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Abstract. In previous work we determined automorphism groups of cyclic

algebraic curves defined over fields of any odd characteristic. In this paper we
determine parametric equations of families of curves for each automorphism

group for such curves.

1. Introduction

Let Xg be an algebraic curve of genus g ≥ 2 defined over a algebraically closed
field of characteristic p 6= 2. If an automorphism group of a algebraic curve has nor-
mal cyclic subgroup such that the quotient space has genus zero, then such a curve
is called a cyclic curve. We have studied automorphism groups of cyclic curves
in [29], where we have listed all automorphism groups as well as ramification sig-
natures of corresponding covers. In this paper we give a corresponding parametric
equation for each family in [29].

In the second section we briefly introduce basic facts on cyclic curves and their
automorphism. Let G = Aut(Xg) automorphism group of given cyclic curve Xg,
the reduced automorphism group is Ḡ := Aut(Xg)/〈w〉, where Cn = 〈w〉 such that
g(XCn) = 0. This group Ḡ is embedded in PGL2(k) and therefore is isomorphic to
one of Cm, Dm, A4, S4, A5, a semi direct product of elementary Abelian group with
cyclic group, PSL(2, q), or PGL(2, q). Then, Ḡ acts on a genus 0 field k(x). We
determine a rational function φ(x) that generates the fixed field k(x)Ḡ in all cases
cf. Lemma 1.

In section three, we determine the ramification signature σ of the cover Φ(x) :
Xg → P1 with monodromy group G := Aut(Xg). Moduli spaces of covers Φ are
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Hurwitz spaces, which we denoted by Hσ. There is a map Φσ : Hσ →Mg, where
Mg is the moduli space of genus g algebraic curves. The image of this map is
a subvariety of Mg, which we denoted by H(G, σ). The dimension of H(G, σ) is
determined. Hence, we have

Xg
Cn−→ P1 Ḡ−→ P1

We list all possible automorphism groups, their signatures, and dimension of the
loci H(G, σ).

In the last section, we determine the equations of families of curves for a given
group. Using the rational function φ(x) we are able to determine parametric equa-
tion of each family H(G, σ). Since we know φ(x), we can find the branch points
and then determine the equation of the curve from these branch points. We list
corresponding equations of families of curves which we have listed in section three.

Throughout this paper we let g ≥ 2 be a fixed integer, X a genus g cyclic curve,
G = Aut(X ) and Cn / G such that g(XCn) = 0.

2. Preliminaries

Let Xg be genus g ≥ 2 cyclic curve defined over an algebraically closed field
k of characteristic p 6= 2. We take the equation of Xg to be yn = F (x), where
deg(F ) = 2g + 2. Let K := k(x, y) be the function field of Xg. Then K is a degree
n extension field of k(x) ramified exactly at d = 2g + 2 places α1, ..., αd of k(x).

Let G = Aut(K/k). Since k(x) is the only genus 0 subfield of degree n of K, then
G fixes k(x). Thus Gal(K/k(x)) = 〈w〉, with wn = 1. Then the group Ḡ := G/ 〈w〉
is called reduced automorphism group. By the theorem of Dickson, Ḡ is isomorphic
to one of the following: Cm, Dm, A4, S4, A5, PSL(2, q) and PGL(2, q), or a semi
direct product of elementary Abelian group with cyclic group, defined as

Km := 〈{σa, t|a ∈ Um}〉 , where Um := {a ∈ k|(a

pt−1
m −1∏
j=0

(am − bj)) = 0}

and t(x) = ξ2x, σa(x) = x+ a, for each a ∈ U , bj ∈ k∗ and ξ is a primitive 2m-th
root of unity; see [10]. Um is a subgroup of the additive group of k.

The group Ḡ acts on k(x) via the natural way. The fixed field is a genus 0 field,
say k(z). Thus z is a degree |Ḡ| rational function in x, say z = φ(x). The following
lemma determines rational functions for all Ḡ; see [29].

Let φ0 : Xg → P1 and φ : P1 → P1 be covers which correspond to the extensions
K/k(x) and k(x)/k respectively. Then, ψ := φ ◦ φ0 has monodromy group G :=
Aut(Xg). By basic covering theory, the group G is embedded in the group Sl,
where l = deg(ψ). There is an r-tuple σ := (σ1, ..., σr), where σi ∈ Sl such that
σ1, ..., σr generate G and σ1...σr = 1. The signature of Φ is an r-tuple of conjugacy
classes C := (C1, ..., Cr) in Sl such that Ci is the conjugacy class of σi. We can
find the signature of ψ0 : Xg → P1 by using the signature of φ : P1 → P1 and
Riemann-Hurwitz formula.

