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Abstract. The cyclic graph of a group G is the graph whose vertices are the
nonidentity elements of G and whose edges connect distinct elements x and y
if and only if the subgroup 〈x, y〉 is cyclic. We obtain information about the

cyclic graph of 2-Frobenius groups. The cyclic graph of a 2-Frobenius group is
disconnected. In this paper, we determine the number of connected components
of the cyclic graph of any 2-Frobenius group.
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1. Introduction

All groups in this paper are finite. Given a nonabelian group G, the commuting
graph of G is the graph whose vertex set is G \Z(G), the set of non-central elements
of G, and there is an edge between distinct vertices x and y when xy = yx. We
denote this graph by Γ(G). A related graph, denoted by ∆(G), takes G# = G \ {1}
as its vertex set, and there is an edge between distinct vertices x and y when 〈x, y〉
is cyclic. We call this graph the cyclic graph of G. The cyclic graph of a group has
also appeared in the literature under the name punctured enhanced power graph.
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The commuting graph has been studied in many papers: more than we want to
cite here. For our purposes, [12] is the most relevant. We believe the cyclic graph
was first studied in [9]. As we have said, it is closely related to the enhanced power
graph which was introduced in [1] and studied in [2] among others. The work in this
paper arose in conjunction with the work done on the cyclic graph in [5] and [6].

Our primary focus is the cyclic graphs of 2-Frobenius groups. A group G is a
2-Frobenius group if it has normal subgroups K and L such that L is a Frobenius
group with Frobenius kernel K and G/K is a Frobenius group with Frobenius kernel
L/K. The best known example of a 2-Frobenius group is S4, and, in Section 5,
we will present a number of other examples of 2-Frobenius groups. When G is a
2-Frobenius group, Z(G) = {1}, and so, ∆(G) is a spanning subgraph of Γ(G).

Parker in [12] shows that Γ(G) is disconnected when G is a Frobenius or a
2-Frobenius group, and so ∆(G) is disconnected. In fact, Parker proves that the only
solvable groups G with trivial center that have Γ(G) disconnected are Frobenius
and 2-Frobenius groups.

We demonstrate easily that the number of connected components for Γ(G) and
∆(G) are the same when G is a Frobenius group. Also, it is not difficult to
compute the number of connected components of Γ(G) when G is a 2-Frobenius
group. However, counting the number of connected components of ∆(G) is more
complicated when G is 2-Frobenius group, and this is the main goal of this paper.

We split this count into three different cases. The first case is when K does not
have prime power order, the second case is when K and G/L are p-groups for some
prime p, and the third case is when K is a p-group for some prime p and G/L is not
a p-group. We will see when K does not have prime power order that the number
of connected components for ∆(G) is the same as for Γ(G), but in the other two
cases, the count for the number of connected components of ∆(G) will differ from
the count for Γ(G).

We first have the formula when K does not have prime power order.

Theorem A. Let G be a 2-Frobenius group with K as in the definition. If |K| is
divisible by at least two distinct primes, then ∆(G) has |K|+1 connected components.

In the remaining two cases, K is a group of prime power order. We see that the
counts in these situations are more complicated. We write mp(G) to denote the
number of subgroups of order p of G. Next, we find the formula for the case that K
and G/L are p-groups for some prime p.

Theorem B. Let G be a 2-Frobenius group, and assume that K and G/L are
p-groups for some prime p, where K and L are as in the definition. Then ∆(G) has
|K|+mp(G) connected components.

Finally, we compute the formula when K is a p-group and G/L is not a p-group
for some prime p.

Theorem C. Let G be a 2-Frobenius group, and let p be a prime. Assume that K
is a p-group for some prime p and that G/L is not a p-group, where K and L are
as in the definition. Then the number of connected components of ∆(G) is

|K|+ |L : K|+m∗p,

where m∗p is the number of subgroups of order p in G that are not centralized by an
element of prime order other than p.
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In the final section, we compute the number of connected components of ∆(G)
for several different 2-Frobenius groups G.

