)
The points with homogeneous coordinates (xi, yi) ∈ P1 are called the roots of the
binary form f . Thus, for M ∈ GL2(k) we have

g (f(x, y)) = (det(M))
d · (y

′

1x− x
′

1y) · · · (y
′

dx− x
′

dy),

where

(7)

(
x
′

i

y
′

i

)
= g−1

(
xi
yi

)
.

Now we define the height and the minimal height of a binary form. An extended
overview of this section can be found in [32]. Let K be an algebraic number field,
MK denotes the set of valuations of K, and f ∈ K[x, y] a degree n binary form
given by

f(x, y) = a0x
n + a1x

n−1y + · · ·+ an1
xyn−1 + any

n

The affine height of f is defined as follows

HA
K(f) =

∏
v∈MK

max
{

1, |f |nv
v

}
where

|f |v := max
j

{
|aj |v

}
is the Gauss norm for any absolute value v. The projective height of a poly-
nomial is the height of its coefficients taken as coordinates in the projective space.
Thus,

HK(f) =
∏

v∈MK

|f |nv
v

From now on, when we say ”height” of a binary form f we will always mean the
projective height HK(f). If K = Q then we will just use H(f). The (projective)
absolute multiplicative height is defined as follows
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H : Pn(Q)→ [1,∞)

H(f) = HK(f)1/[K:Q],

and in the same way h(f), HA(f), hA(f). In [32] the authors prove the following.

Theorem 3. Given F (x, y) ∈ K[x, y]. There are only finitely many polynomials
G(x, y) ∈ K[x, y] such that HK(G) ≤ HK(F ).

Let f ∈ Vn,C. If there exists a matrix M ∈ GL2(C) such that fM ∈ OK [x, y] for
some number field K, we say that f has an integral model over K. If f has an
integral model over Q we simply say that f has an integral model. The main goal
of this paper is to determine the integral model of a binary form f with minimal
height when such model exists.

4. Reduction theory of binary quadratics

4.1. Binary quadratic forms over R. First we present some basics about binary
quadratic forms. Let Q(X,Z) = aX2 + bXZ + cZ2 be a binary quadratic in
R[X,Z]. We will use the following notation to represent the equivalence class of
binary quadratics up to a scalar multiple, Q(X,Z) = [a, b, c]. The discriminant
of Q is ∆ = b2 − 4ac and Q(X,Z) is positive definite if a > 0 and ∆ < 0. Denote
the set of positive definite binary quadratics with V +

2,R, i.e.

V +
2,R =

{
Q(X,Z) ∈ R[X,Z]

∣∣∣ Q(X,Z) is positive definite
}
.

Let SL2(R) act as usual on the set of positive definite binary quadratic forms

SL2(R)× V +
2,R → V +

2,R(
α1 α2

α3 α4

)
×
(
X
Z

)
→ Q(α1X + α2Z,α3X + α4Z)

We will denote this new form with QM (X,Z) = a′X2 + b′XZ + c′Z2 where

a′ = aα2
1 + bα1α3 + cα2

3

b′ = 2(aα1α2 + cα3α4) + b(α1α4 + α2α3)

c′ = aα2
2 + bα2α4 + cα2

4

(8)

and
∆′ = b′2 − 4a′c′ = (detM)2∆.

Obviously ∆ is fixed under the SL2(R) action and the leading coefficient of the
new form QM will be QM (1, 0) = Q(a, c) > 0. Hence, V +

2,R is preserved under this
action.

Now, consider the following map which is called the zero map

ξ : V +
2,R → H2

[a, b, c] 7→ ξ(Q) =
−b+

√
∆

2a

(9)

where Re(ξ(Q)) = − b
2a , and Im(ξ(Q)) =

√
|∆|

2a . This map is a bijection since
given z = x+ iy, we can find a, b, c such that Q(X,Z) is positive definite given as
[1,−2x, x2 + y2].
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Note that this map gives us a one-to-one correspondence between positive definite
quadratic forms and points in H2. Let Γ be the modular group acting on H2, and
on V +

2,R as described above. Then the following theorem is proved in [5].

Lemma 1. The zero map ξ : V +
2,R → H2 is a Γ-equivariant map. In other words,

ξ(QM ) = M−1ξ(Q).

4.2. Reduction theory for binary quadratics. We denoted with V +
2,R the set

of positive definite quadratics and we have defined an equivalence relation in this
set. Define Q = [a, b, c] to be reduced if ξ(Q) ∈ F . Moreover, it is easy to prove
that a positive definite quadratic form Q ∈ V +

2,R is reduced if and only if |b| ≤ a ≤ c.
This gives an arithmetic condition on the coefficients of a reduced positive definite
binary quadratic.

Note that if Q is a reduced form with fixed discriminant ∆ = −D, then b ≤√
D/3. Moreover, the number of reduced forms of a fixed discriminant ∆ = −D

is finite. Every positive definite quadratic form Q with fixed discriminant is equiv-
alent to a reduced form of the same discriminant. Two reduced binary quadratics
are equivalent only in the following two cases [a, b, a] ∼ [a,−b, a], and [a, a, c] ∼
[a,−a, c]. The proof of this fact can be found in [12, pg. 15 ]. Let ∆ < 0 be fixed,
then the class number h(∆) is equal to the number of primitive reduced forms of
discriminant ∆.

In [5] the authors give an algorithm to list reduced forms with given discriminant.
In [5, Table 1] the authors list (count the number of) reduced forms with fixed
discriminant ∆ ≡ 1 mod 4, ∆ ≤ 0. Note that n represents the number of reduced
forms with discriminant ∆.

From the equivalence classes of reduced quadratics there is one which has the
smallest height. We call this class the special class and the corresponding height
the minimal absolute height. Being able to construct such tables has two benefits.
First we can count the equivalence classes and second we can find the quadratics
with minimal height in their respective orbits.

The following theorem gives a connection between the concept of a reduced form
and the height of the SL2(Z)-equivalence class [f ] of a binary quadratic form f .

Theorem 4. Let f(X,Z) = aX2 + bXZ + cZ2 be reduced (i.e. |b| < a < c). Then
H([f ]) = c.

Proof. We want to show that given any M =

(
α1 α2

α3 a4

)
∈ SL2(Z) acting on

f(X,Z) we have that max{|a1|, |b1|, |c1|} ≥ c, where a1, b1, c1 are the coefficients of
the new form fM . From Eq. (8) we have

a1 = aα2
1 + bα1α3 + cα2

3

b1 = 2(aα1α2 + cα3α4) + b(α1α4 + α2α3)

c1 = aα2
2 + bα2α4 + cα2

4.

We will prove it only for the generators of SL2(Z), S =

(
0 −1
1 0

)
and T =(

1 1
0 1

)
. First, let M = S, then we have [a1, b1, c1] = [c,−b, a] and if M = T

then [a1, b1, c1] = [a, 2a+ b, a+ b+ c] and the result is obvious. �
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Corollary 1. If f is a reduced quadratic then f has minimal height H(f) in its
Γ-orbit.

Proof. Above it is proved that f(x, y) = ax2 +bxy+cy2 being reduced is equivalent
to |b| ≤ a ≤ c. Moreover, H(f) = c. This shows that f has minimal height in its
Γ-orbit. �

Next we focus on binary Hermitian forms and then we can generalize the reduc-
tion theory for number fields, when possible.

4.3. Binary Hermitian forms. In this section first we give some basics from
linear algebra about Hermitian matrices and Hermitian binary forms. Then we
describe the PSL2(C) action on the 3-dimensional hyperbolic space, denoted by
H3 and define the “zero” map which gives a one-to-one correspondence between
positive definite Hermitian forms and points in H3. At the end of the section we
will define reduction of Hermitian forms and give an algorithm how to perform
reduction.

An n × n matrix A with complex entries is called Hermitian if A∗ = A, where
A∗ = ĀT . Recall that Ā is obtained from A by applying complex conjugation to all
elements and AT is the transpose of A. By the definition we see that an Hermitian
matrix is unchanged by taking its conjugate transpose. Note that any Hermitian
matrix must have real diagonal entries.

Let R be a subring of C with R = R̄, denote by H(R) the set of 2× 2 Hermitian
matrices, i.e.

H(R) = {A ∈M2(R) |A∗ = A}

A 2× 2 matrix is in H(R) if it is of the form A =

(
a b
b̄ d

)
where a, d ∈ R ∩R and

b ∈ R. Every matrix A ∈ H(R) defines a binary Hermitian form with entries in
R. If A ∈ H(R) then the associated binary Hermitian form is the semi-quadratic
map

Q : C× C→ R

defined as

Q(X,Z) =

(
X
Z

)?(
a b
b̄ d

)(
X
Z

)
= aXX̄ + b̄XZ̄ + bX̄Z + dZZ̄.

The discriminant ∆(Q) of Q ∈ H(R) is defined as ∆(Q) = det (Q) = ad− |b|2. A
binary Hermitian form Q ∈ H(R) is positive definite if Q(X,Z) > 0 for every
(X,Z) ∈ C×C\{0, 0}. Q is called negative definite if −Q is positive definite and
indefinite if ∆(Q) < 0. Denote by H(R)+ the set of positive definite Hermitian
forms, i.e.

H(R)+ = {Q ∈ H(R) |Q is positive definite}
If a 6= 0, then

Q(X,Z) = a

(∣∣∣∣X +
bZ

a

∣∣∣∣2 +
∆

a2
|Z|2

)
.

Hence, Q ∈ H+(R) if and only if a > 0 and ∆ > 0. The group GL2(R), where
R ⊂ C, as in Section 4.3, acts on H(R) as follows

GL2(R)×H(R)→ H(R)

(M,Q) 7→M?QM
(10)
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for M ∈ GL2(R) and Q ∈ H(R). We can define in an analogous way an SL2(R)-
action on H(R). Note that if A is the Hermitian matrix of Q then the Hermitian
matrix of the new form is M?AM . It is easy to show that

(11) ∆(M(Q)) = |det M |2 ·∆(Q).

The group GL2(R) leaves H+(R) invariant since for M =

(
α β
γ δ

)
and Q ∈ H+(R),

from Eq. (11) we have that ∆(M(Q)) > 0 and also it is easy to check that the leading
coefficient of QM = Q(α, γ) > 0.

The group R>0 acts on H+(C) by scalar multiplication. We will denote by

H̃+(C) the quotient space H+(C)/R>0, and [Q] the equivalence class of Q in

H̃+(C). The action of GL2(C) on H(C) induces an action of GL2(C) on H̃+(C).
The center of SL2(C) acts trivially on H(C), so we get an induced action of

PSL2(C) on H(C) and H̃+(C).

Definition 2. The map ξ : H+(C)→ H3 defined by

(12) ξ

(
a b
b̄ d

)
→ − b

a
+

√
∆(Q)

a
· j

is called the “zero map” for binary quadratic Hermitian forms. Clearly ξ induces
a map ξ : H̃+(C)→ H3.

Since Q is positive definite we have that a > 0 and ∆ > 0, hence ξ is well
defined and continuous. This map is a bijection since given (z, t) ∈ H3 we can find
Q = [1,−z,−z̄, |z|2 + t2], i.e.

Q : (u, v)→ |u|2 − zuv̄ − z̄ūv + (|z|2 + t2)|v|2

Therefore, this map gives a one-to-one correspondence between equivalence classes
of positive definite binary quadratic Hermitian forms and points in H3. The fol-
lowing theorem holds.

Theorem 5. The map ξ : H̃+(C)→ H3 defined by

[Q]→ − b
a

+

√
∆(Q)

a
· j

is a PSL2(C) equivariant, i.e. ξ satisfies ξ(QM ) = M−1ξ(Q) for every M ∈
PSL2(C) and Q ∈ H+(C).

Proof. See [5].
Note that Thm. 5 holds if we replace C by any number field K and the proof

follows through in exactly the same way.

4.4. Reduction theory of Hermitian forms. Reduction of real binary quadratic
forms with respect to the action of SL2(Z), as described in Section 4.2, may be ex-
tended to a reduction theory for binary forms with complex coefficients (Hermitian
binary forms) under the action of certain discrete subgroups of C. In order to do
that we need a discrete subring of C and then define the fundamental domain of
this action.

Let H(OK) denote the space of binary Hermitian forms with coefficients in OK ,
and by H+(OK) denote the set of positive definite Hermitian forms with coefficients
in OK , and let H−(OK) the set of indefinite Hermitian forms with coefficients in
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OK . It is easy to show that the “Bianchi group” Γ = PSL2(OK) acts on
H+(OK) preserving discriminants.

The following definition is analog to the one for positive definite binary quadratic
forms.

Definition 3. A positive definite Hermitian form f ∈ H+(OK) is called a reduced
Hermitian form if ξ(f) ∈ FK .

Let K be an imaginary quadratic number field andOK its ring of integers. Define

H(OK ,∆) = {f ∈ H(OK) |∆(f) = ∆}
to be the subspace of H(OK) with fixed discriminant ∆ and

H±(OK ,∆) = {f ∈ H±(OK) |∆(f) = ∆}
the subspace of H±(OK) of fixed discriminant. Then the following theorem holds.

Theorem 6. Given ∆ 6= 0 ∈ Z, the number of reduced forms of H(OK ,∆) is finite.

The proof can be found in [16, pg. 411].

Corollary 2. For any ∆ ∈ Z with ∆ 6= 0 the set H(OK ,∆) (and H±(OK ,∆))
splits into finitely many SL2(OK)-orbits.

Proof. This is an immediate consequence of Thm. 8 and Thm. 5 which says that
every f ∈ H(OK ,∆) is PSL2(OK)-equivalent to a reduced form. �

For any ∆ ∈ Z with ∆ 6= 0 define

H̃(OK ,∆) = SL2(OK)\H(OK ,∆),

and denote by h(OK ,∆) :=
∣∣∣ H̃(OK ,∆)

∣∣∣, where the number h(OK ,∆) is called the

class number of binary Hermitian forms of discriminant ∆.
We define in the same way for positive definite Hermitian forms H̃+(OK ,∆) =

SL2(OK)\H+(OK ,∆) such that h+(OK ,∆) =
∣∣∣ H̃+(OK ,∆)

∣∣∣, and h+(OK ,∆) is

called the class number of positive definite binary Hermitian forms of
discriminant ∆. Note that for ∆ > 0 we have that h(OK ,∆) = 2h+(OK ,∆).

Given OK and the discriminant ∆ it is always possible to compute the class
number of positive definite binary Hermitian forms with given discriminant ∆. For
a reduced binary Hermitian form we can get bounds on the coefficients of the form
depending only on the number field K.

Let Q(X,Z) = aXX̄ + b̄XZ̄ + bX̄Z + cZZ̄ be a reduced Hermitian form, with
discriminant ∆ and let D = |∆|. We have

a ≤
√
D

rk
, |b|2 ≤ cka2, and ac ≤

(
1 +

ck
rk

)
D

for constant ck depending only on the number field K.
Let us now consider the case when K = Q(i). The fundamental domain of this

action is FZ(i), as shown in Eq.(4). We want to count the number of reduced positive

definite binary Hermitian forms with a fixed discriminant ∆, i.e. h+(Z[i],∆).

Let f =

(
a b
b̄ c

)
be a positive definite binary quadratic Hermitian form with

coefficients in Z[i] and non-zero discriminant ∆. The binary quadratic Hermitian
form f is reduced if ξ(f) ∈ FZ(i).
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Proposition 2. Let f(x, y) = axx̄+bx̄y+b̄xȳ+cyȳ be a binary quadratic Hermitian
form. Then f is reduced over F if and only if

−a
2
≤ Re(b) ≤ a

2
, 0 ≤ Im(b) ≤ a

2
, a ≤ c.

Moreover, ||b|| ≤ a ≤ c.

Proof. The binary quadratic Hermitian form f is reduced if ξ(f) ∈ FZ(i), i.e.,

ξ(f) = − b
a

+

√
∆

a
· j ∈ FZ(i).

Denote by z = − b
a and t =

√
∆
a . By the description of fundamental domain FZ(i)

given in Eq. (4) we have −a2 ≤ Re(b) ≤ a
2 , 0 ≤ Im(b) ≤ a

2 , and ||z||2 + t2 ≥ 1. Since

||z||2 + t2 ≥ 1 we have

1 ≤ ||b||
2

a2
+

∆

a2
=
||b||2 + ac− ||b||2

a2
=
c

a
i.e. a ≤ c. Now consider

||b||2 = Re(b)2 + Im(b)2 ≤ a2

4
+
a2

4
=
a2

2
.

Hence, ||b|| ≤ a
√

2
2 ≤ a ≤ c, which proves the last part. �

By discreteness of Z[i], the elements a and b may take on only finitely many
values. The discriminant ∆ = ac− bb̄, hence c is determined by a and b. Therefore,
c may take on only finitely many values too.

In [5, Table 2] we list (count) the number of reduced binary quadratic Hermitian
forms with fixed discriminant. To each tuple [a, b, c] corresponds a binary quadratic
Hermitian form

Q(X,Z) = aXX̄ + b̄XZ̄ + bX̄Z + cZZ̄.

In the first column is given the discriminant, in the second one the reduced forms
[a, b, c] with that given discriminant, and in the third column the number of reduced
forms.

Proposition 3. Let f ∈ Her+(OF ). If f is reduced over F then f has minimal
height in its ΓF -orbit.

Proof. Since f is defined over the Gaussian integers, as shown in [5, Example 1], the
height is just H(f) = max{ |xj |∞}. Since f is reduced, from above Prop. Prop. 2
we have that

HF (f) = max {||b||, |a|, |c|} = c.

We need to show that this is the minimal height on its ΓF -orbit. In analogy with
the case of binary quadratic forms defined over the reals we will prove it only for
the generators of ΓF . Let Q be the matrix associated to the given binary quadratic
Hermitian form. Consider first the action of S on f . We have

QS = S?QS =

(
1 0
1 1

)(
a b
b̄ c

)(
1 1
0 1

)
=

(
a a+ b

a+ b̄ a+ 2 Re(b) + c

)
and

HF (fS) = max
{
||a||, ||a+ b||, ||a+ b̄||, ||a+ 2 Re(b) + c||

}
.
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Since a > 0, and −a2 ≤ Re(b) ≤ a
2 , then ||a + 2 Re(b) + c|| ≥ c. Therefore,

HF (fS) ≥ HF (f).
Let T act on f . The associated matrix to fT is as follows

QT = T ?QT =

(
−i 0
1 i

)(
a b
b̄ c

)(
i 1
0 −i

)
=

(
a −ai+ b

b+ ic a+ 2 Im(b) + c

)
and

HF (fT ) = max
{
||a||, || − ai+ b||, ||b+ ic||, ||a+ 2 Im(b) + c||

}
.

But a > 0, and 0 ≤ Im(b) ≤ a
2 , hence ||a+ 2 Im(b) + c|| ≥ c. Therefore, HF (fT ) ≥

H(f).
Let U act on f . The associated matrix to the form fU is

QU = U?QU =

(
−i 0
0 i

)(
a b
b̄ c

)(
i 0
0 −i

)
=

(
a −b
−b̄ c

)
.

Hence, HF (fU ) = HF (f).
Lastly, let W act on f . The matrix associated to the new form fW is

QW = W ?QW =

(
0 1
−1 0

)(
a b
b̄ c

)(
0 −1
1 0

)
=

(
c −b̄
−b a

)
,

and the height of the new form does not change. Hence, we conclude HF (fM ) ≥
HF (f) for any M ∈ ΓF . Therefore, f has minimal height in its ΓF -orbit. �

In [5, Table 2] we display a table of classes of binary quadratic Hermitian forms
with given discriminant. We list reduced forms representative of classes given by
[a, b, c] with a given discriminant ∆. The algorithm to compute this forms is similar
with the one for computing binary quadratic forms with a given discriminant.

5. Reduction of higher degree binary forms

Next we give an algorithm such that for any form f with degree n > 2 defined
over a ring of integers OK , we find a form with minimal height H(f) in its ΓOK

-
orbit.

5.1. Julia quadratic of binary forms. Julia quadratic was introduced in 1917
by Gaston Julia in his PhD thesis; see [23]. It did not get the attention that it
deserved. Indeed Julia became known for most of his other work on Julia sets
and fractals. However, in 1999 Cremona [14] used ideas of Julia to explore the
reduction for cubic binary forms. More recently Cremona and Stoll in [34] gave a
generalization of Julia’s work for binary forms defined over C.

Julia quadratic of binary forms with real coefficients. We will motivate and define
the Julia quadratic of a binary form of degree n ≥ 2 with real coefficients. We
will try to follow as closely as possible the approach and notation used in Julia’s
original paper [23].

Let f(x, y) ∈ R[x, y] be a degree n binary form given as follows:

f(x, y) = a0x
n + a1x

n−1y + · · ·+ any
n

and suppose that a0 6= 0. Let the real roots of f(x, y) be αi, for 1 ≤ i ≤ r and the
pair of complex roots βj , β̄j for 1 ≤ j ≤ s, where r + 2s = n. The form can be
factored as
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(13) f(x, 1) =

r∏
i=1

(x− αi) ·
s∏
i=1

(x− βi)(x− β̄i).

The ordered pair (r, s) of numbers r and s is called the signature of the form f .
We associate to f the two quadratics Tr(x, 1) and Ss(x, 1) of degree r and s

respectively given by the formulas

(14) Tr(x, 1) =

r∑
i=1

t2i (x− αi)2, and Ss(x, 1) =

s∑
j=1

2u2
j (x− βj)(x− β̄j),

where ti, uj are to be determined. Then

Tr(x, 1) =

(
r∑
i=1

t2i

)
x2 − 2

(
r∑
i−1

t2iαi

)
x+

(
r∑
i−1

t2iα
2
i

)

Ss(x, 1) = 2

 s∑
j=1

u2
j

x2 − 4

 s∑
j=1

u2
j Re(βj)

x+ 2

 s∑
j=1

u2
j · ||βj ||2

 .

(15)

For a binary form f of signature (r, s) the quadratic Qf is defined as

(16) Qf (x, 1) = Tr(x, 1) + Ss(x, 1).

Let βi = ai + bi · I, for i = 1, . . . , s. Then Qf can be written as

Qf =

r∑
i=1

t2i (x
2 − 2αi x+ α2

i ) + 2

s∑
j=1

u2
j

(
x2 − 2aj · x+ (a2

j + b2j )
)
,

=

 r∑
i=1

t2i + 2

s∑
j=1

u2
j

x2 − 2

 r∑
i=1

αit
2
i + 2

s∑
j=1

aju
2
j

x

+

 r∑
i=1

t2iα
2
i + 2

s∑
j=1

u2
j · (a2

j + b2j )

 .

(17)

The discriminant of Qf is a degree 4 homogenous polynomial in t1, . . . tr, u1, . . . , us.
We would like to pick values for t1, . . . tr, u1, . . . , us such that this discriminant is
square free and minimal. Then we can use the reduction theory of quadratics (with
square free, minimal discriminant) to determine the reduced form for Qf .

For quadratics T and S in Eq. (14) we define

(18) θT =
a2

0 ·∆T

t21 · · · t2r
, θS =

a2
0 ·∆S

u4
1 · · ·u4

s

Notice that Tr and Ss are given recursively as

Tr = Tr−1 + t2r(x− αr)2, Ss = Ss−1 + u4
s

(
x2 − 2asx+ (a2

s + b2s)
)

The next lemma gives formulas computing the discriminants of T and S.

Lemma 2. Let Tr and Ss be quadratics given by

(19) Tr(x, 1) =

r∑
i=1

t2i (x− αi)2, and Ss(x, 1) =

s∑
j=1

2u2
j (x− βj)(x− β̄j),

where βi = ai + I · bi, for i = 1, . . . , s. Then Tr ∈ V +
2,R and Ss ∈ V +

2,R.
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Moreover,

∆(Tr) = −4 (t21 · · · t2r)
r∑

i,j=1
i 6=j

nl 6=i,nl 6=j

(αi − αj)2

t2n1
· · · t2nl

· · · t2nr−2

= −4

r∑
i<j

t2i t
2
j (αi − αj)2,

∆(Ss) = −16

∑
i<j

u2
iu

2
j

[
(ai − aj)2 + (b2i + b2j )

]
+

s∑
j=1

u4
jb

2
j

 .

(20)

Let f ∈ Vn,R with signature (r, s) and equation as in Eq. (13). Then Qf is a
positive definite quadratic form with discriminant Df given by the formula

Df =∆(Tr) + ∆(Ss)− 8
∑
i,j

t2iu
2
j

(
(αi − aj)2 + b2j

)
.(21)

From the above formula it can be seen that Df is expressed in terms of the root
differences. Hence, Df is fixed by all the transpositions of the roots. However, it
is not an invariant of the binary form. In order to get an invariant we need to fix
it by all symmetries of the roots, hence by an element of order n. It will be seen
later that Dn

f is an invariant of the binary form f .
The above remark motivates the following definition. We define the θ0 of a

binary form as follows

θ0(f) =
a2

0 · |Df |n/2∏r
i=1 t

2
i

∏s
j=1 u

4
j

.

Next we continue with the general theory. Consider the function

θ0(t1, . . . , tr, u1, . . . , us)

as a multivariable function in the variables t1, . . . , tr, u1, . . . , us. We would like to
pick these variables such that Qf is a reduced quadratic, hence Df is minimal. This
is equivalent to θ0(t1, . . . , tr, u1, . . . , us) obtaining a minimal value.

Proposition 4. The function θ0 : Rr+s → R obtains a minimum at a unique point
(t̄1, . . . , t̄r, ū1, . . . , ūs).

Proof. Julia in his thesis [23] proves existence and Stoll, and Cremona prove unique-
ness in [34]. �

Choosing (t̄1, . . . , t̄r, ū1, . . . , ūs) that make θ0 minimal gives a unique positive
definite quadratic Qf (X,Z). We call this unique quadratic Qf (X,Z) for such
a choice of (t̄1, . . . , t̄r, ū1, . . . , ūs) the Julia quadratic of f(X,Z), denote it by
Jf (X,Z), and the quantity θf := θ0(t̄1, . . . , t̄r, ū1, . . . , ūs) the Julia invariant.
From the previous remarks, this is well defined.

The following lemma shows that θ is an invariant of binary forms and J a
covariant of order 2.

Lemma 3. Consider GL2(C) acting on Vn,R. Then θ is an invariant of binary
forms and J is a covariant of order 2.

We will prove this lemma in the next section for the general case, i.e. for binary
forms over C. Next, we make the necessary adjustments such that the above con-
struction will work for binary forms with complex coefficients as well.
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Julia’s quadratic for binary forms with complex coefficients. Suppose we are given
a binary form f ∈ Vn,C with f(x, y) =

∑n
i=0 x

n−iyi and assume that a0 6= 0. Then
f(x, y) can be factored as

(22) f(x, y) = a0(y1x− x1y)(y2x− x2y) · · · (ynx− xny),

for [xi, yi] ∈ P1, i = 1, . . . n. Construct a quadratic form

Q(x, y) =

n∑
i=1

t2i · ||yix− xiy||2

=

(
n∑
i=1

t2i ||yi||2
)
xx̄−

(
n∑
i=1

t2i yix̄i

)
xȳ −

(
n∑
i=1

t2ixȳi

)
x̄y +

(
n∑
i=1

t2i · ||xi||2
)
yȳ

(23)

where tj are non-zero real numbers that have to be determined. Computing the
discriminant of the quadratic Q(X,Z) and simplifying it we get

(24) Df =
∑

1=i<j=n

t2i t
2
j · ||yixj − xiyj ||2 =

∑
1=i<j=n

t2i t
2
j · ||βij ||2.

Note that ||βij || := ||yixj − xiyj ||. Since the leading coefficient of Q and Df are
both positive then Q is a positive definite quadratic Hermitian form. We define the
quantity θ0 as

θ0(Qf ) =
||a0||2 ·Dn/2

f

t21 · · · t2n
.

Consider θ0 as a function

θ0 : Pn−1\{(0, . . . , 0)} → P1

(t1, . . . , tn) 7→ θ0(t1, . . . , tn).

Since this is a function defined on Pn−1 then we take its domain to be

D =
{

(t1, . . . , tn) ∈ Pn : t21 · t22 · · · t2n = 1
}
.

We would like to choose t1, . . . , tn such that Qf is a reduced quadratic, hence a
quadratic with minimal discriminant. Then θ0 obtains a minimum exactly when
Df obtains a minimum, under the assumption t21 · · · t2n = 1. Our next task is
to determine in what values for (t1, . . . , tn) this minimum occurs. For simplicity
denote by h = Df . To find the critical points in the interior of D we need to solve
∇h = 0, i.e.

2ti
∑
j=1
j 6=i

t2j · ||yixj − xiyj ||2 = 0, i = 1, . . . n.

Note that the only critical point in the interior D◦ is the tuple (0, . . . , 0), which is
not in the domain.

Next, determine the critical points on the boundary of D. Denote by g =∏n
i=1 t

2
i = 1. Using Lagrange multipliers we have to solve the system{

∇h = λ∇g
t21 · · · t2n = 1

for λ 6= 0. For convenience denote

ui = t2i and αi,j = ||βi,j ||2 = ||yixj − xiyj ||2
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and we have { ∑n
j=1
i 6=j

uj · αi,j = λ ·
∏
i 6=j uj , i = 1, . . . , n∏n

i=1 ui = 1

or equivalently

(25)

{
ui
∑n
j=1
i 6=j

uj · αi,j = λ∏n
i=1 ui = 1

Summing up the first n-equations of the system in Eq. (25), we get

(26)

n∑
i,j=1
i<j

ui uj αi,j = n · λ

Then the left hand side of Eq. (26) is equal to 2 ·Df . Therefore, 2 ·Df = n · λ and

λ =
2·Df

n

(27) λ =
2

n
·
∑
i<j

uiujαi,j .

Substituting λ in the system in Eq. (25) we have

(28)



n · u1 (u2α1,2 + u3α1,3 + · · ·+ unα1,n) = 2 ·
∑
i<j

uiujαi,j

n · u2 (u1α1,2 + u3α2,3 + · · ·+ unα2,n) = 2 ·
∑
i<j

uiujαi,j

...

n · un (u1α2,n + u3α3,n + · · ·+ un−1αn−1,n) = 2 ·
∑
i<j

uiujαi,j

u1 · u2 · · ·un = 1.

Consider the first row. We have

u1u2α1,2 + u1u3α1,3 + · · ·+ u1unα1,n =
2

n
· (u1u2α1,2 + · · ·+ u1unα1,n+

u2u3α2,3 + · · ·+ u2unα2,n+

...

+ un−1unαn−1,n)

and combining like terms we have

(n− 2)(u1u2α1,2 + u1u3α1,3 + · · ·+ u1unα1,n) =2 · (u2u3α2,3 + · · ·+ u2unα2,n+

u3u4α3,4 + · · ·+ u3unα2,n+

...

+ un−1unαn−1,n) .

The i’th row for i = 1, . . . , n will look like

(29) (n− 2) ·
∑
i<j

uiujαi,j = 2 ·
∑
l<k
l,k 6=i

ulukαl,k.
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Remark 1. We can make the substitution γi,j = uiujαi,j, since in the formula
for the Julia invariant these are the terms that appear. Then the system becomes a
linear system with n equations and

(
n
2

)
variables. Obviously n =

(
n
2

)
, when n = 3.

Hence, the case of cubics is very easy.

Let V be the variety defined by the Eq. (28). We have the following result.

Theorem 7. V is a zero dimensional variety over C. Moreover, V has exactly one
real point given by

ui =
2

n
· t2

(||z − αi||2 + t2)
,

where t and z satisfy the following system

(30)



n∑
j=1

t2

||z − αj ||2 + t2
=
n

2

n∑
j=1

z − αj
||z − αj ||2 + t2

= 0

Proof. A solution to the Eq. (28) determines the Julia quadratic and therefore a
point in H3. Let (z, t) ∈ H3 be such a point. The quadratic associated to (z, t) is
equal to the Julia quadratic as in Eq. (23). Hence,

Q(x, y) = S
(
|x+ zy|2 + t|y|2

)
where

S =

n∑
i=1

t2i , Sz =

n∑
i=1

αit
2
i , S(||z||2 + t2) =

n∑
i=1

||αi||2t2i

and 1
4Df = S2t2. Consider Eq. (25). Note that

n∑
j=1

ujαi,j = S(||z − αi||2 + t2)

because
n∑
j=1

ujαi,j =

n∑
j=1

uj ||αi − αj ||2 =

n∑
j=1

uj
(
||αi||2 − αiᾱj − ᾱiαj + ||αj ||2

)
= ||αi||2

n∑
j=1

uj − αi
n∑
j=1

ujᾱj − ᾱi
n∑
j=1

ujαj +

n∑
j=1

uj ||αj ||2

= ||αi||2 · S − αi · z̄S − ᾱi · zS + S(||z||2 + t2)

= S
(
||αi||2 − αi · z̄ − ᾱi · z + ||z||2

)
+ St2 = S

(
||z − αi||2 + t2

)
.

Hence, the system in Eq. (25) becomes

(31)



u1 · S(||z − α1||2 + t2) = λ

u2 · S(||z − α2||2 + t2) = λ

...

un · S(||z − αn||2 + t2) = λ

u1 · u2 · · ·un = 1.
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Since 2Df = nλ, we have λ = 2S2t2

n and

ui =
2

n
· S2t2

S(||z − αi||2 + t2)
,

for each i = 1, . . . , n. We can assume that S = 1 and take the Julia quadratic to
be a monic. Then

ui =
2

n
· t2

(||z − αi||2 + t2)
.