Moduli spaces of covers ψ are Hurwitz space, which we denoted by Hσ. There is
a map Φσ : Hσ →Mg, where Mg is the moduli space of genus g algebraic curves.
The image of this map is a subvariety ofMg, which we denoted by H(G, σ). Using
the signature of ψ and Riemann-Hurwitz formula, one can find out dimension of
H(G, σ), which we denoted by δ.
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We summarize all in the following Lemma:

Lemma 1. Let k be an algebraically closed field of characteristic p, Ht a subgroup
of the additive group of k with |Ht| = pt and bj ∈ k∗, and Ḡ be a finite subgroup of
PGL2(k) acting on the field k(x). Then, Ḡ is isomorphic to one of the following
groups Cm, Dm, A4, S4, A5, U = Ctp, Km, PSL2(q) and PGL2(q), where q = pf

and (m, p) = 1. Moreover, the fixed subfield k(x)Ḡ = k(z) is given by Table 1,
where α = q(q−1)

2 , β = q+1
2 .

Case Ḡ z Ramification

1 Cm, (m, p) = 1 xm (m,m)

2 D2m, (m, p) = 1 xm + 1
xm (2, 2,m)

3 A4, p 6= 2, 3 x12−33x8−33x4+1
x2(x4−1)2 (2, 3, 3)

4 S4, p 6= 2, 3 (x8+14x4+1)3

108(x(x4−1))4 (2, 3, 4)

5 A5, p 6= 2, 3, 5 (−x20+228x15−494x10−228x5−1)3

(x(x10+11x5−1))5 (2, 3, 5)

A5, p = 3 (x10−1)6

(x(x10+2ix5+1))5 (6, 5)

6 U
∏
a∈Ht

(x+ a) (pt)

7 Km (x

pt−1
m −1∏
j=0

(xm − bj))m (mpt,m)

8 PSL(2, q), p 6= 2 ((xq−x)q−1+1)
q+1
2

(xq−x)
q(q−1)

2
(α, β)

9 PGL(2, q) ((xq−x)q−1+1)q+1

(xq−x)q(q−1) (2α, 2β)

Table 1. Rational functions correspond to each Ḡ

3. Automorphism groups and their signatures of cyclic curves

As above Ḡ := G/G0, where G0 := Gal(k(x, y)/k(x)). The following theorem
determines ramification signatures and dimensions of δ of H(G, σ) for all Ḡ when
p > 5; see [29] for details.

Theorem 3.1. The signature of cover Φ(x) : X → XG and dimension δ is given
in Table 2. In Table 2, m = |PSL2(q)| for cases 38-41 and m = |PGL2(q)| for
cases 42-45.
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# Ḡ δ(G,C) δ, n, g C = (C1, ..., Cr)

1 (p,m) = 1
2(g+n−1)
m(n−1) − 1 n < g + 1 (m,m, n, ..., n)

2 Cm
2g+n−1
m(n−1) − 1 (m,mn, n, ..., n)

3 2g
m(n−1) − 1 n < g (mn,mn, n, ..., n)

4 (p,m) = 1 g+n−1
m(n−1) (2, 2,m, n, ..., n)

5 2g+m+2n−nm−2
2m(n−1) (2n, 2,m, n, ..., n)

6 D2m
g

m(n−1) (2, 2,mn, n, ..., n)

7 g+m+n−mn−1
m(n−1) n < g + 1 (2n, 2n,m, n, ..., n)

8 2g+m−mn
2m(n−1) g 6= 2 (2n, 2,mn, n, ..., n)

9 g+m−mn
m(n−1) n < g (2n, 2n,mn, n, ..., n)

10 n+g−1
6(n−1) (2, 3, 3, n, ..., n)

11 A4
g−n+1
6(n−1) (2, 3n, 3, n, ..., n)

12 g−3n+3
6(n−1) (2, 3n, 3n, n, ..., n)

13 g−2n+2
6(n−1) δ 6= 0 (2n, 3, 3, n, ..., n)

14 g−4n+4
6(n−1) (2n, 3n, 3, n, ..., n)

15 g−6n+6
6(n−1) δ 6= 0 (2n, 3n, 3n, n, ..., n)

16 g+n−1
12(n−1) (2, 3, 4, n, ..., n)

17 g−3n+3
12(n−1) (2, 3n, 4, n, ..., n)

18 g−2n+2
12(n−1) (2, 3, 4n, n, ..., n)

19 g−6n+6
12(n−1) (2, 3n, 4n, n, ..., n)

20 S4
g−5n+5
12(n−1) (2n, 3, 4, n, ..., n)

21 g−9n+9
12(n−1) (2n, 3n, 4, n, ..., n)

22 g−8n+8
12(n−1) (2n, 3, 4n, n, ..., n)

23 g−12n+12
12(n−1) (2n, 3n, 4n, n, ..., n)