Portions of this paper appear as a part of the first author’s dissertation under
the direction of the second author at Kent State University. Some of this research
was conducted during the summer 2019 REU at Kent State University with the
funding of NSF Grant DMS-1653002. We thank the NSF and Profs. Soprunova and
Chebotar for their support. We also thank Stefano Schmidt, Eyob Tsegaye, and
Gabe Udell for several discussions.

2. Structural properties of 2-Frobenius groups

We start by fixing some notation. Let G be a group, and fix elements x, y ∈ G.
When the subgroup 〈x, y〉 is cyclic, we write x ≈ y. Note that x ≈ y indicates that
either x and y are adjacent in the cyclic graph of G or x = y. Similarly, when
xy = yx, we write x ∼ y, and this indicates either x and y are adjacent in the
commuting graph or x = y.

We shall be using structural properties of Frobenius groups throughout the paper.
Recall that a group G is called a Frobenius group if there exists a nontrivial proper
subgroup H of G such that H ∩Hg = {1} for all g ∈ G \H. If G is a Frobenius
group and H is a subgroup of G as in the definition, then H is called a Frobenius
complement.

If G is a Frobenius group with Frobenius complement H, then the set

K =

G \ ⋃
g∈G

Hg

 ∪ {1}
forms a normal subgroup of G called the Frobenius kernel of G. By a celebrated
theorem of John G. Thompson, the Frobenius kernel of a Frobenius group is
nilpotent.

Let G be a Frobenius group with Frobenius complement H and Frobenius kernel
K. We mention a few basic facts that we will use repeatedly throughout the paper.
For convenience, exact references are provided.

(1) For each k ∈ K#, the inclusion CG(k) ≤ K holds. (See [10], Theorem 6.4.)
(2) For each h ∈ H#, the inclusion CG(h) ≤ H holds. (See [10], Theorem 6.4.)
(3) A Sylow subgroup of H is either cyclic or generalized quaternion. (See [13],

12.6.15.)
(4) If |H| is even, then H has a unique involution, which will necessarily be

central. (See [8], Theorem 10.3.1.)

Also, |H| and |K| are coprime; in fact, |K| ≡ 1 (mod |H|). (See [10], Lemma 6.1.)
In the literature, results concerning the structure of a 2-Frobenius group are often

merely mentioned or used implicitly. As such, we feel that it is appropriate to write
a brief section that gathers up some of these structural properties, along with the
easy proofs. These results are known in the folklore and are not original to us.

When G is a 2-Frobenius group, we use K and L to denote the subgroups that
are defined in the definition. We write H for a Frobenius complement for L, we set
N = NG(H), and we take D to be a subgroup of G such that D/K is a Frobenius
complement for G/K. The subgroup H is a Frobenius complement for the normal
subgroup L, but we now show that H is also a Frobenius kernel of its normalizer.
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Lemma 2.1. If G is a 2-Frobenius group, then N is a Frobenius group with Frobenius
kernel H.

Proof. By the Frattini Argument, G = KN . We have G/K ∼= N as K ∩ N =
NK(H) = {1}, and so N is a Frobenius group. The Frobenius kernel of N has order
|L : K| = |H|. Since H is normal in N , the Frobenius kernel of N must be H by
Theorem 12.6.8 in [13]. �

It follows thatH is simultaneously a Frobenius kernel and a Frobenius complement.
We now show that its structure is quite limited.

Lemma 2.2. If G is a 2-Frobenius group, then H is cyclic of odd order.

Proof. Seeking a contradiction, we assume |H| is even. As H is a Frobenius
complement, it has a unique involution; call it z. Note that o(z) = o(σ(z)) for every
σ ∈ Aut(H). Hence z = σ(z), and so z ∈ FixH#(Aut(H)). In particular, H does
not admit a fixed-point-free automorphism. But H is also a Frobenius kernel. These
conditions are not compatible; thus |H| must be odd.

As H is a Frobenius kernel, H is nilpotent and every Sylow subgroup of H is
normal in H. As H is a Frobenius complement of odd order, the Sylow subgroups
of H are cyclic. Thus H is cyclic. �

We mention that if G is a 2-Frobenius group, then D ∩ H = {1}. To see
this, note that D ∩ H ≤ D ∩ L = K. Since D ∩ H ≤ H as well, we have that
D ∩H ≤ K ∩H = {1}. This fact will be used in the following result.