Since S =
∑n
i=1 t

2
i and Sz =

∑n
i=1 αit

2
i , the system in Eq. (28) becomes as follows

(32)



n∑
j=1

t2

||z − αj ||2 + t2
=
n

2

n∑
j=1

z − αj
||z − αj ||2 + t2

= 0.

To prove the theorem it is enough to show that this system has a unique solution
(z, t) for z ∈ C, and t ∈ R+. We make the convenient substitution t2 = t̄. We
have two equations of degree 2n and 2n− 1 in z and of degree n and n− 1 in t, as
displayed below:

(33) F1(t̄, u) = 0 and F2(t̄, u) = 0

By Prop. Prop. 4 this has a unique positive real root which is t. �

Let (ū1, . . . , ūn) ∈ Rn be the unique real point of V . From now on by θf we will
denote the function θ0 evaluated at this unique point. The quadratic Q(f) for the
above values (ū1, . . . , ūn) will be denoted by Jf and is called Julia’s quadratic.

Lemma 4. Let GL2(C) act on Vn,C. Then the following are true:
i) θf is an invariant
ii) Dn

f is an invariant.

Proof. Let f ∈ Vn,C be a binary form which is factored over C as follows

f(x, y) =

n∏
i=1

(x− αiy).

Let M =

(
a b
c d

)
∈ SL2(C) act on f as follows(

x
y

)
=

(
a b
c d

)(
x1

y1

)
.

The roots of fM are respectively γi = M−1αi. Assume first that none of the roots
of f go to infinity under M . Then the substitution for (x− αiy) is

ax1 + by1 −
aγi + b

cγi + d
· (cx1 + dy1) = (a− cαi)(x1 − γiy1).

Therefore,

f(ax1 + by1, cx1 + dy1) = A0

n∏
i=1

(x1 − γiy1)

where
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(34) A0 = a0

n∏
i=1

(a− αic).

Acting by the same matrix M on the positive definite binary quadratic Qf associ-
ated to f we get

QMf =

r∑
i=1

τ2
i (x1 − γiy1)2

where τ2
i is given as follows

τ2
i = t2i (a− αic)2.

Recall that Df := ∆(Qf ), and when we act on a binary quadratic form by a matrix
M , with det(M) = λ, the determinant is fixed. Then

θ0(fM ) =
A2

0

√
Dn
fM∏n

i=1 τ
2
i

=
[a0

∏n
i=1(a− αic)]

2 ·
√

Dn
f∏n

i=1 t
2
i (a− αic)2

=
a2

0 ·
√
Dn
f∏n

i=1 t
2
i

= θ0(f).

Now, assume the first p real roots of f(x, y) are equal to a
c , i.e. the first p-real roots

of f go to infinity under M . Then the substitution for (x − αiy) for i = 1, · · · , p
becomes

ax1 + by1 −
a

c
(cx1 + dy1) = −y1

c
.

Hence,

F (ax1 + by1, cx1 + dy1) = A0 · yp1
n∏
i=1

(x1 − γiy1)

where

A0 =
(−1)p

cp
· a0

n∏
i=p+1

(a− αic).

The positive definite binary quadratic form associated to f(x1, y1) is

QMf =

p∑
i=1

τ2
i y

2
1 +

n∑
i=p+1

τ2
i (x1 − γiy1)2

where

τ2
i =

{
t2i
c2 i = 1, · · · , p

t2i (a− αic)2 i = p+ 1, · · · , n.
By calculating the Julia invariant of f(x1, y1) and simplifying it we get

θ0(fM ) =
A2

0

√
Dn
fM∏n

i=1 τ
2
i

=

(
(−1)p

cp · a0

∏n
i=p+1(a− αic)

)2

·
√
Dn
f∏p

i=1
t2i
c2

∏n
i=p+1 t

2
i (a− αic)2

=
a2

0 ·
√
Dn
f∏n

i=1 t
2
i

= θ0(f).

Thus, θ0(fM ) = θ0(f) and therefore θ0 is an invariant. Part ii) is a direct conse-
quence of the definition of θ. �

Corollary 3. Let f ∈ Vn,C and Ff its field of moduli. Then,
i) θf ∈ Ff .
ii) a4

0 D
n
f ∈ Ff (θ2

f ).
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Proof. It is by definition that θf ∈ Ff and Jf has coefficients in Ff [x, y]. Part iii)
is a consequence of the definition of θf . �

Problem 1. An open question is to express θ in terms of generators of the rings
of invariants for degree n binary forms or absolute invariants of f which determine
the field of moduli of f .

5.2. Reducing binary forms of higher degree. In this section we will describe
reduction theory of higher degree binary forms. First, we will explain the case of
binary forms with real coefficients and then its generalization to binary forms with
complex coefficients.

Binary forms with real coefficients. To any form f ∈ Vn,R we associate a positive
definite quadratic Jf ∈ V +

2,R as showed above. In Section 4 we proved that binary

quadratic forms in V +
2,R are in one-to-one correspondence with points in the upper

half plane H2. Hence, we have the following maps

ζ : Vn,R → V +
2,R → H2

f 7→ Jf 7→ ξ(Jf ).

We call this map the zero map and denote it by ζ(f) := ξ(Jf ). The map ζ :
Vn,R → H2 is SL2(R)-equivariant.

The proof of the above is easy and it will be proved in the next subsection for
the more general case, i.e. binary forms with complex coefficients. A binary form
f ∈ Vn,R is reduced if ζ(f) ∈ F2. Next, we will adapt this to binary forms with
complex coefficients.

Binary forms with complex coefficients. For any form f ∈ Vn,C the corresponding
Julia quadratic is a positive definite Hermitian form. Previously we proved that
binary quadratic forms in Her+(C) are in a one-to-one correspondence with points
in H3. Hence, we have the maps:

ζ : Vn,C −→ Her+(C) −→ H3

f 7→ Jf 7→ ξ(Jf )

where ξ is as defined in Eq. (12). Note that ξ(Jf ) is the point in H3 associated to
the Hermitian form Jf .

Lemma 5. The map j : Vn,C −→ Her+(C) is an SL2(C)-equivariant map, i.e. for

every f ∈ Vn,C, H ∈ Her+(C) and M ∈ SL2(C) we have j(fM ) = j(f)M which is
equivalent to saying HfM = HM

f .

Proof. We will prove it only for the generators of SL2(C), i.e. for S =

(
0 1
−1 0

)
and T =

(
1 m
0 1

)
where m ∈ C. First, for f ∈ Vn,C such that

f = a0(x− α1y) · · · (x− αny)

and H ∈ Her+(C) we want to prove that HfS = HS
f . We have

fS = A0(x− γ1y) · · · (x− γny)

where A0 = a0α
n
i and γi = − 1

αi
.
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The binary quadratic Hermitian form associated to fS is

HfS =
∑

τ2
i ||x− γiy||2.

On the other side,

HS
f =

∑
t2i ||y − αi(−x)||2 =

∑
t2i

∣∣∣∣∣∣∣∣αi(x− y

−αi

)∣∣∣∣∣∣∣∣2
=
∑

t2i ||αi||2||x− γiy||2.

Notice that for τ2
i = t2i ||αi||2, we have that HS

f = HfS . Now let us show HfT = HT
f .

For f = a0(x− α1y) · · · (x− αny) and T as above we have

fT = A0(x− γ1y) · · · (x− γny)

where A0 = a0 and γi = αi −m. The binary quadratic Hermitian form associated
to fT is

HfT =
∑

τ2
i ||x− γiy||2.

On the other side,

HT
f =

∑
t2i ||x+my − αiy||2 =

∑
t2i ||x− (αi −m)y||2 =

∑
t2i ||x− γiy||2.

Hence, for τ2
i = t2i we have HT

f = HfT and we are done. �

The map ζ : Vn,C → H3 is SL2(C)-equivariant.
Let K be a field of definition of f . Without loss of generality assume that f has

an integral model over OK . We call f(x, y) to be reduced over K if ζ(f) is in a
fixed fundamental domain for the action of ΓK on H3, when such a fundamental
domain exists.

Definition 4. Let f ∈ Vn,C be such that it has an integral model over some algebraic
number field K. We say f(x, y) is reduced if ζ(f) is in a fixed fundamental domain
for the action of SL2(OK) on H3, when such a domain exists.

Let f be a given degree n binary form. To find the reduced form in its SL2(OK)-
orbit we compute ζ(f). If ζ(f) is in the fundamental domain FOK

we are done, the
given form is the reduced one. Otherwise, compute M ∈ ΓOK

such that ζ(f)M ∈
FOK

and fM
−1

is the reduced form in its SL2(OK)-orbit.
A natural question to ask is the following; Does the reduced binary form com-

puted this way have minimal height in its SL2(OK)-orbit? We will address this
question in the remainder of this section.

Consider f a degree n binary form and K its minimal field of definition. Let
M ∈ SL2(OK) be a matrix such that fM is reduced, i.e. ξ̄(fM ) ∈ FK where FK is
the fundamental domain of SL2(OK) acting on H3.

First we give a bound on the height of the reduced binary form with respect to
the Julia invariant.

Lemma 6. Let f be a binary form with signature (n, 0) factored as follows

f(x, 1) = a0

n∏
i=1

(x− αi)

Then the height of this form can be bounded by Julia’s invariant as

H(f) ≤ c · θn/2f
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where

c =

(
1

3

)n2

4
(

4

n− 1

)n(n−1)
2 1

an0

Proof. Let f be the reduced form given as above. It is easy to prove that the roots
of the binary form can be bounded by the Julia invariant θ as follows

||αi||2 ≤
4n−1

(n− 1)n−1 3n/2
· 1

a2
0

· θf ,

see [23] for more details how to get this bound. Then the symmetric polynomials
can be bounded as follows

sr =

(n
r)∑
i=1

αi · · ·αr ≤
(
n

r

)(√
4n−1

(n− 1)n−1 3n/2
· 1

a2
0

· θf

)r

≤
(
n

r

)
· 1

ar0
·

√
4r(n−1)

(n− 1)r(n−1) 3rn/2
· θn/2f

Hence, since the symmetric polynomials represent the coefficient of the binary form
we have that

H(f) ≤
(
n

r

) (
1

3

) rn
4
(

4

n− 1

) r(n−1)
2 1

ar0
· θn/2f

for all r = 1, . . . , n. Hence, H(f) ≤ c · θn//2f for all r = 1, . . . , n and θf is minimal.
Consider the function

f(n, r) =

(
n

r

) (
1

3

) rn
4
(

4

n− 1

) r(n−1)
2 1

ar0
We want to check if this is a decreasing or increasing function with respect to n

f(n+ 1, r)

f(n, r)
=

(
n+1
r

) (
1
3

) (n+1)r
4

(
4

n−1

) rn
2 1
ar0(

n
r

) (
1
3

) rn
4

(
4

n−1

) r(n−1)
2 1

ar0

=

(
n+1
r

)(
n
r

) (
1

3

) r
4
(

4

n− 1

) r
2

=
n+ 1

n+ r − 1

(
1

3

) r
4
(

4

n− 1

) r
2

=
n+ 1

n+ r − 1
2r
(

1

n− 1

) r
2
(

1

3

) r
4

Since n ≥ 3 and r = 1, . . . , n we have that f(n+1,r)
f(n,r) > 1. Hence, f(n, r) is an

increasing function and the above bound becomes

H(f) ≤
(

1

3

)n2

4
(

4

n− 1

)n(n−1)
2 1

an0
· θn/2f .

This completes the proof. �

In the following remark we will see that for binary cubics it is possible to express
this bound in terms of the discriminant of the cubic and then we compare this
bound with bounds obtained in [18].

Remark 2. If we consider a binary cubic with signature (3, 0) then from Lem. 6
we have

H(f) ≤ 23

(
1

3

) 9
4 1

a3
0

· θ3/2
f
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Moreover, θf = a6
0 3

3
2 |∆f |

1
2 , (cf. Lem. 10). We can express the above bound in

terms of the discriminant of the binary form f

H(f) ≤ 23 a6
0 · |∆f |3/4.

In [18, Thm 2, pg 162] it is proved that for a binary form f

H(f) ≤ C · |∆f |
21
2 ,

where C is some constant.

The results in [18] are in line with previous results of the author and his collab-
orators in bounding the height of the binary forms in terms of the discriminants.
There are many results comparing the height H(f) and ∆f by many authors, in-
cluding Mordell [28], Lewis [26], Mahler [27], Györy [20], Birch [9], Bombieri [10],
and others.

5.3. The minimal absolute height of binary forms. Let K be a number field
and OK its ring of integers. We want to develop a reduction theory in the following
sense: given a binary form f(x, y) over OK we determine its integral model with
minimal height H(f) over K.

Lemma 7. Let f and g be two binary forms of degree n and M a matrix in SL2(OK)
such that g = fM . Associate to these binary forms f and g respectively the Julia
quadratics Jf and Jg. Then the following holds:

i) Jg = JMf
ii) ∆Jf

= ∆Jg

Proof. The proof is trivial. Part i) follows directly from Lem. 5 and part ii) is true
since we are acting with a matrix of discriminant one. �

Hence, the discriminant Df of the Julia quadratic is an invariant of the binary
form. An interesting problem to consider would be to express Df in terms of the
generators of the invariant ring Rn.

The following theorem gives us a method to find the form with minimal height
among all SL2(OK)-orbits.

Theorem 8. Let f be a degree n binary form defined over K and Jf its Julia
quadratic, Df its discriminant, and L = K(Df ). Then [L : K] ≤ n. Let r be the
class number of Jf over L and M1, . . . ,Mr the matrices with entries in SL2(OK)
that send Jf respectively to {J1, . . . , Jr}. The form fMj for some j = 1, . . . , r has
minimal height over SL2(OK).

Proof. Let Df = ∆Jf
be the discriminant of the Julia quadratic associated to the

degree n binary form. From Cor. Cor. 2 for any ∆ ∈ OL with ∆ 6= 0 the set
V2,OL

(∆), i.e. the set of binary quadratics with that fixed discriminant, splits into
finitely many SL2(OL)-orbits. Assume r is the class number of Jf over L and
{J1, . . . , Jr} are representative reduced quadratics of each of these orbits. Let

{M1, . . . ,Mr} ∈ SL2(OL) such that JMi

f = Ji.

Act with the same matrices on the form f to get fM1 , . . . , fMr , these are well
defined from Lem. 7. The form with minimal height over all SL2(OL)-orbits will
be the one with smallest height among {fM1 , . . . , fMr}. This way we are finding
the “best” binary form amongst all SL2(OL)-orbits. �
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Once we find the “best” binary form amongst all SL2(OL)-orbits we can lower
the height of the reduced form if we consider diagonal matrices with entries in OK .
This is done as follows. Let f be a reduced form of degree n ≥ 3 given by

f = anx
n + · · ·+ a0y

n,

where a0, . . . , an ∈ OK . Consider M = diag (α, β) the diagonal matrix with α, β ∈
OK . Hence, fM = (αx, βy).

Consider f(αx, y). The height H(f) can be lowered only if all coefficients of
f(αx, y) have a common factor. Hence, we must choose α such that α | a0.

By the same argument, we choose β such that β | an. Obviously there are only
finitely many choices for M = diag (α, β). Among all such choices we choose M
that gives the smallest height. Obviously, M /∈ SL2(OK) therefore acting with M
on the reduced form will lower the height. Hence, we have the following:

Theorem 9. Let f =
∑n
i=0 aix

iyn−i be a reduced binary form. Choose M =
diag (α, β) such that α | a0 and β | an and

H(fM ) = min
{

H
(
fdiag (α,β)

)}
Then H(fM ) < H(f).

Proof. Let f =
∑n
i=0 aix

iyn−i be a reduced binary form. Pick α and β such that
α | a0 and β | an. Then

f(αx, βy) =

n∑
i=0

aiα
iβn−i xiyn−i

The content of this new polynomial is gcd(a0, a1αβ
n−1, . . . , anα

n). We choose the
form with the smallest height among all primitives of f(αx, βy), where α, β are as
above. �

5.4. An algorithm to find the minimum absolute height. We put every-
thing together in the following algorithm, which finds the form with minimal height
among all GL2(OK)-orbits is as follows.

Algorithm: Computing the binary form with minimal absolute height.

Input: A degree n binary form f(x, y) ∈ Vn,OK

Output: A binary form F ∈ Vn,OK
which is GL2(K̄)-equivalent to f and has

minimal absolute height.

Step 1: Compute the Julia quadratic Jf associated to the binary form f ,
as explained in Eq. (5.1).

Step 2: Compute the zero map ξ(Jf ) ∈ H, using Eq. (12).

Step 3: Find the matrix A such that ξ(Jf )A
−1 ∈ FOK

.

Step 4: Assign f := red (f) = fA and J := JA
−1

f .
Step 5: Compute the discriminant Df of the quadratic form J .
Step 6: Let L := K(Df ) and hL(J ) := r be the class number of J over L.
Step 7: Determine all quadratics {J1, . . . , Jr} equivalent to J over L and

let M1, . . . ,Mr ∈ GL2(L) be the matrices such that J = JMi
i ,

for i = 1, . . . , r.
Step 8: Compute the set of forms

f1 := fM1 , . . . , fr := fMr .
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Step 9: For each i = 1, . . . , r, repeat steps 1-4 to compute red (fi).
Step 10: For each j = 1, . . . , r and fj =

∑n
i=0 aix

iyn−i do the following:
Choose M = diag (α, β) such that α | a0 and β | an and pick

gj := fdiag (α,β) such that

H(fM ) = min
{

H
(
fdiag (α,β)

)}
is minimal.

Step 11: Pick the form F ∈ Vn,OK
with smallest height among g1, . . . , gr.

Return F
Next we highlight a few remarks about the efficiency of the algorithm.

Remark 3. 1) For practical purposes computing ζ(f) numerically is satisfac-
tory since we can find A ∈ Γ such that ζ(f)A ∈ F . Hence, the algorithm
can be made rather efficient.

2) The reduced form red (f) has smaller coefficients and expected minimal
height in its Γ-orbit.

6. Computational aspects of reduction theory

In this section we explore some of the computational aspects of computing the
Julia invariant and performing the reduction algorithm for higher degree binary
forms. In this first section we give a brief description of the geometric aspects of
the zero map and show that ξ(f) corresponds to the centroid of a convex polygon
determined by the roots, when to every root αi we assign the weight ti from the
definition of the Julia quadratic as in Section 5. In the following sections we study
forms with signature (r, 0) and (0, s) and compute the Julia quadratic for forms
with degree n = 3, 4, 5, 6.

6.1. Geometric interpretation of the zero map. One approach to find the
unique point (z, t) in the upper half space that makes θ minimal is solving the sys-
tem given in Eq. (32). There is also another approach to find this point, a geometric
approach. This is equivalent to finding the centroid of a convex polyhedron and
weighted vertices. Julia in his thesis [23] solved the optimization problem geomet-
rically for the case of binary cubics and quartics. He explicitly found (t21, . . . , t

2
n),

hence (z, t), for all possible signatures of binary cubics and quartics.
In this section, we will describe briefly this geometric approach and show how it

generalizes to solving the optimization problem for higher degree binary forms. We
will consider separately the case of binary forms with real and complex coefficients.

Binary forms with real coefficients. Let f(x, 1) be a degree n binary form with real
coefficients and signature (r, s), i.e. α1, . . . , αr its real roots and β1, β̄1, . . . , βs, β̄s
its complex. Associate to it the quadratic

Q(x, 1) =

r∑
i=1

t2i · (x− αi)2 +

s∑
i=1

2u2
i · (x− βi)(x− β̄i)

where the ti’s and ui’s are nonzero real numbers that make the Julia invariant θ0

minimal.
Let Ai be the zero of the quadratic (x − αi)

2 and Bi the point in the upper
half space representing the quadratic (x − βi)(x − β̄i). Then A1, . . . , Ar are the
points on the real line with their x-coordinate equal to α1, . . . , αr and B1, . . . , Bs
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are points in the upper half plane with coordinates (Re(βi), Im(βi)). Attach to the
A1, . . . , Ar, B1, . . . , Bs respectively the weights t21, . . . , t

2
r, 2u

2
1, . . . , 2u

2
s. Construct

the smallest convex polygon which contains on its boundary or its interior the Ai’s
together with their respective masses. This polygon obtained this way by the roots
of the forms will be called the polygon associated to the form f . Then the following
is true.

Lemma 8. The zero map ζ : Vn,R → H2, as in Eq. (9), maps the binary form
f ∈ Vn,R to the centroid of the polygon A1, . . . , Ar, B1, . . . , Bs weighted respectively
by t21, . . . , t

2
r, 2u

2
1, . . . , 2u

2
s.

Proof. Let f ∈ Vn,R be a binary form and α1, . . . , αr, β1, . . . , βs be its roots, then
the quadratic associated to f is given as Q(x, 1) = Ax2 − 2Bx+ C where

A =

r∑
i=1

t2i +

s∑
i=1

2u2
i ,

B =

r∑
i=1

t2iαi +

s∑
i=1

2u2
i (βi + β̄i),

C =

r∑
i=1

t2iα
2
i +

s∑
i=1

2u2
iβiβ̄i

(35)

are as computed in Eq. (23). By Eq. (12) the root in the upper half plane of this
quadratic is

ξ(f) = − B

2A
+

√
|Df |
2A

· i.

Given as a point z = (x, y) ∈ H2 we have that

x =

∑r
i=1 t

2
iαi +

∑s
i=1 2u2

i (βi + β̄i)∑r
i=1 t

2
i +

∑s
i=1 2u2

i

and

||z||2 =

∑r
i=1 t

2
iα

2
i +

∑s
i=1 2u2

iβi · β̄i∑r
i=1 t

2
i +

∑s
i=1 2u2

i

.

On the other side the centroid CP of the convex polygon is

CP =

∑r
i=1 t

2
iAi +

∑s
i=1 2u2

iBi∑r
i=1 t

2
i +

∑s
i=1 2u2

i

.

It is easy to prove that the real coordinate and the distance from the origin of the
centroid CP agrees respectively with x, and ||z|| as computed above. This completes
the proof. �

The following problems are interesting to consider.

Problem 2. Let Pn be the polygon associated to a degree n binary form as explained
above. Let A1, . . . , Ar, B1, . . . , Bs, such that r + 2s = n be the vertices of the
polygon with masses w1, . . . , wn respectively. Find w1, . . . , wn such that the quantity∑

1=i<j=n wiwj(αi − αj)2 is minimal.

Problem 3. Let f ∈ Vn,R be a binary form, α1, . . . , αr its real roots and β1, . . . , βs
its complex roots. Construct the convex polygon which contains the roots in its
boundary or its interior. Compute the centroid of this convex polygon and move
it to the fundamental domain, using the generators of the modular group S, and
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T . How do the symmetric polynomials of the new form compare to the ones of the
given form f .

Reduction of binary forms can be done from a purely geometric approach. In [23],
Julia proved that the point ζ(f) is tied to the roots of the form f with relations
of non-euclidean geometry that are preserved when the modular group acts on
them. Hence, this point is a covariant of the roots of the form for all modular
transformations.

This geometric approach is helpful for forms which have special properties that
make it easy to determine this point, as explained in [23].

Binary forms with complex coefficients. Let f(x, 1) be a degree n binary form with
complex coefficients and roots α1, . . . , αn. Associate to it the quadratic Hermitian

(36) H(x, 1) =

n∑
i=1

t2i · ||x− αi||2

where the ti’s are nonzero real number such that make the Julia’s invariant θ0

minimal. We want to solve this optimization problem geometrically.
Let Pi be the zero in the upper half space of the quadratic ||x − αi||2, i.e.

P1, . . . , Pn are points in the upper half space given as follows

Pi = (zi, ri) = (αi, 0).

Attach to P1, . . . , Pn the masses t21, . . . , t
2
n respectively. Construct the smallest

convex polyhedron which contains in the boundary or its interior the Pi’s together
with their respective masses. This polyhedron obtained this way by the roots of the
forms will be called the polyhedron associated to the form f . Then the following
is true.

Lemma 9. The point ζ(f), which is the zero in the upper half space H3 of the
quadratic given in Eq. (36) is the centroid of this polyhedron.

Proof. Let f ∈ Vn,C be a binary form and α1, . . . , αn be its roots, then the binary
quadratic Hermitian form associated to it is given as

H(x, 1) = A||x||2 −Bx− B̄x̄+ C

where

A =

n∑
i=1

t2i , B =
n∑
i=1

t2iαi, B̄ =
n∑
i=1

t2i ᾱi, C =
n∑
i=1

t2i ||αi||2

are as computed in Eq. (23). By Eq. (12) the root in the upper half space of this
binary quadratic Hermitian form is

ξ(f) = −B
A

+

√
Df

A
· j.

or equivalently the point P = (z, r) ∈ H3 such that the projection in the complex
plane is ∑n

i=1 t
2
iαi∑n

i=1 t
2
i

and the distance from the origin is∑n
i=1 t

2
i ||αi||2∑n

i=1 t
2
i

.
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On the other side the centroid CP of the convex polygon is

CP =

∑n
i=1 t

2
iPi∑n

i=1 t
2
i

.

It is easy to prove that the distance of this point CP from the origin and its
projection to the complex plane agree with the ones of ξ(f). This completes the
proof. �

The problem of finding the Julia quadratic in this way can be formulated as
follows.

Problem 4. Let Pn be the polyhedron associated to a degree n binary form as above.
Let A1, . . . , An be the vertices of the polyhedron with masses w1, . . . , wnrespectively.
Find w1, . . . , wn such that the centroid of the polyhedron is invariant under SL2(C)
action and makes the quantity

∑
1=i<j=n wiwjαiαj (where αi are complex numbers

that we get by the projection of Ai’s in the complex plane) minimal.

In an analogues way with the previous section another interesting problem to
consider here is the following.

Problem 5. Let K be a number field and OK its ring of integers. Let f ∈ Vn,K be
a binary form, α1, . . . , αn its roots. Construct the convex polyhedron which contains
in the boundary or its interior the roots of the given form. Compute the centroid of
this convex polyhedron and move it to the fundamental domain, when such exists.
How do the symmetric polynomials of the new form compare to the ones of the given
form f .

While there is a huge amount of literature on optimization problems of this type,
we are not aware of any specific results that apply to this situation.

6.2. Totally real forms. Let f ∈ Vn,R such that f has signature (n, 0). Such
forms are called totally real forms. Let f be a generic form in Vn,R given by

f(x, y) = anx
n + an−1x

n−1y + · · ·+ a1xy
n−1 + a0y

n

where a0, . . . , an are transcendentals. Identify a0, . . . , an respectively with 1, . . . , n+
1. Then the symmetric group Sn+1 acts on R[a0, . . . an][x, y] by permuting a0, . . . , an.
For any permutation τ ∈ Sn+1 and f ∈ R[a0, . . . an][x, y] we denote by τ(f) = fτ .
Then

fτ (x, y) = τ(an)xn + τ(an−1)xn−1y + · · ·+ τ(a1)xyn−1 + τ(a0) yn.

Define G(x, y) as follows

(37) G(x, y) =
x · fx(−fy(x, y), fx(x, y)) + y · fy(−fy(x, y), fx(x, y))

n f(x, y)
.

In [34] Stoll and Cremona was proved that G(x, y) is a degree d = (n − 1)(n −
2) homogenous polynomial in R[a0, . . . an][x, y] and Jf (x, y) |G(x, y); see [34] for
details. Therefore, this polynomial can be used to reduce totally real binary forms.

Note that, for σ ∈ Sn+1 we have an involution

σ =


(1, n+ 1)(2, n) · · ·

(n
2
,
n

2
+ 2
)
, if n is even

(1, n+ 1)(2, n) · · ·
(
n+ 1

2
,
n+ 3

2

)
, if n is odd.

The polynomial G(x, y) satisfies the following.
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Theorem 10. Let f ∈ Vn,R with distinct roots, sig (f) = (n, 0), and Gf as above.
Then

i) G(x, y) is a covariant of f of degree (n− 1) and order (n− 1)(n− 2).
ii) G(x, y) has a unique quadratic factor over R, which is Jf .

iii) Gσ(x, y) = (−1)n−1G(x, y). Moreover, if Gf =
∑d
i=1 gi x

iyd−i, then

gσi = (−1)n−1 gd−i,

for all i = 0, ..., d.

Proof. The fact that G(x, y) is a polynomial is a direct consequence of the Euler’s
theorem on homogenous functions and it is shown in [34].

Let F (x, y) = (f, xy)1 be the 1-transvection. It is a covariant of order n and
degree 1. From Euler’s theorem of homogenous functions we have that F (x, y) =
xfx + yfy = nf(x, y).

Let us denote by A = −fy(x, y) and B = fx(x, y). Both are covariants of f of
order (n− 1) and degree 1. Then fx(A,B) =

∑n
i=0 i aiA

i−1Bn−i has degree n as
a covariant and similarly for fy(A,B). Therefore,

xfx(A,B) + yfy(A,B)

nf(x, y)

is a covariant of degree (n − 1). Obviously, it has order d = (n − 1)(n − 2). This
completes the proof of part i). Part ii) is a restatement of the result proved in [34].

To prove part iii), it is enough to show that gσi = (−1)n−1 gd−i for all i = 0, ..., d.

Let τ =

(
0 −1
−1 0

)
. If we show that Gτ (x, y) = G(x, y), then this immediately

implies that gσi = (−1)n−1 gd−i for all i = 0, ..., d.
For any binary form F (x, y), we have that F τ (x, y) = F (−y,−x) = (−1)n F (x, y).

Such a rule also applies to fx and fy in Eq. (37). It is now elementary to verify
that G(−y,−x) = G(x, y). This completes the proof. �

Next, we compute this covariant Gf for some small degree binary forms.

Example 1 (Cubics). When n = 3, G(x, y) is the Hessian of the binary cubic. It
is given by the formula

Gf = (3a3a1 − a2
2)x2 + (9a3a0 − a2a1)xy + (3a2a0 − a2

1)y2

when f =
∑3
i=0 aix

iy3−i. This formula was known to Stoll and Cremona in [34].
The permutation σ is σ = (a0, a3)(a1, a2). Notice that Gσ = G. Moreover,

∆G = −3 ·∆f .

Totally real quartics. Let f ∈ V4,R with distinct real roots and

f(x, y) =

4∑
i=0

aix
iy4−i.

Then Gf is a degree 6 homogenous polynomial given as follows

Gf =

6∑
i=0

gix
iy6−i,

where

g6 = −
(
a3

3 + 4 a2a3a4 − 8 a1a
2
4

)
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g5 = 2
(
a2a

2
3 + 16 a0a

2
4 + 2 a4a1a3 − 4 a4a2

2
)

g4 = 5
(
a1a

2
3 − 4 a4a1a2 + 8 a4a0a3

)
g3 = 20

(
a0a

2
3 − a2

1a4

)
g2 = −5

(
a3a

2
1 − 4 a0a3a2 + 8 a0a4a1

)
g1 = −2

(
a2a

2
1 + 16 a4a

2
0 + 2 a0a3a1 − 4 a0a2

2
)

g0 = a3
1 + 4 a2a0a1 − 8 a2

0a3

In this case σ = (15)(24), which in terms of the coefficients a0, . . . , a4 becomes
σ := (a0, a4)(a1, a3). Then it is easy to check that

σ(g6) = −g0, σ(g5) = −g1, σ(g4) = −g2, σ(g3) = −g3.

The discriminant of G in terms of a0, . . . , a4 is given by

∆G =− 228
(
a2

1a2
2a2

3 − 4 a2
1a2

3a4 − 4 a3
1a

3
3 + 18 a3

1a2a4a3 − 27 a4
1a

2
4

− 4 a0a2
3a2

3 + 16 a0a2
4a4 + 18 a0a1a

3
3a2 − 80 a0a1a3a4a2

2 − 6 a0a
2
1a

2
3a4

+ 144 a2
1a2a0a

2
4 − 27 a2

0a
4
3 + 144 a2

0a4a2a
2
3 − 128 a2

0a2
2a2

4

−192 a2
0a1a3a

2
4 + 256 a3

0a4
3
)5

It is easily verified that

∆G = −228 ·∆5
f = −414 ·∆5

f .

Remark 4. We expect that in general ∆G = r ·∆n+1
f , for some constant r. This

fact has not been noticed before by previous authors.

Totally real quintics. Let f ∈ V5,R be a binary quintic f =
∑5
i=0 aix

iy5−i. Its
signature is one of the following sig (f) = {(5, 0), (3, 1), (1, 2)}.

Assume that sig (f) = (r, s) = (5, 0). In the notation of the previous section, we
have Qf = T5. The discriminant of T5 in terms of the roots αi of the form is given
by the formula

∆ (T5) = −4t21 · · · t25
(

(α1 − α2)2

t23t
2
4t

2
5

+
(α1 − α3)2

t22t
2
4t

2
5

+
(α1 − α4)2

t23t
2
2t

2
5

+
(α1 − α5)2

t22t
2
3t

2
4

+
(α2 − α3)2

t21t
2
4t

2
5

+
(α2 − α4)2

t21t
2
3t

2
5

+
(α2 − α5)2

t21t
2
3t

2
4

+
(α3 − α4)2

t21t
2
2t

2
5

+
(α3 − α5)2

t21t
2
2t

2
4

+
(α4 − α5)2

t21t
2
2t

2
3

)
.