24 g+n−1
30(n−1) (2, 3, 5, n, ..., n)

25 g−5n+5
30(n−1) (2, 3, 5n, n, ..., n)

26 g−15n+15
30(n−1) (2, 3n, 5n, n, ..., n)

27 g−9n+9
30(n−1) (2, 3n, 5, n, ..., n)

28 A5
g−14n+14
30(n−1) (2n, 3, 5, n, ..., n)

29 g−20n+20
30(n−1) (2n, 3, 5n, n, ..., n)

30 g−24n+24
30(n−1) (2n, 3n, 5, n, ..., n)

31 g−30n+30
30(n−1) (2n, 3n, 5n, n, ..., n)

32 2g+2n−2
pt(n−1)

− 2 (pt, n, ..., n)

33 U 2g+npt−pt
pt(n−1)

− 2 (n, p) = 1, n|pt − 1 (npt, n, ..., n)

34
2(g+n−1)
mpt(n−1)

− 1 (m, p) = 1,m|pt − 1 (mpt,m, n, ..., n)

35 2g+2n+pt−npt−2
mpt(n−1)

− 1 (m, p) = 1,m|pt − 1 (mpt, nm, n, ..., n)

36 Km
2g+npt−pt
mpt(n−1)

− 1 (nm, p) = 1, nm|pt − 1 (nmpt,m, n, ..., n)

37 2g
mpt(n−1)

− 1 (nm, p) = 1, nm|pt − 1 (nmpt, nm, n, ..., n)

38
2(g+n−1)
m(n−1) − 1

(
q−1
2 , p

)
= 1 (α, β, n, ..., n)

39 PSL2(q)
2g+q(q−1)−n(q+1)(q−2)−2

m(n−1) − 1
(
q−1
2 , p

)
= 1 (α, nβ, n, ..., n)

40
2g+nq(q−1)+q−q2

m(n−1) − 1
(
n(q−1)

2 , p
)

= 1 (nα, β, n, ..., n)

41 2g
m(n−1) − 1

(
n(q−1)

2 , p
)

= 1 (nα, nβ, n, ..., n)

42
2(g+n−1)
m(n−1) − 1 (q − 1, p) = 1 (2α, 2β, n, ..., n)

43 PGL2(q)
2g+q(q−1)−n(q+1)(q−2)−2

m(n−1) − 1 (q − 1, p) = 1 (2α, 2nβ, n, ..., n)

44
2g+nq(q−1)+q−q2

m(n−1) − 1 (n(p− 1), p) = 1 (2nα, 2β, n, ..., n)

45 2g
m(n−1) − 1 (n(q − 1), p) = 1 (2nα, 2nβ, n, ..., n)

Table 2. The signature of curves and dimensions δ for char > 5
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Remark 1. The above theorem gives signatures and dimensions for p > 5. We
know that Ḡ ∼= Cm, Dm, A4, S4, U,Km, PSL(2, q), PGL(2, q) when p = 5 and Ḡ ∼=
Cm, Dm, A5, U,Km, PSL(2, q), PGL(2, q) when p = 3; see [10]. All cases except
Ḡ ∼= A5 have ramification as p > 5. Hence signatures and dimensions are the
same as p > 5. However, Ḡ ∼= A5 has different ramification. Hence, that case has
signatures and dimensions as in Table 3.

Case Ḡ δ(G,C) C = (C1, ..., Cr)
a g+n−1

30(n−1) − 1 (6, 5, n, ..., n)
b g+5n−5

30(n−1) − 1 (6, 5n, n, ..., n)
c A5

g+6n−6
30(n−1) − 1 (6n, 5, n, ..., n)

d g
30(n−1) − 1 (6n, 5n, n, ..., n)

Table 3. The signature of curve and dimension δ for Ḡ ∼= A5, p = 3

The following theorem determines the list of all automorphism groups of cyclic
algebraic curves defined over any algebraically closed field of characteristic p 6= 2,
details will be provided in [29].

Theorem 3.2. Let Xg be a genus g ≥ 2 irreducible cyclic curve defined over an
algebraically closed field k of characteristic char (k) = p, G = Aut(Xg), and Ḡ its
reduced automorphism group. If |G| > 1 then is G is one of the following:

(1) Ḡ ∼= Cm: Then, G ∼= Cmn or 〈r, s| rn = 1, sm = 1, srs−1 = rl〉, (l, n) = 1
and lm ≡ 1 (mod n).