Lemma 2.3. If G is a 2-Frobenius group, then ND(H) is cyclic.

Proof. Note that G = HD, and so

N = N ∩HD = H(N ∩D) = HND(H)

by Dedekind’s Lemma. As H ∩ND(H) = {1}, the subgroup ND(H) is a Frobe-
nius complement for N . Observe that CD(H) = {1}. Thus ND(H) embeds in
Aut(H). By Lemma 2.2, Aut(H) is abelian. Hence ND(H) is an abelian Frobenius
complement, which yields the conclusion. �

Next, we obtain a factorization of the subgroup D.

Lemma 2.4. If G is a 2-Frobenius group, then D = KND(H).

Proof. Simply observe that

D = D ∩G = D ∩KN = K(D ∩N) = KND(H),

by Dedekind’s Lemma. �

It is now easy to see that D is a Hall subgroup of G.

Lemma 2.5. If G is a 2-Frobenius group, then D is a Hall subgroup of G.

Proof. Notice that |G : D| = |H|. Using Lemma 2.4, |D| = |K||ND(H)|. The result
follows. �
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3. Preliminaries

In this section, we include some specific results concerning the cyclic graph of
a group. We begin with two results that appeared in [5]. The first is a basic fact
about the cyclic graph of a p-group that is used in the proof of Theorem 4.1. The
proof of this lemma is easy and can be found as Lemma 2.3 of [5].

Lemma 3.1. If G is a p-group for some prime p, then ∆(G) has mp(G) connected
components.

If G is a group and x, y ∈ G#, then a sufficient condition for x and y to be
adajcent in ∆(G) is that x and y have coprime orders and commute. The following
lemma is a consequence of this fact. Again, the proof of this lemma is easy and can
be found as Corollary 4.2 in [5].

Lemma 3.2. If G is a nilpotent group such that |G| is divisible by at least two
distinct primes, then ∆(G) is connected.

The following technical lemma will be used in the proof of Theorem 4.2.

Lemma 3.3. Let G be a group, and let a ∈ G with o(a) = p, where p is a prime.
Let Ξ be the connected component of ∆(G) that contains a. If CG(a) is a p-group,
then a ≈ b for each b ∈ Ξ\{a}. In particular, the only elements of order p connected
to a belong to the set 〈a〉 \ {1}.

Proof. Suppose that the result is false. Thus, there exist elements in Ξ that are
not adjacent to a. In particular, there must exist a vertex c ∈ Ξ with d(a, c) = 2.
Let a ≈ b ≈ c be a path of length 2. Since b ∈ CG(a), we see that b is a p-element.
Hence |〈bt〉| = p for some integer t. The subgroup 〈a, b〉 is cyclic and, therefore, has
a unique subgroup of order p, forcing 〈a〉 = 〈bt〉. Now, a is a power of b, and so

〈a, c〉 ≤ 〈b, c〉,
which yields that a ≈ c, a contradiction.

Finally, let b ∈ Ξ with o(b) = p. Then b ≈ a, and so 〈a, b〉 has a unique subgroup
of order p. Hence 〈a〉 = 〈b〉, and it follows that b ∈ 〈a〉 \ {1}. �

We now record a basic fact about Frobenius groups, which is a consequence of
Theorem 4.1.8 in [11]. We will use this fact in Theorem 4.2.

Lemma 3.4. Let G be a Frobenius group with Frobenius kernel K and Frobenius
complement H. If U ≤ G with U ∩K = {1}, then U ≤ Hg for some g ∈ G.

At this point, we are able to count the number of connected components of ∆(G)
for a Frobenius group G.

Theorem 3.5. Let G be a Frobenius group with Frobenius kernel K. If K is a
p-group for some prime p, then ∆(G) has |K|+mp(K) connected components. If K
is not a group of prime power order, then ∆(G) has |K|+ 1 connected components.

Proof. Let H be a Frobenius complement of G. We shall show that ∆(H) is
connected; in fact, we shall show that the diameter of ∆(H) is at most 2. Of course,
since H is an arbitrary Frobenius complement, it will follow that ∆(Hg) is connected
for each conjugate Hg (g ∈ G).