In this case σ = (1, 6)(2, 5)(3, 4) which correspond to σ = (a0, a5)(a1, a4)(a2, a3).
Then computing G(x, y) as in Eq. (37) we have

(38) G(x, y) = c12x
12 + c11x

11y + · · · c1xy11 + c0y
12

where the coefficients are given as follows:

c12 = 125 a1a5
3 − 50 a2a4a5

2 + 15 a3a
2
4a5 − 3 a4

4

c11 = 625 a0a5
3 + 175 a1a4a5

2 − 100 a2a3a5
2 − 55 a2a

2
4a5 + 60 a2

3a4a5 − 9 a3a
3
4

c10 = 1375 a0a4a5
2 − 25 a1a3a5

2 + 65 a1a
2
4a5 − 150 a2

2a5
2 − 30 a2a3a4a5

− 41 a2a
3
4 + 60 a3

3a5 + 3 a2
3a

2
4
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c9 = 875 a0a3a5
2 + 1025 a0a

2
4a5 − 425 a1a2a5

2 + 30 a1a3a4a5 − 33 a1a
3
4

− 130 a2
2a4a5 + 160 a2a

2
3a5 − 86 a2a3a

2
4 + 24 a3

3a4

c8 = 125 a0a2a5
2 + 1500 a0a3a4a5 + 215 a0a

3
4 − 425 a2

1a5
2 − 450 a1a2a4a5

+ 175 a1a
2
3a5 − 128 a1a3a

2
4 + 175 a2

2a3a5 − 97 a2
2a2

4 + 8 a2a
2
3a4 + 12 a4

3

c7 = −750 a0a1a5
2 + 500 a0a2a4a5 + 775 a0a

2
3a5 + 430 a0a3a

2
4 − 530 a2

1a4a5

+ 310 a1a2a3a5 − 322 a1a2a
2
4 − 61 a1a

2
3a4 + 105 a2

3a5 − 33 a2
2a3a4 + 32 a2a

3
3

c6 = −625 a2
0a5

2 − 800 a0a1a4a5 + 1200 a0a2a3a5 + 30 a0a2a
2
4 + 365 a0a

2
3a4

+ 30 a2
1a3a5 − 303 a2

1a
2
4 + 365 a1a2

2a5 − 268 a1a2a3a4 + a1a
3
3 + a2

3a4 + 37 a2
2a2

3

c5 = −750 a2
0a4a5 + 500 a0a1a3a5 − 530 a0a1a

2
4 + 775 a0a2

2a5 + 310 a0a2a3a4

+ 105 a0a3
3 + 430 a2

1a2a5 − 322 a2
1a3a4 − 61 a1a2

2a4 − 33 a1a2a
2
3 + 32 a2

3a3

c4 = 125 a2
0a3a5 − 425 a2

0a
2
4 + 1500 a0a1a2a5 − 450 a0a1a3a4 + 175 a0a2

2a4

+ 175 a0a2a
2
3 + 215 a3

1a5 − 128 a2
1a2a4 − 97 a2

1a
2
3 + 8 a1a2

2a3 + 12 a2
4

c3 = 875 a0
2a2a5 − 425 a2

0a3a4 + 1025 a0a
2
1a5 + 30 a0a1a2a4 − 130 a0a1a

2
3

+ 160 a0a2
2a3 − 33 a3

1a4 − 86 a2
1a2a3 + 24 a1a2

3

c2 = 1375 a2
0a1a5 − 25 a2

0a2a4 − 150 a2
0a

2
3 + 65 a0a

2
1a4 − 30 a0a1a2a3 + 60 a0a2

3

− 41 a3
1a3 + 3 a2

1a2
2

c1 = 625 a3
0a5 + 175 a2

0a1a4 − 100 a2
0a2a3 − 55 a0a

2
1a3 + 60 a0a1a2

2 − 9 a3
1a2

c0 = 125 a3
0a4 − 50 a2

0a1a3 + 15 a0a
2
1a2 − 3 a4

1

The following is an immediate consequence of Thm. 10.

Corollary 4. Let f ∈ V5,R with signature (5, 0). Then Gσ = G the above co-
efficients give a computational confirmation that Gσ = G and cσi = c5−i for all
i = 1, . . . , 5.

Next we will study binary forms where all the roots are complex and will see the
similarity of such forms with totally real forms.

6.3. Totally complex forms. Let f(x, y) ∈ R be a degree n = 2s binary form
with signature (0, s). We will call such forms totally complex forms. Then
f(x, y) can be factored as follows

f(x, 1) =

s∏
i=1

(x− αi)(x− ᾱi) =

s∏
i=1

(x2 +Aix+Bi).

and assume αi = ai + I bi, for i = 1, . . . s. Associate to it the quadratic

S(x, y) = 2

s∑
i=1

u2
i (x

2 +Aixy +Biy
2).

The discriminant of S(x, 1) is computed in Eq. (20) and is

∆S = −16

∑
i<j

u2
iu

2
j

[
(ai − aj)2 + (b2i + b2j )

]
+

s∑
j=1

u4
jb

2
j
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In analogy with the theory explained in Section 5.1 let h = ∆S and g = u4
1 · · ·u4

s.
We have to solve the following system{

∇h = λ∇g
u4

1 · · ·u4
s = 1

for λ 6= 0. For all i = 1, . . . , s the partial derivative of ∆S with respect to ui is

−16

2
∑
i<j

uiu
2
j

[
(ai − aj)2 + (b2i + b2j )

]
+ 4

s∑
j=1

u3
jb

2
j


and the above system Eq. (6.3) is

(39)



− 16

2
∑
i<j

u1u
2
j

[
(a1 − aj)2 + (b21 + b2j )

]
+ 4

s∑
j=1

u3
jb

2
j

 = 4λu3
1 · · ·u4

s

...

− 16

2
∑
i<j

usu
2
j

[
(as − aj)2 + (b2s + b2j )

]
+ 4

s∑
j=1

u3
jb

2
j

 = 4λu4
1 · · ·u3

s

u4
1 · · ·u4

s = 1

To find the point in the upper half plane that is used for reduction we need to
find the unique solution of the above system. Next, we compute the Julia quadratic
of totally complex binary quartics and sextics.

Totally complex quartics. Let f be a binary quartic with signature (0, 2) and fac-

tored as follows f(x, y) =
∑2
i=1(x2 + aixy + biy

2). Associate to f the quadratic
Qf , where

Qf (x, 1) = 2u2
1(x2 + a1x+ b1) + 2u2

2(x2 + a2x+ b2)

To find u1, and u2 we set up the system as in Eq. (39) and solve for the ui’s. The
discriminant of the quadratic which is

∆Q = a1
2u1

2 + 2 a1a2u1u2 + a2
2u2

2 − 4 b1u1
2 − 4 b1u1u2 − 4 b2u1u2 − 4 b2u2

2.

Next, compute the partial derivatives of ∆Q with respect to u1, u2, and then set
up the system. This is done in Maple but we do not display the system here. The
system is given in terms of ui’s, ai’s, bi’s and λ, the Lagrange multiplier. Solving
for λ we get

λ = −2
(a1

2 − a1a2 − 2 b1 + 2 b2)x
2 + 2x( a1b1 − 2 a2b1 + a1b2) + a1

2b2 − a1a2b1 + 2 b1
2 − 2 b1b2

x2 + xa1 + b1

Substitute λ as computed in the system (39) and add to this system the equation
Q(x, 1) = 0. Using this approach we can compute the point ξ(f) in the upper half
plane corresponding to the Julia quadratic. Eliminating u1, and u2 we get a degree
4 polynomial

(40) Gf =

4∑
i=0

cix
iy4−i,
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with coefficients as follows

c4 = −2 a1
2 + 2 a2

2 + 8 b1 − 8 b2

c3 = −4 a1
2a2 + 4 a1a2

2 − 16 a1b2 + 16 a2b1

c2 = −12 a1
2b2 + 12 a2

2b1

c1 = −4 a1
2a2b2 + 4 a1a2

2b1 − 16 a1b1b2 + 16 a2b1b2

c0 = −2 a1
2b2

2 + 2 a2
2b1

2 − 8 b1
2b2 + 8 b1b2

2.

If we let b1 = b2 = 1 then Gf (x, y) is a palindromic polynomial, i.e.

c4 = c0 = −2 a1
2 + 2 a2

2

c3 = c1 = −4 a1
2a2 + 4 a1a2

2 − 16a1 + 16a2

c2 = −12 a1
2 + 12 a2

2.

This degree 4 polynomial has a unique quadratic factor which is the Julia’s qua-
dratic and will be used to reduce the given form.

Totally complex sextics. Let f be a binary sextic with signature (0, 3) and factored
as follows

f(x, y) = (x2 + a1xy + b1y
2)(x2 + a2xy + b2y

2)(x2 + a3xy + b3y
2).

Associate to f the quadratic

Q(x, 1) = 2u2
1(x2 + a1x+ b1) + 2u2

2(x2 + a2x+ b2) + 2u2
3(x2 + a3x+ b3)

where the ui’s are real numbers that make θf minimal. To find u1, u2 and u3 that
satisfy this condition we need to set up the system in eq (39) and solve for the ui’s.
Compute first the discriminant of the quadratic which is as follows

∆Q =4 a1
2u1

4 + 8 a1a2u1
2u2

2 + 8 a1a3u1
2u3

2 + 4 a2
2u2

4 + 8 a2a3u2
2u3

2

+ 4 a3
2u3

4 − 16 b1u1
4 − 16 b1u1

2u2
2 − 16 b1u1

2u3
2 − 16 b2u1

2u2
2

− 16 b2u2
4 − 16 b2u2

2u3
2 − 16 b3u1

2u3
2 − 16 b3u2

2u3
2 − 16 b3u3

4

Next, compute the partial derivatives of ∆Q with respect to u1, u2, and u3 and
then set up the system. This is done in Maple but we do not display the system
here because is to big. The system is given in terms of ui’s, ai’s, bi’s and λ, the
Lagrange multiplier. Solving for λ we get

λ =
4(a3u1

2a1 + a3u2
2a2 + u3

2a3
2 − 2u1

2b1 − 2u2
2b2 − 2 b3u1

2 − 2 b3u2
2 − 4u3

2b3)

u3
2u1

4u2
4

Substitute λ as computed in the system (39) and add to this system the equation
Q(x, 1) = 0. Using this approach we can compute the point ξ(f) in the upper half
plane corresponding to the Julia quadratic. Computationally it is too difficult to
eliminate all three u1, u2, and u3 at the same time, so first we eliminate u1, and
u2 and then at a second step eliminate u3. Eliminating all three of them we get a
degree 8 polynomial

(41) Gf =

8∑
i=0

cix
iy8−i,

with coefficients given in [6]. This degree 8 polynomial has a unique quadratic
factor which is the Julia quadratic and will be used to reduce the given form.
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As a special case, consider the case when we let b1 = b2 = b3 = 1. The binary
form f is given as follows

f(x, y) =

3∏
i=1

(x2 + aixy + y2).

The function Gf (x, y) associated to this binary form has coefficients as follows

c8 = −c0 = 3 (a2 − a3) (a1 − a3) (a1 − a2) (a1a2 + a1a3 + a2a3)

c7 = −c1 = 3 (a2 − a3) (a1 − a3) (a1 − a2) (3 a1a2a3 + 8 a1 + 8 a2 + 8 a3)

c6 = −c2 = 6 (a2 − a3) (a1 − a3) (a1 − a2) (5 a1a2 + 5 a1a3 + 5 a2a3 + 24)

c5 = −c3 = 9 (a2 − a3) (a1 − a3) (a1 − a2) (a1a2a3 + 8 a1 + 8 a2 + 8 a3)

c4 = 0.

Note that Gf (x, y) is a palindromic polynomial.

Remark 5. If f =
∏n
i=1(x2 + aixy + y2), then f is a palindromic form. In this

case, the Julia quadratic is a factor of Gf , where Gf is also a palindromic form.

6.4. Julia’s quadratic of binary forms of small degree. We give examples
when n = 3, 4 to illustrate the theory in Section 5 and to show explicitly how the
ui’s can be determined using the system given in Eq. (28).

Binary cubic forms. Let f ∈ V3,C and let denote its roots by α1, α2, α3, then

(42) f(x, 1) = a0(x− α1)(x− α2)(x− α3),

for some a0 ∈ C. We associate to f the following positive definite quadratic form

Qf (α, 1) =t21(x− α1)(x̄− ᾱ1) + t22(x− α2)(x̄− ᾱ2) + t23(x− α3)(x̄− ᾱ3)

=
(
t21 + t22 + t23

)
xx̄−

(
t21ᾱ1 + t22ᾱ2 + t23ᾱ3

)
x

−
(
t21α1 + t22α2 + t23α3

)
x̄+

(
t21||α1||2 + t22||α2||2 + t23||α3||2

)
.

(43)

The discriminant of Qf (x, y) is given as follows

∆Q = t1
2t2

2 ||α1 − α2| |2 + t21t
2
3||α1 − α3||2 + t22t

2
3||α2 − α3||2.

For simplicity in the computations denote by h = ∆Q, then compute its gradient
and replace αi,j := ||αi − αj ||2. We have

∇h =
〈

2t1t
2
2α12 + 2t1t

2
3α13, 2t2t

2
1α12 + 2t2t

2
3α23, 2t3t

2
1α13 + 2t3t

2
2α23

〉
.

As in Section 5.1 we take g = t21 · t22 · t23 = 1, and its gradient is

∇g =
〈

2t1t
2
2t

2
3, 2t2t

2
1t

2
3, 2t3t

2
1t

2
2

〉
.

Then the system in Eq. (5.1) is as follows
2t1t

2
2α12 + 2t1t

2
3α13 = 2λt1t

2
2 t

2
3

2t2t
2
1α12 + 2t2t

2
3α23 = 2λt2t

2
1 t

2
3

2t3t
2
1α13 + 2t3t

2
2α23 = 2λt3t

2
1 t

2
2

t21 · t22 · t23 = 1.
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Simplifying and substituting t21 · t22 · t23 = 1 we have
t21(t22α12 + t23α13) = λ
t22(t21α12 + t23α23) = λ
t23(t21α13 + t22α23) = λ

t21 · t22 · t23 = 1.

Substitute λ = 2
3 · (u1u2α1,2 +u2u3α2,3 +u1u3α1,3) as in Eq. (27), write everything

in terms of u′s and αi,j ’s, and then combine like terms
u1u2α12 + u1u3α13 = 2u2u3α2,3

u1u2α12 + u2u3α23 = 2u1u3α1,3

u1u3α13 + u2u3α23 = 2u1u2α1,2

u1 · u2 · u3 = 1.

We further normalize by letting α1,2 · α1,3 ·α2,3 = 1. Solving the above system for
u1, u2, u3 we get 

u1 =
α1,2

α1,3u3
2

u2 =
α1,3u3

α1,2

α1,3u3

(
α1,2

2 − α1,3α2,3u3
3
)

= 0.

Consider α1,3u3

(
α1,2

2 − α1,3α2,3u3
3
)

= 0. Since, ui 6= 0 we have(
α1,2

2 − α1,3α2,3u3
3
)

= 0.

Multiply both sides of the above with α1,2 and then making the substitution α1,2 ·
α1,3 ·α2,3 = 1 we get u3

3 = α3
1,2. By the definition of the quadratic Q(x, 1) associated

to f(x, 1), all ui are non zero real numbers, then this equation u3
3 = α3

1,2 has a
unique real solution, namely u3 = α1,2. Therefore, the unique solution to the above
system is

u1 = α2,3, u2 = α1,3, u3 = α1,2.

Substituting these values of u1, u2, u3, which are the values that minimize θ0, into
Eq. (43) we get Julia’s quadratic Jf .

Jf (x, 1) = ||α2 − α3||2(x− α1)2 + ||α1 − α3||2(x− α2)2 + ||α1 − α2||2(x− α3)2.

Let p, q, r denote the coefficients of Julia quadratic, then they are respectively

p := 2α1
2 − 2α1α2 − 2α1α3 + 2α2

2 − 2α2α3 + 2α3
2

q := −2α1
2α2 − 2α1

2α3 − 2α1α2
2 + 12α1α2α3 − 2α1α3

2 − 2α2
2α3 − 2α2α3

2

r := 2α1
2α2

2 − 2α1
2α2α3 + 2α1

2α3
2 − 2α1α2

2α3 − 2α1α2α
2
3 + 2α2

2α3
2

Now, let f be a generic cubic given as follows

f(x, 1) = ax3 + bx2 + cx+ d

where a = a0, b = α1 + α2 + α3, c = α1α2 + α1α3 + α2α3, and d = α1α2α3.
Eliminating the roots we can express Julia’s quadratic coefficient in terms of the
coefficient of f(X) as follows

p = b2 − 3ac, q = bc− 9ad, r = c2 − 3bd

up to a constant factor.
Notice that Df = −3 · ∆f , where ∆f is the discriminant of the cubic. In this

case the discriminant of the Julia quadratic is an SL2(Z) invariant of the binary
form. We summarize as follows:
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Lemma 10. Let f be a stable binary cubic with equation

f(x, y) = ax3 + bx2y + cxy2 + dy3.

Then its Julia quadratic is given by

(44) Jf = (b2 − 3ac)x2 + (bc− 9ad)xy + (c2 − 3bd)y2

and its discriminant is ∆(Jf ) = −3 ∆f , where ∆f is the discriminant of f . More-
over, its θ-invariant is

θf = a6
0 3

3
2 |∆f |

1
2 .

As we will see in the next section the situation is more complicated for forms of
higher degree.

Binary quartics. We illustrate the case of binary quartics. Let f be a binary quartic
given as follows

(45) f(x, y) = ax4 + bx3y + cx2y2 + dxy3 + ey4

and α1, . . . , α4 its roots when y = 1. To this binary quartic we associate a positive
definite quadratic form as follows

(46) Q(x, 1) =

4∑
i=1

t2i (x− αi)2

and its discriminant as computed in Eq. (24)

∆Q =
∑

1=i<j=4

ui uj αi,j

where as above ui = t2i and αi,j = (αi − αj)2, for i < j. Compute the gradient of
the discriminant of Q(x, 1) with respect to ui’s. Then the system in Eq. (25) in
this case will be

u1(α1,2u2 + α1,3u3 + α1,4u4) = (1/2)
∑

1=i<j=4 ui uj αi,j
u2(α1,2u1 + α2,3u3 + α2,4u4) = (1/2)

∑
1=i<j=4 ui uj αi,j

u3(α1,3u1 + α2,3u2 + α3,4u4) = (1/2)
∑

1=i<j=4 ui uj αi,j
u4(α1,4u1 + α2,4u2 + α3,4u3) = (1/2)

∑
1=i<j=4 ui uj αi,j .

u1u2u3u4 − 1 = 0.

Combining like terms and simplifying we have
u1u2α1,2 + u1u3α1,3 + u1u4α1,4 − u2u3α2,3 − u2u4α2,4 − u3u4α3,4 = 0
u1u2α1,2 + u2u3α2,3 + u2u4α2,4 − u1u3α1,3 − u1u4α1,4 − u3u4α3,4 = 0
u1u3α1,3 + u2u3α2,3 + u3u4α3,4 − u1u2α1,2 − u1u4α1,4 − u2u4α2,4 = 0
u1u4α1,4 + u2u4α2,4 + u3u4α3,4 − u1u2α1,2 − u1u3α1,3 − u2u3α2,3 = 0

u1u2u3u4 − 1 = 0.

We want to solve the above system for u1, . . . , u4. Add up the first and second
equation, then first and third, and lastly first and fourth to getu1u2α1,2 = u3u4α3,4

u1u3α1,3 = u2u4α2,4

u1u4α1,4 = u2u3α2,3.

Then multiplying each side of the above system we get

u3
1 = u2u3u4 ·

α2,3α2,4α3,4

α1,2α1,3α1,4
.
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Multiplying both sides with u1 we get

u4
1 =

α2,3α2,4α3,4

α1,2α1,3α1,4
.

The same way we can compute u4
2, u

4
3, u

4
4. This proves the following.

Lemma 11. The degree of the field extension [k(u1, . . . , u4) : k(αi,j)] = 4. More-
over,

u4
1 =

α2,3α2,4α3,4

α1,2α1,3α1,4
, u4

2 =
α1,3α1,4α3,4

α1,2α2,3α2,4
,

u4
3 =

α1,2α1,4α2,4

α1,3α2,3α3,4
, u4

4 =
α1,2α1,3α2,3

α1,4α2,4α3,4
.

Hence, we have the following diagram of field extensions.

k(α1, . . . , α4)

6

k(u1, . . . , u4)

4

k(αi,j)

The proof of [k(α1, . . . , α4) : k(u1, . . . , u4)] = 6 is done computationally via Maple.

Remark 6. For any given 4-tuple (α1, α2, α3, α4) we have a unique positive real
solution (u1, u2, u3, u4). Hence, as expected the coefficients of the Julia quadratic
are uniquely defined.

Therefore, the Julia quadratic of the given quartic is

(47) Jf = px2 − 2qx+ r

where p, q, and r are as follows

p · d =(α3 − α4)(α2 − α3)(α2 − α4) + (α3 − α4)(α1 − α3)(α1 − α4)+

(α1 − α2)(α2 − α4)(α1 − α4) + (α1 − α2)((α1 − α3)(α2 − α3)

q · d =α1(α3 − α4)(α2 − α3)(α2 − α4) + α2(α3 − α4)(α1 − α3)(α1 − α4)+

α3(α1 − α2)(α2 − α4)(α1 − α4) + α4(α1 − α2)(α1 − α3)(α2 − α3)

r · d =α2
1(α3 − α4)(α2 − α3)(α2 − α4) + α2

2(α3 − α4)(α1 − α3)(α1 − α4)+

α2
3(α1 − α2)(α2 − α4)(α1 − α4) + α2

4(α1 − α2)(α1 − α3)(α2 − α3)

where

d =
(

(α1 − α2) (α2 − α3) (α3 − α4) (α1 − α3) (α1 − α4) (α2 − α4)
) 1

2

Computing Julia’s quadratic discriminant we have

Df =
−4 a3 (α2 − α4)(α1 − α3)

∆
1/2
f

.

In an analogues way with the cubics, we want to express Julia’s quadratic co-
efficients in terms of the coefficients of the binary quartic form. Write down the
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symmetric polynomials, as well as the coefficients of Julia’s quadratic and then
eliminate the roots of the quartic α1, . . . , α4. In this case, the computations show
that the coefficients of the Julia quadratic cannot be expressed nicely in terms of
the coefficient of the binary quadratic, as in the case of binary cubics. The case of
binary quintics and sextics is done in detail in [7]. The main results are given in
the following theorems.

Theorem 11. Let f ∈ V5,R. The quadratic Qf associated to f is as follows.
i) If sig (f) = (5, 0) then Qf = T5, where T5 is the unique quadratic factor of

Eq. (38).
ii) If sig (f) = (3, 1) then Qf = T3 + S1, where T3 is the quadratic given in

Eq. (44) and S1 as
S1 = 2u2

1

(
x2 − 2 Re(β)x+ ||β||2

)
for some β ∈ H2 such that f(β) = 0.

iii) If sig (f) = (1, 2) then Qf = T1 +S2, where S2 is the unique quadratic factor
of Eq. (40) and T1 as follows

T1 = t21 (x− α)
2

for some α ∈ R such that f(α) = 0.

And for binary sextics we have the following.

Theorem 12. Let f ∈ V6,R. The quadratic Qf associated to f is as follows.
i) If sig (f) = (6, 0) then Qf = T6, where T6 is the unique quadratic factor of

the equation given in [6, Appendix].
ii) If sig (f) = (4, 1) then Qf = T4 + S1, where T4 is the quadratic given in

Eq. (47) and S1 as
S1 = 2u2

1

(
x2 − 2 Re(β)x+ ||β||2

)
for some β ∈ H2 such that f(β) = 0.

iii) If sig (f) = (2, 2) then Qf = T2 + S2, where T2 is given as

T2 = t21 (x− α1)
2

+ t22 (x− α2)
2

and S2 is the unique quadratic factor of Eq. (40).
iv) If sig (f) = (0, 3) then Qf = S3, where S3 is the unique quadratic factor of

the equation given in [6, Appendix].
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FINITE SPLIT BASIC ALGEBRAS WITH INVOLUTION
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Abstract. Let A be a finite-dimensional split basic algebra over a finite field
k with odd characteristic, and assume that A is endowed with an involution
σ : A → A. We determine the degrees of the irreducible characters of the
group CG(σ) = {x ∈ G : σ(x−1) = x} where G = A× is the unit group of
A, and prove that every irreducible character of CG(σ) is induced by a linear
character of some subgroup. As a particular case, our results hold for the
Sylow p-subgroups of the finite classical groups of Lie type, and extend (in a
uniform way) the results obtained by B. Szegedy in [11].

Mathematics Subject Classes 2010: 20C15; 20G40
Keywords: finite algebra group; irreducible character; classical group

Let p be an odd prime, let k be a finite field of characteristic p, and let A be a
finite-dimensional associative k-algebra (with identity). We recall that an involution
on A is a map σ : A→ A satisfying the following conditions:

(1) σ(a+ b) = σ(a) + σ(b) for all a, b ∈ A;
(2) σ(ab) = σ(b)σ(a) for all a, b ∈ A;
(3) σ2(a) = a for all a ∈ A.

We note that an involution σ is not required to be k-linear; however, we will assume
that the field k = k · 1 is preserved by σ. Then, σ defines a field automorphism of
k which is either the identity or has order 2; we say that σ is of the first kind if σ
fixes k, and of the second kind if its restriction σk to k has order 2. In any case, we
let kσ = {α ∈ k : σ(α) = α} denote the σ-fixed subfield of k, and consider A as a
finite dimensional associative kσ-algebra. We observe that σ is of the second kind
if and only if the field extension kσ ⊆ k has degree 2, and σ : k→ k is the Frobenius
map defined by the mapping α 7→ αq where q = |kσ|; hence, kσ = Fq and k = Fq2 .
For simplicity of writing, we will the bar notation α = αq for α ∈ k.

Let G = A× denote the unit group of the k-algebra A. Then, for any involution
σ : A→ A, the cyclic group 〈σ〉 acts on G as a group of automorphisms by means
of xσ = σ(x−1) for all x ∈ G (xσ should not be confused with σ(x)). For any
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σ-invariant subgroup H ≤ G, we denote by CH(σ) the subgroup of H consisting of
all σ-fixed elements; that is,

CH(σ) = {x ∈ H : xσ = x} = {x ∈ H : σ(x−1) = x}.

The main purpose of this paper is to determine the degree of any irreducible (com-
plex) character of the group CG(σ) in the case where A is an arbitrary basic k-
algebra endowed with an involution σ : A→ A. By definition, a k-algebra A is said
to be basic if the Jacobson radical Rad(A) ≤ A equals the set consisting of all nilpo-
tent elements of A; equivalently, the semisimple k-algebra A/Rad(A) is isomorphic
to a direct sum k1 ⊕ · · · ⊕ kn of field extensions k1, . . . ,kn of k (in the paper [10],
B. Szegedy refers to A as an N-algebra over k; see, in particular, [10, Lemma 2.1]).
We note that every subalgebra (containing the identity) of a basic k-algebra is also
a basic k-algebra; moreover, if I is any (two-sided) ideal of A, then A/I is also a
basic k-algebra. In the case where ki ∼= k for all 1 ≤ i ≤ n, we refer to A as a
split basic k-algebra (or, in the terminology of [10], as a DN-algebra); we observe
that subalgebras (containing the identity) and quotient algebras of a split basic
k-algebra are also slit basic k-algebras (see, for example, [10, Lemmas 2.2 and 2.3]).

As a standard example, let Mn(k) be the full matrix algebra over k consisting
of all n × n matrices with entries in k, so that Mn(k)× = GLn(k) is the general
linear group consisting of all invertible matrices in Mn(k). The k-algebra Mn(k) is
canonically endowed with the transpose involution defined by the mapping a 7→ aT

where aT denotes the transpose of a ∈Mn(k). Let q = |kσ|, let F : Mn(k)→Mn(k)
be the Frobenius morphism defined by F (aij) = (aij) = (aij

q) for all (aij) ∈Mn(k),
and set a∗ = F (a)T for all a ∈ Mn(k). Then, the mapping a 7→ a∗ defines an
involution on Mn(k); notice that, if kσ = k, then a∗ = aT for all a ∈ Mn(k). If
σ : Mn(k)→Mn(k) is an involution of the first kind, then there exists u ∈ GLn(k)
with uT = ±u and such that σ(a) = u−1aTu for all a ∈Mn(k); moreover, the matrix
u is uniquely determined up to a factor in k×. On the other hand, if σ : Mn(k)→
Mn(k) is an involution of the second kind, then there exists u ∈ GLn(k) with
u∗ = u and such that σ(a) = u−1a∗u for all a ∈ Mn(k); moreover, the matrix u is
uniquely determined up to a factor in (kσ)×. (The proofs can be found in the book
[8] by M.-A. Knus et al. where the complete classification of involutions is also
given for arbitrary central k-algebras.) For simplicity, for u ∈ GLn(k) as above, we
will denote by σu the involution on Mn(k) given by the mapping a 7→ u−1a∗u; as
usual, we say that σu is symplectic if σu is of the first kind and uT = −u, orthogonal
if σu is of the first kind and uT = u, and unitary if σu is of the second kind and
u∗ = u.

For an arbitrary involution σ : Mn(k)→Mn(k) the group CGLn(k)(σ) is isomor-
phic to one of the well-known finite classical groups of Lie type (defined over k):
the symplectic group Sp2m(q) if σ is symplectic (and k = Fq), the orthogonal groups
O+

2m(q), O2m+1(q), or O−2m+2(q) if σ is orthogonal (and k = Fq), and the unitary
group Un(q

2) if σ is unitary (and k = Fq2). (For the details on the definition of
the classical groups, we refer to Chapter I the book [2] by R. Carter.) In fact,
up to isomorphism, these groups may be defined by the involution σ = σu where
u ∈ GLn(k) is defined as follows; here, Jm denotes the m×m matrix with 1’s along
the anti-diagonal and 0’s elsewhere.

(1) For Sp2m(q), we choose k = Fq and u =
(

0 Jm
−Jm 0

)
.
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(2) For O+
2m(q) or O2m+1(q), we choose k = Fq and u = Jn where, either

n = 2m, or n = 2m+ 1.
(3) For O−2m+2(q), we choose k = Fq and u =

(
0 0 Jm
0 c 0
Jm 0 0

)
where c =

(
1 0
0 −ε

)
for

ε ∈ F×q − (F×q )2.
(4) For Un(q2), we choose k = Fq2 and u = Jn. (In this case, we have kσ = Fq.)
Let A = bn(k) be the Borel subalgebra ofMn(k) consisting of all upper-triangular

matrices; hence, G = A× is the standard Borel subgroup Bn(k) of GLn(k). Then,
A is a split basic k-algebra; in fact, the Jacobson radical Rad(A) is the (upper)
niltriangular subalgebra utn(k) ≤ bn(k) consisting of all upper-triangular matrices
with 0’s on the main diagonal, and A/Rad(A) is isomorphic to a direct sum of
n copies of k; indeed, A/Rad(A) is isomorphic to the diagonal subalgebra dn(k)
consisting of all diagonal matrices in Mn(k). Further, A is a σ-invariant subalgebra
of Mn(k), and the CG(σ) is a (standard) Borel subgroup of the corresponding finite
classical group.

In the general situation, let A be a split basic k-algebra with an involution
σ : A→ A. For any (nilpotent) subalgebra J of Rad(A), the set 1+J is a p-subgroup
of the unit group G = A× to which we refer as an algebra subgroup of G (as defined
in [6]). In the particular case where J = Rad(A), it is clear that P = 1 + Rad(A)
is a normal subgroup of G, and that it is the unique Sylow p-subgroup of G.
Furthermore, G is the semidirect productG = TP where T ≤ G is isomorphic to the
unit group of A/Rad(A); hence, T is isomorphic to the direct product k×1 ×· · ·×k×n
where k1, . . . ,kn are field extensions of k such that A/Rad(A) ∼= k1⊕· · ·⊕kn. Since
A is split, we have ki ∼= k for all 1 ≤ i ≤ n, and in fact there are nonzero orthogonal
idempotents e1, . . . , en ∈ A with 1 = e1+· · ·+en, and such that A = D⊕Rad(A) for
D = ke1⊕· · ·⊕ken; this follows easily from the usual process of “lifting idempotents”
(see, for example, [9, Chapter VII]; see also [5, Lemma 2.1]). Then, T = D× is
the unit group of the subalgebra D; we will refer to D as the diagonal subalgebra
of A, and to T as the diagonal subgroup of G = A×. In particular, we have
|G| = |k|r(|k| − 1)n where r = dimRad(A).

On the other hand, let x ∈ G be arbitrary, and denote by CG(x) the centraliser
of x in G (with respect to conjugation). It is clear that CG(x) is the unit group of
the subalgebra CA(x) = {a ∈ A : ax = xa} of A. Since every subalgebra of a split
basic k-algebra is also a split basic k-algebra (see [10, Lemma 2.2]), CA(x) is a split
basic k-algebra, and thus |CG(x)| = |k|s(|k| − 1)m for some nonnegative integers s
and m (with s ≤ r and m ≤ n). Since (|k|, |k| − 1) = 1, we deduce the following
result.

Theorem 1 (Szegedy; see [10, Lemma 2.4]). Let A be a split basic k-algebra, let
G = A×, and let K be a conjugacy class of G. Then, |K| = |k|k(|k| − 1)l for some
nonnegative integers k and l.

Next, we consider the involution σ : A → A, and determine the order of the
σ-fixed subgroup CG(σ). We start by proving the following elementary result.