(2) If Ḡ ∼= D2m then G ∼= D2m × Cn or

G′4 = 〈r, s, t| rn = 1, s2 = 1, t2 = 1, (st)m = 1, srs−1 = rl, trt−1 = rl〉

G′7 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = r

n
2 , (st)m = 1, srs−1 = rl, trt−1 = rl〉

where (l, n) = 1 and l2 ≡ 1 (mod n) or

G4 = 〈r, s, t| rn = 1, s2 = 1, t2 = 1, (st)m = 1, srs−1 = rl, trt−1 = rk〉

G5 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = 1, (st)m = 1, srs−1 = rl, trt−1 = rk〉

G6 = 〈r, s, t| rn = 1, s2 = 1, t2 = 1, (st)m = r
n
2 , srs−1 = rl, trt−1 = rk〉

G7 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = r

n
2 , (st)m = 1, srs−1 = rl, trt−1 = rk〉

G8 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = 1, (st)m = r

n
2 , srs−1 = rl, trt−1 = rk〉

G9 = 〈r, s, t| rn = 1, s2 = r
n
2 , t2 = r

n
2 , (st)m = r

n
2 , srs−1 = rl, trt−1 = rk〉

where (l, n) = 1 and l2 ≡ 1 (mod n), (k, n) = 1 and k2 ≡ 1 (mod n).

(3) If Ḡ ∼= A4 and p 6= 2, 3 then G ∼= A4 × Cn or

G′10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rl〉

G′12 = 〈r, s, t| rn = 1, s2 = 1, t3 = r
n
3 , (st)3 = r

n
3 , srs−1 = r, trt−1 = rl〉

where (l, n) = 1 and l3 ≡ 1 (mod n) or
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〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉, or

G10 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

G13 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)3 = 1, srs−1 = r, trt−1 = rk〉

where (k, n) = 1 and k3 ≡ 1 (mod n).

(4) If Ḡ ∼= S4 and p 6= 2, 3 then G ∼= S4 × Cn or

G16 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G18 = 〈r, s, t| rn = 1, s2 = 1, t3 = 1, (st)4 = r
n
2 , srs−1 = rl, trt−1 = r〉

G20 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = 1, srs−1 = rl, trt−1 = r〉

G22 = 〈r, s, t| rn = 1, s2 = r
n
2 , t3 = 1, (st)4 = r

n
2 , srs−1 = rl, trt−1 = r〉

where (l, n) = 1 and l2 ≡ 1 (mod n).

(5) If Ḡ ∼= A5 and p 6= 2, 5 then G ∼= A5 × Cn or

〈r, s, t| rn = 1, s2 = r
n
2 , t3 = r

n
2 , (st)5 = r

n
2 , srs−1 = r, trt−1 = r〉

(6) If Ḡ ∼= U then G ∼= U × Cn or〈
r, s1, s2, ..., st|rn = sp1 = sp2 = ... = spt = 1, sisj = sjsi, sirs

−1
i = rl, 1 ≤ i, j ≤ t

〉
where (l, n) = 1 and lp ≡ 1 (mod n).

(7) If Ḡ ∼= Km then G ∼=< r, s1, ..., st, v|rn = sp1 = ... = spt = vm = 1, sisj =
sjsi, vrv

−1 = r, sirs
−1
i = rl, sivs

−1
i = vk, 1 ≤ i, j ≤ t > where (l, n) = 1

and lp ≡ 1 (mod n), (k,m) = 1 and kp ≡ 1 (mod m) or

G35 =
〈
r, s1, ..., st|rnm = sp1 = ... = spt = 1, sisj = sjsi, sirs

−1
i = rl, 1 ≤ i, j ≤ t

〉
where (l, nm) = 1 and lp ≡ 1( mod nm).

(8) If Ḡ ∼= PSL2(q) then G ∼= PSL2(q)× Cn or SL2(3).

(9) If Ḡ ∼= PGL(2, q) then G ∼= PGL(2, q)× Cn.

Proof. See [29]. �

4. Equations of curves

The group Ḡ is the monodromy group of the cover φ : P1 → P1 with signature
(σ1, σ2, σ3) as in section 2. We fix coordinates in P1 as x and z respectively and
from now on we denote the cover φ : P1

x → P1
z. Thus, z is a rational function in x

of the degree |Ḡ|. We denote by q1, q2, q3 corresponding branch points of φ. Let S
be the set of branch points of Φ : Xg → P1

z. Clearly q1, q2, q3 ∈ S. Let yn = f(x)
be the equation of Xg and W be the images in P1

x of roots of f(x) and

V :=
3⋃
i=1

φ−1(qi).
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Let

z =
Ψ(x)
Υ(x)

, where Ψ(x),Υ(x) ∈ k[x].