If |H| is even, then H has a unique involution, say t, which will necessarily be
central. So, if h ∈ H# is a 2′-element, then h ≈ t since h and t are commuting
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elements of coprime orders. On the other hand, if h ∈ H# has order divisible by 2,
then t is a power of h; so, again, h ≈ t.

If |H| is odd, then H has a unique subgroup of order q for every prime divisor
q of |H| ([10], Theorem 6.19). Let p be the smallest prime divisor of |H| and
let 〈z〉 be the unique subgroup of order p. By the N/C-Theorem ([13], Theorem
3.2.3), the section H/CH(〈z〉) embeds in Aut(〈z〉). So, arithmetical considerations
force 〈z〉 ≤ Z(H). Now, if h ∈ H# is a p′-element, then h ≈ z since h and z are
commuting elements of coprime orders. If h ∈ H# has order divisible by p, then z
is a power of h; hence h ≈ z.

The preceding paragraphs show that the cyclic graph of a Frobenius complement
is connected. Now, if x ∈ G# is adjacent to an element of a Frobenius complement,
say x ≈ y ∈ Hg, then x ∈ CG(y) ≤ Hg. In particular, each conjugate of H#

constitutes a connected component of ∆(G), and there are |K| such conjugates.
Since

K# = G \
⋃
g∈G

Hg,

the conclusion follows from the nilpotency of K, Lemma 3.1, and Lemma 3.2. �

We next present a few basic facts about 2-Frobenius groups. We first show that
the elements adjacent in ∆(G) to elements in D \K must lie in D.

Lemma 3.6. If G is a 2-Frobenius group and g ∈ G# with g ≈ d for some d ∈ D\K,
then g ∈ D.

Proof. Since Kd ∈ (D/K)#, Kg ∈ CG/K(Kd) ≤ D/K. Hence g ∈ D. �

Recall that H is a Frobenius complement of L. Similar to the Frobenius group
case, we see that the elements in H# make up a connected component of ∆(G)
when G is a 2-Frobenius group.

Lemma 3.7. If G is a 2-Frobenius group, then H# is a connected component of
∆(G).

Proof. The cyclic graph of a Frobenius complement is connected. (See the proof of
Theorem 3.5.) Let h ∈ H#, and suppose that g ∈ G# with g ≈ h. Write g = ak,
where a ∈ N , k ∈ K. Observe that h ∈ H ∩Hak = H ∩Hk since h = hg = hak.
Now H = Hk, and so k ∈ K ∩H = {1}. Hence g = a ∈ CN (h) ≤ H. �

We now show that an element of prime order in a 2-Frobenius group G that does
not lie in any conjugate of H must centralize a nontrivial element of K.

Lemma 3.8. Let G be a 2-Frobenius group, and let x ∈ G \
⋃
g∈GH

g. If o(x) = p,

a prime, then CK(x) 6= {1}.

Proof. Conjugation by x induces an automorphism of L. If CL(x) = {1}, then L
admits a fixed-point-free automorphism of prime order and is therefore nilpotent by
Theorem 10.2.1 in [8], a contradiction. Hence CL(x) 6= {1}. By Lemma 3.7, x must
centralize an element in the set L \

⋃
g∈LH

g = K#. �

Let G be a 2-Frobenius group. At this juncture, we are able to obtain a count on
the number of connected components of Γ(G). As mentioned, Lemma 3.7 actually
shows that each (Hg)# (g ∈ G) constitutes a connected component of Γ(G), and
there are |K| such conjugates.
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As the subgroup K is nilpotent, Z(K) 6= {1}. Fix z ∈ Z(K)#. Now, let
g ∈ G \

⋃
a∈GH

a be arbitrary. For some natural number t, the element x = gt has
prime order. (Of course, x will lie outside

⋃
a∈GH

a, too.) Hence CK(x) 6= {1}.
Let 1 6= k ∈ CK(x), and observe that g ∼ x ∼ k ∼ z. It follows immediately that
G \

⋃
a∈GH

a is a connected component of Γ(G). Hence, if G is a 2-Frobenius group,
then Γ(G) has |K|+ 1 connected components.