Lemma 1. Let A be a k-algebra with an involution σ : A→ A, let J be a σ-invariant
nilpotent subalgebra of A, and let Q = 1 + J. Then, |CQ(σ)| is a power of |kσ|.

Proof. Let ϕ : J → Q be the Cayley transform defined by ϕ(a) = (1− a)(1 + a)−1

for all a ∈ J. Since p is odd, the map ϕ is bijective, and it is easy to check that
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CQ(σ) = ϕ(CJ(σ)) where CJ(σ) = {a ∈ J : σ(a) = −a}. The result follows because
CJ(σ) is a vector space over kσ. �

On the other hand, we have the following.

Theorem 2. Let A be a split basic k-algebra with an involution σ : A → A, let
G = A× be the unit group of A, and let P = 1+Rad(A). Let kσ be the σ-fixed field
of k, and let q = |kσ|. Then, CG(σ)/CP (σ) ∼= H ×K where H is a direct product
of copies of k×, and K is a direct product of cyclic groups of order (q − 1)/2 if σ
is of the first kind, and q − 1 if σ is of the second kind. In particular, there exist
nonnegative integers k and r such that

|CG(σ) : CP (σ)| =

{
2−k(q − 1)r, if σ is of the first kind,
(q + 1)k(q − 1)r, if σ is of the second kind.

Further, we have CG(σ)P/P = CG/P (σ).

Proof. Let e1, . . . , en ∈ A be nonzero orthogonal idempotents, and consider the
diagonal subalgebra D = ke1 ⊕ · · · ⊕ ken of A; moreover, for simplicity, we set
J = Rad(A).

Let Sn denote the symmetric group on {1, 2, . . . , n}. Since σ(e1), · · · , σ(en) are
nonzero orthogonal idempotents satisfying 1 = σ(e1) + · · · + σ(en), there exist a
permutation π ∈ Sn and an invertible element x ∈ P = 1 + J such that σ(ei) =
xeπ(i)x

−1 for all 1 ≤ i ≤ n (see, for example, [9, Theorem VII.13]). In particular,
we see that σ(ei) ∈ eπ(i)+J, and thus σ(kei) = kσ(ei) ⊆ keπ(i)+J for all 1 ≤ i ≤ n.
Moreover, since σ is an involution, we clearly have π2 = 1.

The involution σ : A→ A defines naturally an involution on the k-algebra A/J;
if we denote this involution also by σ, then σ(a+J) = σ(a)+J for all a ∈ A. Hence,
σ defines an automorphism of the group G/P ∼= (A/J)× by means of (xP )σ = xσP
for all x ∈ G. Since A = D ⊕ J, we have A/J ∼= D, and thus G/P ∼= T where
T = D× is the diagonal subgroup of G. For every t ∈ T , we have tP ∈ CG/P (σ)
if and only if t−1tσ ∈ P , and so CG/P (σ) = {tP : t−1tσ ∈ P}. On the other hand,
since D = ke1 ⊕ · · · ⊕ ken, every element of t ∈ T = D× is uniquely expressed as a
sum t = α1e1+ · · ·+αnen where α1, . . . , αn ∈ k×. In particular, for every 1 ≤ i ≤ n
and every α ∈ k×, the element

ti(α) = αei +
∑

1≤j 6=i≤n

ei

lies in T ; indeed, every t ∈ T factorises uniquely as a product t = t1(α1) · · · tn(αn)
where α1, . . . , αn ∈ k×. For every 1 ≤ i ≤ n, let Ti = {ti(α) : α ∈ k×}; notice
that T1, . . . , Tn are subgroups of T and that T is the (internal) direct product
T = T1 · · ·Tn. Similarly, if we define T i = TiP/P for all 1 ≤ i ≤ n, then G/P is
the direct product G/P = T 1 · · ·Tn; moreover, since σ(kei) ⊆ keπ(i) + J, we must
have (T i)

σ ⊆ Tπ(i), and hence (T i)
σ = Tπ(i) for all 1 ≤ i ≤ n.

Now, if t ∈ T is arbitrary and t = t1 · · · tn where ti ∈ Ti for all 1 ≤ i ≤ n, then
t−1tσ = (t−11 (tπ(1))

σ) · · · (t−1n (tπ(n))
σ) where t−1i (tπ(i))

σ ∈ TiP for all 1 ≤ i ≤ n,
and so t−1tσ ∈ P if and only if t−1i (tπ(i))

σ ∈ P for all 1 ≤ i ≤ n; in other words,
we have tP ∈ CG/P (σ) if and only if t−1i (tπ(i))

σ ∈ P for all 1 ≤ i ≤ n. In
particular, if we set ti(α) = ti(α)P , then ti(α)ti(α)σ ∈ CG/P (σ) for all α ∈ k× and
all 1 ≤ i ≤ n. In fact, it is straightforward to check that, for all 1 ≤ i ≤ n, the
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mapping α 7→ ti(α)ti(α)
σ defines a group homomorphism γi : k× → CG/P (σ), and

that CG/P (σ) =
∏
i∈I Im(γi) where I is a complete set of representatives of the

π-orbits on {1, 2, . . . , n}. In particular, we conclude that

|CG/P (σ)| =
∏
i∈I
| Im(γi)|.

It is clear that γi is injective whenever i ∈ I is such that π(i) 6= i. On the
other hand, let i ∈ I be such that π(i) = i. In this case, (kei + J)/J = kei where
ei = ei + J, and we have σ(αei) = αqei + J for all α ∈ k. In particular, for any
α ∈ k×, we deduce that α ∈ ker(γi) if and only if α = αq, and so

| Im(γi)| =

{
q − 1, if kσ = k,
(q − 1)/2, if kσ 6= k.

Furthermore, we conclude that CG/P (σ) is isomorphic to a direct product H×K
where H is a direct product of copies of k×, and K is a direct product of cyclic
groups of order (q− 1)/2 if σ is of the first kind, or q− 1 if σ is of the second kind.
In particular, there exist nonnegative integers k and r such that

|CG/P (σ)| =

{
2−k(q − 1)r, if σ is of the first kind,
(q + 1)k(q − 1)r, if σ is of the second kind.

If we assume further that the diagonal subalgebra D ≤ A is σ-invariant, we
clearly have a semidirect product CG(σ) = CT (σ)CP (σ) where T = D×, and thus
CG/P (σ) ∼= CT (σ) ∼= CG(σ)/CP (σ). Therefore, in this situation, we conclude that
there exist nonnegative integers k and r such that

|CG(σ) : CP (σ)| =

{
2−k(q − 1)r, if σ is of the first kind,
(q + 1)k(q − 1)r, if σ is of the second kind.

In the general situation, let G̃ be the semidirect product G̃ = G n 〈σ〉 of G by
the cyclic group 〈σ〉. Since G̃ is solvable and σ ∈ G̃ has order 2, Hall’s Theorem
(see [3, Theorem 6.41]) asserts that there exists a Hall p′-subgroup S̃ ≤ G̃ with
σ ∈ S̃. Then, S = S̃ ∩ G is a Hall p′-subgroup of G, and we have G = PS (by
order considerations); moreover, since σ ∈ S̃, the subgroup S is clearly σ-invariant.
It follows that CG(σ) is the semidirect product CG(σ) = CP (σ)CS(σ), and hence
CG(σ)P/P ∼= CS(σ) ∼= CG/P (σ). �

We are now able to determine the size of any conjugacy class of CG(σ).

Theorem 3. Let A be a split basic k-algebra with an involution σ : A → A, let
G = A×, and let K be a conjugacy class of CG(σ). Then, there exist nonnegative
integers k, r and s such that

|K| =

{
2−k(q − 1)rqs, if σ is of the first kind,
(q + 1)k(q − 1)rqs, if σ is of the second kind,

where q = |kσ|.

Proof. Let x ∈ K be arbitrary, and recall that CG(x) is the unit group H = B× of
the subalgebra B = CA(x) of A. Since x ∈ CG(σ), it is clear that B is σ-invariant.
Since CH(σ) = H ∩ CG(σ), we have |K| = |CG(σ) : CH(σ)|, and thus

|K| = |CG(σ) : CP (σ)| |CH(σ) : CQ(σ)|−1|CP (σ) : CQ(σ)|
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where Q = P ∩ H = 1 + Rad(B). The result follows by Lemma 1 and by the
previous theorem. �

Next, we consider the irreducible characters of CG(σ). Our goal is to prove the
following main result. (We observe that, in the case where σ is an involution of the
first kind, this result is essentially [11, Theorem 6].)

Theorem 4. Let A be a split basic k-algebra with an involution σ : A → A, let
G = A× be the unit group of A, and let χ be an arbitrary irreducible character of
CG(σ). Then, there exist nonnegative integers k, r and s such that

χ(1) =

{
2−k(q − 1)rqs, if σ is of the first kind,
(q + 1)k(q − 1)rqs, if σ is of the second kind,

where q = |kσ|.

The following reduction result will be crucial for the proof of this theorem. As
usual, given an arbitrary function χ : G→ C of a group G and an arbitrary element
g ∈ G, we define the function χg : G → C by the rule χg(x) = χ(gxg−1) for all
x ∈ G; similarly, given an arbitrary subset X of G and an arbitrary element g ∈ G,
we define Xg = {xg : x ∈ X} where xg = gxg−1 for all x ∈ G.

Theorem 5. Let A be a split basic k-algebra with an involution σ : A → A, let
G = A× be the unit group of A, and let P = 1 + Rad(A). Let χ be a σ-invariant
irreducible character of P , and let IG(χ) = {g ∈ G : χg = χ} be the inertia group
of χ. Then, IG(χ) = B× for some σ-invariant subalgebra B ≤ A.

Proof. Let G̃ be the semidirect product G̃ = Gn 〈σ〉 of G by the cyclic group 〈σ〉.
Since P = 1+Rad(A) is σ-invariant, P is a normal subgroup of G̃. As in the proof
of Theorem 2, we may choose a Hall p′-subgroup S ≤ G̃ with σ ∈ S and such that
G̃ is the semidirect product G̃ = PS.

The group S acts naturally on the set Irr(P ) of irreducible characters of P and
on the set Cl(P ) of conjugacy classes of P . By [7, Theorem 13.24], these actions
are permutation isomorphic. Let β : Irr(P ) → Cl(P ) be a S-equivariant bijection,
and let K = β(χ). Then, CS(χ) = {s ∈ S : Ks = K}. Since CS(χ) is a p′-
group, Glauberman’s Lemma (see [7, Lemma 13.8]) implies that there exists x ∈ K

such that xs = x for all s ∈ CS(χ); in particular, since χ is σ-invariant, we have
σ ∈ CS(χ), and thus xσ = x.

We now claim that IG(χ) = PCG(x). In fact, let g ∈ G be arbitrary. Since
G̃ = PS, there are uniquely determined elements h ∈ P and s ∈ S ∩ G such that
g = hs; thus, we have Kg = Ks and χg = χs. On the one hand, suppose that
g ∈ CG(x). Then, Ks = Kg = K, and so s ∈ CS∩G(χ) ≤ IG(χ). On the other
hand, suppose that g ∈ IG(χ). Then, χs = χg = χ, and so s ∈ CS(χ). By the
choice of x, we conclude that s ∈ CG(x), and thus g = hs ∈ PCG(x). The claim
follows.

To complete the proof it is enough to take B = CA(x)+Rad(A) where CA(x) =
{a ∈ A : xa = ax}; it is clear that B is a σ-invariant subalgebra of A, and that
B× = PCG(x) = IG(x). �

We now proceed with the proof of Theorem 4.
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Proof of Theorem 4. We start by recalling the Glauberman correspondence be-
tween σ-invariant irreducible characters of P = 1+Rad(A) and irreducible charac-
ters of CP (σ); our main reference is [7, Chapter 13]. As usual, we denote by Irr(P )
the set consisting of all irreducible characters of P (and extend this notation to
any finite group), and by Irrσ(P ) the subset of Irr(P ) consisting of all σ-invariant
irreducible characters. Since p is odd, the Glauberman correspondence asserts that
there exists a uniquely defined bijective map πP : Irrσ(P )→ Irr(CP (σ)) such that,
for any ϕ̂ ∈ Irrσ(P ), the image ϕ = πP (ϕ̂) is the unique irreducible constituent of
the restriction ϕ̂CP (σ) which occurs with odd multiplicity (see [7, Theorem 13.1]).

Now, let χ be an arbitrary irreducible character of CG(σ), let ϕ ∈ Irr(CP (σ)) be
an irreducible constituent of χCP (σ), and let ϕ̂ ∈ Irrσ(P ) be such that πP (ϕ̂) = ϕ.
We consider the inertia group IG(ϕ̂) of ϕ̂, and observe that

ICG(σ)(ϕ) = IG(ϕ̂) ∩ CG(σ).

In fact, let g ∈ CG(σ) be arbitrary. Then, it is clear that ϕ̂ g ∈ Irrσ(P ); moreover, we
have πP (ϕ̂ g) = ϕg (by [7, Theorem 13.1] because 〈ϕg, (ϕ̂ g)CP (σ)〉 = 〈ϕ, ϕ̂CP (σ)〉).
Since πP is bijective, we conclude that ϕ̂ g = ϕ̂ if and only if ϕg = ϕ. On the
other hand, by Theorem 5, IG(ϕ̂) is the unit group H = B× of some subalgebra
B ≤ A; we note that Rad(B) = Rad(A). By Theorem 2, we conclude that there
are nonnegative integers k and r such that

|CG(σ) : ICG(σ)(ϕ)| =

{
2−k(q − 1)r, if σ is of the first kind,
(q + 1)k(q − 1)r, if σ is of the second kind;

in fact, ICG(σ)(ϕ) = CG(σ)∩IG(ϕ̂) = CG(σ)∩H = CH(σ). Since χ is an irreducible
constituent of ϕCG(σ), Clifford correspondence (see [7, Theorem 6.11]) implies that
χ = ψCG(σ) for some irreducible character ψ of ICG(σ)(χ) = CH(σ), and hence

χ(1) =

{
2−k(q − 1)rψ(1), if σ is of the first kind,
(q + 1)k(q − 1)rψ(1), if σ is of the second kind.

Since p - |CH(σ) : CP (σ)|, [7, Corollary 6.28] implies that ϕ is extendible to
CH(σ); in other words, there exists ψ′ ∈ Irr(CH(σ)) such that ψ′CP (σ) = ϕ. Since
CH(σ)/CP (σ) is abelian, we have

ϕCH(σ) =
∑

ω∈Irr(CH(σ)/CP (σ))

ωψ′

(by Gallagher’s Theorem; see [7, Corollary 6.17]), and so ψ = ωψ′ for some ω ∈
Irr(CH(σ)) with CP (σ) ⊆ ker(ω). It follows that ψCP (σ) = ϕ, and hence ψ is an
also extension of ϕ. Therefore,

χ(1) =

{
2−k(q − 1)rϕ(1), if σ is of the first kind,
(q + 1)k(q − 1)rϕ(1), if σ is of the second kind.

The proof of Theorem 4 is complete because ϕ(1) is a power of q (by [1, Theo-
rem 1.3]; see also [11, Theorem 1]). �

Finally, we prove that CG(σ) is in fact anM-group; that is, every irreducible char-
acter χ ∈ Irr(CG(σ)) is induced by a linear character of some subgroup of CG(σ).
More precisely, we shall prove the following result. (For a particular situation, see
[11, Theorem 4].)
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Theorem 6. Let A be a split basic k-algebra with an involution σ : A → A, let
G = A× be the unit group of A, and let χ be an irreducible character of CG(σ).
Then, there exist a σ-invariant subgroup H ≤ G and a linear character ϑ of CH(σ)
such that χ = ϑCG(σ).

Proof. Let P = 1 + J where J = Rad(A), let ϕ ∈ Irr(CP (σ)) be an irreducible
constituent of the restriction χCP (σ), and let ϕ̂ ∈ Irrσ(P ) be the Glauberman
correspondent of ϕ. By Theorem 5 and by the proof of Theorem 4, we may assume
that ϕ̂ is G-invariant; hence, ϕ is also CG(σ)-invariant, and we have χCG(σ) = ϕ

(see the proof of Theorem 4). As in the proof of Theorem 2, let G̃ be the semidirect
product G̃ = Gn 〈σ〉 of G by the cyclic group 〈σ〉, and let S̃ be a Hall p′-subgroup
of G̃ with σ ∈ S̃. Then, S = G ∩ S̃ is a σ-invariant Hall p′-subgroup of G, and
we have a semidirect product G = PS; on the other hand, CG(σ) is the semidirect
product CG(σ) = CP (σ)CS(σ) (see the proof of Theorem 2).

Now, consider the σ-fixed subgroup CS̃(σ), and observe that CS̃(σ) is the direct
product CS̃(σ) = CS(σ) × 〈σ〉; indeed, σ centralizes CS(σ). Thus, by Theorem 2,
CS̃(σ) is an abelian p′-group with exponent dividing q−1 where q = |kσ|; moreover,
it is clear that CS̃(σ) acts on J as a group of kσ-linear ring automorphisms (here,
J is naturally considered as a vector space over kσ). We note that the character
ϕ̂ ∈ Irr(P ) is CS̃(σ)-invariant, and claim that ϕ̂ = τ̂P for some CS̃(σ)-invariant
kσ-algebra subgroup Q of P and some CS̃(σ)-invariant linear character τ̂ of Q; as
in [6], a subgroup Q of P is said to be a kσ-algebra subgroup if Q = 1+U for some
kσ-subalgebra U of J. To prove this, we proceed by induction on the dimension of
J. We consider the (k-)algebra subgroup N = 1 + J2 of P ; in fact, N is an ideal
subgroup (and hence a normal subgroup) of P ; an algebra subgroup of P is said
to be an ideal subgroup if it is of the form 1 + I for some (two-sided) ideal I of
J. Since CS̃(σ) and P have coprime orders, [7, Theorem 13.27] asserts that there
exists η̂ ∈ IrrCS̃(σ)(N) such that 〈ϕ̂N , η̂〉 6= 0.

Firstly, assume that η̂ is not P -invariant. In this case, IP (η̂) is a proper algebra
subgroup of P (see [5, Lemma 3.3]); moreover, since η̂ is CS̃(σ)-invariant, IP (η̂) is
also CS̃(σ)-invariant. By [5, Lemma 3.2], there exists %̂ ∈ IrrCS̃(σ)(IP (η̂)) such that
〈%̂, ϕ̂N 〉 6= 0 and 〈%̂N , η̂〉 6= 0. By Clifford’s correspondence (see [7, Theorem 6.11]),
we must have ϕ̂ = %̂P , and the claim follows by induction.

On the other hand, suppose that η̂ is P -invariant. In this case, we have ϕ̂N = eη̂
for some positive integer e; moreover, [4, Theorem 1.3] asserts that η̂ is a linear
character (and hence e = ϕ̂(1)). Let L be a CS̃(σ)-invariant kσ-algebra subgroup
of P which is maximal with respect to the condition that η̂ is extendible to L. By
[5, Lemma 3.2], there exists τ̂ ∈ IrrCS̃(σ)(L) with 〈τ̂ , ϕ̂L〉 6= 0 and 〈τ̂N , η̂〉 6= 0; since
L/N is abelian, Gallager’s theorem (see [7, Corollary 6.17] implies that τ̂N = η̂.
We shall now prove that ϕ̂ = τ̂P . To see this, we consider the inertia group IP (τ̂)
and assume that IP (τ̂) 6= L. Let I and I′ be the kσ-subalgebras of J such that
L = 1 + I and IP (τ̂) = 1 + I′; notice that IP (τ̂) is a kσ-algebra subgroup of P by
[5, Lemma 3.3] (moreover, since J2 ⊆ I, I′, both I and I′ are necessarily kσ-ideals
of J). Let kσ[CS̃(σ)] denote the group algebra of CS̃(σ) over the σ-fixed field kσ,
and consider the left kσ[CS̃(σ)]-module I′/I. Let V be an irreducible kσ[CS̃(σ)]-
submodule of I′/I; notice that we are assuming that I′/I is non-zero. Since the
exponent of CS̃(σ) divides q − 1 where q = |kσ|, kσ is a splitting field for CS̃(σ)
(see [7, Corollary 9.25]), and thus V is one-dimensional (because CS̃(σ) is abelian).
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It follows that there exists a ∈ I′ \ I such that I + kσa is an CS̃(σ)-invariant kσ-
ideal of J, and hence La = 1 + I+ kσa is an CS̃(σ)-invariant k

σ-algebra subgroup
of 1 + I′ = IP (τ̂) such that L ⊆ La and |La : L| = q. By [7, Theorem 13.28],
there exists τ̂ ′ ∈ IrrCS̃(σ)(La) such that 〈τ̂ ′, τ̂La〉 6= 0; hence, 〈τ̂ ′L, τ̂〉 6= 0. By
[6, Theorem A], both τ̂ and τ̂ ′ have q-power degree, and thus either τ̂ ′L = τ̂ or
τ̂ ′ = τ̂La . The first case cannot occur by the maximal choice of L. Therefore,
τ̂ ′ = τ̂La , and thus ILa

(τ̂) = L (by [7, Problem 6.1]). Since La ⊆ IP (τ̂), we
conclude that La ⊆ L, a contradiction. It follows that IP (τ̂) = L, and this implies
that τ̂P ∈ Irr(P ) (by [7, Problem 6.1]). Since 〈ϕ̂, τ̂P 〉 = 〈ϕ̂L, τ̂〉 6= 0, we conclude
that ϕ̂ = τ̂P , as required.

Our claim is now proved; that is, there exist a CS̃(σ)-invariant k
σ-algebra sub-

group Q of P and a CS̃(σ)-invariant linear character τ̂ of Q such that ϕ̂ = τ̂P . In
particular, Q is σ-invariant, and τ̂ ∈ Irrσ(Q). Let τ = πQ(τ̂) ∈ Irr(CQ(σ)); since
τ̂ is linear, it is clear that τ = τ̂CQ(σ), and hence τ is linear and CS̃(σ)-invariant.
By [1, Proposition 2.8], we conclude that ϕ = τCP (σ); we recall that σ defines an
kσ-linear automorphism of J.

Finally, let H = CS(σ)Q; we note that, since Q is CS̃(σ)-invariant (and CS(σ) ≤
CS̃(σ)), H is a subgroup of G satisfying CH(σ) = CS(σ)CQ(σ). Since τ is CS̃(σ)-
invariant and p - |CH(σ) : CQ(σ)|, [7, Corollary 6.28] implies that τ is extendible
to CH(σ); in other words, there exists τ ′ ∈ Irr(CH(σ)) such that τ ′CQ(σ) = τ . Since
CH(σ)/CQ(σ) is abelian, we have

τCH(σ) =
∑

ω∈Irr(CH(σ)/CQ(σ))

ωτ ′

(by Gallagher’s Theorem; see [7, Corollary 6.17]), and so

ϕCG(σ) = (τCP (σ))CG(σ) = τCG(σ) =
∑

ω∈Irr(CH(σ)/CQ(σ))

(ωτ ′)CG(σ).

On the other hand, since CG(σ) = CH(σ)CP (σ) and CH(σ) ∩ CP (σ) = CQ(σ), we
deduce that

((ωτ ′)CG(σ))CP (σ) = ((ωτ ′)CQ(σ))
CP (σ) = τCP (σ) = ϕ,

and thus (ωτ ′)CG(σ) is irreducible for all ω ∈ Irr(CH(σ)/CQ(σ)). Since χ is an
irreducible constituent of ϕCG(σ), we conclude that χ = (ωτ ′)CG(σ) for some ω ∈
Irr(CH(σ)/CQ(σ)), and this completes the proof of the theorem. �
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Abstract. The problem of finding full automorphism groups of compact Rie-

mann surfaces is classical, though complete results are only known for a few
families. One tool used in some classification schemes is strong branching; a

condition derived by Accola in [1]. In the following, we survey the main ideas

behind strong branching including a general survey of current results. We also
provide new results for families for which we can find the full automorphism

group using strong branching and an inductive version of strong branching.
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1. Introduction

Ideally, we would like to be able to determine the full automorphism group of a
Riemann surface given some partial information about the surface such as defining
equations, uniformization by a Fuchsian group, a branched covering map to a known
surface, or a “sufficiently large”group of automorphisms. In this paper we are
particularly interested in the interplay of the last two items. For our purposes, a
subgroupG of the automorphism group of a Riemann surface S is called “sufficiently
large” if S/G has genus zero. Alternatively, S is called a regular n-gonal surface. A
regular n-gonal surface is one for which the quotient map πG : S → S/G w P1(C)
is a regular branched covering of the sphere P1(C) of degree n = |G| , branched
over a finite set of points BG = {Q1, . . . , Qt}. This class of surfaces includes
these important cases: hyperelliptic surfaces, superelliptic surfaces, cyclic n-gonal
surfaces, quasi-platonic surfaces, as well as many others. In the moduli space of
surfaces of fixed genus σ ≥ 2 the “most common” surfaces with automorphisms are
regular n-gonal surfaces. We use this fact and the important cases described above
as justification for focusing on the study on regular n-gonal surfaces. The notion
of “most common” can be made precise using Breuer’s data on low genus actions
[5], see the end of Section 4.2.
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Finding automorphism groups of n-gonal surfaces.
Let us describe an approach to finding the full automorphism group of an n-gonal

surface. We assume we are given a group, G, of automorphisms with genus zero
quotient S/G. We will also assume that we have very precise information about how
G acts on S and the map πG : S → P1(C). Throughout the paper let A = Aut(S),
N = NorA(G), and K = N/G. Since N normalizes G, then K acts as a group of
automorphisms of S/G w P1(C). The candidate groups K are precisely known and
given the structure of the map πG : S → P1(C), the structure of the group N may
be determined, as well as the map πN : S → S/N w P1(C). See Section 3.1 for
details.

If N = A then we are done. Otherwise we have exceptional automorphisms
in A − N. The branched covering πA/N : S/N → S/A is a rational map of the
sphere, and its monodromy can be determined. The monodromy may then be
used to construct the extension N < A. The latter situation is unusual and takes
considerable work using MAGMA [4] or GAP [11] to solve. See Section 3.2 for
details.

A tricky step in the aforementioned process is deciding whether or not G is
normal in A without any prior knowledge of A. In general, an answer to this
question is likely very difficult. However, if the map πG is strongly branched – a
concept introduced by Accola [1] – G is guaranteed to have a subgroup M that is
normal in A. Strong branching is checked by an easily verifiable inequality. Using
strong branching, the classification process splits up into two cases:

(1) The genus of S is larger than a lower bound determined by strong branching,
and there is a normal subgroup M E A contained in G. If G = M , then
A = N , and we can compute A as described above. If M is a proper
subgroup of G then S = S/M is a surface upon which both A = A/M and
G = G/M act, and A ≤ Aut(S). Presumably we can compute A ≤ Aut(S),
since it is a smaller genus problem, and then constructA fromM ↪→ A� A.
See Proposition 4.4.

(2) The genus of S is less than or equal to the critical genus. Then, we have
to look for exceptional automorphisms (after finding the normalizer) in a
finite number of cases, working as noted above.

Since strong branching simplifies the process of finding A, there is much potential for
its use in determining full automorphism groups, possibly inductively as suggested
by case 1. To date, strong branching has been used for a number of different families,
with perhaps the most comprehensive use in determining full automorphism groups
of cyclic p-gonal surfaces, see [22] and Subsection 5.1.1 (a surface is cyclic p-gonal
when G has prime order).

Our main motivational goal in the following is to provide tools and techniques
derived from the concept of strong branching to help classify full automorphism
groups, and to provide explicit examples of how these techniques are used. We
shall do this through first describing the general idea behind strong branching and
surveying the current results in classification of automorphism groups that can be
attributed to strong branching. Following this, we shall provide new classification
results using strong branching, both single stage and inductively.

Albanian J. Math. 12 (2018), no. 1, 89-129.

http://albanian-j-math.com/magaard.html


Broughton, Camacho, Paulhus, Winarski, Wootton 91

Outline of paper
The outline of our work is as follows. In Section 2 we covering preliminaries on

branched coverings and ramification, the Riemann-Hurwitz theorem, group actions,
and families of surfaces with a simultaneous group action. In Section 3 we provide
details on how to determine whether or not an n-gonal group G extends to some
larger automorphism group, providing very explicit results in certain special cases.
In Section 4 we introduce strong branching, weakly normal actions and trivial core
actions. In Section 5 we apply the concepts and methods of Sections 2 and 4,
particularly strong branching, to finding full automorphism groups of families of
n-gonal surfaces, surveying the known results and presenting new ones.
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2. Preliminaries

There are several tools for working with group actions on Riemann surfaces:
Fuchsian groups, function fields, and branched covering theory. In this paper we use
branched covering theory since strong branching and group actions are conveniently
formulated in these terms. Moreover, these methods work in positive characteristic.

2.1. Branched coverings and differentials. Let S1, S2 be two Riemann surfaces
of genus σ1 and σ2, respectively, and π : S1 → S2 a branched covering (holomorphic
map) of degree n. Some items related to the map π, useful in understanding the
Riemann Hurwitz formula are:

(1) The differential map on tangent bundles

dπ : TP (S1)→ Tπ(P )(S2)

and its dual pullback map of meromorphic differential 1-forms

dπ∗ : Ω1(S2)→ Ω1(S1).

(2) A divisor (dπ) defined on S1 by

(dπ) =
∑
P∈S1

ordP (dπ)P.

The value ordP (dπ) is computed by first writing, in local coordinates cen-
tered at 0 in the domain and target,

π(z) = ze(P )f(z), f(z) 6= 0.

Then

dπ = ze(P )−1(e(P )f(z)dz + zdf(z)).

Since

e(P )f(z)dz + zdf(z) = e(P )f(0)dz

albanian-j-math.com/archives/2018-08.pdf

http://albanian-j-math.com/archives/2018-08.pdf


Strong Branching of n-gonal Surfaces 92

at z = 0 then ordP (dπ) = e(P )−1. Now e(P ) ≥ 1 for all P, it is independent
of the coordinatization, and e(P ) > 1 for at most finitely many points. Thus
the divisor (dπ) of the differential dπ is given by

(1) (dπ) =
∑
P∈S1

(e(P )− 1)P.

2.2. Ramification and the Riemann-Hurwitz equation.

Definition 2.1. The total ramification of a branched covering π is the degree of
the divisor in equation (1):

(2) Rπ =
∑
P∈S1

(e(P )− 1) .

If ω is a differential form on S2 then the degree of the divisor (dπ∗(ω)) may be
computed in two ways: first as a differential form on S1 with degree 2(σ1− 1) and,
secondly, as the degree of the pullback dπ∗(ω) to get 2n(σ2−1)+

∑
P∈S1

(e(P )− 1) .
The first term comes from pulling back the zeros and poles of ω and the second
term comes from the ramification of the branched covering. The Riemann-Hurwitz
equation may then be written:

(3) 2(σ1 − 1) = 2n(σ2 − 1) +
∑
P∈S1

(e(P )− 1)

or

(4) 2(σ1 − 1)− 2n(σ2 − 1) = Rπ.

Note that we may use equation (4) to compute either σ1, σ2 or n. Specifically, for
the index we must have:

(5) n =
2(σ1 − 1)−Rπ

2(σ2 − 1)
.

If Q1, . . . , Qt are the points on S2 over which π is ramified, then another version
of the Riemann-Hurwitz equation which emphasizes this branching is:

Rπ =
∑
P∈S1

(e(P )− 1) =

t∑
j=1

∑
π(P )=Qj

(e(P )− 1) .

Now
∑
π(P )=Qj

(e(P )− 1) = n−
∣∣π−1(Qj)

∣∣ , so that we also have:

(6) Rπ = n

t∑
j=1

(
1−

∣∣π−1(Qj)
∣∣

n

)
.

It follows that if we can count singular preimages, the total ramification is easily
calculated.

2.3. Group actions, generating vectors, and signatures. We now survey the
main tools we need to describe group actions on surfaces.

Actions and surface kernel epimorphisms
The finite group G acts conformally on the Riemann surface S if there is a

monomorphism:

ε : G ↪→ Aut(S).
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When there is no confusion we will identify G with it image ε(G). Such actions
of G allow us to construct surfaces and analyze their automorphism groups with
the group G as the starting point. Our primary tool for working with actions are
surface kernel epimorphisms and the corresponding generating vectors, which we
proceed to define.

The quotient surface S/G = T is a closed Riemann surface of genus τ with a
unique conformal structure such that

(7) πG : S → S/G = T

is holomorphic. The quotient map πG : S → T is ramified uniformly (all branching
orders are the same on a given fiber) over a finite set BG = {Q1, . . . , Qt} such that
πG is an unramified covering exactly over T ◦ = T −BG. Let S◦ = π−1

G (T ◦) so that
πG : S◦ → T ◦ is an unramified covering space whose group of deck transformation
equals ε(G), restricted to S◦. This covering determines a normal subgroup ΠG =
π1(S◦) C π1(T ◦) and an exact sequence ΠG ↪→ π1(T ◦) � ε(G) by mapping loops

to deck transformations, via path lifting. Combine the last map with ε(G)
ε−1

→ G to
get an exact sequence

(8) ΠG ↪→ π1(T ◦)
ξ
� G.

The map ξ, which we call a surface kernel epimorphism, is an analogue to sur-
face kernel epimorphisms for Fuchsian groups. The map ξ is well-defined only up
to automorphisms of G. We detail this dependence and some questions related to
computations with ξ at the end of this subsection.