Then we have

z − qi =
Γ(x)
Υ(x)

for each branch point qi, i = 1, 2, 3, where Γ(x) ∈ k[x]. Hence,

Γ(x) = Ψ(x)− qi ·Υ(x)

is degree |Ḡ| equation and multiplicity of all roots of Γ(x) correspond to the rami-
fication index for each qi. Now we define the following three functions:

ϕr(x) := Ψ(x)− q1 ·Υ(x)

χs(x) := Ψ(x)− q2 ·Υ(x)

ψt(x) := Ψ(x)− q3 ·Υ(x)

(1)

where superscript denote the ramification index of qi. Clearly, φ−1(S\{q1, q2, q3}) ⊂
W . Let λ ∈ S \ {q1, q2, q2}. The points in the fiber φ−1(λ) are the roots of the
equation:

Ψ(x)− λ ·Υ(x) = 0(2)

Let

G(x) :=
∏

λ∈S\{q1,q2,q2}

(Ψ(x)− λ ·Υ(x))(3)

There are following cases and corresponding equations of the curve yn = f(x)
for each fixed φ.

Intersection f(x)

1) V ∩W = ∅ G(x)
2) V ∩W = φ−1(q1) ϕ(x) ·G(x)
3) V ∩W = φ−1(q2) χ(x) ·G(x)
4) V ∩W = φ−1(q3) ψ(x) ·G(x)
5) V ∩W = φ−1(q1) ∪ φ−1(q2) ϕ(x) · χ(x) ·G(x)
6) V ∩W = φ−1(q2) ∪ φ−1(q3) χ(x) · ψ(x) ·G(x)
7) V ∩W = φ−1(q1) ∪ φ−1(q3) ϕ(x) · ψ(x) ·G(x)
8) V ∩W = φ−1(q1) ∪ φ−1(q2) ∪ φ−1(q3) ϕ(x) · χ(x) · ψ(x) ·G(x)

The following theorem gives us equations of families of curves for automorphism
groups which are related to Theorem 3.1 and Theorem 3.2.

Theorem 4.1. Let Xg be a genus g ≥ 2 cyclic curve with Aut(Xg) = G, where G
is related to the cases 1-45 in Table 2. Then Xg has an equation as cases 1-45 in
Table 4.

Proof: We consider all cases one by one for the reduced automorphism group Ḡ.
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# Ḡ yn = f(x)
1 xmδ + a1x

m(δ−1) + · · ·+ aδx
m + 1

2 Cm xmδ + a1x
m(δ−1) + · · ·+ aδx

m + 1
3 x(xmδ + a1x

m(δ−1) + · · ·+ aδx
m + 1)

4 F (x) :=
∏δ
i=1(x2m + λix

m + 1)
5 (xm − 1) · F (x)
6 x · F (x)
7 D2m (x2m − 1) · F (x)
8 x(xm − 1) · F (x)
9 x(x2m − 1) · F (x)
10 G(x) :=

∏δ
i=1(x12 − λix10 − 33x8 + 2λix6 − 33x4 − λix2 + 1)

11 (x4 + 2i
√

3x2 + 1) ·G(x)
12 A4 (x8 + 14x4 + 1) ·G(x)
13 x(x4 − 1) ·G(x)
14 x(x4 − 1)(x4 + 2i

√
3x2 + 1) ·G(x)

15 x(x4 − 1)(x8 + 14x4 + 1) ·G(x)
16 M(x)
17 S(x) ·M(x)
18 T (x) ·M(x)
19 S(x) · T (x) ·M(x)
20 S4 R(x) ·M(x)
21 R(x) · S(x) ·M(x)
22 R(x) · T (x) ·M(x)
23 R(x) · S(x) · T (x).M(x)
24 Λ(x)
25 (x(x10 + 11x5 − 1)) · Λ(x)
26 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · Λ(x)
27 (x20 − 228x15 + 494x10 + 228x5 + 1) · Λ(x)
28 A5 Q(x) · Λ(x)
29 x(x10 + 11x5 − 1).ψ(x) · Λ(x)
30 (x20 − 228x15 + 494x10 + 228x5 + 1) · ψ(x) · Λ(x)
31 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · ψ(x) · Λ(x)
32 U B(x)
33 B(x)
34 Θ(x)

35 Km x
∏ pt−1

m
j=1 (xm − bj) ·Θ(x)

36 Θ(x)

37 x
∏ pt−1

m
j=1 (xm − bj) ·Θ(x)

38 ∆(x)
39 PSL2(q) ((xq − x)q−1 + 1) ·∆(x)
40 (xq − x) ·∆(x)
41 (xq − x)((xq − x)q−1 + 1) ·∆(x)
42 Ω(x)
43 PGL2(q) ((xq − x)q−1 + 1) · Ω(x)
44 (xq − x) · Ω(x)
45 (xq − x)((xq − x)q−1 + 1) · Ω(x)