4. Main Results

We now present our main results. If G is a 2-Frobenius group and the subgroup K
is not a group of prime power order, then a “nice” count on the number of connected
components of ∆(G) is available; in fact, under this assumption, ∆(G) will have
the same number of connected components as Γ(G). We now prove Theorem A.

Proof of Theorem A. By Lemma 3.7, the set
(⋃

g∈GH
g
)#

is partitioned into |K|
connected components of ∆(G).

Let d ∈ G \
(⋃

g∈GH
g
)

. Our task is to show that there exists a path from d

into K#. Raise d to an appropriate power to obtain an element x of prime order
p. If x ∈ K, then d ≈ x is a path from d into K#. So, assume that x /∈ K. Let
Q ∈ Sylq(K), where q 6= p, and let K0 be the normal q-complement of K. Write

G = G/K0, and note that G is a 2-Frobenius group. By Lemma 3.8, x centralizes

an element y ∈
(
K
)#

. Hence [x, y] ∈ K0. The coset representative y can be chosen
to belong to Q. Note that [x, y] ∈ Q as Q E G. Hence [x, y] ∈ Q ∩ K0 = {1}.
Because x and y commute and have coprime orders, x ≈ y. Now, d ≈ x ≈ y. As

|K| is divisible by at least two distinct primes, the set G \
(⋃

g∈H H
g
)

constitutes

a connected component of ∆(G). �

We next consider the case where D is a p-group for some prime p. Notice that D
is a p-group for some prime p if and only if K and G/L are p-groups. Thus, this
next theorem is Theorem B.

Theorem 4.1. If G is a 2-Frobenius group and D is a p-group for some prime p,
then ∆(G) has |K|+mp(G) connected components.

Proof. First, note that the set
(⋃

g∈GH
g
)#

is partitioned into |K| connected

components of ∆(G) by Lemma 3.7. Next, we claim that

G \
⋃
g∈G

Hg =

⋃
g∈G

Dg

#

Let x ∈ G\
⋃
g∈GH

g. If x ∈ L#, then, in fact, x ∈ K# since L is Frobenius group and

x lies outside all of the Frobenius complements of L. Hence x ∈ K# ⊆
(⋃

g∈GD
g
)#

.

If x 6∈ L, then Kx lies outside the Frobenius kernel of G/K. Thus, for some y ∈ G,

we have Kx ∈ (D/K)Ky = Dy/K. Consequently, x ∈ (Dy)# ⊆
(⋃

g∈GD
g
)#

. All
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cases have been exhausted, and so we have shown that

G \
⋃
g∈G

Hg ⊆

⋃
g∈G

Dg

#

To prove the reverse inclusion, suppose now that x ∈
(⋃

g∈GD
g
)#

. Then x ∈ Da

for some a ∈ G. If x ∈
⋃
g∈GH

g, then x ∈ Hb for some b ∈ G. We showed previously

that D ∩H = {1}, and that same argument shows that Da ∩Hb = {1}. But now
x = 1, a contradiction. Thus x 6∈

⋃
g∈GH

g, and we have that⋃
g∈G

Dg

#

⊆ G \
⋃
g∈G

Hg.

Combining our results, the equality holds.
The hypothesis and Lemma 2.5 yield that D ∈ Sylp(G). Hence, every subgroup

of order p in G is contained in some conjugate of D. Lemma 3.6 ensures that no

point in the set
(
G \

(⋃
g∈GD

g
))#

is adjacent to a point in any conjugate of D.

So, we are left to show that if 〈x〉 and 〈y〉 are distinct subgroups of G of order p,
then x and y belong to distinct connected components of ∆(G). For a contradiction,
suppose that x and y lie in the same connected component of ∆(G), say Ξ. Since
Ξ ⊆