Generating systems and generating vectors
The fundamental group π1(T ◦) has presentation:

(9)

{
αi, βi, γj , 1 ≤ i ≤ τ, 1 ≤ j ≤ t

∣∣∣∣ τ∏
i=1

[αi, βi]

t∏
j=1

γj = 1

}
.

We denote the ordered generating set (α1, . . . , ατ , β1, . . . , βτ , γ1, . . . , γt) by G, noting
that it is not unique.

Define

ai = ξ(αi), bi = ξ(βi), cj = ξ(γj).

The 2τ + t tuple

(10) V = (a1, . . . , aτ , b1, . . . , bτ , c1, . . . , ct)

is called a generating vector for the action. We observe that

(11) G = 〈a1, . . . , aτ , b1, . . . , bτ , c1, . . . , ct〉 ,
as ξ is surjective. Since the element cj generates the stabilizer of some point Pj
lying over Qj , we have:

(12) o(cj) = nj,

the ramification degree at Pj . Finally, the relation in (9), combined with equation
(12), shows that a generating vector satisfies the following relations:

(13)

τ∏
i=1

[ai, bi]

t∏
j=1

cj = cn1
1 = · · · = cntt = 1.
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The signature of the action – actually of the generating vector – is (τ ;n1, . . . , nt).
For conciseness, we call the “vector” V given in equation (10) a (τ ;n1, . . . , nt)-
generating vector of G. We call the number τ (the genus of S/G) the orbit genus
and the numbers n1, . . . , nt the periods of the signature. In the n-gonal case with
τ = 0 we write (n1, . . . , nt). By the orbit-stabilizer theorem, |G| = nj

∣∣π−1
G (Qj)

∣∣ .
Therefore, when the action of a group G on a compact Riemann surface S of genus
σ is described using the signature (τ ;n1, . . . , nt) the Riemann-Hurwitz formula can
be rewritten as a genus formula:

(14) σ = 1 + n(τ − 1) +
n

2

t∑
j=1

(
1− 1

nj

)
,

or the area of a fundamental domain

(15)
Area(S/G)

2π
=

2σ − 2

|G|
= (2τ − 2) +

t∑
j=1

(
1− 1

nj

)
.

Any 2τ + t tuple of elements of G satisfying conditions (11)-(13) is called a
(τ ;n1, . . . , nt)-generating vector, even though it may not have arisen from a G
action. However, all such arbitrary generating vectors do arise from surfaces with
a G action. We state this as a proposition and show the construction in the proof
sketch.

Proposition 2.1. Suppose we are given a surface T of genus τ, a branch set BG =
{Q1, . . . , Qt} ⊂ T, Q0 ∈ T ◦ = T − BG and generating set G of π1(T ◦, Q0) as
given in (9). Then, given an arbitrary generating vector V, as in equation (10),
with signature (τ ;n1, . . . , nt) we may construct a surface S with G action such that
S/G = T, πG is branched over BG, and such that V is the generating vector of the
action.

Proof. Using the generating vector V we can construct a surface kernel epimorphism

ΠG ↪→ π1(T ◦, Q0)
ξ
� G. The subgroup ΠG defines a holomorphic unbranched

covering of S◦ → T ◦ with deck group G. Using the Riemann removable singularity
theorem we can close up S◦ and T ◦ to a branched covering S → T with G action.

�

Example 2.1. If G is cyclic of order 7 with generator x, then (x, x, x5) is a (7, 7, 7)-
generating vector for G. Using the Riemann-Hurwitz formula, we see that we get
a G action with signature (7, 7, 7) on a surface of genus 3.

In the case of n-gonal actions, the primary focus of this paper, we only have the
generators γ1, . . . , γt. We need to describe γ1, . . . , γt so that we may compute the
action of conformal maps upon them.

Construction 2.2. Such a system may be constructed as follows.

(1) Select a system of arcs from the base point Q0 to the Qj so that the arcs
only intersect at Q0.

(2) Moreover, in a small neighborhood of Q0 the counterclockwise order of the
arcs is determined by the given order Q1, . . . , Qt of the end points.

(3) To construct γj we start out from Q0 along the arc to Qj , stopping just
short of Qj , encircling Qj counterclockwise once in a small circle centered
at Qj , and then return to Q0 along the initial path.
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Q0

Q1
Q4

Q3

Q2

γ1

γ2

γ4

γ3

Figure 1. Construction 2.2.

It follows from the construction that the γj generate the group and that γ1 · · · γt =
1. See Figure 1.
Dependence on base points

We have left out base points to simplify the exposition, and so ξ is ambiguous
up to inner automorphisms. First suppose that Q0 ∈ T ◦, and that path lifting
π1(T ◦) � ε(G) is defined with respect to the point P0 lying over Q0. If another
point gP0 is selected and ξ′ is the new surface kernel epimorphism then

(16) ξ′ = Adg ◦ ξ,

where Adg(x) = gxg−1. Next, given two base points Q0, Q
′
0 ∈ T ◦ and a path

δ from Q0 to Q′0, the loop concatenation map ϕδ : π1(T ◦, Q0) → π1(T ◦, Q′0),
ϕδ : α → δ−1 ∗ α ∗ δ is an isomorphism unique up to an inner automorphisms of
π1(T ◦, Q0) and π1(T ◦, Q′0). For, if δ1, δ2 are two different paths Q0 to Q′0 then

ϕδ2 = ϕδ1 ◦Adδ2∗δ−1
1

and

ϕδ2 = Adδ−1
1 ∗δ2

◦ ϕδ1 .

Now suppose that ξ and ξ′ are defined with respect to P0 ∈ π−1
G (Q0) and P ′0 ∈

π−1
G (Q′0), δ̃ is a path from P0 to P ′0 in S◦, and δ = πG(δ̃ ). Then

(17) ξ = ξ′ ◦ ϕδ.

If δ′ is any other path from Q0 to Q′0 then

ξ′ ◦ ϕδ′ = ξ′ ◦Adδ−1∗δ′ ◦ ϕδ(18)

= Adξ′(δ−1∗δ′) ◦ ξ′ ◦ ϕδ
= Adξ′(δ−1∗δ′) ◦ ξ.

Action on generating vectors
Generating vectors for actions are not unique. We may first apply any automor-

phism ω of G to the G action ε to obtain ω◦ε. The result V → ωV on the generating
vector is

(a1, . . . , aτ , b1, . . . , bτ , c1, . . . , ct)→ (ωa1, . . . , ωaτ , ωb1, . . . , ωbτ , ωc1, . . . , ωct) .

The action of an automorphism does not affect the surface constructed from the
generating vector since the subgroup ΠG is not affected by ω. This is consistent
with our observations on the dependence on base points in equations (16),(17), and
(18).

Secondly, we may use a different generating set G′, and in turn this change of
generating set has an effect on generating vectors. In the n-gonal case it can be
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shown that any such transformation G → G′ has the form

(19) γj → ψjγθ(j)ψ
−1
j

where ψj is a word in γ1, . . . , γt, and θ is a permutation of 1, . . . , t. The action on
the generating vectors is

(20) cj → wjcθ(j)w
−1
j ,

where wj is obtained by replacing γi by ci, for all i, in ψj . In the Abelian case the
transformation is given by

(21) cj → cθ(j).

We call the actions given by equations (19) and (20) braid actions. Any two generat-
ing vectors (c1, . . . , ct) and (c′1, . . . , c

′
t) are called braid equivalent if c′j = wjcθ(j)w

−1
j

under the braid action. If θ is trivial we say that the vectors are pure braid equiva-
lent. The origin of the term braid action is given in Remark 2.1. The braid action
on the surfaces lying over (T,BG) is discussed at the end of Section 2.5.

Also see [16] for more on the braid action.

Remark 2.1. Here is the connection to braid groups and the justification for
calling the action in (19) and (20) the braid action. We may continuously move
one branch set {Q1, . . . , Qt} to another via a path (Q1(s), . . . , Qt(s)), 0 ≤ s ≤ 1,
with (Q1(0), . . . , Qt(0)) = (Q1, . . . , Qt) By standard theory, there is a family of
homeomorphisms

hs : T − {Q1, . . . , Qt} → T − {Q1(s), . . . , Qt(s)}.
If {Q1(1), . . . , Qt(1)} = {Q1, . . . , Qt} as sets then the homeomorphism h1 is a
homeomorphism of T ◦ inducing the transformations in equations (19) and (20).
The path

(Q1(s), . . . , Qt(s)), 0 ≤ s ≤ 1

with {Q1(1), . . . , Qt(1)} = {Q1, . . . , Qt} is a braid and hence we use the term braid
action.

2.4. Generating vectors and signatures of subgroups. Our main approach
to determining the full automorphism group of a surface will be to start with a
group which we know acts on a surface, and then see if it extends to a larger
group. Accordingly, we need to know how signatures of groups are related to their
subgroups. Fortunately, once a G action has been specified via a (τ ;n1, . . . , nt)-
generating vector, we can recover the signature of a subgroup G ≤ A using the
following theorem of Singerman [20].

Theorem 2.3. For a group A, given a (τA;n1, . . . , nt)-generating vector

(a1, . . . , aτA , b1, . . . , bτA , c1, . . . , ct)

for A, the signature of the subgroup G with index d is

(τG;m1,1,m1,2, . . . ,m1,θ1 , . . .mt,θt)

where

(1) If Φ: A → Sd is the permutation representation of A on the cosets of G,
then the permutation Φ(cj) has precisely θj cycles of length less than nj,
the lengths of these cycles being

nj/mj,1, . . . nj/mj,θj .
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(2) The index d satisfies

(22) d =

2τG − 2 +
t∑

j=1

θj∑
i=1

(
1− 1

mj,i

)
2τA − 2 +

t∑
j=1

(
1− 1

nj

) .

When G is normal in A, so that A = N , the cycles of Φ(cj) all have the same
length. Thus by considering the action of N/G on S/G, Theorem 2.3 can be
simplified to:

Proposition 2.4. For a group N , given a (τN ;n1, . . . , nt)-generating vector

(a1, . . . , aτN , b1, . . . , bτN , c1, . . . , ct)

for N , the signature of the normal subgroup G of index d is

(τG;m1,1,m1,2, . . . ,m1,θ1 , . . .mt,θt)

where:

(1) mj,i = nj/lj and θj = d/lj where lj is the order of cjG in N/G, and
(2) the index d satisfies

(23) d =
2τG − 2

2τN − 2 +
t∑

j=1

(
1− 1

lj

) .
Remark 2.2. LetA be a group acting on the surface S with signature (τA;n1, . . . , nt).
Let G < A act on S with signature (τG;m1, . . . ,ms). We can compute the index
d = |A| / |G| without knowing the structure of S/G → S/A. Specifically, as in
Theorem 2.3, or using equation (15),we have

(24) d = |A| / |G| = (2σ − 2)/ |G|
(2σ − 2)/ |A|

=

2τG − 2 +
s∑
j=1

(
1− 1

mj

)
2τA − 2 +

t∑
j=1

(
1− 1

nj

) .
Remark 2.3. Using Theorem 2.3, a MAGMA script can be written that takes a
finite group A and a generating vector V = (c1, . . . , ct) and computes the genus
σ of the surface S, defined by A and V and the signature of the action for every
subgroup G ≤ A. We use this script to look for interesting n-gonal subgroup actions
given a proposed full automorphism group.

2.5. Equivalence, families, and equisymmetry of actions. When trying to
extend the known action of a n-gonal group G to a larger, normalizing group, the
notion of conformal equivalence of actions naturally arises, specifically the diagram
(26). In turn, this leads to looking for relations among the branch points on the
quotient surface. The notion of strong branching, to be discussed in the next sec-
tion, automatically forces an action to have numerous branch points. By varying
the branch points we get families of surface with the “same” action. Thus, in our
quest to classify surface automorphism groups, it is useful to introduce the inter-
related, clarifying concepts of conformal equivalence of actions, families of actions,
and equisymmetry of actions.
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Equivalence of actions
Two actions ε1, ε2 of G on possibly different surfaces S1, S2 are conformally

equivalent if there is an equivariant, conformal homeomorphism h : S1 → S2 and
an automorphism ω ∈ Aut(G) such that hε1(ω(g)) = ε2(g)h, or more conveniently:

(25) ε2(g) = hε1(ω(g))h−1,∀g ∈ G.

The conformal map h : S1 → S2 induces a conformal map h : T1 → T2, and in
diagram form we have:

(26)

S1 S2

T1 T2

h

πG1
πG2

h

where G1 and G2 denote the subgroups ε1(G) ≤ Aut(S1), ε2(G) ≤ Aut(S2). The
conformal homeomorphism h : T1 → T2 must preserve branch points and their
orders and hence defines a conformal homeomorphism T ◦1 → T ◦2 . Frequently, we
shall start with the bottom of diagram (26) given and want to fill in the top.

We start our discussion with the following proposition expressing conformal
equivalence in terms of generating vectors.

Proposition 2.5. Let S1 and S2 be surfaces, and let G1 ≤ Aut(S1) and G2 ≤
Aut(S2) be subgroups (that are not initially assumed to be of the form ε1(G) and
ε2(G)), but satisfy diagram (26). Let T1 and T2, be the respective quotients. Also,
let

G = {α1, . . . , ατ , β1, . . . , βτ , γ1, . . . , γt}
be a generating system for π1(T ◦1 , Q0) and (a1, . . . , aτ , b1, . . . , bτ , c1, . . . , ct) the cor-
responding generating vector for G1, determined by a point P0, lying over Q0. Then
the following hold:

(1) The group G2 = hG1h
−1 and hence G1 = ε1(G) and G2 = ε2(G) for a

common group G acting on S1 and S2.
(2) The map h maps the branch points of πG1 to branch points of πG2 of the

same order. Hence h : T ◦1 → T ◦2 is a conformal homeomorphism.
(3) Let

G′ = {α′1, . . . , α′τ , β′1, . . . , β′τ , γ′1, . . . , γ′t}
be the generating system for π1(T ◦2 , h(Q0)) obtained by applying h to G, and
(a′1, . . . , a

′
τ , b
′
1, . . . , b

′
τ , c
′
1, . . . , c

′
t) the generating vector of G2 derived from G′

at
the point h(P0). Then

(27) a′i = haih
−1, b′i = hbih

−1, c′j = hcjh
−1

for all i and j.

Proof. To see statement 1, observe that h maps G1 orbits to G2 orbits, namely
h(G1P ) = G2h(P ) for all P ∈ S1. For any P ∈ S1, and g ∈ G1

h(g(P )) = g′(h(P ))

for some g′ ∈ G2. Setting P = h−1(P ′) we get

h(g(h−1(P ′))) = g′(h(h−1(P ′))) = g′(P ′).

Albanian J. Math. 12 (2018), no. 1, 89-129.

http://albanian-j-math.com/magaard.html


Broughton, Camacho, Paulhus, Winarski, Wootton 99

It follows that hgh−1 ∈ G2. Thus g → hgh−1 maps G1 to G2 with inverse g′ →
h−1g′h.

By statement 1, we observe that |G1| = |G2|. For statement 2, observe that the
branching order at a pointQ = πG1(P ) equals |G1| /

∣∣π−1
G1

(Q)
∣∣ = |G2| /

∣∣π−1
G2

(h(Q))
∣∣ ,

so branching orders are preserved.
For equation 3, let P0 lie over Q0, α ∈ π1(T ◦1 , Q0) and let α̃ be the lift of α to

S◦1 that is based at P0. The lift of h(α) to S◦2 starting at h(P0) will be h(α̃). Thus
ξ′(h(α)) is the element x ∈ G2 such that

h(α̃)(1) = x(h(P0)),

h(ξ(α)P0) = x(h(P0)),

hξ(α)h−1 = x.

This establishes criterion (27). �

Now, assume that the bottom and sides of the diagram (26) are given. If we want
to fill in the top as in diagram (28), where the map, h, to be filled in is denoted by
a dashed arrow, we need a criterion that, when satisfied, guarantees the existence
of the covering transformation h.

(28)

S1 S2

T1 T2

h

πε1(G) πε2(G)

h

Proposition 2.6. Suppose that we have two actions ε1, ε2 of the same group G
on two surfaces S1, S2 as diagram (28). Suppose further that h is a conformal
homeomorphism, and that h is a map to be found as indicated by the dotted line.
We also assume that:

(1) The map h maps the branch points of πε1(G) to branch points of πε2(G) of

the same order. Hence h : T ◦1 → T ◦2 is a conformal homeomorphism.
(2) Let

G = {α1, . . . , ατ , β1, . . . , βτ , γ1, . . . , γt}
be a generating system for π1(T ◦1 , Q0) and (a1, . . . , aτ , b1, . . . , bτ , c1, . . . , ct)
the corresponding generating vector of G obtained from G and a specific P0

lying over Q0. Let Q′0 = h(Q0), P ′0 ∈ π−1
ε2(G)(Q

′
0) and

G′ = {α′1, . . . , α′τ , β′1, . . . , β′τ , γ′1, . . . , γ′t}

be the generating system for π1(T ◦2 , Q
′
0) obtained by applying h to G, and

(a′1, . . . , a
′
τ , b
′
1, . . . , b

′
τ , c
′
1, . . . , c

′
t) the generating vector of G derived from G′,

with lifting starting at P ′0.

Then there exists an invertible conformal map h as in diagram (28) with h(P0) =
P ′0, if and only if there is a automorphism ω of G such that

(29) a′i = ω(ai), b
′
i = ω(bi), c

′
j = ω(cj).

for all i and j.

Proof. If h : S1 → S2 exists, completing the diagram (28), then as we saw in
Proposition 2.5 the automorphism ω is induced by conjugation by h, pulled back
to G.
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For the other direction let us assume that the criterion (29) holds and prove that
h exists. From covering space theory, the map h exists (with the branch points and
preimages removed) if and only if

h∗ ◦
(
πε1(G)

)
∗ (π1(S◦1 , P0)) =

(
πε2(G)

)
∗ (π1(S◦2 , P

′
0)).

Consider the diagram

π1(S◦1 , P0) π1(S◦2 , P
′
0)

π1(T ◦1 , Q0) π1(T ◦2 , Q
′
0)

G G

h∗

(πε1(G))∗ (πε2(G))∗
h∗

ξ ξ′

ω

We are proposing that putting the map h∗ (suitably restricted) into the top row
gives a commutative diagram. In particular, we need to prove that the image is
as suggested. The only arrow in question is the top row, indicated by the dashed
arrow. The subdiagram formed from the bottom two rows is commutative since
the commutativity requirement holds for every element of the generating set G
of π1(T ◦1 , Q0), according to equation (29). Furthermore, the horizontal maps are
isomorphisms and the vertical maps are surjections. Now consider the subdiagram
formed from the top two rows. The vertical maps are injective because the columns
of diagram (28) are covering spaces. Since the columns of the entire diagram are
exact and the bottom subdiagram commutes then h∗ in the top row maps the kernels
isomorphically as suggested. Thus, by covering space theory, we have constructed
a partial map h : S◦1 → S◦2 . As shown in the proof of Proposition 2.1, the map
h may be completed to a conformal homeomorphism h : S1 → S2 satisfying the
requirements. �

Remark 2.4. If we allow h in equation (25) to be just a homeomorphism then
the actions are said to be topologically equivalent. For a given genus there are only
finitely many topological equivalence classes. For more detail see [6] and [7].

Remark 2.5. Suppose we have fixed a quotient surface T, (ordered) branch set
BG = {Q1, . . . , Qt} , and signature S = (τ, n1, . . . , nt) . Once we have fixed a gen-
erating set G ⊂ π1(T ◦, Q0) we can enumerate the surfaces S → T and actions
ε : G → Aut(S) with the given T, BG, S by means of generating vectors. The ac-
tions are in 1− 1 correspondence with the generating vectors. The automorphism
group Aut(G) acts freely on the generating vectors. Each Aut(G) class of vectors
determines a unique branched covering space S → T with G-action and a unique
subgroup ε(G) ≤ Aut(S). Two such coverings S1 → T, S2 → T, are equivalent if and
only if the diagram (28) can be completed with T1 = T2 and h ∈ Aut(T,BG,S), the
group of conformal automorphism of T respecting the branch points and signature.
Thus the set of all covers S → T and equivalence classes of actions ε : G→ Aut(S)
are the equivalence classes of generating vectors under the action of Aut(T,BG,S)×
Aut(G). For more detail see [6] and [7].

Families of curves and equisymmetry
Special placement of the branch points allows for extra automorphisms beyond

the action of G. For instance Shaska [19] determines which hyperelliptic curves have

Albanian J. Math. 12 (2018), no. 1, 89-129.

http://albanian-j-math.com/magaard.html


Broughton, Camacho, Paulhus, Winarski, Wootton 101

extra automorphisms by means of equations in the coefficients of the defining equa-
tions of hyperelliptic curves. In [16] Magaard, Shaska, Shpectorov, and Völklein
discuss families of curves in moduli space and the links to the braid action and
Hurwitz spaces. Our notion of family is very informal and is closer to a Hurwitz
space than the equisymmetric strata of the branch locus of moduli space, discussed
in [6]. Our definition will allow for curves in positive characteristic, so we use the
term curve instead of surface. The example of cyclic n-gonal curves, in Section 5.1,
is a simple tractable example.

A family of curves {Sb : b ∈ B} is a morphism π : E → B such that each
Sb = π−1(b), b ∈ B is a smooth closed curve (compact Riemann surface). We
assume that B is an irreducible variety or connected manifold. A family of actions
for a family of smooth curves π : E → B is a family of monomorphisms

εb : G→ Aut(π−1(b)), b ∈ B

such that: for each g ∈ G the map (b, x) → (b, εb(g)x) is an automorphism of the
variety (manifold) V = {(b, x) : π(x) = b} . In [12], Guerrero discusses an expanded
version of families of curves by using holomorphic families of curves where now the
map π : E → B is holomorphic and B is a connected, complex manifold.

We also allow holomorphic families, since it is useful in studying the moduli
space and Teichmüller space of surfaces. However, in the positive characteristic
case, B must be an irreducible, locally-closed variety.

Two actions ε1 : G → Aut(S1) and ε2 : G → Aut(S2) of G on S1 and S2 are
(directly) equisymmetric ε1 ∼D ε2 if there is a family of curves π : E → B with a
family of actions εb : G → Aut(π−1(b)), b ∈ B such that there are b1, b2 ∈ B with
isomorphisms φi : π−1(bi) w Si and εi = φi◦εbi◦φ−1

i . Two actions ε1 : G→ Aut(S1)
and εm : G→ Aut(Sm) are equisymmetric if there is a sequence of surfaces Si and
actions εi : G→ Aut(Si) such that ε1 ∼D ε2, ε2 ∼D ε3, . . . , εm−1 ∼D εm. Typically
the relations εi ∼D εi+1 come from distinct families as i varies.

Remark 2.6. It is possible that two G actions are equisymmetric without the
automorphism groups of the surfaces being isomorphic. In such a case we may
have εi(G) � Aut(Si) even though εb(G) = Aut(π−1(b)) generically. In fact these
are the very cases we are interested in.

More on the braid action
Now we want to consider the effect of a change in basis. The change of generating

set G → G′ for n-gonal actions over a fixed pair (T,BG) induces an automorphism
Φ : π1(T ◦, Q0) → π1(T ◦, Q0). This induces a right action of Aut(π1(T ◦, Q0)) on
generating vectors via the action on surface kernel epimorphisms given by

(30) ξ → ξΦ = ξ ◦ Φ.

Now suppose that G, G′,V = (c1, . . . , ct) , and V ′ = (c′1, . . . , c
′
t) are related by

G′ = Φ(G)

and

(31) ξ = ξ(G′) = ξ(Φ(G)) = ξΦ(G) = VΦ.

The explicit equations, derived from (19) and (20), are

(32) γ′j = Φ(γj) = ψjγθ(j)ψ
−1
j

albanian-j-math.com/archives/2018-08.pdf

http://albanian-j-math.com/archives/2018-08.pdf


Strong Branching of n-gonal Surfaces 102

and

(33) c′j = cΦj = wjcθ(j)w
−1
j .

The equations G′ = Φ(G) and V ′ = VΦ simply say that the surface constructed
from T, BG, G′, ξ, and V ′ is the same as the surface constructed from T, BG, G,
ξΦ, and V ′. Thus we can restrict our attention to a single generating set G. Two
surfaces constructed in such a way will be called braid companions.

Proposition 2.7. Let G, T, BG = {Q1, . . . , Qt}, S, G , and π1(T ◦, Q0)
ξ
� G be as

defined above and held fixed. Then we have:

(1) The surfaces S with G-action such that S/G = T and S → T is branched
over B with signature S are in 1-1 correspondence with the S-generating
vectors of G.

(2) Let Φ ∈ Aut(π1(T ◦, Q0)). Then Φ is induced by a homeomorphism h of T ◦

and the generating vector of the G-action on the surface induced by ξ ◦ Φ
is VΦ defined by equation (33).

(3) If the homeomorphism h above is orientation preserving then Φ is induced
by a braid (Q1(s), . . . , Qt(s)), 0 ≤ s ≤ 1 in P1(C)t as in Remark 2.1. Braid
equivalent actions are equisymmetric.

(4) The set of generating vectors {V} and the corresponding induced surfaces
{SV} with the given signature S consists of several orbits of the group
AutS(π1(T ◦, Q0)) where the subscript denotes the subgroup of automor-
phisms preserving the signature. Specifically the permutation θ in equation
(33) should preserve the signature S.

(5) The braid action is generated by the following transformations.

c′j+1 = cj , c
′
j = cjcj+1c

−1
j ,

c′k = ck, otherwise.

Proof. Statements 1, 2, and 4 follow from previous discussion. Statements 3 and 5
are well known from the literature [3]. �

3. Finding automorphism groups and their signatures for n-gonal
surfaces

In this section we describe processes for determining automorphism groups of
n-gonal surfaces by examining whether or not an n-gonal action of G extends to a
larger group A. For some results on cyclic groups see [10]. These processes natu-
rally break up into two cases depending on whether G is normal in A as suggested
in the introduction. We deal with each case separately in the next two subsections.
We approach the problem with two different methods depending on the chosen
equivalence type: topological or conformal. We first briefly describe the methods
and then give some details and examples in the next two subsections. In each sub-
section we first describe signature theorems that apply to Method 1 and then give
some details about Method 2. In Section 5, Method 1 is extensively used.

Method 1: topological equivalence
The first method is “moduli free”, namely we try to extend the G action up to

topological equivalence. We are not too concerned about the actual configuration
of BG, just the associated signature S.
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For this method, we first find possible N and then possible A algebraically. In
each case the structures of the inclusions G C N and N < A and the given signature
S of the G action restrict the possibilities for N and A and their signatures. Next,
generating vectors for N and then A are sought, which is a purely computational
problem. The action of A on a surface restricts to one of G, and the signature
of the action of G can be computed by Theorem 2.3. If G is n-gonal then we
compare its signature with S. With more work (beyond the scope of this paper)
we may compute a generating vector for the action of G by using the monodromy
representation of A on A/G and compare the vectors in order to understand if they
are topologically equivalent. In this paper we mainly focus the question of which
signatures extend.

Method 2: conformal equivalence
Before starting we recall the definition of the core of a subgroup of a group. If

G < H the core of G in H is given by

(34) CoreH(G) =
⋂
x∈H

xGx−1.

We say that G has a trivial core in H or G < H is a trivial core pair if

(35) CoreH(G) = {1} .

In our second method we retain the information on BG so when we extend, the
extensions that are permissible depend on BG. We keep on extending the action of
G to larger groups in a stepwise fashion. Given the available computational tools,
especially the primitive groups database, we use an inductive method with three
cases. For G < A consider any chain of subgroups

(36) G = G0 < G1 < · · · < Gs = A

where for each successive pair Gj < Gj+1 we have one of the following cases:

(1) Case 1: The subgroup Gj C Gj+1.
(2) Case 2: The coset space Gj+1/Gj is a faithful, primitive action space for

Gj+1, namely CoreGj+1
(Gj) = {1} and there are no intermediate groups

Gj < H < Gj+1.
(3) Case 3: There is {1} CM < Gj with M C Gj+1.

Any chain of groups can be refined into such a chain. Case 3 is the general case and
Cases 1 and 2 are the missing extreme cases where the core is trivial or all of Gj .
In Case 2 we want a primitive action space so that we can use the primitive groups
database. The transitive group database could be used but it is too unwieldily and
does not have the range of the primitive groups database.

Starting with G, a branch set BG, signature (0;n1 . . . , nt), and generating vector
(c1 . . . , ct) we construct successive extensions Gj < Gj+1. Assuming we have con-
structed an action of Gj+1, the map πj+1 : S/Gj → S/Gj+1 is a rational map of P1

to itself and the branch set BGj lies over BGj+1
via πj+1. Furthermore, to construct

the action of Gj+1, a generating vector Vj+1 for Gj+1, with signature Sj+1, needs
to be computed with respect to a generating set Gj+1 ⊂ π1(P1−BGj+1) that is com-
patible with the map πj+1. We discuss the construction of the generating vector
and action in the next two subsections. When we can no longer extend the chain
we have found the automorphism group of S. The Hurwitz bound H ≤ 84 (σ − 1)
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forces

(37)
|H|
|G|
≤ 42 ·

 t∑
j=1

(
1− 1

ni

)
− 2

 ,

so that the process terminates.

Remark 3.1. We note that the sequence (36) depends on the configuration of the
branch set BG. Typically it is difficult to precisely determine the branch set BGj
and generating vector Vj . The scope of this paper allows us say the following: we
can find all extensions G < H, and all generating vectors for n-gonal actions of H
on a surface S such that the signature of the restricted G action on S has the initial
signature (n1 . . . , nt). In principal, the branch set BH can be lifted all the way up to
S/G to produce branch set B′G, and likewise a generating set G′0 ⊂ π1(P1−BG) and
generating vector V ′0. Even if B′G = BG, the generating vectors V ′0 and V may not
be easily comparable since the original generating sets G and G′0 may not be equal.
So we can say that there is a G action on a surface S′ that “looks like” the original
G-action and extends to H. More precisely in the general family of surfaces with
G-action with a fixed signature S there is a subfamily where the action extends to
H. Typically “looks like” will mean that S′ and S will be braid companions.

Remark 3.2. Though not directly relevant to our work here, the papers [2] and
[13] discuss the possible monodromy groups of rational maps φ : P1(C) → P1(C).
Our maps S/G → S/A are such maps, so the cited works allow us to say general
things about the extensions G < A.

3.1. The normal extension case.

3.1.1. Platonic Groups. Given an n-gonal group G, since G is normal in N , the
group K = N/G acts on the surface S/G = P1, so that K is a finite subgroup of
PSL (2,C). All such groups, and their signatures, are well known:

Theorem 3.1. Any finite K ≤ PSL (2,C) is isomorphic to one of Ck, Dk, A4,
S4 or S5 (Ck is cyclic group of order k and Dk dihedral group of order 2k). The
signatures for each such group are given in Table 1.

Group Signature

Ck (k, k)
Dk (2, 2, k)
A4 (2, 3, 3)
S4 (2, 3, 4)
A5 (2, 3, 5)

Table 1. Groups of Automorphisms and Signatures of P1

Notation 3.2. An orbit K · P is called singular if KP 6= {1} and is called regular
if KP = {1} .

Thus the possible N ’s satisfy the short exact sequence

G ↪→ N � K

which can be solved for a given G and K.
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3.1.2. Signatures for N . The possible signatures for a normal extension N can be
recovered from G and K using Proposition 2.4. Specifically, we have the following,
which is a generalization of [22, Proposition 4.1]:

Proposition 3.3. Suppose the signature of K = N/G is (d1, d2, d3) (with d3 deleted
if K = Ck) and let O(G) denote the set of orders of elements in G.

(1) The signature of N is of the form

(a1d1, a2d2, a3d3,m1, . . . ,ms)

where ai ∈ O(G) and mi ∈ O(G)\{1}.
(2) The signature of G is

( a1, . . . a1︸ ︷︷ ︸
|K|/d1−times

, a2, . . . a2︸ ︷︷ ︸
|K|/d2−times

, a3, . . . a3︸ ︷︷ ︸
|K|/d3−times

,m1, . . .m1︸ ︷︷ ︸
|K|−times

, . . .mr, . . .ms︸ ︷︷ ︸
|K|−times

)

where any 1’s are removed.

Technically speaking, the way Proposition 3.3 has been stated, we are starting
with the signature for N and finding the signature for G. However, given a specific
signature for G, it is not hard to see how to reverse this process to determine the
possible K’s which could extend G and the corresponding signatures for N . We
illustrate with a example.

Example 3.1. Example 2.1 shows the cyclic group G of order 7 acts on a genus
3 surface with signature (7, 7, 7). We determine the signatures of possible normal
extensions.

First, since none of the periods are divisible by 2, we can only have K = Ck
for some k. This means that N has signature of the form (a1k, a2k, 7) where
a1, a2 ∈ {1, 7}. Since G has just three periods, we must have k ≤ 3. When k = 3,
we must have a1 = a2 = 1 and N has signature (3, 3, 7). When k = 2, must have
exactly one of a1 or a2 equal to 7, and N has signature (2, 7 · 2, 7).

We note that just because a given N and corresponding signature for N exist
does not mean that an n-gonal group G extends to N acting on an n-gonal surface.
Thus next we consider conditions on generating vectors for an n-gonal group G
which ensures the extension to some larger group N .