Table 4. The equations of the curves related to the cases in Table 2
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4.1. Ḡ ∼= Cm. Then, φ : P1 → P1 has signature (m,m). We identify the branch
points of φ are 0 and ∞. Let q1 = ∞, q2 = 0. By Lemma 1, we know that
φ(x) = xm. Hence ϕ(x) = 1 and χ(x) = x. Let λi ∈ S \ {0,∞}. The points in the
fiber φ−1(λi) are the roots of the polynomial

Gλi(x) := xm − λi

Now we can compute equations for the cases 1-3 in Table 4. If W ∩ V = ∅ then
the equation of the curve is yn = G(x) where

G(x) =
δ∏
i=1

Gλi(x)

and δ is as case 1 in Table 2. Let a1, ..., aδ denote the symmetric polynomials in
λ1, ..., λδ. Further we can take λ1...λδ = 1. Hence the equation of the curve is

yn = xmδ + a1x
m(δ−1) + ...+ aδx

m + 1

If V ∩ W = φ−1(q1)(i.e. case 2 in Table 4) then we know that the equation is
yn = ϕ(x).G(x). Hence the equation is

yn = xmδ + a1x
m(δ−1) + ...+ aδx

m + 1

where δ is as case 2 in Table 2. If V ∩W = φ−1(q1)∪φ−1(q2) (i.e. case 3 in Table 4)
then the equation is yn = ϕ(x).χ(x).G(x). Hence

yn = x(xmδ + a1x
m(δ−1) + ...+ aδx

m + 1)

where δ is as case 3 in Table 2.

4.2. Ḡ ∼= D2m. Then, φ : P1 → P1 has signature (2, 2,m). The branch points of
φ(x) are ∞ and ±2. Let q1 =∞, q2 = 2 and q3 = −2. By Lemma 1, we know that

φ(x) = xm +
1
xm

.

Since φ(x) − 2 = (xm−1)2

xm and φ(x) + 2 = (xm+1)2

xm , ϕ(x) = x, χ(x) = xm − 1 and
ψ = xm + 1. In this case we have G(x) as below.

G(x) =
δ∏
i=1

(x2m − λixm + 1)

where λi ∈ S \ {0,±2} and δ is as corresponding case in Table 2. Then each family
is parameterized as cases 4-9 in Table 4.

4.3. Ḡ ∼= A4. Then, φ : P1 → P1 has signature (2, 3, 3). We choose branch points
q1 =∞, q2 = 6i

√
3, and q3 = −6i

√
3, where i2 = −1. We know that

φ(x) =
x12 − 33x8 − 33x4 + 1

x2(x4 − 1)2
.

Thus the points in the fiber of q1, q2, q3 are the roots of the polynomials:

ϕ(x) = x(x4 − 1)

χ(x) = x4 − 2i
√

3x2 + 1

ψ(x) = x4 + 2i
√

3x2 + 1
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Let λi ∈ S \ {∞,±6i
√

3} then points of φ−1(λi) are roots of the polynomial

Gλi(x) = x12 − λix10 − 33x8 + 2λix6 − 33x4 − λix2 + 1

There are δ points in S \ {∞,±6i
√

3}. Hence, we have

G(x) =
δ∏
i=1

(x12 − λix10 − 33x8 + 2λix6 − 33x4 − λix2 + 1)

Then, each family is parameterized as cases 10-15 in Table 4, where δ is as corre-
sponding case in Table 2.

4.4. Ḡ ∼= S4. Then, φ : P1 → P1 has signature (2, 3, 4). The branch points of φ(x)
are {0, 1,∞}. Let q1 = 1, q2 = 0 and q3 =∞. Then

ϕ(x) = x12 − 33x8 − 33x4 + 1

χ(x) = x8 + 14x4 + 1

ψ(x) = x(x4 − 1)

For λi ∈ S \ {0, 1,∞}, the points in φ−1(λi) are roots of the polynomial

Gλi(x) =x24 + λix
20 + (759− 4λi)x16 + 2(3λi + 1228)x12

+ (759− 4λi)x8 + λix
4 + 1

There are δ points in S\{0, 1,∞}, where δ is given as in Table 2. We denote

M(x) :=
δ∏
i=1

Gλi(x)

Then, each family is parameterized as cases 16-23, where R(x), S(x), T (x) are
ϕ(x), χ(x), ψ(x) respectively.