⋃
g∈GD

g, every element of Ξ is a p-element. Now, write d(x, y) = n, and note
that n > 1. Let

x ≈ x1 ≈ x2 ≈ · · · ≈ xn−1 ≈ y
be a path of length n. The subgroup 〈x, x1〉 has a unique subgroup of order p. Since
x1 is a p-element, o(xt1) = p for some positive integer t. Thus, 〈x〉 = 〈xt1〉. Similarly,
the subgroup 〈x1, x2〉 has a unique subgroup of order p. As x2 is a p-element,
o(xs2) = p for some positive integer s. Hence 〈xt1〉 = 〈xs2〉. But now 〈x〉 = 〈xs2〉,
and so x = xu2 for some positive integer u. It follows that x ≈ x2, which implies
d(x, y) ≤ n− 1, a contradiction. �

Finally, we have the case that K is a p-group and D is not a p-group for some
prime p. Since this is equivalent to K being a p-group and G/L not being a p-group,
this next theorem is Theorem C.

Theorem 4.2. Let G be a 2-Frobenius group, and let p be a prime. Assume that K
is a p-group and that D is not a p-group. Then, the number of connected components
of ∆(G) is

|K|+ |H|+m∗p,

where m∗p is the number of subgroups of order p in G that are not centralized by an
element of prime order other than p.

Proof. As usual, the set
(⋃

g∈GH
g
)#

is partitioned into |K| connected components

of ∆(G). (See Lemma 3.7.)
We claim that every nonidentity element in

⋃
g∈GD

g is connected to an element

of order p in G. Let 1 6= d ∈
⋃
g∈GD

g. For some positive integer t, the element dt

has prime order. If o(dt) = p, then d ≈ dt, and we are done. Assume that o(dt) is
a prime different from p. Conjugation by dt induces an automorphism of L. By
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Lemma 3.8, CK(dt) 6= {1}. Let k ∈ CK(dt) be an element of order p. Since dt and
k are commuting elements with coprimes orders, dt ≈ k. Hence d ≈ dt ≈ k. The
claim has been established.

Let a ∈ G be an element of order p. Notice that CG(a) ∩ L = CL(a) ≤ K,
and so CG(a)K ∩ L = KCL(a) = K. In particular, CG(a)K/K intersects L/K
trivially. By Lemma 3.4, CG(a)K/K is contained in some conjugate of D/K, and,
consequently, CG(a) is contained in some conjugate of D.

Suppose that 〈a〉 is a subgroup of G with |〈a〉| = p and that 〈a〉 is not centralized
by an element of prime order other than p. Hence CG(〈a〉) = CG(a) is a p-group.
Lemma 3.3 yields that the only elements of order p adjacent to a belong to the set
〈a〉 \ {1}. We therefore count m∗p connected components of this type.

Next, let π = π(ND(H))\{p}. Because ND(H) is cyclic, ND(H) has a subgroup
Q with |Q| = |ND(H)|π, the π-part of |ND(H)|. Note that |D|π = |ND(H)|π, and
so Q is a Hall π-subgroup of D. The solvability of D ensures that QD is the set
of all Hall π-subgroups of D. Hence, every p-regular element of D belongs to a
conjugate of Q.

Let D = {x ∈ D | o(x) ∈ π}, and let E be the set of all elements of order p that
belong to CG(d) for some d ∈ D. We shall show that all of the elements in D ∪E
lie in a single connected component of ∆(G).

Fix x ∈ D with o(x) = q ∈ π. Since x is a p-regular element of D, the element x
lies in some D-conjugate of Q. Consequently, x lies in some D-conjugate of ND(H),
and so x normalizes Hd for some d ∈ D. The subgroup K is nilpotent, and so
Z(K) 6= {1}. As Z(K) char K E G, the subgroup Z(K) is normal in G. Hence
Z(K)Hd〈x〉 forms a subgroup of G and is, in fact, a 2-Frobenius group. Applying
Lemma 3.8, CZ(K)(x) 6= {1}.

Let y ∈ D with o(y) = q. As G/L ∼= ND(H), the factor group G/L is cyclic.
In particular, G/L has a unique subgroup of order q. It follows that L〈x〉 = L〈y〉.
Now, using Dedekind’s Lemma, observe that

K〈x〉 = (D ∩ L)〈x〉 = D ∩ L〈x〉 = D ∩ L〈y〉 = (D ∩ L)〈y〉 = K〈y〉.
Notice that {1} < CZ(K)(x) ≤ Z(K〈x〉) ∩K. The elements x and y are therefore

adjacent to every element in the set (Z(K〈x〉) ∩K)#. Of course, x is adjacent to
every element in CK(x)# and y is adjacent to every element in CK(y)#. We point
out also that this argument shows that if d ∈ D, then d connects to every element
in dD.