3.1.3. Normally extending actions by cyclic groups. Fix a branch set BG = {Q1,
. . . , Qt}, a generating system G = (γ1, . . . , γt) , and signature S = (n1, . . . , nt) . As
in Remark 2.5, all possible n-gonal G actions with given BG and S are determined
by a generating vector (c1, . . . , ct) with respect to G. When classifying and analyzing
actions via generating vectors, all vectors need to be computed with respect to
the given G. When trying to extend a given action with respect to a subgroup of
Aut(T,BG,S) (see Remark 2.5) we need to choose a G adapted to transformations
in Aut(T,BG,S). We now consider the simple case that an automorphism h of S
normalizes the action of G, so K = Ck =

〈
h
〉
. Since h normalizes G we have the

following diagram

(38)

S S

T T

h

πG πG

h

albanian-j-math.com/archives/2018-08.pdf

http://albanian-j-math.com/archives/2018-08.pdf


Strong Branching of n-gonal Surfaces 106

where h is the induced map. We will construct a set of loops in T ◦ adapted to the
action of h and compute the action.

Construction 3.4. For the purpose of discussion, we may assume that h : z → uz
is a rotation where u is a kth root of 1. It follows then that the set BG consists of
possible singular

〈
h
〉

orbits {0} and/or {∞} and p regular orbits
{
zi, . . . u

k−1zi
}

for various distinct zi in C∗.
(1) Select a ray ` from 0 to ∞ that contains no point of BG. The k transforms

uj` of ` cut up C into k wedges W1, . . . ,Wk, where Wj is the wedge bounded
by uj−1` and uj`. Each of the orbits

{
zi, . . . u

k−1zi
}

meets each wedge in a

unique interior point ujzi. We assume that zi ∈W1 for all i.
(2) Order the zi so that |z1| ≤ · · · ≤ |zp| .
(3) Next we draw a simple, smooth arc ζ(t), 0 ≤ t ≤ 1, lying in W1, that

starts at z1, ends at zp and passes through all the intermediate zi in order.
Modify the arc ζ slightly so that zi lies slightly to the right of the curve as
we traverse from start to finish.

(4) Select a point Q0 on ` with 0 < |Q0| < |z1| .
(5) We construct a series of p loops γi,1 defined as follows:

(a) Follow a path from Q0 to ζ(0) (the same path for each zi).
(b) Follow a path from ζ(0) to a point ζ(ti) very near zi. Pick t1 = 0,

tp = 1, and the other ti increasing in value.
(c) Make a short excursion from ζ(ti) towards zi.
(d) Make a small counterclockwise circle that lies entirely to the left of ζ.
(e) After circling zi return to Q0 reversing the steps in a,b,c.

(6) The transformation z → uj−1z maps W1 to Wj and maps γi,1 to ui−1
∗ (γi,1)

Let δj be the counterclockwise arc from Q0 to uj−1Q0 along the circle |z| =
|Q0| .

(7) Define

γi,j = δju
j−1
∗ (γi,1) δ−1

j .

(8) Let γ1 be the arc that travels along ` towards 0 encircles 0 in a small circle
about the origin and reverses course along ` back to Q0. Let γ2 be the arc
that travels along ` towards ∞ encircles all the finite branch points by a
large circle about the origin and then reverses course along ` back to Q0.

Let G = (γ2, γ1,1, . . . , γp,1, . . . , γ1,k, . . . , γp,k, γ1) . By construction the paths can
be jiggled slightly so that the conditions of Construction 2.2 are satisfied. Denoting(

p∏
i=1

γi,j

)
by Γj we have,

γ2

k∏
j=1

(
p∏
i=1

γi,j

)
γ1 = γ2

 k∏
j=1

Γj

 γ1 = 1.

The inside product Γj is an ordered product over the branch points in a wedge. See
Figure 2.

Proposition 3.5. Let all notation be as in Construction 3.4 and let

V = (c2, c1,1, . . . , cp,1, . . . , c1,k, . . . , cp,k, c1)
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δ2

δ3

`

u`

u2`

∞

Q0

uQ0

u2Q0

0

γ1

γ2

ζ(t)

z1 = ζ(t1)

z2

ζ(t2)
z3 = ζ(t3)

W1

W2

W3

γ1,1

γ2,1

γ3,1

uz1

uz2

uz3

γ1,2

γ2,2

γ3,2

u2z1 u2z2

u2z3

γ1,3
γ2,3

γ3,3

γ2

Figure 2. Construction 3.4.

be the corresponding generating vector. Then

δ1h∗(γ1)δ−1
1 = γ1

δ1h∗(γ2)δ−1
1 = Γ−1

1 γ2Γ1

δ1h∗(γi,j)δ
−1
1 = γi,j+1, 1 ≤ i ≤ p, 1 ≤ j ≤ k − 1

δ1h∗(γi,k)δ−1
1 = γ1γi,1γ

−1
1 , 1 ≤ i ≤ p.

Letting Ci =

(
p∏
i=1

ci,j

)
,then the G action extends to an action G̃ on S with G ↪→

G̃�
〈
h
〉

if and only if there is an automorphism ω of G such that

ω(c1) = c1

ω(c2) = C−1
1 c2C1

ω(ci,j) = ci.j+1, 1 ≤ i ≤ p, 1 ≤ j ≤ k − 1

ω(ci,k) = c1ci,1c
−1
1 , 1 ≤ i ≤ p.

Moreover

G̃ =
〈
h,G : hk ∈ G, hgh−1 = ω(g), g ∈ G

〉
.

Proof. We leave to the reader the proofs of the first, third, and fourth formulas for
the transforms of the elements of G. For the second formula we write

γ2Γ1 · · ·Γkγ1 = 1
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and denoting γ → γ′ the transform γ′ = δ1h∗(γ)δ−1
1 we see that Γ′j = Γj+1 for

1 ≤ j ≤ k − 1, and Γ′k = γ1Γ1γ
−1
1 . It follows that

γ′2Γ′1 · · ·Γ′kγ′1 = 1

γ′2Γ2 · · ·Γkγ1Γ1γ
−1
1 γ1 = 1

γ′2Γ2 · · ·Γkγ1Γ1 = 1

γ′2Γ2 · · ·ΓkΓ1Γ−1
1 γ1Γ1 = 1.

Now

Γ1 · · ·Γk = γ−1
2 γ−1

1

Γ2 · · ·ΓkΓ1 = Γ−1
1 γ−1

2 γ−1
1 Γ1,

and

1 = γ′2Γ2 · · ·ΓkΓ1Γ−1
1 γ1Γ1

= γ′2Γ−1
1 γ−1

2 γ−1
1 Γ1Γ−1

1 γ1Γ1

= γ′2Γ−1
1 γ−1

2 Γ1.

It follows that

γ′2 = Γ−1
1 γ2Γ1.

The rest of the proof is a straightforward application of Proposition 2.6. �

Example 3.2. Let G be the cyclic group of order 7 with generator x. From
Example 3.1, we know there is a possible C3 extension where N has signature
(3, 3, 7). Letting BG = {1, u, u2} where u is a third root of unity, generating
vectors from Proposition 3.5 will be of the form (1, xa, xb, xc, 1) where a+ b+ c is
divisible by 7 (note: c1 and c2 are trivial since neither 0 nor ∞ are in BG, so the
corresponding loops are trivial in the fundamental group). One such generating
vector is (1, x, x2, x4, 1). For this generating vector, it is easy to check that ω(x) =
x2 is an automorphism of G which satisfies the given properties in Proposition 3.5
for extension. Thus N = 〈x, h : hxh−1 = x2〉 is an extension of G.

Extending actions for more general groups
To determine other possible normal extensions by other groups we proceed as

follows. For each possible K, we first find a representative of K so that {Q1, . . . , Qt}
is a union of complete orbits of K. Then:

(1) For a given K find a set generators of K.
(2) For each generator h of a generating set for K carry out the analysis for a

single automorphism to see if h lifts.

3.2. The non-normal extension case.

3.2.1. Finding Possible Signatures for A. Finding the possible signatures for A is
more difficult than for N , so rather than provide an explicit statement, we describe
the basic process.

The first step in this process is finding the possible indices of N in A. Now,
since we are assuming A is an automorphism group of a compact Riemann surface
of genus σ, there are natural bounds on the size of A, with maximal values arising
when the signature for A has just three periods. For example, Table 2 from Lemma
3.2 in [21] gives all possible signatures for A when |A| ≥ 13

2 (2σ − 2).
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Signature Additional Conditions |A|
(3, 3, n) 4 ≤ n ≤ 5 3n

n−3 (2σ − 2)

(2, 5, 5) 10(2σ − 2)
(2, 4, n) 4 ≤ n ≤ 10 4n

n−4 (2σ − 2)

(2, 3, n) 7 ≤ n ≤ 78 6n
n−6 (2σ − 2)

Table 2. Signatures for Large Automorphism Groups

Using these bounds, we get corresponding bounds on d, the index of N in A.
Specifically, either

(39) d =
|A|
|N |
≤ 13

2
·

(
s∑
i=1

(
1− 1

mi

)
− 2

)
,

where (m1, . . . ,ms) is the signature of N or the signature of A appears in Table 2
and the index d can be calculated exactly.

Next, if A does not have signature from Table 2, we can build the possible
signatures for A as follows. Let t1, . . . to denote the orders of non-trivial elements
of N . For a given index d which satisfies the inequality in equation (39), letting
d1, . . . , dq denote the divisors of d (including 1), A will have a signature of the form
((t1d1)a1,1 , (t2d1)a2,1 , . . . , (todq)

ao,q ) where:

• the signatures for N and A and the index d satisfy equation (22)
• for each mi, there exists an nj with mi|nj
• the signatures for N and A are compatible with some permutation repre-

sentation Φ given in part (1) of Theorem 2.3.

Remark 3.3. We do not need to build the explicit representation given in the last
step – just know that a compatible representation exists.

Remark 3.4. The process we have described for building signatures for A can be
streamlined significantly, especially when we know the specific structure of N and
its corresponding signature.

We illustrate with an example.

Example 3.3. Starting with the group action with signature (3, 3, 7) from Example
3.2, we find the possible signatures for non-normal extensions. First, equation (39)
yields

d ≤ 13

2
· 4

21
< 2,

which is impossible, and so any signatures for non-normal extensions must come
from Table 2. Since there must be periods divisible by both 3 and 7, this just leaves
signatures of the form (2, 3, n) where n is divisible by 7. Calculation shows that
the only possible one of these signatures which satisfy equation (22) is (2, 3, 7), so
in particular, this is the only possible signature for a non-normal extension.

Remark 3.5. We note that the inclusion of signatures in Example 3.3 is already
well known. Our purpose however was to illustrate the basic process of finding
signatures for non-normal extensions.
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3.2.2. Primitive trivial core extensions. Now suppose we have a non-normal exten-
sion G < H. We are going to focus on Case 3 described at the beginning of this
section. We may find all H, generating vectors VH , the corresponding S/G→ S/H,
and lifted branch sets, lifted generating sets GG, and generating vectors VC in the
steps below. Once the candidates have been found they need to be compared to
the original BG, G, and V.

Steps to find H:

1. Find the possible indices d = |H| / |G| using the bound in (37).
2. For each d, search for primitive groups H of degree d whose point stabilizer

is isomorphic to G.
3. For each H so determined, find all n-gonal signatures SH such that an
H-action with the given signature produces an n-gonal surface S with the
given genus σ. Use the Riemann Hurwitz Theorem.

Steps to find signatures and generating vectors:

4. Using Theorem 2.3, and the permutation representation of H on H/G find
out which signatures SH induce an n-gonal action of G with signature S.
Generating vectors are not needed at this stage, just the conjugacy classes
of the elements of a generating vector.

5. For each signature found in Step 4 find all generating vectors VH of H with
the given signature.

Lifting Steps:

6. For each generating vector in Step 5 determine the map S/G→ S/H as a
rational function.

7. For each generating vector in Step 5 determine a lifted generating set GH .
8. For each map in Step 6 lift BH to a branch set B on S/G.
9. For each generating vector VH find a generating vector VG of the G action

(details below).

Comparison steps:

10. For each lift B in Step 7 compare BH to BG.
11. Compare the generating vector VG with the original V (details below)

In the rest of the section we illustrate the steps above through example.

Finding H

Example 3.4. We start by considering the smallest non-Abelian example, G = Σ3.
Then G acts on a surface of genus 8 with signature (2, 2, 2, 2, 2, 2) and generating
vector ((1, 2), (1, 2), (2, 3), (2, 3), (1, 3), (1, 3)). From equation (37) we get d ≤ 42×1.
Here is a table of possible extensions computed using MAGMA.

H t |H/G| potential SH # VH/|Aut(H)|
Σ4 3 4 (4, 4, 4) 0
Σ4 4 4 (2, 2, 2, 4) 4
A5 3 10 (2, 5, 5) 1

We see from the third column that there are two possible extensions. In the second
row there are generically 4 different surfaces though for certain configurations some
of the surfaces may be conformally equivalent.
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Example 3.5. We consider the smallest simple example G = A5. Using the prim-
itive groups database in MAGMA we can check which primitive groups H have
A5 as a point stabilizer. There are 11 such groups H with primitive permutation
degree less than 250. Among the groups, we have A5, A5×A5, SL(2, 11), PSL(2, q)
for q = 16, 19, 29, 31, and A5 n Frq for (q, r) = (2, 4), (3, 4), and (5, 3).

Finding a G and V
Let U = S/H, BH = {R1, . . . Rr} and H = {δ1, . . . , δr} be a generating set

for π1(U◦, R0), with Q0 lying over R0, and (d1, . . . , dr) a generating vector for
the H action. By covering space theory it may be shown that there are words
ψj ∈ π1(U◦, R0) such that

(40) γj = ψj
(
δζ(j)

)ej
ψ−1
j

where πH/G(Qj) = Rζ(j) and ej = o(d
ζ(j)

)/o(cj). Once we have H then we can

compute an induced generating vector from a generating vector VH = (d1, . . . , dr)
via:

(41) cj = wj
(
dζ(j)

)ej
w−1
j .

One way to compute the words in (40) is to have an explicit geometric model for
πH/G : S/G→ S/H and then compute the images π∗H/G directly. This can be done

for small examples.

Example 3.6. Let G = Σ3, H = Σ4,VH = ((1, 2), (2, 3), (3, 4), (1, 2, 3, 4)). If we
let R4 =∞ the πH/G is a polynomial and a plausible map for πH/G is

πH/G : z → z2
(
3z2 − 4(λ+ 1)z + 6λ

)
,

where λ is a parameter. In the domain of πH/G there is a ramification point of order
4 at∞, and ramification point of order 2 at 0. The other ramification points are the
other zeros of the derivative π′H/G(z) = 12z (z − 1) (z − λ) , namely 1 and λ. The

images of 0, 1, λ and ∞ under πH/G are 0, 2λ − 1, λ3 (2− λ) , and ∞, respectively.
Certain values of λ must be excluded to keep the values distinct. The preimages as
formulae in λ could be computed but the solutions are ungainly. For λ = 3 we get:

π−1
H/G(0) =

{
0, 0,

8

3
+

1

3

√
10,

8

3
− 1

3

√
10

}
,

π−1
H/G(5) =

{
1, 1,

5

3
+

2

3

√
10,

5

3
− 2

3

√
10

}
,

π−1
H/G(−27) =

{
3, 3,−1

3
+

2

3
i
√

2,−1

3
− 2

3
i
√

2

}
,

π−1
H/G(∞) = {∞,∞,∞,∞} .

Repeated entries indicate a ramification point.

Example 3.7. Let G and H be as in the example above, let H = {δ1, δ2, δ3, δ4} be
a generating system for the H action. The monodromy vector for the action of H
is the same as the generating vector. Using only the information in the monodromy
vector, one can draw a lift of the system H in S/H to S/G via πH/G : S/G→ S/H
with appropriate punctures. The lift is a system of arcs and loops in S/G. One
can select loops {γ1, γ2, γ3, γ4, γ5, γ6} that encircle {Q1, Q2, Q3, Q4, Q5, Q6} in some
order. The {γ1, γ2, γ3, γ4, γ5, γ6} can be modified by braid operations to achieve the
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correct ordering on BG. For the sake of argument we are going to assume that no
reordering is necessary.

γ1 = δ−1
4 δ1δ4, γ2 = δ−1

4 δ2δ4, γ3 = δ1δ2δ3δ
−1
2 δ−1

1

γ4 = δ1δ3δ
−1
1 , γ5 = δ2, γ6 = δ3

and

c1 = d−1
4 d1d4, c2 = d−1

4 d2d4, c3 = d1d2d
−1
2 d−1

1

c4 = d1d3d
−1
1 , c5 = d2, c6 = d3.

We compute:

c1 = (2, 3), c2 = (3, 4), c3 = (2, 3)

c4 = (3, 4), c5 = (2, 3), c6 = (3, 4).

The group generated by the cj is the symmetric group on {2, 3, 4}, the stabilizer
of 1. To compare the generating vector with the original, we first conjugate the
stabilizer of 1 to Σ3 and then use the braid action.

Remark 3.6. In general the map π1(T ◦, Q0) → π1(U◦, R0) can be computed
directly from the monodromy vector (Φ(d1), . . . ,Φ(dr)), where Φ : H → Σd is the
monodromy representation the cosets of H/G.

4. Strong branching and weakly malnormal actions

In this section, we introduce the main ideas behind strong branching. We also
introduce an additional condition which, when combined with strong branching,
ensures the n-gonal subgroup is normal in the full automorphism group.

4.1. Strong branching. In [1], Accola introduced strong branching.

Definition 4.1. Let π : S1 → S2 be a branched covering of degree n. The covering
π is strongly branched if

(42) Rπ > 2n(n− 1)(σ2 + 1),

or, equivalently,

(43) σ1 > n2σ2 + (n− 1)2.

If the conditions do not hold then π is a called weakly branched.

Remark 4.1. If S2 has genus 0 then the formulas become

Rπ > 2n(n− 1)(44)

σ1 > (n− 1)2.(45)

For conciseness, if the map S → S/G is strongly branched, we shall also say that
the group action of G is strongly branched.

In the context of finding automorphism groups, as indicated in Section 3, for
a given n-gonal group, finding a normal extension (if one exists) is a difficult but
tractable problem. In contrast however, finding non-normal extensions seems much
more difficult. Strong branching ensures the existence of certain normal subgroups
in the full automorphism group of a surface, thus making calculation of A more
straightforward. Specifically, we have:
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Proposition 4.1. Let G be a group of automorphisms acting on a surface S such
that S → S/G is strongly branched. Then there is a unique, normal, non-trivial
subgroup M of Aut(S) such that M ≤ G, and S → S/M is strongly branched.

Proof. By the proof of Corollary 3 of [1] there is a unique, maximal intermediate
surface S → U → S/G such that S → U is a Galois, strongly branched covering
of degree exceeding one. Accordingly, there is a non-trivial subgroup M ≤ G such
that U = S/M , and, as U is unique, M must be normal. �

4.2. Number of branch points and families of actions. Next we focus on the
number of branch points for each action.

Number of branch points
One unfortunate drawback of using strong branching is that either the cut-off

genus in equation (45) tends to be large or the number of branch points in the
quotient is large. When considering surfaces as regular, branched coverings of
quotients with branch points, it is more natural to use the number and order of
the branch points, action signatures, and group orders as constraints rather than
the genus of S, as in equation (45). Specifically, assuming a regular n-gonal action
π : S → S/G, and using equation (6), the strong branching criterion (44) can be
written

(46)

t∑
j=1

(
1− 1

nj

)
> 2(n− 1),

upon noting that
∣∣π−1(Qj)

∣∣n = n/nj .
If all the nj = n, as in the prime cyclic case and the superelliptic case then we

must have:

(47) t > 2n.

The worst possible case (largest t) is when nj = 2 for all j and then we must have
t > 4(n − 1). For a weaker lower bound on t, if we replace all the 1 − 1

nj
by 1 we

must have

(48) t > 2(n− 1).

We can use equation (46) to estimate the number of weakly branched, potential
signatures for a G action. Let e1, . . . , er be the orders of non-trivial elements of
G, In a given n-gonal signature (n1, . . . , nt) , let xk = |{j : nj = ek}| , then from
equation (46) a signature is weakly branched if

(49)

r∑
k=1

(
1− 1

ek

)
xk ≤ 2(n− 1).

The number of nonnegative integer solutions to this equation has a reasonable
approximation (lower bound) by the volume of the simplex in the positive Rrorthant
bounded by the hyperplane

∑r
k=1

ek−1
ek

xk = 2(n− 1). Thus

#signatures ≥ (2n− 2)r

r!

r∏
k=1

ek
ek − 1

.
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For G = A5 the smallest non-Abelian simple group, e1 = 2, e2 = 3, e3 = 5 and

#signatures ≥ 1183

3!

2

1

3

2

5

4
= 1026895.

The actual number of potential n-gonal signatures is 1053238, directly computed
using MAGMA.

The proportions of strongly branched actions and n-gonal actions
One obvious lingering question underlying our work is how frequently strong

branching can be used in determining full automorphism groups. Specifically, our
goal is to develop methods to find full automorphism groups for n-gonal surfaces
and for surfaces which admit strongly branched group actions (and combinations
of both). In this context, the question of how frequently these methods can be
used for a fixed genus comes down to what proportion of group-signature pairs
are either strongly branched or n-gonal for a fixed genus. The large bound on the
number of branch points and/or quotient genus suggests that group-signature pairs
with groups that are strongly branched are rare. In contrast however, the high
frequency of genus-0 actions suggests that group-signature pairs for automorphism
groups of n-gonal surfaces should actually be quite frequent. It is not immediately
clear how to prove such assertions in general, but the available data for low genus
actions (such as Breuer’s lists, up to genus 48, in [5]) supports the following:

• In a fixed genus, the proportion of total actions which are strongly branched
lies roughly between 2% and 5%.
• The number of group-signature pairs for n-gonal actions is a substantial

proportion of all actions. Indeed, over all genera less that 49, 55% of
actions are n-gonal.
• In a fixed genus, the proportion of n-gonal actions which are strongly

branched is around 10% on average.

In particular, the frequency with which n-gonal surfaces seem to occur certainly
supports further development of techniques to find their automorphism groups.
Though strong branching occurs less frequently, further study of strongly branched
actions makes sense since they are more tractable than the general case and the
strong branching condition provides a good theoretical cut-off point.

Remark 4.2. According to equations (46), (47), and (48), in the presence of strong
branching, we have a large dimensional family π : E → B where the typical fiber has
a G action with a given signature (n1, . . . , nt), e.g., the cyclic n-gonal families. In
many cases, for a typical fiber π−1(b) the action of G on π−1(b) constitutes the full
automorphism group A, and strong branching does not tell us anything special since
the guaranteed normal subgroup satisfies M = G = A. In this case we have a large
open set B◦ ⊂ B of G-equisymmetry. For special values of b (actually subvarieties)
Aut(π−1(b)) is strictly larger than the image of G. The various possibilities for
M ≤ G ≤ A with M C A correspond to subvarieties of B, with equisymmetric
actions of A.

4.3. Weakly malnormal actions. We now introduce a key concept that allows
us to use strong branching to guarantee normality. Recall that a subgroup G of a
group A is called malnormal if G∩ xGx−1is trivial whenever x /∈ G. We generalize
this definition.
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Definition 4.2. A subgroup G of a group A is said to be weakly malnormal if and
only if G ∩ xGx−1 is trivial when x /∈ NA(G). Now suppose that G acts on S via
ε : G ↪→ Aut(S). We say that the action of G on S is weakly malnormal if ε(G) is
a weakly malnormal subgroup of A, the full automorphism group S.

Next, we present some useful facts about weak malnormality.

Proposition 4.2. Let G act on S and A = Aut(S). The following statements
characterize weakly malnormal actions:

(1) If G E A, then G is automatically weakly malnormal in A.
(2) If G is weakly malnormal in A, but not normal, then G has a trivial core

in A.
(3) If the subgroup G < A is weakly malnormal then for any non-trivial M ≤ G,

we must have NA(M) ≤ NA(G).
(4) If G is cyclic then NA(G) = NA(M) for any non-trivial M ≤ G if and only

if G is weakly malnormal in A.

Proof. Statements 1 and 2 are left to the reader. To prove statement 3, suppose
x ∈ NA(M). Then for all x ∈ A, G ∩ xGx−1 ≥ M ∩ xMx−1 = M > {1}. Since G
is weakly malnormal, it follows that x ∈ NA(G). For statement 4, suppose that G
is cyclic and weakly malnormal in A. We already have NA(M) ≤ NA(G). Suppose
that x ∈ NA(G). Then M and xMx−1 both lie in G and so must equal each
other since G has a unique subgroup of order |M |. It follows that x ∈ NA(M)
and NA(G) = NA(M). For the converse that x ∈ A − N and suppose that M =
G∩xGx−1 is not trivial, then both M ≤ G and x−1Mx ≤ G, so that M and x−1Mx
both equal the unique subgroup of G of order |M | . Thus x ∈ NA(M) = NA(G).
This contradicts x ∈ A−N so that we must have G ∩ xGx−1 = {1}. �

In the next Proposition we see how to use strong branching and weak normality
to prove normality results.

Proposition 4.3. Suppose that G has a weakly malnormal action on S and that
πG : S → S/G is strongly branched. Then G is normal in A.

Proof. Let M be the non-trivial normal subgroup of A contained in G guaranteed
by Proposition 4.1. If G is not normal then

M =
⋂
x∈A

xMx−1 ≤
⋂
x∈A

xGx−1 = {1} ,

a contradiction. �

According to Proposition 4.1 if S → S/G is strongly branched then CoreA(G)
is not trivial since G is guaranteed to have a non-trivial normal subgroup. In
the introduction it was suggested that if M = CoreA(G) < G then we look at
actions on S/M. Some useful properties of such actions are summarized in the next
proposition.

Proposition 4.4. Let S is a Riemann surface, A = Aut(S) and G ≤ A and let
M = CoreA(G) be a proper subgroup of G. Then S = S/M is a surface upon which
both A = A/M and G = G/M act naturally, and A ≤ Aut(S). Moreover, if G � A
then S → S/G is not strongly branched.
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Proof. The proof that S is a Riemann surface and that A and G act naturally is
straightforward.

To show that if G � A, then S → S/G is not strongly branched, we proceed by
contradiction. If S → S/G is strongly branched then there would be a non-trivial
subgroup of G that is normal in Aut(S). However, if G � A, then

CoreA(G) =
⋂
x∈A

xGx−1 =
⋂
x∈A

(
xGx−1/M

)
= M/M = {1}

and

CoreAut(S)(G) ≤ CoreA(G) = {1} .

Therefore G does not contain a non-trivial subgroup that is normal in Aut(S),
a contradiction. �

5. Determining Automorphism Groups

We finish by illustrating the tools and techniques we have developed to determine
full automorphism groups of families of surfaces through explicit examples. We
shall start with the most well known family – cyclic n-gonal surfaces – providing
a brief survey of the known results, and introducing new ones. Following this,
we shall provide a general outline of how to use strong branching in determining
full automorphism groups when there is an n-gonal group which is simple, and
then illustrate by exploring in detail the family of surfaces with n-gonal group
isomorphic to the alternating group A5. Throughout the whole section, we provide
explicit details of how the techniques we employ can be used or adapted to other
similar families. Where we feel confident, we will also provide conjectures that we
hope will motivate further work.

5.1. Cyclic n-gonal actions. A ubiquitous and important case of group actions
are those for which G is cyclic and S/G has genus 0. Such surfaces have tractable
equations. A convenient form for such surfaces is given in the following.

Example 5.1. Let m1, . . . ,mt, and n be integers satisfying:

(1) 1 ≤ mj < n,
(2) n divides m1 + · · ·+mt, and
(3) gcd(m1, . . . ,mt) = 1.

Then the surface S defined by

(50) yn = (x− a1)m1(x− a2)m2 · · · (x− at)mt ,

where the a1, . . . , at, are distinct, is an irreducible cyclic n-gonal surface. If mj > 1

the point (aj , 0) is singular. There are dj = gcd(mj , n) local branches of S at

(aj , 0). The normalization map ν : S → S resolves the singularities and dj points

lie over (aj , 0). The action of G = Cn on S is defined by (x, y) → (x, uky) where
u = exp(2πi/n). This action lifts to S and the quotient map πG : S → S/G, called

the n-gonal morphism, is given by πG : S
υ→ S

π→ P1 where π(x, y) = x. The map
πG is branched over each Qj = aj , but is unbranched at∞, by condition 2. Letting
g be the automorphism (x, y)→ (x, uy), we have cj = gmj and cj fixes the dj points
lying over Qj . The order of cj is n/dj so n = njdj . For more details see [7].

Remark 5.1. If n = p is prime we call the surface p-gonal.
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Example 5.2. Two interesting special cases of cyclic n-gonal surfaces are superel-
liptic surfaces and generalized superelliptic surfaces. Superelliptic surfaces are those
surfaces of the form

yn = f(x)

where f(x) is square free and n does not divide the degree of f. The point at∞ will
be a point of ramification. Of special interest is the case n = p a prime. A gener-
alized superelliptic surface has an equation as given in (50) where gcd(mj , n) = 1,
or alternatively those cyclic n-gonal surfaces whose cyclic group of automorphisms
has signature (n, . . . , n).

Example 5.3. Continuing Example 5.1, consider the family of curves defined by

(51) yn = (x− a1)m1 · · · · · (x− at)mt

with (a1, . . . , at) ∈ Ct−∆, where ∆ is the multidiagonal. The family is constructed
by first taking all points of the form (x, y, a1, . . . , at) ∈ Ct+2 that satisfy (51) and
then forming the closure E1 of these points in P2× (Ct−∆). After normalizing E1

we get π : E → B = Ct −∆ such that π(x, y, a1, . . . , at) = (a1, . . . , at). The action
εb, b ∈ B of G = Cn on E1 is defined by (x, y) → (x, uky) where u = exp(2πi/n).
The action is then lifted to E.

Remark 5.2. Every n-gonal action of a group G branched over t points can be
included in a family π : E → B where B is a finite covering of Ct − ∆ (Hurwitz
space).

5.1.1. Determining automorphism groups of cyclic p-gonal surfaces. Though full
results are known, see for example [22], we briefly describe how to determine the full
automorphism group when G has prime order p. In this case, the strong branching
cut-off is σ = (p− 1)2 and so we have:

Proposition 5.1. For prime |G|, if σ > (p− 1)2 then G is normal in A.

As outlined in Section 1, we split up the classification of automorphism groups
into the two cases of whether or not G is normal.

The normal case
Assuming that G is normal, then N = A satisfies the short exact sequence

G ↪→ N � K

Determining the possible solutions for N is straightforward, with most cases being
split extensions. Next, for each possible N , we can use Proposition 3.3 to construct
possible signatures for N and then determine whether or not such an action exists
by constructing generating vectors, or showing none exist. We illustrate with an
example.

Example 5.4. When K = Ck, the solutions to the short exact sequence

G ↪→ N � Ck.

are a direct product G × Ck, a semi-direct product G o Ck and the cyclic group
Ckp (note that for certain k, these groups might coincide).
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Since the signature of Ck is (k, k) and the signature of G is (p, . . . , p︸ ︷︷ ︸
r−times

), using

Proposition 3.3, the possible signatures of N are

(0; k, k, p, . . . , p︸ ︷︷ ︸
r/k−times

), (0k, kp, p, . . . , p︸ ︷︷ ︸
(r−1)/k−times

), (0; kp, kp, p, . . . , p︸ ︷︷ ︸
(r−2)/k−times

).

When a non-trivial semi-direct product GoCk exists, the only possible signature
for which there can exist a generating vector is (0; k, k, p, . . . , p).

If gcd(p, k) = 1, then Ck × Cp = Ckp, and any of the three signatures could act
as the signature of such a group action.

Finally, if gcd(p, k) = p, then Ck×Cp and Ckp are distinct. In this case, whenA =
Ck×Cp, a generating vector could only exist for the signature (0; k, k, p, . . . , p) and
forA = Ckp, a generating vector could only exist for the signature (0; kp, kp, p, . . . , p).

In nearly all cases, a generating vector for the given group exists and is easy to
construct. We leave the details to the reader.

See [8] for additional examples on normal extensions of cyclic actions.

The non-normal case
Now suppose that G is not normal in A. In this case, as expected, determining

the possible A and signatures requires some ad hoc argumentation, so we refer to
[22] for full details. We survey the basic steps here simplifying where possible.

We first note that automorphism groups for small primes can be found compu-
tationally using Breuer’s database, [5]. For a given p, the strong branching cut-off
is σ = (p − 1)2, and so each A for p ≤ 7 can be determined. Using this database,
we obtain four different automorphisms groups whose details we summarize in the
first four rows of Table 3. We henceforth then assume that p ≥ 11.

Next, using the strong branching cut-off and the Riemann-Hurwitz formula, it
is easy to show that when p ≥ 11, any Sylow subgroup S of A has order either p2

or p. We analyze these two cases individually.
First suppose that S, a Sylow p-subgroup of A, has order p2. If S is cyclic,

it must have signature (p2, p2, p, . . . , p︸ ︷︷ ︸
`−times

), see Example 5.4. For signatures of this

form, the strong branching cut-off yields (p2, p2, p) as the only possibility. If S is
elementary Abelian, then it must have signature (p, . . . , p︸ ︷︷ ︸

`−times

), and again using the

strong branching cut-off, we must have ` = 3 or ` = 4. Each of these signatures
can now be analyzed individually, and by doing so we find three different families
of surfaces with non-normal overgroup, see the last three rows in Table 3.