4.5. Ḡ ∼= A5. The branch points of φ : P1 → P1 are 0, 1728 and ∞. Let q1 = 0,
q2 = ∞ and q3 = 1728. At the place q3 = 1728 the function has the following
ramification

φ(x)− 1728 = − (x30 + 522x25 − 10005x20 − 10005x10 − 522x5 + 1)2

x5(x10 + 11x5 − 1)5

Then,

ϕ(x) = x20 − 228x15 + 494x10 + 228x5 + 1

χ(x) = x(x10 + 11x5 − 1)

ψ(x) = x30 + 522x25 − 10005x20 − 10005x10 − 522x5 + 1

For each λi ∈ S \ {0, 1728,∞} the places in φ−1(λi) are the roots of the following
polynomial

Gλi(x) =− x60 + (684− λi)x55 − (55λi + 157434)x50 − (1205λi − 12527460)x45

− (13090λi + 77460495)x40 + (130689144− 69585λi)x35

+ (33211924− 134761λi)x30 + (69585λi − 130689144)x25

− (13090λi + 77460495)x20 − (12527460− 1205λi)x15

− (157434 + 55λi)x10 + (λi − 684)x5 − 1
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Then,

Λ(x) =
δ∏
i=1

Gλi(x)

Then equations of the curves are as in cases 24-31 in Table 4, where Q(x) = ψ(x).

4.6. Ḡ ∼= U . The branch point of the curve φ is {∞}. Let q1 =∞. Then ϕ(x) = 1.
For each λi ∈ S\{∞} we have

Gλi(x) =
∏
a∈Ht

(x+ a)− λi

There are δ points in S\{∞}. Where δ is as in Table 2. We denote

B(x) =
δ∏
i=1

Gλi(x)

Then, each family is parameterized as cases 32-33.

4.7. Ḡ ∼= Km. The branch points of the curve φ are {0,∞}. Let q1 = 0, q2 = ∞.
Then the polynomial over the branch point is

ϕ(x) = x

pt−1
m∏
j=1

(xm − bj)

χ(x) = 1

For λi ∈ S\{0,∞} we have

Gλi(x) = ((x

pt−1
m∏
j=1

(xm − bj))m − λi)

There are δ points in S\{0,∞}. Where δ is as in Table 2. We denote

Θ(x) =
δ∏
i=1

Gλi(x)

Then, each family is parameterized as cases 34-37.

4.8. Ḡ ∼= PSL2(q). The branch points of φ(x) are {0,∞}. Let q1 = 0, q2 = ∞.
Then

ϕ(x) = (xq − x)q−1 + 1

χ(x) = xq − x

For λi ∈ S\{0,∞}, points in φ−1(λi) are roots of the polynomials,

Gλi(x) = (((xq − x)q−1 + 1)
q+1
2 − λi(xq − x)

q(q−1)
2 )

There are δ points in S\{0,∞}. Where δ is as in Table 2. We denote

∆(x) =
δ∏
i=1

(((xq − x)q−1 + 1)
q+1
2 − λi(xq − x)

q(q−1)
2 )

Then, each family is parameterized as cases 38-41.
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4.9. Ḡ ∼= PGL2(q). The branch points of φ(x) are {0,∞}. Let q1 = 0, q2 = ∞.
Then

ϕ(x) = (xq − x)q−1 + 1

χ(x) = xq − x

For λi ∈ S\{0,∞}, points in φ−1(λi) are roots of the polynomials,

Gλi(x) = (((xq − x)q−1 + 1)q+1 − λi(xq − x)q(q−1))

Then we let,

Ω(x) =
δ∏
i=1

(((xq − x)q−1 + 1)q+1 − λi(xq − x)q(q−1))

where δ is gives as Table 2. Then, each family is parameterized as cases 42-45. This
completes the proof.

�

Remark 2. By Remark 1, we know that A5 has different ramification when p = 3.
In this case φ : P1 → P1 has signature (6, 5). The branch points of φ(x) are ∞ and
0. Let q1 =∞ and q2 = 0. By Lemma 1, we know that

φ(x) =
(x10 − 1)6

(x(x10 + 2ix5 + 1))5
.

Then,

ϕ(x) = x(x10 + 2ix5 + 1)

χ(x) = x10 − 1

For λj ∈ S \ {0,∞}, the points in φ−1(λj) are roots of the polynomial

Gλj (x) = x60 + λjx
55 − (6 + 10iλj)x50 + 35λjx45 + (15 + 40iλj)x40 + 30λjx35

− (20− 68iλj)x30 + 30λjx25 + (15 + 40iλj)x20 + 35λjx15

− (6 + 10iλj)x10 − λjx5 + 1

There are δ points in S \ {0,∞}, where δ is given as in Table 3. We denote

P (x) :=
δ∏
j=1

Gλj (x)

Then, each family is parameterized as in Table 5.

Case yn =
a P (x)
b x(x10 + 2ix5 + 1) · P (x)
c (x10 − 1) · P (x)
d x(x10 + 2ix5 + 1)(x10 − 1) · P (x)

Table 5. Equation of curve when Ḡ ∼= A5, p = 3
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Lemma 2. Let Xg be a cyclic curve defined over an algebraically closed field k of
characteristic p = 3 such that Ḡ for Xg is isomorphic to A5. Then, the equation of
Xg is as in one of the cases in Table 5.