Now, let v ∈ D with o(v) = r ∈ π \ {q}. Some D-conjugate of v lies in Q, say vd,
where d ∈ D. Now,

v ≈ · · · ≈ vd ≈ x,
as Q is cyclic. It follows that the set D ∪E is contained in a single connected
component.

Let D and Dg, (g ∈ G), be distinct conjugates. Pick d1 ∈ D \K and d2 ∈ Dg \K.
The factor group G/K is a Frobenius group and the subgroup K〈d1, d2〉 cannot be
contained in a conjugate of D/K. Hence K〈d1, d2〉 ∩ L/K is nontrivial. Working
back in G, it follows that K〈d1, d2〉 ∩ L > K. Now, the subgroup 〈d1, d2〉 must
contain a nontrivial element from a conjugate of H, say h. So

CK(d1) ∩CK(d2) ≤ CK(h) = {1}.
We conclude that any element of order p in K cannot be adjacent to elements in
D \K and Dg \K for distinct conjugates D and Dg.
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In light of the previous paragraph, if g ∈ G \D, the sets D ∪E and (D ∪E)g

lie in distinct connected components of ∆(G). There are |DG| = |H| connected
components of this type. All elements in G have been accounted for, and thus there
are |K|+ |H|+m∗p connected components of ∆(G).

�

5. Examples

In this section, we present some examples. The notation from the previous
sections remains in effect. We shall use Zn to denote the cyclic group of order n.
For most of these examples, the computations were done using the computer algebra
system Magma. (See [4] for information about Magma.)

(1) For this first example, we present a 2-Frobenius group where the subgroup D is a
group of prime power order. This gives an illustration of computing the formula
in Theorem B. Take G = S4. Notice that D is a 2-group, and so by Theorem B,
the number of connected components in ∆(G) is |K|+m2(G). Observe that
|K| = 4 and m2(G) = 9. Hence, the number of connected components in ∆(G)
is 4 + 9 = 13.

(2) Next, we present an example where K is a p-group and D/K has order q 6= p
and m∗p is not 0. This illustrates one of the possibilities for the formula in
Theorem C. Consider the 2-Frobenius group G = ((Z5 × Z5) o Z3)× Z2. This
group satisfies the hypotheses of Theorem C, and using Theorem C, we see that
the number of connected components of Γ(G) is |K| + |H| + m∗5. Note that
|K| = 25 and |H| = 3. Using Magma, we find m∗5 = 3. We compute that the
number of connected components of ∆(G) is 25 + 3 + 3 = 31. In Magma, the
group G is PrimitiveGroup(25,3) from the Primitive groups database. (See
[7] for information regarding the Primitive groups database.)

(3) We now consider an example where K is not a group of prime power order.
This demonstrates the formula in Theorem A. Let G be the 2-Frobenius group

(((Z2 × Z2)× (Z5 × Z5)) o Z3) o Z2.

By Theorem A, the number of connected components of ∆(G) is |K| + 1 =
100 + 1 = 101. In Magma, this group G can be found as SmallGroup(600,179)
from the Small groups database. (A nice article about the small groups database
is [3].)

(4) We present another example where K is a p-group and D/K has order q 6= p
for a prime q, and in this case, however, m∗p = 0. This gives a second example
of a group meeting the hypotheses of Theorem C. The purpose of this example
is to show that m∗p = 0 can occur. Take

G = ((Z2 × Z2 × Z2) o Z7) o Z3.

Then G satisfies the hypotheses of Theorem C. Hence, the number of connected
components of Γ(G) is |K|+ |H|+m∗2. Note that |K| = 8 and |H| = 7. Using
Magma, we compute that m∗2 = 0. Thus, the number of connected components
of ∆(G) is 8 + 7 + 0 = 15. In Magma, G is PrimitiveGroup(8,2).