Now suppose that p2 - |A|. By Corollary 3.4 of [22], we know that N > G, and
for the sake of simplicity, we also assume K 6= Ck . By looking at stabilizers of
fixed points, we see that the signature of A differs only slightly from the signature
of N , see Lemma 7.1 of [22]. Specifically:

Lemma 5.2. There exists integers m1, . . . ,mν1 , o1, . . . , oτ , oi a multiple of p and
each integer mj and oi/p relatively prime to p such that:

(1) the signature of N is (m1, . . . ,mν1 , o1, . . . , oτ , p, . . . , p︸ ︷︷ ︸
` times

),

(2) the signature of K is (m1, . . . ,mν1 , o1/p, . . . , oτ/p)
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(3) the signature of A is (n1, . . . , nν2 , o1, . . . , oτ , p, . . . , p︸ ︷︷ ︸
` times

).

Moreover, each mi must divide at least one nj.

Next, instead of estimating the index d of N in A as outlined in Section 3.2, we
can use Lemma 5.2 and equation (22) to calculate it explicitly:

(52) d =

−2 +
ν1∑
i=1

(
1− 1

mi

)
+

τ∑
i=1

(
1− 1

oi

)
+ l
(
p−1
p

)
−2 +

ν2∑
i=1

(
1− 1

ni

)
+

τ∑
i=1

(
1− 1

oi

)
+ l
(
p−1
p

)
which we can then simplify to:

(53) d = 1 +

∑ν1
i=1

(
1− 1

m1

)
−

ν2∑
i=1

(
1− 1

ni

)
−2 +

ν2∑
i=1

(
1− 1

ni

)
+

τ∑
i=1

(
1− 1

oi

)
+ l
(
p−1
p

) .
Under the assumption that p ≥ 11, we know all the possible signatures for K.
Therefore it is straightforward, though time consuming, to show, except for a small
number of cases which can be easily checked by hand, that if the extension is not
normal, we must have d < 12. However, by Sylow theory, we know the index d
of N in A has to be congruent to 1 modulo p, which is impossible since p ≥ 11.
Hence there are no further non-normal extensions of p-gonal groups to those already
appearing in Table 3.

p Signature of A Signature of N Genus Group A

3 (0; 2, 3, 8) (0; 2, 2, 2, 3) 2 GL(2, 3)
3 (0; 2, 3, 12) (0; 3, 4, 12) 3 [48, 33]
5 (0; 2, 4, 5) (0; 4, 4, 5) 4 S5

7 (0; 2, 3, 7) (0; 3, 3, 7) 3 PSL(2, 7)

p ≥ 5 (0; 2, 3, 2p) (0; 2, p, 2p) (p−1)(p−2)
2 (Cp × Cp)o S3

p ≥ 3 (0; 2, 2, 2, p) (0; 2, 2, p, p) (p− 1)2 (Cp × Cp)o V4

p ≥ 3 (0; 2, 4, 2p) (0; 2, 2p, 2p) (p− 1)2 (Cp × Cp)oD4

Table 3. Automorphism Groups of p-gonal Surfaces when A 6= N

5.1.2. Strong branching and general cyclic n-gonal surfaces. The obvious natural
question to ask is whether the techniques we adopted for cyclic p-gonal surfaces can
be used to determine full automorphism groups for other cyclic n-gonal surfaces.
Strong branching played a key role in determining these groups as it ensured that
there were only finitely many cases for which A 6= N , and from there we could
apply ad hoc argumentation to construct the signature of A from the signature
of N . Unfortunately the following example shows that for general cyclic n-gonal
surfaces, strong branching does not ensure normality, and in particular, it is possible
to construct infinitely many n-gonal surfaces for which A 6= N .

albanian-j-math.com/archives/2018-08.pdf

http://albanian-j-math.com/archives/2018-08.pdf


Strong Branching of n-gonal Surfaces 120

Example 5.5. Let A = 〈x, y|x4 = y3 = xyx−1 = y−1〉, and G = 〈x〉. The group
A has order 12 and G is a cyclic subgroup of order 4. We can define a generating
vector for A with signature (0; 2, . . . , 2︸ ︷︷ ︸

r times

, 4, 4, 4, 4) for r even as follows:

(x2, x2, . . . , x2, x, x−1, x, x−1y2)

Using Theorem 2.3, it is easy to show that the signature of the subgroup G is
(0; 2, . . . , 2︸ ︷︷ ︸

3r times

, 4, 4, 4, 4) and the corresponding genus of the surface S on which A acts

is σ = 3r + 7.
In the context of determining full automorphism groups, we observe that S is

cyclic 4-gonal and the group G is never normal in A. However, the genus of S can
be made arbitrarily large, so in particular, we can construct infinitely many cyclic
4-gonal surfaces of arbitrarily large genus for which a cyclic 4-gonal subgroup is not
normal in A. A similar example can be constructed for n = 9 = 32, though the
same construction fails for larger primes.

These group actions provide examples of strongly branched actions where the
subgroup M from Proposition 4.1 is strictly contained in G.

5.1.3. Generalized superelliptic surfaces. The key result in determining automor-
phism groups for p-gonal surfaces was the fact that there were only finitely many
group-signature pairs for which A 6= N , and this was due to strong branching –
provided σ > (p − 1)2, G was guaranteed to be normal. In contrast, Example 5.5
showed there is little hope that strong branching will allow us to easily determine
automorphism groups of all cyclic n-gonal surfaces. Therefore, this leads to the
question of whether there are families of cyclic n-gonal surfaces, aside from the
p-gonal ones, for which strong branching ensures normality of the cyclic n-gonal
group in the full automorphism group. One such class is the generalized superel-
liptic surfaces (which includes the superelliptic surfaces).

Proposition 5.3. Suppose that S is a generalized superelliptic n-gonal surface with
cyclic automorphism group G. Further suppose that S → S/G is strongly branched,
σ > (n− 1)2, n = |G| . Then G is normal in A.

Proof. Since S is generalized superelliptic, then the stabilizer subgroup of G of any
fixed point P is of order n, or equivalently GP = G, if GP > {1} . Let M be the
normal subgroup of A contained in G, guaranteed by Proposition 4.1. Now suppose
that P is any fixed point of G and that x ∈ A−N satisfying G∩xGx−1 = M > {1} .
Then GP ≥M > {1} and so GP = G. Next GxP = xGPx

−1 = xGx−1 ≥M > {1}.
It follows that GxP = G and xGx−1 = GxP = G, a contradiction to x ∈ A−N. �

The importance of Proposition 5.3 is that G is normal when σ > (n − 1)2, and
hence just like with the p-gonal case, for a given n, there are only finitely many
possible A’s for which A 6= N . Now, for a superelliptic surface S, when A = N , all
possible A and the corresponding signatures were determined in [18]. In particular,
the problem of complete classification comes down to analyzing just the A for which
A 6= N .

To date, such a classification remains elusive. However, computational results
for small n (n ≤ 12), and attempts at generalizing the tools and techniques used
for the cyclic p-gonal case suggest that there are no further families of groups, see
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[9]. Consequently, we conjecture that the families already discovered (extended for
all n) are the only possible ones for which A 6= N . Specifically:

Conjecture 5.4. Suppose S is generalized superelliptic with A 6= N . Then A is
one of the groups given in Table 3.

See [15] for additional details on generalized superelliptic surfaces.

5.1.4. Cyclic n-gonal cases which are not superelliptic. Suppose now that G = Cn,
and let S, A and N be as before. The strong branching condition only guarantees
that there is cyclic subgroup M = Cm E A with 1 < m ≤ n. We would like to
study cases where Cm is a proper subgroup of G, and to be specific we will focus
on examples where n = p2. The analysis using strong branching works as follows,
assuming a classification of surfaces of any genus, with action group Cm.

(1) Assume S → S/G is strongly branched to obtain M E G with {1} < M E
A. We may assume that M = CoreA(G).
(a) If M = G then compute A = N as an extension of G using the methods

in Section 3.1.
(b) If G 6 A then consider the quotient case S = S/M, and the series of

groups G ≤ A ≤ Aut(S′) where G′ = G/M , A′ = A/M, A′′ = Aut(S′).
Determine A′ as a subgroup of A′′ and then solve M ↪→ A� A′.

(2) If S → S/G is not strongly branched then use the methods of Section 3.2
to find A, assuming A 6= N. There are only finitely many cases to consider.

We will only consider what happens where M < G. Let us first consider the
generalities of case n = p2, and then work specific examples for low primes. To
help with the bookkeeping of the numerous branch points we use the following
notation. For 0 < k < n define

uk =
∣∣{j : cj = xk

}∣∣ .
A branch point has order p or p2. If we let t1 be the number of branch points of
order p and t2 be the number of branch points of order p2, then we have:

p2−1∑
k=1

kuk = 0 mod p2,

t1 =

p−1∑
k=1

upk,

t2 = t− t1 ≥ 2.

We need t2 ≥ 2, otherwise |〈c1, . . . , ct〉| = p < |G| . Thus

(54) RπG = n

t∑
j=1

(
1− 1

nj

)
= p(p− 1)t1 +

(
p2 − 1

)
t2.

Using equation (14) the genus of S is given by

σ = 1 + p2(−1) +
p2

2

(
p− 1

p
t1 +

p2 − 1

p2
t2

)
= 1− p2 +

p(p− 1)

2
t1 +

p2 − 1

2
t2.
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Using equations (46) and (54), we see how many branch points are needed for strong
branching:

p− 1

p
t1 +

p2 − 1

p2
t2 > 2(p2 − 1)

or

(55) t1 > 2p(p+ 1)− p+ 1

p
t2.

Suppose G = 〈x〉, and assume the non-trivial subgroup guaranteed by strong
branching is M = 〈xp〉 . According to Proposition 2.4 the number of ramification
points of M acting on S is pt1 + t2 each with ramification order p and so RπM =
(pt1 + t2)(p− 1). By equation (4) the genus σ′ satisfies

σ′ = 1 +
1

2p
(2(σ − 1)−RπM )

= 1 +
1

2p

(
2

(
−p2 +

p(p− 1)

2
t1 +

p2 − 1

2
t2

)
− (pt1 + t2)(p− 1)

)
=

(p− 1)

2
t2 + 1− p.

The possible automorphism groups of S′ are known from the classification of p-
groups, except that extra work is needed for σ′ = 0, 1. The automorphism group of
S can be pieced together from Aut(S′) and M . If we assume that G is not normal
in A then M is normal by the strong branching condition.

Example 5.6. Let us make a table of σ, σ′ and the describe the cases for small
primes p = 2, 3, 5, 7. According to Harvey, t2 must be even when p = 2. Assuming
strong branching we get

p σ σ′ restriction
2 −3 + t1 + 3 t22

t2
2 − 1 t1 > 12− 3 t22

3 −8 + 3t1 + 4t2 t2 − 2 t1 > 24− 4
3 t2

5 −24 + 10t1 + 12t2 2t2 − 4 t1 > 60− 6
5 t2

7 −48 + 21t1 + 24t2 3t2 − 6 t1 > 112− 8
7 t2

Let us now describe examples of such possible groups.

Example 5.7. Let p and q be primes such that p divides q − 1. Write Cp2 =
〈x〉 and Cq = 〈y〉 in multiplicative format. Let a ∈ C∗q = Aut(Cq) be such that
ap = 1 mod q which exists by divisibility conditions. Let Cp2 act upon Cq = 〈y〉 by

θ : Cp2 → C∗q = Aut(Cq)

xj · yk = θ(xj)(yk)→
(
yk
)aj

.

Then the semi-direct product

A = Cp2 n Cq =
〈
x, y : xp

2

= yq = 1, x−1yx = ya
〉

satisfies:

• 〈y〉 , 〈xp〉 C A,
• xpy has order pq, and
• 〈x〉 6 A. Indeed any cyclic subgroup of order p2 is self-normalizing.
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Example 5.8. Let A = C9 n C7 =
〈
x, y : x9 = y7 = 1, x−1yx = y2

〉
. (A is Small-

Group(63,1) in MAGMA). The vector V = (x7, xy, xy5) is a generating vector
with signature (9, 9, 9), yielding a surface of genus 22. Using MAGMA as in
Remark 2.3 we see that there is a cyclic subgroup of order 9 whose signature is
(3, 3, 3, 3, 3, 3, 9, 9, 9). This action is not strongly branched and so the non-normal
extension is not a surprise. Next consider a generating vector obtained from V
prepending 3 copies of x3 to V, i.e., (x3, x3, x3, x7, xy, xy5). The signature of the
action of G has signature (327, 93) and the surface has genus 85. This action is
strongly branched. It is conceivable that the automorphism group is larger but the
subgroup M must be

〈
x3
〉
. Also of interest, in this case σ′ = 1 and so the quotient

S/G is a torus that supports a group of automorphisms of the form C3 n C7.

5.2. Simple n-gonal groups and strong branching. In the current literature,
the only families for which strong branching has been used to determine full auto-
morphism groups are cyclic groups, but there are other families for which strong
branching should provide the framework for determining all possible automorphism
groups. The most obvious of these is the family of simple groups. Specifically, since
simple groups have no normal subgroups, we have:

Proposition 5.5. For G simple, if σ > (|G| − 1)2 then G is normal in A.

In particular, for a given simple n-gonal group G, Proposition 5.5 ensures that
there are only finitely many possible A for which A 6= N and so we can use the
same techniques for finding A as we have previously outlined.

The normal case for simple groups
When A = N , so G is normal in its full automorphism group, the possible

signatures for A satisfy Proposition 3.3 with the possible A being solutions to the
short exact sequence:

G ↪→ A� K,

We note that for a given simple group G, there could be a tremendous number of
solutions to this short exact sequence, Moreover, there is no guarantee that these
solutions should all split as we saw with the cyclic p-gonal case. In particular,
for an arbitrary simple group, the normal case actually seems significantly more
difficult than we have seen before. Fortunately however, for many simple groups,
the following result of Rose ensures that this sequence splits, see [17, Theorem 2.7].

Theorem 5.6. If the center of G is trivial and the automorphism group of G splits
over its inner automorphism group, then all extensions over G split.

In particular, when the conditions of Theorem 5.6 are satisfied, such as with
most alternating groups, then A ∼= K nG, and finding all such groups of this form
is significantly more tractable than the general case.

The non-normal case for simple groups
For the case A 6= N , the problem is purely computational with only finitely

many solutions, so in principle, the groups and signatures can be calculated using
GAP or MAGMA. In practice of course, complete classification is not likely since
the strong branching cut-off for an arbitrary simple group is going to be quite
large, and finite group databases do not typically include groups of high enough
order. However, through additional ad hoc argumentation, and by restricting to
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intermediate extensions as outlined in Section 3, restrictions can be imposed on
the possible groups and signatures which allow for steps to be made towards a
more comprehensive classification. The following is an example of the types of
computational results we can obtain to restrict our search.

Proposition 5.7. If G is simple, A 6= N , and d is the index of N in A, then the
number of periods r of the signature of A is bounded by:

4

(
|G| − 2

d
+ 1

)
≥ r ≥ 3.

Proof. Since A 6= N , we must have σ ≤ (|G| − 1)2. Suppose that (m1, . . . ,mr) is
the signature of A. By the Riemann-Hurwitz formula,

σ − 1 = |A|

(
−1 +

1

2

r∑
i=1

(
1− 1

mi

))
.

Using the bound on σ then gives us

|G|(|G| − 2)

|A|
≥ −1 +

1

2

r∑
i=1

(
1− 1

mi

)
.

Rewrite this as

(56) 2

(
|G| − 2

d
+ 1

)
≥

r∑
i=1

(
1− 1

mi

)
.

Since mi ≥ 2 for each i,
r∑
i=1

(
1− 1

mi

)
≥ r

2

and thus

4

(
|G| − 2

d
+ 1

)
≥ r ≥ 3.

�

Remark 5.3. We note that Proposition 5.7 actually holds provided the action of
the group is weakly malnormal.

5.2.1. Determining Automorphism Groups when G = A5. We finish by illustrating
how such a classification might proceed by providing partial results for the first
non-trivial case of this: when G = A5. As is standard, we break the classification
into two cases depending upon whether or not A5 is normal in A.

The normal case when G = A5

First we consider the case where A = N . Now we know any such group satisfies
the short exact sequence

G ↪→ A� K

where K is one of the groups from Table 1. Moreover, since A5 satisfies the hypothe-
ses of Theorem 5.6, this sequence splits. In particular, A is a semidirect product
which, for convenience, we consider as an outer semi-direct product A5oψK where
ψ : K → Aut(A5) = S5 is the corresponding homomorphism defined by conjugation
of elements of K on A5. We can use these facts to determine all possible A’s.

Albanian J. Math. 12 (2018), no. 1, 89-129.

http://albanian-j-math.com/magaard.html


Broughton, Camacho, Paulhus, Winarski, Wootton 125

Proposition 5.8. Suppose that G = A5 and A = N . Then the possibilities for A
are as follows:

(1) For all K, the direct product A = A5 ×K.
(2) For K = S4, K = Ck for k even or K = Dk for any k, we have an addi-

tional non-trivial semi-direct product A5oψK where ψ : K → Aut(A5) = S5

is defined to have image 〈(1, 2)〉 with kernel the unique index 2 subgroup of
K.

(3) Further, for K = Dk, k even and k > 2, we have a second non-trivial
semi-direct product A5oK where ψ : K → Aut(A5) = S5 is defined to have
image 〈(1, 2)〉 with kernel an index 2 dihedral group.

Proof. Since A = A5 oψ K, we just need to describe all such semi-direct products
for each K. For K = A4, S4 and A5, this can be done computationally using GAP
and we attain the stated results. We need to explore in more detail the two infinite
families K = Ck and K = Dk

For A = A5 oψ K, let K1 be the kernel of ψ. Then the group A5 oψ̄ (K/K1)

where ψ̄ is the induced homomorphism is either a non-trivial semi-direct product
where ψ̄ has trivial kernel, or it is isomorphic to A5 and consequently A is a direct
product A5 ×K. Thus we consider A5 oψ̄ K/K1 for each possible K and K1.

First suppose that K = Ck. Then K/K1 is cyclic, and since it is a subgroup of
Aut(A5) = S5 it is either order 2, 3, 4 or 5. However, for each of these possibilities,
simple computation using GAP gives a non-trivial semi-direct product A5oψ̄K/K1

only when K/K1 is cyclic of order 2, and in this case ψ̄ can be defined as in the
statement of the theorem. The result follows.

Next suppose that K = Dk. Then K/K1 is either cyclic of order 2 or dihedral.
Therefore, since it is a subgroup of Aut(A5) = S5 it is either cyclic of order 2
or dihedral of order 4, 6, 8, or 10. Again, for each of these possibilities, simple
computation using GAP gives a non-trivial semi-direct product A5 oψ̄ K/K1 only

when K/K1 is cyclic of order 2 with the image of ψ̄ as defined in the statement of
the theorem. When k is odd, there is precisely one possible non-trivial kernel being
the index 2 cyclic subgroup. When k is even and k > 2, there are three possible
non-trivial kernels: the index two cyclic subgroup and the two index 2 dihedral
subgroups, though the latter two yield isomorphic semi-direct products. The result
follows.

�

The possible signatures with which the different normal extensions can act can be
determined using Proposition 3.3. For a given such signature, determining whether
or not an action exists depends on whether or not we can construct a generating
vector, and this can in principle be done exhaustively. We note however that
for a given A, there are many simple arguments which will eliminate signatures
without having to consider generating vectors. Rather than presenting all possible
signatures for all possible A, we illustrate with an example of how the general
process follows, noting that for other A, the same general process holds. First, we
fix the following notation.

Notation 5.9. In a signature, we use the expression m
(ki)
i to denote ki copies of

the periods mi.
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Example 5.9. Suppose that K = C2, the cyclic group of order 2. Then there
are two possibilities for A: the direct product A5 × C2 and the semidirect product
A5 o C2 which is isomorphic to the symmetric group S5. Since the signature of K
is (2, 2), the possible signatures for each A are of the form

(57) (2a1, 2a2, 2
(a), 3(b), 5(c))

where a1, a2 ∈ {1, 2, 3, 5}. We now proceed by cases.
First suppose that A = C2×A5. Then A contains elements of orders 2, 3, 5, 6 and

10, but not 4, so in particular, we can only have a1, a2 ∈ {1, 3, 5}. Of all remaining
possible signatures of the form given in (57), the only ones for which a generating
vector for A with n-gonal subgroup A5 cannot be created are (2 · 3, 2 · 3, 3) and
(2·3, 2·3, 2). Hence A = C2×A5 acts on an n-gonal surface S with n-gonal subgroup
A5 with all signatures of the form (2a1, 2a2, 2

(a), 3(b), 5(c)) for a1, a2 ∈ {1, 3, 5}
except (2 · 3, 2 · 3, 3) and (2 · 3, 2 · 3, 2).

Next suppose that A = S5. Then A contains elements of order 2, 3, 4, 5 and 6 but
not 10 so in particular, we can only have a1, a2 ∈ {1, 2, 3}. Of all remaining possible
signatures of the form given in (57), the only ones for which a generating vector
for A with n-gonal subgroup A5 cannot be created are (2, 2, 3, 3) and (2, 2, 2, 3).
Hence A = S5 acts on an n-gonal surface S with n-gonal subgroup A5 with all
signatures of the form (2a1, 2a2, 2

(a), 3(b), 5(c)) for a1, a2 ∈ {1, 2, 3} except (2, 2, 3, 3)
and (2, 2, 2, 3).

5.3. The non-normal case when G = A5. Now suppose that A 6= N . Based on
the computational evidence so far (see Example 3.5), there appear to be far more
non-normal cases than we saw in the cyclic p-gonal case and at least currently there
seems no obvious way to nicely categorize these non-normal extensions as we did
in the cyclic p-gonal case. Therefore, rather than providing complete results, which
currently seems computationally intractable, we shall provide some first steps to
the general problem, and then illustrate with a few specific examples.

General facts for the non-normal case
By the strong branching condition, we know if A 6= N , then the genus of S must

satisfy σ < (|A5|−1)2 = 3481. Application of the Hurwitz bound then implies that
the order of A and the index d of N in A satisfy

|A| ≤ 84(σ − 1) = 292, 320 and d ≤ 4872.

We know any signature for A5 is of the form (2(a), 3(b), 5(c)) for integers a, b and
c so we can use the strong branching cut-off and the Riemann-Hurwitz formula to
determine bounds on a, b and c. Specifically we have:

(60− 1)2 − 1 ≥ σ − 1 = −60 +
60

2

(
a

(
1− 1

2

)
+ b

(
1− 1

2

)
+ c

(
1− 1

2

))
which simplifies to

3540 ≥ 15a+ 20b+ 24c.

It follows that

a ≤ 230, b ≤ 172, c ≤ 147.

We note that not all choices of a, b and c are valid signatures and some may give
a genus beyond the strong branching cut-off.
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Next we observe by Proposition 5.7 that the number of periods of A satisfies

r ≤ 4

(
58

d
+ 1

)
.

In particular, as d increases, the number of possible periods for A decreases, and in
particular, when d > 232, then A has just three or four periods.

These conditions significantly reduce the number of possible non-normal exten-
sions and the possible signatures, so at this point, to proceed with determining
non-normal n-gonal extensions of A5, we would follow the steps outlined in Section
3.

Determining alternating extensions of A5

To illustrate our work, we consider n-gonal extensions of A5 to all the alternating
groups within the strong branching cut-off. Since |A| ≤ 292, 320, this gives A6, A7

and A8 as possibilities. Also, we know that A5 < A6 < A7 < A8 with each
containment being maximal, so the intermediate extensions are each primitive.

Consider first A6 actions. The signature of an A6 action will be of the form
(0; 2a1 , 3b1 , 4c1 , 5d1). As with A5, we can use the strong branching cut-off and
Riemann-Hurwitz formula to determine bounds on a1, b1, c1 and d1, see equation
(5.3). Specifically, we get:

3480 ≥ 360

(
−1 +

1

2

(
a1

2
+

2b1
3

+
3c1
4

+
4d1

5

))
which simplifies to

3840 ≥ 90a1 + 120b1 + 135c1 + 144d1.

There are 38 164 solutions to this inequality, but with A6 being relatively small
in order, for each of these signatures, we can construct all possible generating
vectors, and then apply Theorem 2.3 to each of the conjugacy classes of subgroups
isomorphic to A5 to check which ones are n-gonal. Using this process, we obtain 22
distinct solutions corresponding to actual signatures for n-gonal A6 actions with a
n-gonal A5 subgroup. This is given in Table 4.

Sig(A6) Sig(A5) σ Sig(A6) Sig(A5) σ

(2, 4, 5) (2(3), 5) 10 (2(5)) (2(10)) 91

(3(2), 4) (2, 3(3)) 16 (2, 3(3)) (2(2), 3(6)) 91

(2, 5(2)) (2(2), 5(2)) 19 (2, 3(2), 4) (2(3), 3(6)) 106

(3(2), 5) (3(3), 5) 25 (2, 3(2), 5) (2(2), 3(6), 5) 115

(3, 4, 5) (2, 3(3), 5) 40 (2(4), 3) (2(8), 3(3)) 121

(2(3), 4) (2(7)) 46 (3(3), 4) (2, 3(9)) 136

(3(2), 5) (3(3), 5(2)) 49 (3(3), 5) (3(9), 5) 145

(2(3), 5) (2(6), 5) 55 (2(3), 3(2)) (2(6), 3(6)) 151

(2(2), 3(2)) (2(4), 3(3)) 61 (2(2), 3(3)) (2(4), 3(9)) 181

(2(2), 3, 4) (2(5), 3(3)) 76 (2, 3(4)) (2(2), 3(12)) 211

(2(2), 3, 5) (2(4), 3(3), 5) 85 (3(5)) (3(15)) 241

Table 4. Signatures of n-gonal A6 actions on surfaces of genus σ
with corresponding signatures of n-gonal A5 subgroups.
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Remark 5.4. We note that in Table 4, we have only listed group signatures pairs
and have not specified the number of distinct actions. In many cases, there are mul-
tiple actions up to the different types of equivalency, such as topological equivalence
or simultaneous conjugation.

Next we consider n-gonal A7 actions. Similar computations yield just 1021
possible signatures for A7 that satisfy the strong branching cut-off. Once again,
for each of these signatures, we can construct all possible generating vectors, and
apply Theorem 2.3 to each of the conjugacy classes of subgroups isomorphic to A5

to check which ones are n-gonal, and in this case, we obtain no possible solutions.
In particular, there is no surface on which A7 acts as an n-gonal group on which
A5 also acts as an n-gonal group.

Finally, since there are no solutions for A7, and every subgroup of A8 isomorphic
to A5 is contained in an intermediate subgroup isomorphic to A7, there cannot be
any solutions for A8 either. Hence, the only alternating n-gonal extensions of an
n-gonal group A5 are given in Table 4.

Remark 5.5. One of the main results which allowed for complete results in de-
termining non-normal extensions of cyclic p-gonal surfaces was the fact that when
G is not the full automorphism group then G is not self-normalizing, see Corollary
3.3 of [22]. Since A5 is maximal and non-normal in A6, we see that this result does
not extend to other groups.
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Abstract. Schottky space Sg is the space that parametrizes PSL2(C)-conjugacy

classes of Schottky groups of rank g ≥ 2. The branch locus Bg consists of the
conjugacy classes of those Schottky groups which are a finite index proper

subgroup of some Kleinian group. In a previous paper we observed that Bg
was connected for g ≥ 3 odd and that it has at most two components for g ≥ 4
even. In this short note, we observe that Bg is always connected.
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1. Introduction

A Schottky group of rank g ≥ 2 is a purely loxodromic Kleinian group, with non-
empty region of discontinuity, isomorphic to the free group of rank g. Geometrically,
these groups are constructed as follows. Let Ck, C

′
k, k = 1, · · · , g, be 2g Jordan

curves on the Riemann sphere Ĉ such that they are mutually disjoint and bound
a 2g-connected domain D. Suppose that for each k there exists a fractional linear
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transformation Ak ∈ PSL2(C) so that (i) Ak(Ck)=C ′k and (ii) Ak(D) ∩ D = ∅.
Then the group Γ, generated by all these transformations, is a Schottky group of
rank g. Every Schottky group is constructed in that way [1]. If Ω is the region
of discontinuity of the Schottky group Γ, then Ω is connected and Ω/Γ is a closed
Riemann surface of genus g (by the retrosection theorem, every closed Riemann
surface of genus g is obtained in that way). Schottky groups are exactly those
Kleinian groups providing the lowest regular planar coverings of closed Riemann
surfaces. See [8, 9].

The Schottky space of rank g ≥ 2, which we denote as Sg, is the one that
parametrizes PSL2(C)-conjugacy classes of Schottky groups of rank g. (Sg can be
identified with the space of classes of conformally equivalent Kleinian structures on
an oriented handlebody.) If Γ is a Schottky group, then we denote by [Γ] ∈ Sg
its conjugacy class. The branch locus Bg ⊂ Sg consists of the conjugacy classes of
those Schottky groups which are a finite index proper subgroup of some Kleinian
group.

A marked Schottky group of rank g ≥ 2 is a tuple (Γ, A1, . . . , Ag), where Γ
is a Schottky group of rank g and A1, . . . , Ag is a set of generators for it. Two

marked Schottky groups of rank g, say (Γ, A1, . . . , Ag) and (Γ̂, Â1, . . . , Âg), are said

to be equivalent if there is a Möbius transformation B so that BAjB
−1 = Âj ,

for every j = 1, . . . , g. The marked Schottky space of rank g, denoted by MSg,
parametrizes equivalence classes of marked Schottky groups of rank g. This space
can be identified with the quasiconformal deformation space of a Schottky group of
rank g, so it carries a complex manifold of dimension 3(g − 1) [2, 13]. (It can also
be identified with the Teichmüller space of classes of marked Kleinian structures of
an orientable handlebody of genus g.)

The group of holomorphic automorphisms of MSg is isomorphic to the outer
automorphism group Out(Fg), where Fg is the free group of rank g, and the forgetful
map π : MSg → Sg is a (regular) orbifold-covering whose deck group is Out(Fg)
[4, 8, 9, 13]. In this setting, the branch locus Bg is the projection under π of the
points in MSg with non-trivial Out(Fg)-stabilizer.

If (Γ, A1, A2) is a marked Schottky group of rank g = 2, then E = A1A2−A2A1

is an elliptic transformation of order two such that E1 = EA1 and E2 = EA2

are also elliptic transformations of order two. In this case, the Kleinian group
K = 〈E,E1, E2〉 ∼= Z2 ∗ Z2 ∗ Z2 (called a Whittaker group) contains Γ as an index
two subgroup [7]. It follows that B2 is connected. In the paper [6] we observed
that the sublocus of B2 consisting of the conjugacy classes of rank two Schottky
groups which are finite index proper subgroups of Kleinian groups different from
the Whittaker ones, has exactly two connected components. For g ≥ 3 odd, we
proved in [6] that Bg is connected and, for g ≥ 4 even, that Bg has at most two
connected components. In this short note we complete the above results as follows:

Theorem 1. The branch locus Bg is connected for every g ≥ 2.

As observed in the previous lines, we only need to prove the connectedness of Bg
for the case g ≥ 4 even.

2. Proof of Theorem 1

2.1. Cyclic extension of Schottky groups. First of all, we will see an inter-
pretation of MSg and Sg in terms of quasiconformal deformation spaces: If Γ is
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a Schottky group of rank g ≥ 2, then by [2] its quasiconformal deformation space
Q(Γ) turns out to be a connected complex manifold of dimension 3g − 3. As any
two Schottky groups of the same rank g are quasiconformally equivalent, their re-
spective quasiconformal deformation spaces are complex analytically equivalent. It
can be seen that if Γ is a Schottky group of rank g, then Q(Γ) is isomorphic to
MSg; that is Q(Γ) is a model of the marked Schottky space MSg. To obtain a
model of Sg, one has to consider the following equivalence relation on Q(Γ): two
deformations ω1 and ω2 are equivalent if there is a Möbius transformations A so
that ω1Γω−11 = Aω2Γω−12 A−1. Then, the set of equivalence classes is a model for
Sg. Details can be found, for instance, in [2, 13].

Assume that there is a Kleinian group K containing Γ as a finite index normal
subgroup (in particular, K is finitely generated). As each Beltrami coefficient for
K is also a Beltrami differential for Γ and both K and Γ have the same limit set,
there is a natural holomorphic embedding ι : Q(K) → Q(Γ) centered at Γ. In
general, if there is some [µ] ∈ Q(Γ) so that the Schottky group Γu is contained
in some Kleinian group K as a finite index normal subgroup, then it provides a
holomorphic embedding j : Q(K)→ Q(Γ) centered at Γu.

A Kleinian group K, containing a Schottky group Γ of rank g ≥ 2 as a finite index
normal subgroup so that K/Γ is a cyclic group, is called a cyclic extension Schottky
group or cyclic-Schottky group. A geometrical picture of these Kleinian groups is
provided in [5]. In the case that K/Γ is a cyclic group of rank a prime integer p, the
group K is a free product, in the sense of the Klein-Maskit combination theorems, of
t cyclic groups generated by loxodromic transformations, r cyclic groups generated
by elliptic transformations of order p and s Abelian groups, each one generated by
a loxodromic transformation and an elliptic transformation of order p both of them
commuting, so that g = 1 + p(t+ r + s− 1)− r. In particular

(1) K ∼= Z∗ t· · · ∗Z ∗ Zp∗
r· · · ∗Zp ∗ (Z× Zp)∗ s· · · ∗(Z× Zp).