We summarize all the cases in the following Theorem.

Theorem 4.2. Let Xg be e genus g ≥ 2 algebraic curve defined over an algebraically
closed field k, G its automorphism group over k, and H cyclic normal subgroup of
G of order n such that g(XH

g ) = 0. Then, the equation of Xg can be written as in
one of the following cases:

# Ḡ yn = f(x)

1 xmδ + a1x
m(δ−1) + ... + aδx

m + 1

2 Cm xmδ + a1x
m(δ−1) + ... + aδx

m + 1

3 x(xmδ + a1x
m(δ−1) + ... + aδx

m + 1)

4 F (x) :=
∏δ
i=1(x2m + λix

m + 1)
5 (xm − 1) · F (x)
6 x · F (x)

7 D2m (x2m − 1) · F (x)
8 x(xm − 1) · F (x)

9 x(x2m − 1) · F (x)

10 G(x) :=
∏δ
i=1(x12 − λix10 − 33x8 + 2λix

6 − 33x4 − λix2 + 1)

11 (x4 + 2i
√

3x2 + 1) ·G(x)

12 A4 (x8 + 14x4 + 1) ·G(x)

13 x(x4 − 1) ·G(x)

14 x(x4 − 1)(x4 + 2i
√

3x2 + 1) ·G(x)

15 x(x4 − 1)(x8 + 14x4 + 1) ·G(x)
16 M(x)

17
(
x8 + 14x4 + 1

)
·M(x)

18 x(x4 − 1) ·M(x)

19
(
x8 + 14x4 + 1

)
· x(x4 − 1) ·M(x)

20 S4

(
x12 − 33x8 − 33x4 + 1

)
·M(x)

21
(
x12 − 33x8 − 33x4 + 1

)
·
(
x8 + 14x4 + 1

)
·M(x)

22
(
x12 − 33x8 − 33x4 + 1

)
· x(x4 − 1) ·M(x)

23
(
x12 − 33x8 − 33x4 + 1

)
·
(
x8 + 14x4 + 1

)
· x(x4 − 1)M(x)

24 Λ(x)

25 (x(x10 + 11x5 − 1)) · Λ(x)

26 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · Λ(x)

27 (x20 − 228x15 + 494x10 + 228x5 + 1) · Λ(x)
28 A5 Q(x) · Λ(x)

29 x(x10 + 11x5 − 1).ψ(x) · Λ(x)

30 (x20 − 228x15 + 494x10 + 228x5 + 1) · ψ(x) · Λ(x)

31 (x20 − 228x15 + 494x10 + 228x5 + 1)(x(x10 + 11x5 − 1)) · ψ(x) · Λ(x)
32 U B(x)
33 B(x)
34 Θ(x)

35 Km x
∏ pt−1

m
j=1

(
xm − bj

)
· Θ(x)

36 Θ(x)

37 x
∏ pt−1

m
j=1

(
xm − bj

)
· Θ(x)

38 ∆(x)

39 PSL2(q) ((xq − x)q−1 + 1) ·∆(x)
40 (xq − x) ·∆(x)

41 (xq − x)((xq − x)q−1 + 1) ·∆(x)
42 Ω(x)

43 PGL2(q) ((xq − x)q−1 + 1) · Ω(x)
44 (xq − x) · Ω(x)

45 (xq − x)((xq − x)q−1 + 1) · Ω(x)

Table 6. The equations of the curves related to the cases in Table 2

where δ is given as in Table 2 and M,Λ, Q,B,∆, and Ω are as follows:
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M =
δ∏
i=1

(
x24 + λix

20 + (759− 4λi)x16 + 2(3λi + 1228)x12

+ (759− 4λi)x8 + λix
4 + 1

)
Λ =

δ∏
i=1

(
−x60 + (684− λi)x55 − (55λi + 157434)x50 − (1205λi − 12527460)x45

− (13090λi + 77460495)x40 + (130689144− 69585λi)x35

+ (33211924− 134761λi)x30 + (69585λi − 130689144)x25

− (13090λi + 77460495)x20 − (12527460− 1205λi)x15

−(157434 + 55λi)x10 + (λi − 684)x5 − 1
)

Q =x30 + 522x25 − 10005x20 − 10005x10 − 522x5 + 1

B =
δ∏
i=1

∏
a∈Ht

((x+ a)− λi)

∆ =
δ∏
i=1

(((xq − x)q−1 + 1)
q+1
2 − λi(xq − x)

q(q−1)
2 )

Ω =
δ∏
i=1

(((xq − x)q−1 + 1)q+1 − λi(xq − x)q(q−1))
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