(5) We now present a situation where K is a p-group, D is not a p-group, but p
divides |D : K|. Take

G = ((Z10
2 ) o Z11) o Z10,
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which is PrimitiveGroup(1024,8) in Magma. This provides an example where
G satisfies the hypotheses of Theorem C and |K| and |G : L| are not coprime.
Hence, the number of connected components of Γ(G) is |K|+ |H|+m∗2. Observe
that |K| = 210 = 1024 and |H| = 11. Using Magma, we compute that
m∗2 = 990. We deduce that the number of connected components of ∆(G) is
1024 + 11 + 990 = 2025.

(6) We conclude with one more example of what can happen in Theorem C. In this
example, the subgroup K is a 2-group and D/K is a 2′-group so that |D : K|
is not a prime. Take G = ((Z15

2 ) o Z151) o Z15. The group G is too large to
appear in Magma’s databases, and so we will do the computations explicitly.
Observe that we can think of G as the additive group of a field of order 215

being acted on by the subgroup of order 151 in the multiplicative group and
then all of this being acted on by the Galois group of the field which has order
15. It is easy to see that |K| = 215 = 32768 and |H| = 151.

We need to compute m∗2. Suppose that x ∈ G has order 15. It is not difficult
to see that |CK(x)| = 2 and so NG(〈x〉) = CG(x) = Z2 × Z15. Next, suppose
that x ∈ G has order 3, then |CK(x)| = 25 = 32 and so

NG(〈x〉) = CG(x) = (Z5
2 × Z3) o Z5.

Similarly, if x ∈ G has order 5, then |CK(x)| = 23 = 8 and NG(〈x〉) = CG(x) =
(Z3

2 × Z5) o Z3. On the other hand, if x ∈ G has order 2, then CG(x) is one of
the following: K, K o Z3, K o Z5, or K o Z15.

We see that G has 151 · 214 subgroups of order 15. Each subgroup of order
15 centralizes one element of order 2. On the other hand, each element x of
order 2 that is fixed by an element of order 15 will be fixed by all the of the
subgroups of order 15 in CG(x), and we see that there are 214 such subgroups.
Hence, there are 151 elements of order 2 in G that are fixed by an element of
order 15.

Observe that G has 151 · 210 subgroups of order 3. Each subgroup C of order
3 centralizes 31 elements of order 2. On the other hand, each element x of order
2 that is fixed by C will be fixed by all of the subgroups of order 3 in CG(x),
and we see that there are 210 such subgroups. Notice that a Sylow 5-subgroup
of NG(C) will centralize one of the elements of order 2 in K, and the Sylow
2-subgroup of Z(CG(C)) will be generated by this element. Hence, it will be
the only element in CK(C) that is fixed by an element of order 15. It follows
that C centralizes 30 elements of order 2 that are not centralized by an element
of order 15, and so G has 151 · 30 elements of order 2 that are centralized by an
element of order 3 and not an element of order 15.

We now do a similar computation to compute the number of elements of
order 2 that are fixed by a subgroup of order 5 and not a subgroup of order 15.
Observe that G has 151 · 212 subgroups of order 5. Each subgroup C of order 5
centralizes 7 elements of order 2. On the other hand, each element x of order
2 that is fixed by C will be fixed by all of the subgroups of order 5 in CG(x),
and we see that there are 212 such subgroups. Notice that a Sylow 5-subgroup
of NG(C) will centralize one of the elements of order 2 in K, and the Sylow
2-subgroup of Z(CG(C)) will be generated by this element. Hence, it will be
the only element in CK(C) that is fixed by an element of order 15. It follows
that C centralizes 6 elements of order 2 that are not centralized by an element
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of order 15, and so, G has 151 · 6 elements of order 2 that are centralized by an
element of order 5 and not an element of order 15.

The number of elements of order 2 in G that are fixed by an element of prime
order other than 2 is 151 + 151 · 30 + 151 · 6 = 151 · 37. On the other hand, G
contains 215 − 1 = 217 · 151 elements of order 2. This implies that

m∗2 = 217 · 151− 37 · 151 = 180 · 151 = 27180.

Hence ∆(G) has 32768 + 151 + 27180 = 59919 connected components.
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