We say that a cyclic-Schottky group K as above is of type (g, p; t, r, s). In this
case, the region of discontinuity Ω of K coincides with the region of discontinuity of
the Schottky group Γ, and S = Ω/Γ is a closed Riemann surface of genus g admitting
a conformal automorphism φ of order p with S/〈φ〉 of signature (γ; p, 2r. . ., p), where
γ = t+ s [8, 13].

The above description permits also to see that any two cyclic-Schottky groups
of the same type are quasiconformally conjugated. In particular, the quasicon-
formal deformation space of a cyclic-Schottky groups of a fixed type (which is
connected from the measurable Riemann mapping’s theorem) contains all cyclic-
Schottky groups of such a type.

2.2. A cyclic decomposition of Bg, for g ≥ 3. Now, let F (g, p; t, r, s) be the
subset of Bg consisting of those points [Γ] ∈ Sg for which there exists some Γ0 ∈ [Γ]
and a cyclic-Schottky group K, of type (g, p; t, r, s), containing Γ0 as an index p
normal subgroup.

First of all it is easy to see that Bg is the union of the subsets F (g, p; t, r, s), where
p is prime, t, r, s are non-negative integers so that g − 1 = p(t+ r + s− 1)− r [6]:
Let W be a Kleinian group containing a Schottky group Γ as a non-trivial finite
index normal subgroup and consider the natural epimorphism θ : W → W/Γ. Let
φ ∈W/Γ an element of prime order p. The group K = θ−1(〈φ〉) is a Kleinian group
containing Γ as a normal subgroup of index p. In [6] it was observed that, for p ≥ 3,
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F (g, p; t, r, s) is not necessarily connected (this it might happen since K may contain
different Schottky groups of rank g). However, for p = 2, it was proved in [3] that
F (g, 2; t, r, s) is always connected. Moreover,it can be seen that F (g, 2; t, r, s) is an
orbifold of complex dimension(3g − 3 + r)/2. Finally, in [6] it was proved that, for
p ≥ 3, every connected component of F (g, p; t, r, s) intersects some F (g, 2; t′, r′, s′)
(this since the orbifold O = M/〈φ〉, where M is the handlebody uniformized by Γ
and K uniformizes O, admits an orientation-preserving self-homeomorphism τ of
order two keeping Γ).

Consequentently, to prove the connectedness of Bg we only need to look at the
possible intersections of the connected families F (g, 2; t, r, s). To show that two fam-
ilies F (g, 2; t, r, s), F (g, 2; t′, r′, s′) intersect, we need to construct a Kleinian group
K containing two cyclic-Schottky groups K1,K2, of type (g, 2; t, r, s), (g, 2; t′, r′, s′)
and both of them containing the same Schottky group Γ of rank g as index two
subgroup.

The following intersections were obtained in [6]:

Theorem 2 ( [6]). Consider connected components F (g, 2; t, r, s) of Bg. Then the
following hold:

(1) If g ≥ 3 is odd:
(a) F (g, 2; t, r, s) ∩ F (g, 2; (g − 1)/2, 2, 0) 6= ∅, if t is even.
(b) F (g, 2; t, r, s) ∩ F (g, 2; (g − 3)/2, 4, 0) 6= ∅, if t is odd.
(c) F (g, 2; (g − 1)/2, 2, 0) ∩ F (g, 2; (g − 3)/2, 4, 0) 6= ∅.

(2) If g ≥ 4 is even:
(a) F (g, 2; t, r, s) ∩ F (g, 2; g/2, 1, 0) 6= ∅, if s and t are even.
(b) F (g, 2; t, r, s) ∩ F (g, 2; (g − 2)/2, 3, 0) 6= ∅, if s is even and t is odd.
(c) F (g, 2; t, r, s) ∩ F (g, 2; (g − 2)/2, 1, 1) 6= ∅, if s is odd and t is even.
(d) F (g, 2; t, r, s) ∩ F (g, 2; (g − 4)/2, 3, 1) 6= ∅, if s and t are odd.
(e) F (g, 2; g/2, 1, 0) ∩ F (g, 2; (g − 2)/2, 3, 0) 6= ∅.
(f) F (g, 2; (g − 2)/2, 1, 1) ∩ F (g, 2; (g − 4)/2, 3, 1) 6= ∅.

The above asserts, for g ≥ 3 odd, that Bg is connected. In the case g ≥ 4 is
even, Theorem 2 permits to observe that the connectivity of Bg will be obtained if
F (g, 2; 0, g + 1, 0) ∩ F (g, 2; (g − 2)/2, 1, 1) 6= ∅.

2.3. The connectedness of Bg, for g ≥ 4 even. In order to obtain the con-
nectedness of Bg, for g ≥ 4 even, we will construct two cyclic-Schottky groups K1

and K2, of respective types (g, 2; 0, g+ 1, 0) and (g, 2; (g− 2)/2, 1, 1), each one con-
taining the same Schottky group Γ as an index two normal subgroup. To do it,
we consider the Kleinian group K constructed from the Klein-Maskit combination
theorems [8,10,11] by using (g− 2)/2 + 4 elliptic transformations of order two, say
E1, . . . , E(g−2)/2, F1, F2, F3, F4, such that (F2F1)2 = (F3F2)2 = (F4F3)2 = 1, as
shown in Figure 1.

The Kleinian group K has a Cantor as a limit set, and if its (connected) region of
discontinuity is Ω, then the 2-orbifold Ω/K is the Riemann sphere (genus zero) with
exactly (g−2)+5 cone points, each one of order two. Let us consider the surjective
homomorphism θ : K → 〈a, b〉 ∼= Z2

2 defined by θ(E1) = · · · = θ(E(g−2)/2) =
θ(F1) = θ(F4) = b, θ(F2) = a, θ(F3) = ab.

The kernel Γ of θ is a index 4, torsion free subgroup of the Kleinian group
K. The Kleinian group Γ is geometrically finite purely loxodromic Kleinian group
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r=(g−2)/2
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Figure 1. The Kleinian group K

with connected region of discontinuity. It follows from the classification of function
groups [12] that Γ is necessarily a Schottky group.

Let K1 = θ−1(〈a〉) and K2 = θ−1(〈b〉). Both of these are index two subgroups
of K and Γ = K1 ∩K2 has index two in each of K1 and K2. It can be seen that

K1 = 〈F1E1, . . . , F1E(g−2)/2, F4F3, F2, F3F1〉,
K2 = 〈E1, . . . , E(g−2)/2, F2E1F2, . . . , F2E(g−2)/2F2, F1, F4, F3F2〉.

The group K1 is a cyclic-Schottky group of type (g, 2; (g− 2)/2, 1, 1). It induces
an involution φ1 in the handlebody M uniformized by Γ whose branch locus in
M/〈φ1〉 consists of 1 loop and one arc of fixed points. Similarly, K2 is a cyclic-
Schottky group of type (g, 2; 0, g + 1, 0) inducing an involution φ2 in the same
handlebody M uniformized by Γ whose branch locus in M/〈φ2〉 consists of g + 1
arcs of fixed points.

The groups K, Γ, K1 and K2 as above are as desired ones.

References

[1] V. Chuckrow. On Schottky groups with applications to Kleinian groups. Annals of Math. 88,

(1968) 47-61.
[2] L. Bers. Automorphic forms for Schottky groups. Adv. in Math., 16:332–361, 1975.
[3] R. Dı́az, I. Garijo, G. Gromadzki and R.A. Hidalgo. Structure of Whittaker groups and

application to conformal involutions on handlebodies. Topology and its Applications 157

(2010), 2347–2361.
[4] C. J. Earle. The group of biholomorphic self-mappings of Schottky space. Ann. Acad. Sci.

Fenn. Ser. A I Math. 16 (1991), no. 2, 399–410.
[5] R. A. Hidalgo. Cyclic extensions of Schottky uniformizations. Ann. Acad. Scie. Fenn. 29

(2004), 329–344.
[6] R. A. Hidalgo and M. Izquierdo. On the connectivity of the branch locus of the Schottky

space. Annales Academiae Scientiarum Fennicae 39 (2014), 635–654.

[7] L. Keen. On hyperelliptic Schottky groups. Annales Academiae Scientiarum Fennicae. Series

A.I. Mathematica 5, (1980), 165–174.
[8] B. Maskit. Kleinian Groups. G.M.W. 287, Springer-Verlag, (1988).

[9] B. Maskit. Self-maps of Kleinian groups. Amer. J. Math. 93 (1971), 840–856.
[10] B. Maskit. On Klein’s combination theorem III. Ann. of Math. Studies 66 (1971), Princeton

Univ. Press, 297–316.

albanian-j-math.com/archives/2018-09.pdf

http://albanian-j-math.com/archives/2018-09.pdf


The connectedness of the branch locus 136

[11] B. Maskit. On Klein’s combination theorem. IV. Trans. Amer. Math. Soc. 336 (1993), 265–
294.

[12] B. Maskit. On the classification of Kleinian Groups II-Signatures. Acta Mathematica 138
(1977), 17–42.

[13] S. Nag. The complex analytic theory of Teichmüller spaces. A Wiley-Interscience Publication.

John Wiley & Sons, Inc., New York 1988.

Albanian J. Math. 12 (2018), no. 1, 131-136.

http://albanian-j-math.com/magaard.html


ALBANIAN JOURNAL OF MATHEMATICS
Volume 12, Number 1, Pages 137–145
ISSN: 1930-1235; (2018)

THE SYLOW STRUCTURE OF TRANSITIVE PERMUTATION

GROUPS ACTING WITH FIXITY 4

BARBARA BAUMEISTER, KAY MAGAARD, AND REBECCA WALDECKER

Dedicated to the memory of Kay Magaard.

Abstract. We study finite permutation groups with special properties, moti-

vated from the theory of Riemann surfaces. In this article we focus on groups

acting with fixity 4 and analyse their Sylow structure and possible orbit lengths
of Sylow subgroups.

MSC 2010: 20B10, 20B25.
Keywords: Sylow structure, transitive permutation group

1. Introduction

The nature of the fixed point sets of group actions continues to play a central role
in group theory. This paper continues our investigation of transitive permutation
groups in which all nonidentity elements fix at most four points, with a focus on
the Sylow structure of such groups. We decided to summarize basic results about
orbit sizes of Sylow subgroups in this article, in particular some information for the
primes 2 and 3, because this information is much more intricate and complex than
it was in previous work on groups acting with fixity 2 or 3.

Building on this work, subsequent papers will give more details of the Sylow
structure analysis and consequences for the group structure in general, along with
a classification of finite simple groups acting with fixity 4. While our class of per-
mutation groups is of purely group theoretic interest, our initial interest in this
topic stems from the study of Weierstraß points of Riemann surfaces, and we refer
the reader to [6] for more background.

Acknowledgments. The project on permutation groups with low fixity started
with support by the DFG. It was initiated by Kay Magaard and most of the work
in this paper has been completed during his visits at the Martin-Luther-Universität
Halle-Wittenberg in 2016 and 2017. Work on the project has continued after his
passing in July 2018 and will continue until his initial goal has been reached.
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2. Notation and examples

Let k ∈ N0 and suppose that the group G acts on the finite set Ω. We say that
G has fixity k on Ω if and only if there is some element of G that fixes exactly k
distinct points on Ω and if no element of G fixes more than k distinct points.

Hypothesis 1. Suppose that (G,Ω) is such that G acts faithfully and transitively
on Ω and that G has fixity 4 in this action.

We begin with natural and well-known examples.

Example 1 (Classical examples). Suppose that the group G acts sharply 5-transitively
on a set Ω of size at least 6. Then for all pair-wise distinct elements ω1, ω2, ω3, ω4 ∈
Ω, we find α, β in Ω \ {ω1, ω2, ω3, ω4} that are distinct, and then the 5-transitivity
gives an element g ∈ G such that ω1, ω2, ω3, ω4 are fixed and α is mapped to β. In
particular every four point stabilizer is non-trivial, but every five point stabilizer is
trivial because of the sharp 5-transitivity. Therefore (G,Ω) satisfies Hypothesis 1.

Now Jordan’s result (see for example p. 327 in [5]) this gives the well-known ex-
amples S5, S6, A7, M12, in their natural action. The transitive subgroup M11 ≤M12

also gives rise to an example, with point stabilizers of order 22 · 3 · 5 · 11.

Calculations in GAP ([8]) show that the groups S5, A6 and S6 also give rise to
several (very small) examples, respectively.

Example 2 (Frobenius group extensions). Suppose that F is a Frobenius group
with Frobenius kernel K and complement H and suppose that G is a group with a
subgroup U of order 4 such that G = F o U .

Consider the action of G on G/H by right multiplication. As all conjugates of
H are contained in F , it follows that |NG(H)| = 4 · |H|. If g ∈ G is such that
g ∈ NG(H) \ H, then all elements of H fix the coset Hg. This gives four fixed
points on the set G/H, and it follows that (G,G/H) satisfies Hypothesis 1 in the
special case where all elements have 0 or 4 fixed points.

A similar construction works based on pairs (G,Ω) that satisfy the main hypoth-
esis of [6].

Example 3. Suppose that G is a finite group, that U ≤ G has order 2 and that
H,M ≤ G are such that the following hold: H ≤M , G = MoU and with respect to
the action by right multiplication, the group M has fixity 2 on M/H. In particular
|NM (H) : H| = 2. As M has index 2 in G, all conjugates of H in G are contained
in M and |NG(H) : H| = 4. It follows that (G,G/H) satisfies Hypothesis 1 with
the action of G on G/H by right multiplication.

3. General properties

By “group” we always mean a finite group, and by “permutation group” we
always mean a group that acts faithfully. Throughout this paper Ω denotes a finite
set and G denotes a permutation group on Ω. We also use the notion of fixity
introduced in the previous section.

Let ω ∈ Ω and g ∈ G, and moreover let Λ ⊆ Ω and H ≤ G. Then Hω := {h ∈
H | ωh = ω} denotes the stabilizer of ω in H,

fixΛ(H) := {ω ∈ Λ | ωh = ω}
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for all h ∈ H} denotes the fixed point set of H in Λ and we write fixΛ(g) instead
of fixΛ(〈g〉). We write ωH for the H-orbit in Ω that contains ω.

Whenever n,m ∈ N and p is a prime number, then we denote by (n,m) the largest
natural common divisor of n and m and by np the largest power of p dividing n.

Finally, a subgroup H of G is said to be a TI-subgroup if and only if for all
g ∈ G, we have that Hg ∩H = 1 or Hg = H.

We begin with general local properties that follow from our main hypothesis.
We will notice that the primes 2 and 3 behave differently from the larger primes in
π(G), motivating the extensive analysis that we begin to describe in this article.

Lemma 4. Suppose that Hypothesis 1 holds and let α ∈ Ω. If p ∈ π(Gα) and
p ≥ 5, then Gα contains a Sylow p-subgroup of G.

If moreover some non-trivial p-element fixes four points, then the corresponding
four point stabilizer contains a Sylow p-subgroup of G.

Proof. Let Q ∈Sylp(Gα) and let Q ≤ P ∈Sylp(G). Then Z(P ) centralises Q and
therefore stabilizes the set fixΩ(Q) of size at most 4, by hypothesis. In particular
Z(P ) induces a subgroup of S4 on this set, but it has order divisible by p ≥ 5. This
implies that Z(P ) fixes every element of fixΩ(Q), in particular Z(P ) ≤ Gα. With
the same argument P fixes every fixed point of Z(P ), including α, and therefore
P ≤ Gα.

Now let 1 6= x ∈ P be such that x fixes four points. Let ∆ := fixΩ(x). Then we
argue as above: First Z(P ) centralizes x and hence fixes ∆ point-wise, and then P
also stabilizes ∆ point-wise. �

From this we obtain initial information about F ∗(G):

Corollary 5. Suppose that Hypothesis 1 holds, let α ∈ Ω and let p ∈ π(G). If
P ∈ Sylp(G) and P ≤ Gα, then Op(G) = 1. In particular, if p > 3 and p ∈ π(Gα),
then Op(G) = 1.

Proof. The first statement follows from the fact that G acts faithfully and transi-
tively on Ω. Then the second claim follows form the first, together with Lemma
4. �

Lemma 6. Suppose that Hypothesis 1 holds. Let α ∈ Ω and suppose that H ≤ Gα
is a non-trivial 4-point stabilizer.

(a) H is a TI-subgroup.
(b) If 3 divides π(H), then H contains a Sylow 3-subgroup of G or NG(H) has

a subgroup that induces A4 on fixΩ(H).
(c) If NG(H) is not transitive on fixΩ(H), then NG(H)/H is elementary abelian

of order 4 and NGα
(H)/H of order 2.

(d) If 1 6= X ≤ Gα is a subgroup that fixes exactly one or two points, then
|NG(X) : NGα(X)| ∈ {1, 2}. If X fixes exactly four points, then NG(X) ≤
NG(H) and |NG(H) : NGα(H)| ∈ {2, 4}. In particular, if 3 ∈ π(NG(X))
in this case, then 3 ∈ π(Gα).

Proof. Set ∆ := fixΩ(H) and let g ∈ G. Then H ∩Hg fixes ∆ and ∆g point-wise,
so fixΩ(H ∩ Hg) contains ∆ and ∆g. If H ∩ Hg 6= 1, then Hypothesis 1 forces
|∆ ∪∆g| ≤ 4 and therefore ∆ = ∆g and H = Hg. This is (a).

The hypothesis in (b) implies that some nontrivial 3-element fixes four points,
hence |Ω| ≡ 1 mod 3. Therefore Gα contains a Sylow 3-subgroup of G. Suppose
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that H does not contain a Sylow 3-subgroup of G. Then there exists a 3-element in
Gα that induces a 3-cycle on ∆. Such an element stabilizes the set ∆ and therefore
normalizes H. We conclude that 3 divides |NGα

(H)/H|. If β ∈ ∆ and β 6= α, then
H ≤ Gβ and we can argue in the same way to see that 3 divides |NGβ

(H)/H|. In
particular we find two elements that induce distinct 3-cycles on ∆, hence there is
a subgroup of NG(H) that induces A4 on ∆. Thus (b) holds.

For (c) we suppose that NG(H) is not transitive on ∆, which means that
|NG(H) : NGα(H)| ∈ {1, 2, 3}.

We show that H is a 2-group. As a first step we prove

(∗) For all r ∈ π(G), H does not contain a Sylow r-subgroup of Gα.
Assume otherwise and let r ∈ π(G), R ∈Sylr(Gα) and R ≤ H. Let β ∈ ∆

be such that β 6= α. In particular R ≤ H ≤ Gβ and then R ∈ Sylr(Gβ). As G is
transitive on Ω, there is some g ∈ G such that αg = β, and then R and Rg are Sylow
r-subgroups of Gβ . By Sylow’s Theorem let x ∈ Gβ be such that Rgx = R. Then gx
normalizes R and hence stabilizes the set fixΩ(R) = ∆, in particular gx ∈ NG(H).
As αgx = β, we now have the contradiction that NG(H) acts transitively on ∆.
This proves (∗).
If p ∈ π(H) and p ≥ 5, then Lemma 4 yields that H contains a Sylow p-subgroup
P of G, contrary to (∗).

If 3 ∈ π(H), then we recall that H des not contain a Sylow 3-subgroup of Gα
(by (∗) and therefore a subgroup of NG(H) induces A4 on ∆ by (b). But this
contradicts our hypothesis that NG(H) is not transitive on ∆.

We conclude that H is a 2-group.

Now (∗) implies that H is not a Sylow 2-subgroup of Gα. Let H ≤ S ∈ Syl2(Gα)
and T := NS(H). Then H < T and therefore some t ∈ T induces a transposition
on ∆. It follows for all δ ∈ ∆ that some element of NGδ

(H) induces a transposition
on ∆. Together with the fact that NG(H)/H is isomorphic to a non-transitive
subgroup of S4, by hypothesis, we deduce that (c) holds.

For (d) we let Λ := fixΩ(X). If |Λ| ≤ 2, then the first assertion of (d) holds.
Now suppose that |Λ| = 4 and let M denote the point-wise stabilizer of Λ. As

NG(X) stabilizes Λ, it normalizes M . If 3 is not in π(NG(M)/M)), then (d) follows.
So we suppose that 3 ∈ π(NG(H)/H). Then NG(M) does not induce a 2-group on
Γ and therefore NG(M) is transitive on Γ by (c), which shows the second assertion
of (d).

Now suppose that 3 ∈ π(NG(X)). Then 3 ∈ π(NG(M)) and 3 ∈ π(M) or
3 ∈ π(NG(M)/M)) and NG(M) is transitive on Γ by the last paragraph. This
shows the last assertion of (d).

�

Corollary 7. Suppose that Hypothesis 1 holds. Then |Z(G)| ∈ {1, 2, 4}.

Proof. Let α ∈ Ω. As G acts faithfully on Ω, we know that Z := Z(G) intersects
Gα trivially. Let x ∈ Gα be an element with exactly four fixed points. Then
Z ≤ CG(x) and hence Lemma 6 (d) implies our assertion. �

Lemma 8. Suppose that Hypothesis 1 holds and let α ∈ Ω. Then the following
hold:

(a) If there is a 2-element in Gα that has exactly one or three fixed points on
Ω, then Gα contains a Sylow 2-subgroup of G.

Albanian J. Math. 12 (2018), no. 1, 137-145.

http://albanian-j-math.com/magaard.html


Baumeister, Magaard, Waldecker 141

(b) If there is a 3-element in Gα that has exactly one, two or four fixed points,
then Gα contains a Sylow 3-subgroup of G.

Proof. For (a) we suppose that x ∈ Gα is a 2-element with exactly one or three
fixed points. As x has orbits of 2-power lengths on the set of points that are not
fixed, it follows that Ω is odd. Therefore |G : Gα| is odd and consequently Gα
contains a Sylow 2-subgroup of G.

Next suppose that y ∈ Gα is a 3-element with exactly one, two or four fixed
points on Ω. We note that this implies that |Ω| ≡ 1 or 2 mod 3 and hence Gα
contains a Sylow 3-subgroup of G. This is (b). �

4. Orbit lengths for Sylow subgroups

We prove two basic lemmas that allow us to determine the possible orbit sizes
for Sylow subgroups. After that we analyze the situation for the prime 2 in more
detail.

Lemma 9. Suppose that Hypothesis 1 holds. Let S ∈ Syl2(G) and α ∈ Ω. Then
one of the following holds:

(a) Sα = 1.
(b) |Sα| = 2 and S is dihedral or semidihedral.
(c) 1 6= |Sα| ≤ 8, |αS | ≥ 8 and there exists some subgroup T ≤ Sα of index at

most 2 such that all t ∈ T# fix exactly four points.
Moreover Sα is isomorphic to a subgroup of D8.

(d) |S : Sα| ∈ {2, 4}.
(e) S ≤ Gα.

Proof. We suppose that neither (a) nor (e) holds. Then 1 6= Sα 6= S and therefore
the orbit ∆ := αS is nonregular of length at least 2. If |∆| ≤ 4, then (d) holds
because |∆| = |S : Sα|. So now we suppose that (d) does not hold.

Then |∆| ≥ 8 and we consider (S,∆). If this pair does not satisfy Hypothesis 1,
then it satisfies Hypothesis 1.1 from [6]. Then it follows from Lemma 2.12 in this
article that S is dihedral or semidihedral, which means that (b) holds.

So now we suppose that (S,∆) satisfies Hypothesis 1 and we let t ∈ S# be such
that t fixes exactly four points on ∆. Without loss α ∈ fix∆(t). Next we let T
denote the point-wise stabilizer of fix∆(t) in S. Then T ≤ Sα and, since T fixes
four points, all other orbits of T on ∆ are regular by Hypothesis 1.

We let a ∈ N0 be such that |∆| = 4 · a+ |T |. As |∆| is a power of 2, at least 8,
it follows that |∆| is divisible by 8 and hence a · |T | is divisible by 4, but not by
8. This forces |T | ≤ 4. Moreover T ≤ Sα 6= S and hence T < NS(T ). The factor
group NS(T )/T is isomorphic to a 2-subgroup of S4 (i.e. a subgroup of D8), and
|Sα : T | ≤ 2. In particular |Sα| ≤ 2 · |T | ≤ 8, as in (c), and it only remains to prove
that Sα is isomorphic to a subgroup of D8.

This is clear if |Sα| ≤ 4. Otherwise |Sα| = 8 and |T | = 4. If we recall the
equation |∆| = 4 · a+ |T | from above, then we obtain that a is odd. Let s ∈ Sα \T .
Then s stabilizes at least one of the regular T -orbits on ∆, and on such an orbit
it fixes at most two points. As every element of T# acts as a 4-cycle or a double
transposition on each regular T -orbit, it follows that Sα = 〈s, T 〉 ' D8. �

Lemma 10. Suppose that Hypothesis 1 holds and let P ∈ Syl3(G). Let ∆ be the
union of all P -orbits of Ω of size at most 3. Then one of the following holds:
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(a) All P -orbits are regular and the point stabilizers in G are 3′-groups.
(b) |∆| > 4 and |P | ≤ 9.
(c) |∆| ≤ 4 and P is of maximal class. There exists some nonregular P -orbit

on Ω \∆ and for every such orbit Λ and all λ ∈ Λ it is true that |Pλ| = 3
and that Pλ fixes exactly three points on Λ.

(d) ∆ is the unique P -orbit of length 3 and all orbits of P on Ω\∆ are regular.
(e) 1 ≤ |∆| ≤ 4, there is some δ ∈ ∆ such that P ≤ Gδ, and all P -orbits on

Ω \∆ are regular.

In (c), (d) and (e) we see that P possesses an orbit of length at least 9 and therefore
|P | ≥ 9.

Proof. Suppose that |∆| > 4. As P is a 3-group, all P -orbits contained in ∆ are of
length 1 or 3. If Σ1,Σ2 ⊆ ∆ are distinct P -orbits of length 3, then |Σ1 ∪ Σ2| = 6
and therefore Hypothesis 1 implies that P acts faithfully on Σ1 ∪Σ2. In particular
P is isomorphic to a subgroup of a Sylow 3-subgroup of S6 and hence |P | ≤ 9. This
is (b).

If there is a unique P -orbit Σ1 ⊆ Σ of length 3, then the other P -orbits contained
in ∆ have length one. Consequently the kernel P0 of the action of P on Σ1 fixes ∆
point-wise. As |∆| > 4, it follows from Hypothesis 1 that P acts faithfully on Σ1

and therefore |P | ≤ 3. Again this is included in (b).
Now we suppose that neither (a) nor (b) holds, and from the previous paragraphs

we know that this implies that 0 ≤ |∆| ≤ 4.
Suppose further that P acts semiregularly on Ω \∆. In particular (c) does not

hold. Assume that |∆| = 0, i.e. ∆ = ∅. Then all P -orbits are regular, which
implies (a) and hence a contradiction. So we know that |∆| ≥ 1 and we prove that
(d) or (e) holds:

If P is contained in a point stabilizer, then the size of ∆ can be anything between
1 and 4 because P can fix up to four points or P has one fixed point and one orbit
of length 3. These cases are covered by (e).

Otherwise all P -orbits have length at least 3. Together with our restriction
0 ≤ |∆| ≤ 4 this implies (d).

If none of (a),(b),(d) or (e) holds, then the previous arguments show that 0 ≤
|∆| ≤ 4 and that P has a nonregular orbit on Ω\∆. Let Λ denote such a nonregular
orbit. Then Λ has size at least 9 by definition of ∆.

Let λ ∈ Λ and let n ∈ N be such that |Λ| = 3n. Then n ≥ 2 and by our
main hypothesis Pλ fixes at most four points in total. So it follows that Pλ fixes
exactly three points on Λ and acts semi-regularly on the set of remaining points.
Let m ∈ N be such that |Pλ| = 3m and let a ∈ N be such that |Λ| = 3 + a · |Pλ|.
Then 3n = |Λ| = 3 + a · |Pλ| = 3 + a · 3m, so this forces m = 1. We deduce that
|Pλ| = 3 and now Lemma 6 implies that |NP (Pλ)| ≤ 9.

This means that P has maximal class and that Pλ fixes exactly three points in
Λ, as stated in (c).

Finally we argue why the concluding remark is true. In (c), with the notation
introduced there, we see that |Pλ| = 3 and |Λ| ≥ 3, because Pλ fixes three points
on Λ. This means that |P | = |P : Pλ| · |Pλ| ≥ 3 · 3 = 9.

In (d) the regular orbits of P have size at least 3 because ∆ is the unique orbit
of size 3. As |Ω| > 3, there must be a regular P -orbit and hence |P | ≥ 9 again.

In (e) we see that |∆| ≤ 4 and |Ω| ≥ 6, therefore Ω \∆ 6= ∅ and regular orbits
have size strictly greater than 3. Consequently |P | ≥ 9. �
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Lemma 11. Suppose that Hypothesis 1 holds, let p ∈ π(G) and let P ∈ Sylp(G).
Then the following hold:

(a) If p = 2, then the possible orbit sizes for P on Ω are 1, 2, 4, 8, |P |8 , |P |4 ,
|P |
2 and |P |.

(b) If p = 3, then the possible orbit sizes for P on Ω are 1, 3, |P |3 and |P |.
(c) If p ≥ 5, then the possible orbit sizes for P on Ω are 1 and |P |.

Proof. (a) follows from Lemma 9 by inspecting the cases.
For (b) we look at Lemma 10: In addition to orbits of size |P | and 1 we see in

(d) that orbit size 3 is possible, and the only case where another orbit size occurs
is (c), with orbits of length |P |/3.

Finally, if p ≥ 5, then we turn to Lemma 4. If P does not fix any point, then
the lemma forces the point stabilizer orders to be coprime to p. This means that
all P -orbits are regular. �

We remark that the group M12 in its natural action on 12 points provides an
example for Case (b) where a 3-Sylow subgroup has one orbit of length 3 and an-
other nonregular orbit.

For more details about the 2-structure we set up additional notation.

Hypothesis 2. Suppose that Hypothesis 1 holds and let S ∈ Syl2(G). Let f denote
the maximal number of points of Ω that are fixed by some involution in G, let ∆
denote the union of S-orbits on Ω of length at most 4 and let

F := 〈xg | x, g ∈ G, o(x) = 2, | fixΩ(x)| = f〉.

We note that Hypothesis 2 allows for the special cases that S = 1 or f = 0.

Lemma 12. Suppose that Hypothesis 2 holds and that the point stabilizers in G
have even order. Then one of the following is true:

(a) |∆| ≤ 4, S acts semi-regularly on Ω \∆ and the stabilizer of the set ∆ is
strongly embedded in F .

(b) |∆| > 4 and S acts semi-regularly on Ω \∆. Moreover there exists a subset
∆1 ⊂ of ∆ that is S-invariant and such that 4 < |∆1| ≤ 8.

(c) S does not act semi-regularly on Ω \ ∆ and there exists an S-orbit Λ in
Ω \∆ such that maxs∈S#{|fixΛ(s)|} ∈ {2, 4}.

Proof. Since G acts transitively on Ω and the maximum number of fixed points of an
involution of G is 4, we see that the hypothesis of the main theorem and Proposition
3.1 of [7] are satisfied. Applied to f = 4, this gives exactly the statements in the
three cases; it is worth mentioning that the value of k in Ronse’s proposition 3.1 (ii)
can only be 2 in our situation. �

Keeping the notation from Hypothesis 2 Ronse (see [7], main theorem) proves a
more general result:

Theorem 13. If G has even order and acts transitively on a set Ω such that f ≤ 4,
then one of the following holds:

(a) The set stabilizer of ∆ in F is strongly embedded in F , or
(b) f ≤ 3 and the Sylow 2-subgroups are dihedral or semidihedral, or
(c) f = 4 and the Sylow 2-subgroups of G have sectional rank bounded by 4.
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For later applications we need a version for simple groups.

Theorem 14. Suppose that Hypothesis 2 holds and that G is nonabelian simple.
Then one of the following is true:

(a) The point stabilizers in G have odd order.
(b) G has a strongly embedded subgroup and is therefore isomorphic to PSL2(q),

Sz(q) or PSU3(q) for s suitable power q of the prime 2, where q ≥ 4.
(c) f ≤ 3 and G is isomorphic to A7, to M11 or to PSL2(q) for some prime

power q or to PSL3(q) or PSU3(q) for some odd number q that is a prime
power.

(d) f = 4 and G has sectional 2-rank at most 4.

Proof. Suppose that the point stabilizers have even order. Then Theorem 13 applies
and F = G because G is simple. So in Case (a) of the theorem, we see that G has
a strongly embedded subgroup and Bender’s classification gives our statement in
(b). (See [2].) Case (b) of the theorem leads to dihedral or semidihedral Sylow
2-subgroups and hence to the classification results by [4] and [1], giving our list of
groups in (c). Finally Case (c) in Theorem 13 directly gives our claim (d). �

If the point stabilizers have odd order, then it becomes important whether or
not 3 divides their order. This connection between the primes 2 and 3 will be
discussed in subsequent work. In Case (d) above, the group G is known by work of
Gorenstein and Harada (see [3]).

5. Final comments

As we have discussed in the introduction, analyzing the Sylow structure of groups
satisfying Hypothesis 1 is crucial when it comes to classifying these groups.

Corollary 5 shows where the differences between the primes 2 and 3 an larger
primes come into play, and with its help we can prove the following:

If Hypothesis 1 holds and ω ∈ Ω, then all Sylow subgroups of Gω have rank 1 or

F ∗(G) = O2(G)O3(G)E(G).

This leads to a natural case distinction not only for primes that divide the order of
point stabilizers, but also for the rank of their Sylow subgroups. Following this case
distinction we will classify all finite simple groups (and some extensions) satisfying
Hypothesis 1, and we are also working on general structure results.
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